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Section A 


Vor.00) Parr | 


I January 1956 


No. 433A 


EDITORIAL 


Sections A and B of the Proceedings 


Attention is drawn to a new assignment of papers between Sections A and B of the Proceedings. 
The new subdivision, which will take effect from January 1956, is as follows : 


Section A 
(Physics of Elementary Processes) 


Electrodynamics, Quantum Theory and 
Theory of Fields. 


Molecular and Atomic Structure. 


Nuclear Physics. 


High Energy Particles and Cosmic Rays. 


Atomic and Nuclear Collisions. 


Section B 
(Physics of Collective Processes) 


*Physics (including electron physics) of 
Solids and Fluids. 


Thermodynamics and Statistical 


Mechanics. 
Low Temperature Physics. 
and 


Aerodynamics, Hydrodynamics 


Acoustics. 
Optics and Electron Optics. 
*Physics of Biological Processes. 


* Astrophysics, Geophysics and Atmo- 
spheric Physics. 


*Electric Discharges. 


*JIn certain circumstances where the main emphasis of the paper is on elementary processes a 
paper on this subject would appear in Section A. 


Contributions to the Proceedings are divided into three categories : 


letters to the editor. 


papers, research notes and 


Papers should be as concise as possible, and the publication of very long papers is discouraged. 
The presentation of work in a numbered series of separate papers is also usually discouraged. 
Research Notes are intended for the communication of results where the work reported does 


not need a full paper. They should not normally exceed 4 printed pages, including diagrams, 
the equivalent length being about 2000 words if unaccompanied by diagrams. 


Letters to the Editor are intended as a means of publication of new work which is of immediate 
importance to other workers in the field. They should not normally exceed 2 printed pages, 


including diagrams. 
Further details of instructions to authors can be obtained from the Secretary- Editor at the offices 


of the Society. 


PROC. PHYS. SOC. LXIX, I-A 


The Equations of Motion of Rotating Bodies in General Relativity 


By J. He. HAYWOOD 
The Physical Laboratories, University of Manchester + 


Communicated by L. Rosenfeld ; MS. received 27th May 1955 


Abstract. "This paper derives the equations of motion of two rotating bodies 
moving in the weak and quasi-static gravitational field of the bodies up to terms 
of the order (v/c)?. The analysis is used to obtain the equations of motion of: 
(a) rotating bodies which remain spherically symmetric, ()) rotating fluid bodies 
which become spheroidal in form. In case (a) the equations of motion of one 
body depend directly on the rotation of the second body but not on its own 
rotation. In case (b) the equations of motion of the one body contain terms due 
to its own rotation which are dependent on its density distribution. 


$1 

wo independent methods have been developed recently for the derivation 
of the equations of motion of bodies in weak and quasi-static gravitational 
fields from the field equations of general relativity. ‘The first method 
developed by Einstein and his co-workers (1938, 1949, 1949) uses the field equations 
of empty space surrounding the bodies, the bodies themselves being treated as 
spherically symmetric singularities. The second method introduced by Fock 
(1939) and later developed by Papapetrou (1951 a) employs the field equations 
inside the bodies as well as in empty space. This latter method has no restrictions 
on the symmetry of the bodies and therefore has considerable advantages over 

the first method. 

Papapetrou has determined the equations of motion of spherically symmetric 
fluid bodies, these equations being identical to those obtained by Einstein and 
his co-workers. These results have limited application and cannot be used to 
determine the motion of stellar bodies where the oblateness caused by a rotation 
of these bodies becomes an important factor. In a relativistic treatment of 
the motion of rotating stellar bodies we must therefore depart from the assumption 
of spherical symmetry and develop the second method accordingly. 


&2 

In this section we state the physical assumptions on which the following 
calculations are based. ‘The method developed by Papapetrou considers a 
system of bodies moving with velocities which are small compared with the 
velocity of light and assumes the gravitational field is weak. In addition to these 
fundamental assumptions we retain the simplifying assumption that the dimensions 
of the bodies are small compared with their material distances, 1.¢. 1f the dimensions 
are of the order of magnitude of length /and the distances of length L, 


12D a a es (2.1) 
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Condition (2.1) ensures that the form of each body depends only on the conditions 
appertaining to that body, i.e. the oblateness of a stellar body, will be due only 
to the proper rotation of that body. We next introduce a new assumption for 
rotating bodies that the velocity of translation is at least of the same order of 
magnitude as the velocity of rotation: if we denote by @ and w the magnitude of 
the velocities of translation and rotation respectively, then 


era Uae ee (2.2) 


This assumption is introduced so that the fundamental assumption referring to 
the quasi-static nature of the motion of the bodies is not violated. We shall 
also make use of the following symmetry properties of the bodies: (i) each body 
has axial symmetry about its axis of rotation; (ii) each body is symmetric with 
respect to the plane passing through the mass-centre normal to the axis of rotation. 
These symmetry properties also belong to both the mass density and the stress 
tensor of the bodies. 
In the present paper we shall retain the coordinate conditiont 


Gee ee (2.3) 


so that the field equations given by Papapetrou can be adapted immediately to 
the case of the rotating bodies. The physical meaning of the coordinate condition 
is not at all clear and has been discussed from different viewpoints by Einstein 
and Infeld (1949) and Papapetrou (1951 b). According to the current inter- 
pretation of general relativity Infeld and Scheidegger (1951) have shown the 
equations of motion obtained by choosing different coordinate conditions are 
physically identical and merely different mathematical representations of the 
motion in different coordinate systems. 


§ 3 

In the following calculations the notation of Papapetrou (1951 a, to be referred 
to as I) is used throughout unless defined otherwise. We consider a system of 
discrete rotating bodies, the mass density of the body a being denoted by p,,. 
The velocity components of an element at x’ inside the body a are of the form 

Dea see (A 0) ee Me eae (321) 

where a’ is the spatial component of the centre of mass of the body and w,’" is the 
component of rotation about the axis x”. ¢,,,,;, 18 the well known three-dimensional 
antisymmetric tensor, such that. <j.5 =<s15 = os; = |, €19n = — €aayn CtC. and 18 zero 
if any indices 7, m, k are identical. We next take for the leading terms in #," 


(ies Or eau 
- yy Pal Ss; a > Pala l€ 
“ a“ 
i gy le = Tt ee Ay tle 
F, =a Fs, =— > pivev; je Sy /€ 
a a a 


where p,'" is the three-dimensional stress tensor of the body a. 
Following the procedure in I the field equations in the first approximation 


are 
Pe NMG ep. 1 Or Na AG peg Beara (333) 
With the help of (3.1) the solution of (3.3) is 


CL ES BUR = De ee Va) ee ate (3.4) 
a (ches 


+ As usual Latin indices take the values 1, 2, 3 only while Greek indices take the values 
i, 2, & eral 0), 
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with w, and y,.” fulfilling the equations 


Au,=—47Gp, Ay.” =— 4nGp(x"—@"). we aoe (35) 
We have for the dynamical equation up to the same approximation 
j | are ee (3.6) 


ra) , : y ee j 
F (pata) + (Pasta!) n+ Pa n= Pa: | 


Because of (3.1) and (3.4) and by virtue of condition (2.1) equations (3.6) lead to 
the expressions 
a= > (Uy, i)a | 
i er anne © ee ee Fen 6 hbo (3.7) 

py is b=PatlaitPaa es. a oe = OO mai i Oaean 4 EN Ke | 
with «,*=(x*—a*). The summation », extends over all bodies except the 
body a and (uw, ;), refers to the value of u,,; at the centre of the body a. ‘The 
first formulae in (3.7) are just the Newtonian equations of motion. The second 
formula is a condition determining the stress tensor inside each body. #'* must 
be symmetric in the indices 7, k and we find, using the metric g and (3.2) that 
p, i! is also symmetric. ‘This restriction on p,'” and the symmetry properties of 
the body are used in Appendix 1 to obtain the results 


Ora) | 


(ee (3.8) 


) k Kay t j Kan K 

Pe k= Paltait PaWa Wa he Pon Oe Xa J 
the first equation showing that the rotation of the bodies is constant. In 
Appendix 1 we also obtain an integral which we shall require in the next section, 


p*dV = - Paltlaita + Oe Og Ree, Baie Mag fie eae See G9) 
§ 4 
In this section we shall repeat the procedure in I in order to calculate the 
equations of motion from rotating bodies up to the second approximation. 
These equations of motion for the body a are obtained by integrating the dynamical 
equation over the volume of the body g, 1.e. 


1 a fee 
< | ee = (Fo— FU" dV + 3 | toed | 


ia ee | hs eee (4.1) 
a | F 0 S** 4S —2U9U%) AV. | 
: J 


The #," in (4.1) contain first- and second-order terms and are determined by 


repeating the calculations in I using (3.1) for the velocity and retaining the general 
stress tensor p,'". We find 


q) 2 Uo li 
0 = G 1 oe = es 
0 > Pa me 22 cc. ah 22 
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with dp, jdt=0 and o2=9,70;,. (4a) 


p,, in (4.2) and (4.3) is a different quantity from p, in (3.2). We shall consider p, 
in (4.2) and (4.3) as the first-order term in the expression for the mass density. 
We shall now give some preliminary results which will be used in the 
subsequent claculations. For simplicity we shall henceforth consider the 
motion of two bodies only, i.e. the bodies @ and 6. Functions representing 
contributions to the field from the body 6 in the immediate neighbourhood of the 
body a@ are developed as a power series around the centre of mass of the body a, 


Te OD oe Ope ae eee j 
y= eae ree RX a : G2 as j 
where U,=(uy). Ua. n.=(Uo, na Yol=(vo)a Yaoi r=(ys' xa We shall find that 


the omitted terms in (4.4) are of no importance in this approximation because of 
condition (2.1). From the symmetry properties of the bodies we also find 


i 0X dV =0 


YY 
— 
=fs 
1 
“—" 


| (ee LL dl == (6) 


aay | pate dV=0.0 nee (4.6) 
From (4.3) we see that the bodies themselves are in a stationary state and therefore 
. | Bai =0 al palt,dV =0 
an OX ee ay =) at pened ==) footeeee (4.7) 


We also find by direct calculation 


UT ea yess ct Ma ap ig Nee (4.8) 
aH ald = De), Spree ae GH b y 


‘Taking into account (4.2) to (4.8) and the conditions (2.1) and Co we find{ 


d 


a | Fuv=—* pad + © pelted V =I. pidV— 550,80, | pyr edV 
Ell Lass F 


5a), 2a 


—, {(4b'— 3a')(a* — BU, + 4’ — UU, — saa — waa} | p,dV 


Me p 
ote 3 a “Wy Ww 1 “imn€ skp 


+ $d ,to,'} | pe PdV. wade (4.9) 


“ & 


+ This result is proved by taking 
, j Tia Sy ix kdV—[ ks x ix (lf is x» kx mdV 
2fa Pa %arah = | a Pa a a) | a Pu a edd | Pa sna Ma dd 


Ja 
substituting from (3.8) and integrating with the help of (4.5). . 
t In these calculations we use a result derived in appendix 2 according to which 
U,~@1/L,Y,'=(I/L)?. We omit all terms of the order (//L)* and higher order terms. 
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Paka ye’ V+ — ee | Dike, dV ae (4.11) 


+ = ca Palla, AV + 
ee pe 


v,°. With the help of the field equations in I we obtain 


ea Pee | (S# Key SOS UCU ay. 


ct 
1 Ey ey ity Hf; i x € q s 7 
i ae EOC) ae U0. gins wera ride 2 = —(F, a (Poaa— 320 On (4 hale 
? Z ai 3a°a* 
Si Jeopmoon(Zs Dat | | pal ae C3 So = / Pata iG 7 dV 
I iW Ae 7 ! | : a8 m n i 
ale a | Pabant Beg all pale dV 16 an oe Do alih Seon | Pave (di 
1 [ 3 s s W LV 3 m n Yh, mn iV 
ia a | PaPa v= C3 Way Da | fa a,r =F 73a D4 | ae me 
em (4.12) 
where Au, = —47Gp, AW, = —4aGp,72 | 
Ay,*=—47Go%," AZ m= =AnGogiegxg? + seu (4.13) 
A ie aa 4nGp Qa WE =k AnD | 
and WO = Ua, 00 = Ug, m og One a Uy, mea, na e Ua, moa, (0 een tae (4. 1+) 


In Appendix 2 we solve equations (4.13) and (4.14) outside the body a and find 


to our approximation 


(ee | Dave ie =| Ag 
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where rap? = (a —b')(as — 5b’). 


Using the lemma of Appendix 3 we have the relations 


| fe ey =U | Pat ag tga paY =0 


| PaXavq dV =0 palW, tr 2tt, }dV =0 


~ “ @ 


| Pgits Ve pte y, al =O | p Oa ee iy a) 
“ a 7 @ 
| Paiva ct Xe a 2V =0 | (Pubai ta wa eV =0 
Ja a 
‘ : iT : 
ia {(Peleir Fe aitta, ood =) Mrs. ccor (4.16) 
We also have the relation 
Coe iat) ee (4.17) 
Calida” Fie ane 4 


Introducing (4.9) to (4.12) in (4.1) and using (4.15), (4.16) and (4.17) we obtain 


the equations of motion in the form 


. GFA 
yl ae 
{a GM, = (— —)} CGM, 
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where M,=J,p,dV is the leading term in the mass of the body a. ‘Vhe Newtonian 
approximation has been used in (4.18) for eliminating the quantities a’ and bi 
in second order terms. 


$5 

The final step for the derivation of the equations of motion of rotating bodies 
in the second approximation is to define the conditions under which each body 
rotates and then evaluate the remaining integrals in (4.18). We shall investigate 
two cases. In the first case we shall examine the motion of rotating bodies which 
remain spherically symmetric. Such bodies cannot consist of matter in a fluid 
state and spherical symmetry must be ensured by a stress distribution p,’* 
satisfying condition (3.8). In the second case we shall consider rotating bodies 
which consist of matter in a fluid state, the stress-strain tensor reducing to a 
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hydrostatic pressure, i.e. p,’"=5,,p,- Each body is in a stationary state and 
the form of the bodies will be a spheroidal one, in which the oblateness is due to 


a proper rotation of the body. 
5.1. Rotating Bodies with Spherical Symmetry 


Because of spherical symmetry of the bodies, the density p, at a point inside 
the body a will be a function of the distance 7,, between this point and the centre 
of the body a, 

p=plf,)> “eo eee (.f 
From (5.1) and (3.5) we see that w, is a function ofr, only. For any such function 
f(r) we have the relations 


| f(r,)x,'dV =0 
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therefore condition (3.9) reduces to 
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The next step is the evaluation of the integral 
1 
rs : Ug, Ma, AV 
in (4.18). From (4.14) we have 
INiG2/ di u Onn lf du : 
Ua oo = —3=—(— Sails PG STM — Se NGta age et (5.4) 
BOP \T, OFs ROvs TOV a 


in which all terms due to the rotation have vanished. Using (5.2) the integral 
becomes 


1 ae a! Oe ete ae 
= Pee | ee oan (=) v= - = J patted V ra (5.5) 


the last relation following from Appendix IV of I. 
After some simple calculations using equations (5.3) and (5.5) in (4.18) the 
equations of motion finally become 


= Lfoany (ares givie—aasie— 40M _ 50M) 2/1) 


2 
e Tab Vab 


+ GM, (4b'4" — 4a'a® + 3a'b* — 4515") = (—) 
a 


Vab 
GM, ;.;, @ras GA, Deee0y (il 
=e 2 b b saostat + ee Wp sa(-) eeccee (5.6) 


where A, = 8J,p,7,2dV is the moment of inertia of the body 4 about any axis. 


5.2. Rotating Spheroidal Bodies 


The bodies will consist of matter in a fluid state with internal hydrostatic 
pressure p,(p,'*=6,,p,). Without loss of generality we shall assume the body a 
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rotates about an axis x,° with angular velocity w3=,, o,!=o,2=0. Equations 
(3.8) and (3.9) for body a reduce to 
Pas = Pattai + Pala) (Xa = 834°) ea BA (2:7) 
and 
. : 1 . , . 
| p.dV = — 3] Palla, Xa'dV (04)? | PatedV + | pat Px 2d. 
pein (5.8) 


Equation (5.7) is just the condition for equilibrium of a fluid body in a stationary 
state, rotating about axis v,3 and is equivalent to a single total differential equation 
(Jeffreys 1924), 

dp, = paths, ta) Bee ao (3000s ec cae ay et Pe a (529) 
with p,, p, functions of %, only, and %, is constant over the free surface of the 


body a and over all strata of equal density. The departure from spherical 
symmetry is described through the equation 


ya 50 ae, (4 — COS’ 0)} 2 2 weet (5.10) 


where e¢,(s,) is the ellipticity of a stratum of mean radius s, and @ is defined by 
the spherical polar coordinates 
2-7 Ine Siliy, wo 7 oie cos. Xv, =F, Cogu: 


The density p, inside the body a is a function of s, only, p,=p,(s,). 
aaa terms of the order «,? and higher order, the solution of (3.5) is 


“ 4 
SLA | be PaSa "ds, +47G | wa a ae (4 —cos? D) 
Yr : DES 5 
) ie, Ratan (5.11) 
4 d :)ds, ea ee | 
x r 3 | 5 Pa ds, (e aa a | é Pa ds, ae | 
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with the rotation related to the ellipticity by the equation 


Sn 3 yy ere oa SD Sy a ve 8 de, (w, oe 2 er 
a Pada ds, 531, Rage be aa ds . iP (Oe aa ds, = Bn joa De 2) 


where s, is the mean radius of the body a.f In the final calculations we shall 
need the following relations which are derived using (5.11) in Appendices 4 and 5: 
=|) Ug, Ua, dV 
By 4nrG % 5 2 DAP 4 Be Sa 
ay ah C Sa iC PaSa “ds, ds, ar 5 (30i39s3 — Fis) if {4nG \, pesitdss} 
de 
x {4nG ze ss) f" PaSqe4S, —8n7Gs, ie Bees — ds i} ds esac (5:13) 

8 4nG j 2 
| patsdV = —2) att, Pet ea al { 7 li are dS eee (5,14) 
We now consider the terms 


dV—3 ppuydV + 3w,5w,° weber 2dV — 3wy, ceo  poxe'asndV 
Pe : 


Toe ne is obtained from Jeffreys (1924), p. 184, eqns 4 and 5, “ taking the spherical 
harmonic Y,—e,(4—cos?@) only. (5.12) is given by Jeftreys on p. 190, 
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appearing on the right-hand side of (4.18), which with the help of (3.9) become 
a PrXpX,"aV. 
Jp 


Soop oe (5.15) 


Next we assume that the body 4 rotates about some axis »,’ in a spatial system 
x; with an angular velocity w,’. ‘The spatial system ~,,” is related to the original 
system x,' by direction cosines /,,,, where x,” =1,x,", wy’ =1,,0,". Then Pe 
is a function of s,’ the mean radius of a stratum of body 4, only. Remembering 
that /,/)..=6,, a simple transformation gives 

; - 2 
~ [on sat x," dV —} | u,dV + = Cio Spee (5.16) 
where C;,’=],p,(“,'x,' +.x,?x,2)dV is the moment of inertia about ,°.. ” iter 
a calculation similar to that for body a in Appendix 5, we have 


| ped = 2 | ey er (5.17) 
eae J pb Ox 
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Using (5.8) and (5.13)-(5.17) in (4.18) the equations of motion for the fluid 
body a become, 


Pik oes Cn a 
{a = GM, ait (—)} 
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§ 6. CONCLUSION 

We have derived in §5 the equations of motion for two kinds of rotating 
bodies: equation (5.6) for bodies which retain spherical symmetry during 
rotation, and equation (5.18) for perfectly fluid rotating bodies. When the 
rotation of the bodies is zero, both (5.6) and (5.18) reduce to the original equations 
of motion for two spherically symmetric bodies obtained by Einstein and Infeld 
(1949) and by Papapetrou (1951 a). 

For the case of rotating spherically symmetric bodies, only the last term in 
(5.6) is due to the rotation of the bodies. This result shows that the motion 
of body a is influenced directly only by the rotation of body 4 and not by its own 
rotation.} Furthermore, the motion of body a is independent of the direction 
of the axis of rotation of body 6. 

We also find from (5.18) that the motion of a fluid body a is independent of 
the axis of rotation of the body 6. Equation (5.18) contains terms due to the 


a Indirectly the rotation of body a will be of importance : it influences the motion of 
body 6 which in turn also influences the motion of body a. 
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rotation of the body a, showing that the motion of a fluid body is influenced directly 
by its own rotation besides the rotation of other bodies. We notice that the mass 
and moments of inertia are not sufficient to derive the motion of bodies behaving 
as perfect fluids; the density distribution within the bodies must be defined. 
As an example we take a simple case of constant density throughout the body a. 
From (5.12) we obtain 4e,M,G=5(w,)?s,2 and the mass and moments of inertia 
A,, B, and C, about the Pan x, and x,3 axes respectively become 
M,.= => Pda Ay a (le) C,=2Ms5 


a ca) a 


where ¢, is constant. ‘Then the additional terms on the right-hand side of 
(5.18) which are due to the rotation reduce to 


= eg ig (w,)” a 0 1 
GC, ioe (—) + 36 Gun M, too. 36; 39s3) 573 (=). 


Finally we remark that the order of magnitude of the ellipticity is given 
by (5.12), 1.6. 


es bee ge 
“MG MG” L 
which is consistent with our omission in § 5.2 of terms of the order of e?. When 
obtaining the equations of motion up to terms in (zv/c)?, we have assumed that 
one body is independent of the other body. ‘This has necessitated the omission 
of terms of the order (// LZ)? in the Newtonian approximation (3.7). ‘Therefore, 
for the equations of motion (5.18) to be complete, terms of this order on the 
left-hand side must be small compared with the right-hand side, 1.e. //L <v/c. 
In general, this condition will be satisfied in stellar systems where the distance 
between the bodies is large compared with their radii, i.e. condition (2.1). 
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APPENDIX | 


We assume that the ey a rotates about an axis, say v,°, in a spatial system 
x," with angular velocity w,?(@,! =w,” =0). The spatial system ~,’" is related 
to the original system x,” by direction cosines /,,,,, where 


Xa m= =ln nX a Xe = pe ee 
and oe gins Dip WR 
Equation (3.7) determining the stress tensor Pa ‘’ in the spatial system x," is 
Opa” Ou, , 
& ‘ ne k 
Oxk =n Day Ox!’ 5 + p(w? Px Xa E=— (a? ) 25 gx — pw? 34% (i OE 8 the C200;0'0 (A 1) 
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Remembering that p,'" vanishes outside the body a, we have 


| pitdV = — | 2 Z x, dV. 


Introducing (A 1) we find 
| 


; ; Ou Lee: ; vata ae ee i 
in y ay, k’ 3’)\2 k 3’\2y 3 Kee 3’y, 3 k / 
| Pa ‘dV = = Pa { Ox" Va +(w, ) Xa X 4 = 830 q ) Ng Xq €i3sPq Va Xq Rae : 
a 


a 


Because p,'"=p,?! and using the symmetric properties of the body a in the 
system w,° we obtain 

a= 0nd. o"=0)) a | eee (A 2) 
By taking p,'°=p,3! we obtain the equation 


CS Ots, Oi a aie et 2 
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This condition will be of no importance because it is always satisfied by the 
form of the rotating bodies chosen in § 5. 


APPENDIx 2 


We consider the equation AA = —47Gx where « is a function of x which 
vanishes outside volume V,. The solution is 
A=G| 
I ¥ig ik 


where R? = (x°— x*)(x°— x) and «’ isa function of x”. For large R we can expand 
about the point «* =a’: 
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with 7,” = (x*—a‘)(x* —a*) and therefore 
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Using this result we may solve (4.13) outside body a and obtain the expressions 
in (4.15). As an example we take Au, = —47Gp, so that at large distances from 
body a 
Cy : Gof van ’ 
u_,= =| pall +ex(=) | Paka dV Bess 


The second integral vanishes from symmetry properties; higher order terms are 
neglected because of condition (2.1). We therefore find 
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The remaining expressions in (4.15) are calculated similarly. In particular, 
we notice that (w,), and (y,*), are of the order of 1/L and (//L)? respectively. 

We next see that w, can be evaluated inside or outside the body a and that 
Ff’, at large distances from the body a is obtained from (4.14) by taking the value 
for uw, outside the body aat large distances. Taking u,=GM,,/r, and remembering 
Xq°Uq° =x,°a* we find 
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The solution is 
GM, 0%, 2, Crass 
F,= = Gee ~ Fae}, ae 


and to our approximation is identical to the result in I. Equation (4.15) follows 
immediately. 


APPENDIX 3 
We consider the equations \A = —47Ga, AB= —47GB where A, B, «, B 


are functions of x’ and «, 8 are finite over volumes V’,, Vg respectively and vanish 
elsewhere. The solutions are 
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where R?=(x*—.x*)(«'—.x*) and «’, B’ are functions of «”. We now form the 


integral 
[= | (B AA+A ,AB}dV 
JV 
over volume IT’ which encloses 1’, and Vg. | We prove the lemma that integral J 


vanishes. 
Using the above solutions we have 
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Since x, 8 vanish outside V,, lg respectively, on reversing the order of integration 
in the first double integral we obtain 
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Remembering that 
a flo i 
ax'\R} = ax \R 


the right-hand side is zero and the lemma is proved. 
We take as an example, A=y,", B=u,, %=p,X,", B=p, and V,=Vg=V,, 
V, being the volume of the body a. ‘The lemma states 
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which is given in (4.16). ‘The remaining relations in (4.16) are obtained similarly. 
In order to solve (4.14) inside the body a, we take the value of w,, inside body a 
only, then according to the lemma 
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where W,, 99 refers to the value inside the body a. 
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We express uv, in (5.11) in the form 
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Noting that dw,,/0 is of the order of «, the first integral on the right-hand side 
of (A 4) becomes 
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We next introduce the expressions 
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Now ee when s,>5,, §, being the mean radius of body a, so we find on 
integrating over y, 
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We rewrite this in the form 
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In order to integrate over », we transform from r,,tos,,7 and obtain 


t We could equally well transform s, to r,, noting that S, 18 then a function of je. 
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By transforming from s, to r, in (A 3) we find w, is of the form 


ey wee 
k=0,1 

and that 
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Uai= >. {(ex tj, cos? x)u2"+4+(g,,cos x +h, sin x)u2*} 
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where a,...h;, are functions of r, only. Introducing these equations into the 
last integral in (A 4) and integrating over y, 1 we find 
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Using the equation 
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the following integral becomes 
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The first term on the ae = vanishes ee Gu,/0r,, =0) whem n, = 0 
and @u,/ér,21/r, when r,-~%, therefore introducing (A 3) and integrating we 


obtain 
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and we finally obtain the relation 
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An Investigation of Deuteron Induced Reactions by Magnetic Analysis 
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Abstract. A magnetic spectrograph has been constructed for the measurement 
of the angular distribution of charged particles emitted in the deuteron bom- 
bardment of nuclei. ‘The spectrograph utilizes the focusing properties of an 
axially symmetrical field and is capable of focusing protons and «-particles of 3 
to 18 Mev and deuterons of 15 to 9 Mev on a 121n. long photographic plate, with 
an energy resolution of 0-25°,. ‘The instrument has been used in conjunction 
with the Liverpool 37in. cyclotron for measurements over an angular range of 
5° to 60° at a bombarding energy of 9 Mev. Due to the energy spread of the 
deuteron beam and the effect of target thickness the total experimental resolution 
was 0:5 to 0:6%. 


§ 1. INTRODUCTION 


HE measurement of the energy spectra and angular distributions of 

protons from (d,p) stripping reactions is now an established method of 

determining the excitation energies and parities of energy levels and as a 
means of assigning possible spin values to these levels. The shape of the angular 
distribution at small angles of emission is strongly characteristic of the angular 
momentum of the absorbed neutron, but measurements in this region are made 
difficult by the high background of elastically scattered deuterons. Thus in the 
extensive investigation of proton angular distributions by Burrows, Powell and 
Rotblat (1951), using a photographic plate scattering camera, measurements 
could not be made at angles less than 15°. his difficulty was overcome by 
Holt and Young (1950) and Holt and Marsham (1953) by using a gold absorber 
of sufficient thickness to stop the deuteron beam and observing the transmitted 
protons with a triple coincidence proportional counter. The energy resolution 
however, suffered due to the scattering and straggling of the protons in the 
absorber and measurements were confined to protons from reactions of positive 
O-value. It was thus felt desirable to build a magnetic spectrograph similar in 
principle to that reported by Buechner (1954) which would separate the protons 
from the deuteron background and at the same time possess a high energy reso- 
lution. With this type of instrument it is possible to investigate the behaviour 
of protons from reactions of negative Q-values at small angles of emission. The 
need for such investigations arose from previous measurements of neutron 
angular distributions from (d,n) reactions of similar Q-values where occasional 
departures from theory were observed (Middleton, El-Bedewi and Tai 1953, 
Evans, Green and Middleton 1953). A further advantage is that inelastically 
scattered deuteron, triton and «-particle angular distributions can be measured 
with equal facility, none of these having previously been thoroughly investigated 
at small angles of emission. 
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When measurements of spectra have to be made at several angles of emission, 
it is advantageous to record the whole spectrum simultaneously. For this purpose 
a magnetic spectrograph has been designed with a constant percentage energy 
resolution over a proton energy range of 3 to 18mev. The basic design of the 
instrument is similar in principle to that of the B-ray spectrograph used by Siday 
and Silverston (1952) and depends upon the focusing properties of an axially 
symmetrical field. 

An existing magnet was adapted for use in this spectrograph and was fitted 
with 8in. diameter semi-circular poles, across which a 16000 gauss field could be 
maintained. It was calculated that this magnet would produce the desired 
dispersion, focusing protons and ~-particles in the energy range 3 to 18 Mev and 
deuterons of 1} to 9mev on a 12in. long photographic plate, with a momentum 
resolution of 0-194. Although by modern standards this resolution is not very 
good it was considered to be sufficient in view of the energy spread of the cyclotron 
deuteron beam. In fact the total experimental energy resolution was between 
0-5 and 0:6% depending upon the target thickness. 


§ 2. EXPERIMENTAL ‘TECHNIQUE 


2.1. General Arrangement 


A diagram of the general experimental arragement is shown in figure 1 (a). 
The external deuteron beam from the Liverpool 37 in. cyclotron was collimated 
by a system of three slits S,, S, and S, and the resultant beam allowed to strike 
a thin target placed about five feet from the cyclotron tank. The spectrograph 
magnet was a little over 1 metre from the target and focused the charged particles, 
emitted within a narrow cone, on to the photographic plate. ‘The magnet was 
mounted so that it could be moved about an arc of a circle centred on the target, 
allowing exposures to be made at angles from 0° to 60°. ‘To minimize the effect 
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Figure 1. Diagram of general experimental arrangement and slit system. 
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of the y-ray and neutron background from the cyclotron on the photographic 
plates and the scintillation counter monitor, a 2-foot thick concrete shielding 
wall was built between the apparatus and the cylotron. 


2.2. Slit System 


As shown in figures 1 (a) and (b) a system of three slits was used to collimate 
and reduce the energy spread of the deuteron beam. ‘The first slit 5S, was placed 
close to the cyclotron deflector, the second S, a little beyond the boundary of the 
fringing field and the third S, 4 inches in front of the target. The action of the 
fringing field between S, and S, resulted in a slightly divergent beam emerging 
from S,, the deuterons of lowest energy being on the inside (i.e. on the same side 
as the cyclotron) and those of maximum energy on the outside. ‘This effect is 
illustrated in figure 1 (6). The third slit 5, was used to select deuterons of a 
particular energy. Slits S, and S, were both 1mm wide and S, which defined 
the target size was }mm wide by 3mm high. ‘The final energy spread of the 
beam was observed to be 30 kev, and was presumably due to radial oscillations in 
the cyclotron. 

In order to obtain sufficient intensity it was necessary to run the cyclotron 
with a beam of 60,4 incident on S,. Since this corresponds to a power dissi- 
pation of more than } kilowatt, excessive heating and rapid deterioration of this 
slit occurred. This was finally overcome by forming the slit edges from }in. 
diameter tungsten rod, hard soldered into a water-cooled copper block. Only 
6 uA of beam were incident on S, so that no such difficulty was encountered and 
thin molybdenum edges sufficed. For convenience of operation of the cyclotron 
this slit was electrically insulated and the current displayed on a microammeter. 
S; was made from 0-005 in. gold sheet and was preceded by a slightly larger slit to 
prevent excessive heating and distortion occurring (see figure 2 (a)). 


2.3. Target Chambers 


The essential requirement imposed on the design of the target chamber was. 
that it should permit exposures to be made over an angular range of 0° to 60° with- 
out intermediate windows. A very simple and effective method for doing this 
was developed and is illustrated in figure 2 (a). A second flange was pivoted about 
the target flange and joined to it by a single-ply sylphon bellows, care being taken 
to ensure that the axis of rotation was veitical and passed through the intersection 
of the deuteron beam with the target. Preliminary experiments with this type 
of chamber showed that the sylphon bellows was capable of bending through 30° 
in either direction without undue injury. ‘Thus, to cover the range 0° to 60° it 
was necessary to mount the axis of the target flange at an inclination of 30° to the 
deuteron beam. Copper—beryllium windows were soldered into the chamber to 
allow monitoring at angles 90° and 135°. Also to aid monitoring the beam 
collimating tube was electrically insulated and connected to a current integrator. 

A gas target was constructed on similar lines so that inert gases and elements 
such as nitrogen and oxygen could be investigated in pure gaseous form. A 
diagram of the chamber is shown in figure 2(4). In this target chamber S, defined 
only the volume of the gas bombarded, a second slit S, being used to select the 
part of this volume seen by the spectrograph. From the figure it can be seen that 
this slit moves with the spectrograph, so that the target volume varies as the 
cosecant of the angle of observation. Due to the low yield from gas targets, it 
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was necessary to increase the width of the energy selector slit S; to 24mm and to 
make S, 1mm wide by 5mm high. In addition it was necessary to use pressures 
up to 40cm Hg, which required the use of aluminium windows of 22mg emir 
thickness mounted on these slits. 
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Figure 2. (a) Target chamber for use with solid targets, permitting observations at angles 
from 0° to 60°. (6) Modified version for use with gases. 


2.4. Magnet 


The theory and design of the spectrograph Is considered in detail in the 
appendix and only a brief description of the practical details is given here. 

As previously mentioned use was made of a magnet which hitherto had served 
as a beam focusing magnet for the 37in. cyclotron. ‘The yoke was constructed 
from 8in. square section mild steel and energized by two water-cooled coils 
flanking the air gap, the complete magnet weighing just over 1 ton. A maximum 
field of 16000 gauss could be maintained across an air gap of 1 inch with poles of 
roughly one third of the sectional area of the yoke. 
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Cylindrical poles of 20cm diameter, half of which had been machined off 
at an angle of 45°, were fitted. Measurements made with a small search coil and 
Grassot fluxmeter showed the presence of slight azimuthal variations in the field 
arising from the unsymmetrical pole shape, but their effect on the focusing 
properties was considered to be negligible. Radial measurements showed the 
field to be uniform up to a radius of 9cm and this latter value was used in the 
calculations outlined in the appendix. 


2.5. Stabilization of Magnet Current 


An energizing current of 12 amps was required to produce a 16000 gauss 
field and was supplied by a 7$h.p. motor-generator set. It was stabilized by 
regulating the field current of the generator with an error signal proportional to 
the difference between a set reference voltage and that developed across a resis- 
tance in series with the magnet coils. ‘This signal was amplified and controlled 
the grid bias of four 12E1 tetrodes connected in parallel and in series with the 
generator field windings. 

For moderate currents no difficulty is encountered in constructing a resis- 
tance developing a sufficiently large voltage to allow the use of a d.c. diiference 
amplifier, without excessive heating occurring. A one-ohm minalpha resistance 
suspended in a water-cooled oil bath was used in this case. ‘The use of a d.c. 
amplifier has the advantage of minimizing overload troubles and making it easier 
to prevent hunting of the stabilizer. 


2.6. Spectrograph Focusing Box 


The focusing box, a diagram of which is shown in figure 3, was fabricated 
from light alloy and the assembly welded together. ‘The portion of the box 
marked ‘pole area’ in the figure was machined to be a sliding fit between the 
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Figure 3. Spectrograph focusing box. 


magnet poles and was precisely located by a template welded to the upper surface 
of the box matching the pole profile. Location was consistently achieved within 
0-008 in. by checking the register of the template and the pole with a feeler gauge. 
‘The remaining portion of the box was made of deeper section to accommodate 
the hexagonal plate holder and was fitted with a lid toallow its removal. The plate 
holder was mounted on bearings bolted to the bottom of the box such that slight 
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adjustments of position could be made. Rotation was effected externally by a 
spindle, passing through a vacuum seal, connected to the plate holder via a pair 
of universal couplings. A locking device was provided to ensure that the plane 
of the emulsion of the plate being exposed was vertical. 

The focusing box was joined to the target chamber by a brass tube 1 metre 
long, a gate valve being inserted between the target chamber and the tube so that 
plates could be changed without air coming into contact with the target. The 
angular acceptance of the instrument was principally defined by the target size 
and the slit marked S, in the figure, the latter being 44mm square. An inter- 
mediate slit 5S, (figure 2 (2)) allowed the spectrograph to see an area slightly 
greater than the actual target size. ‘This was particularly important since slight 
misalignment of the axis of rotation of the target chamber might have caused S, 
to eclipse a part of the target at certain angles. Optical tests were made to ensure 
that this could not happen. ‘To minimize the background of scattered particles, 
anti-scattering slits were mounted at 3-inch intervals along the tube and shallow 
grooves were cut in the top and bottom internal surfaces of the focusing box. 


2.7. Monitors 

Initially two thin anthracene crystals mounted on Dumont 6292 photo- 
multipler tubes were used to monitor the exposures given at different angles. 
The crystals detected the protons emitted by the target within narrow cones 
about angles 90° and 135° respectively, elastically scattered deuterons being 
stopped by aluminium absorbers. ‘The ratio of background to true counts was 
high and was found to be sensitive to changes in the cyclotron magnetic field 
which occasionally had to be made during an exposure. Due to this, the scintil- 
lation counters were somewhat unreliable and the counter at 90° was replaced by 
a photographic plate which was changed prior to each exposure. Monitoring 
was thus achieved by counting the number of proton tracks, generally 1000-2000, 
within a known area about the centre of the plate. ‘The scintillation counter at 
angle 135° was retained to determine the approximate duration of exposures. 


2.0. Larges 


Exposures have been made for a numbex of elements, the respective targets. 
being prepared by a diversity of methods ranging from cutting with a microtome 
to evaporation. Preferably targets were self-supporting foils of $ to 1mgcm ? 
corresponding to an energy spread of 15 to 30 kev for 9 Mev protons and less for 
lower energies due to the loss in energy of the emitted protons and the incident 
deuteron beam traversing the target being more nearly equal. ‘Targets of non- 
metals and compounds which usually could not be obtained as self-supporting 
layers were generally backed by 0-78mgcem™ gold leaf. The latter was 
undesirable because of the increase in proton and particularly deuteron 
background it introduced. 

Some elements, such as nitrogen and oxygen, were investigated in pure 
gaseous form using the gas target chamber described in §2.3. However, the 
energy resolution was much worse than that obtained from solid targets, princi- 
pally due to the increased size of the energy selector slit S, and the straggling 
introduced by the gas outside the genuine target volume and the aluminium 
windows. It was thus found advantageous to use whenever possible a solid com- 
pound target containing the particular element as a constituent, despite the 
increased complexity of the spectrum. 


bho 
bo 


T. S. Green and R. Middleton 


2.9. Plate Technique 


Ilford C2 photographic plates 12in. long by lin. wide and 100 emulsion 
thickness were used in the spectrograph. Six plates could be mounted simult- 
aneously on the faces of a hexagonal bar which could be rotated from outside the 
focusing box enabling separate exposures to be made without disturbing the 
vacuum. It was found advantageous to load no more than four plates at once 
since exposures were frequently long and the y-ray fogging severe. After 
exposure, the plates were processed by standard methods and observations made 
with a Cooke, Troughton and Simms M4000 microscope equipped with a x 20 
objective and x 10 eyepieces. Since the particles are sorted according to energy 
by the magnet, range measurements are unnecessary and it remains to count the 
number of tracks per unit interval of length along the plate. ‘The numbers of 
tracks within successive scans of width 220 and length 1 to 15mm depending 
on the density, in a direction perpendicular to the length of the plate, were 
counted and recorded. For plotting purposes the numbers of protons and 
deuteronsin twoand four successive scans respectively were added and represented 
by a single point on the spectrum. ‘The energy interval between points was 
the same in both cases and equal to about 25 kev. The conversion of the distance 


along the plate to an energy scale is shown for protons, deuterons and «-particles 
in figure 4 (4). 


700 
600 5 
= 
ae 5 3 
~~ 

S500 = = 
Ss S ~ 
E 409 ° a 
é € ; 
X00 ie aaa 
= 2, aS c 
a 300 — S 
© 8 3 
5 E E 
= 200 = = 
a Ss 

100 ts 

re a 1 1 are A ni rd 
0 3 10 IS 20 25 30 0 5 10 (5 20 25 30 
Distance along Plate (cm) 
(a) (b) 

Figure 4. Curves showing the variation of range and energy of various particles as a 


function of distance along the photographic plate. 


No difficulty was experienced in distinguishing between proton and deuteron 
tracks due to the large difference in range and initial ionization. For all except 
the lowest energies, inspection of the initial ionization was quite sufficient. In 
figure 4 (a) are shown the differences between the ranges of protons, deuterons, 
tritons and «-particles as functions of distance along the plate. It will be noticed 
that the difference in range of «-particles and tritons at any position along the 
plate is small but differentiation was reliable due to the difference in ionization 


and line width, triton groups generally being much broader than those of 
x-particles because of their greater energy dispersion. 
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AGP KONG Dae 
‘THEORY AND DESIGN OF THE MAGNETIC SPECTROGRAPH 


Theory of Axially Symmetrical Fields 


(1) Summary of results of Jennings’ theory. ‘The theory of axially symmetrical 
fields developed by Jennings (1952) shows that the focusing properties can be 
represented by a lens with principal planes passing through the centre and 
perpendicular to the asymptotes’ to the initial and final particle directions, and 
with nodal points coincident with the centre. He further shows that the focal 
length f is equal to 1/2A, that the transverse aberration at the image is 
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and that the energy dispersion D is vp 00/dp where 6 is an impact parameter 
equal to the distance from the centre of the field to the asymptote to the initial 
particle direction, 2@ is the complement of the angle of deflection, w is the object 
distance, v is the image distance, x is the range of b-values of the particles 
accepted by the spectrograph, A=00/0b, and 24 =076/06?. 

Siday (1947) also has developed expressions for these quantities and in 
addition indicates a method of calculating 6 from the known field shape. 

For our purpose both theories have been combined and extended to make it 
possible to calculate the focusing properties of a real field from the derivatives. 

(11) Calculation of A, 2 and 06/dp. It is a simple matter to calculate these 
derivatives for an ideal field i.e. when the field is uniform within the boundary 
r=a and zero outside it. ‘The particle then moves along a straight line outside 
the field and along a circular path of radius (2mE)"?/He within it. 

It is easily shown that 

p+ob ; 
?=tan; * Gi mn (a2 — Rita NC) 

and the derivatives of 6 with respect to 6 and p can be directly determined. In 
figure 5 (a) and (b) f/a and 2ya* are plotted as functions of p/a for various 
values of b/a; 2a? is the principal term in equation (Al) for the transverse 
aberration. 
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Figure 5. Curves showing the variation of the focal length and transverse aberration with 
the radius of curvature of the particles in the field for various impact parameters. 
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In a real field the motion is not so simple and it is not possible to derive 
analytical expressions for the derivatives. The equations of motion given by 
Siday are 
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where ¢% is the angle between the direction of the motion and the radius vector 
and ¢ is the angle of the rotation of the radius vector. ‘The angle of deflection 
a (= 180° — 26) is then given by 

Gata 8 eee (A5) 

Siday proceeds by considering the motion of the particle through half of the 
magnetic field 1.e. to the nearest approach to the centre where 7=7,,;, and ¢=77/2. 
This is done by calculating several values of 4b as a function of r by numerical 
integration of equation (A3) and by interpolation. ‘The corresponding value of 
¢ is then obtained by integration of equation (A4) to the limit r=r,,;, and 
finally the deflection of the particle in traversing half of the field is obtained by 
substituting this value into equation (A5). This procedure is difficult due to 
complications in the mathematics, the further determination of the derivatives of 
x being even more complex. 

By approximating the real field to an ideal field bounded atr =a and a fringing 
field at r~a it is possible to carry out the calculations. Assume that the particle 
enters the fringing field with an impact parameter 5,, and that it is deflected 
through an angle «, in passing through this region, «, being given by 


yp Oe a ee (A6) 


where y,, and ¢,, satisfy equations (A3) and (A4) for r=a. The particle then 
enters the ideal field with a new impact parameter b, given by 


1 fe 
by b= ae { La al) ee ee (A7) 
and is further deflected through an angle 2%, obtained from equation (A2) by 
replacing 90° —@ by as, and finally re-enters the fringing field. Here it is again 
deflected through an angle «, if the initial and final points of motion can be con- 


sidered to be in field-free regions. The total deflection is then 2%5+2a, and 
0a, AX, 
‘=~ ob Gb 


with similar expressions for 4 and D. 


From equation (A7) it can be seen that @b,/db,=1; hence 
2. 2 
_ 9%, Aas nies GEE a Gomis 


db, db, eS Ob? ab?” 


Expressions for 0x,/0b,, 02x,/0b,? and 0x,/Op can be derived by differentiation of 
equations (A6), (A3) and (A4). Thus from equation (A6) 
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and from equations (A3) and (A4) 
Ou. sec, sec “@ sec? 
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= ; = = SPE I ONS, 
ob, ae os é 7 
Aa a sec ah { | als FH rdr 
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Op UPd eh ru, J ay a cos yb os) 


The derivatives of ~) can be readily obtained from the results of the first para- 
graph of this section. 


(111) Computation of derivatives. Before computing the values of the 
derivatives it is necessary to decide where the boundary between the two field 
regions lies. It is difficult to apply any criterion in this decision but it is found not 
to be very critical and it is usually possible to make a reasonable estimate of a. 

From the measurements made on the fringing field y, and 4 are calculated 
by numerical integration of equations (A3) and (A7). Equations (A8), (A9) and 
(A10) then make it possible by further numerical integration to calculate the 
derivatives 0%, 0b,, 67x,/0b,? and dx,/0p. The corresponding derivatives for the 
ideal field region are obtained from equation (A2) using the calculated value of d,. 

The calculations can be repeated for various values of p to determine the 
focusing properties as a function of p. It should be noted however that if the 
particles entering the field are selected by a slit which 1s in the fringing field 
region then 4, will vary slightly with p since the angle between the radius vectors 
to the source and slit is fixed. ‘This correction is small but significant, especially 
in the design used where 4 is large and hence the properties vary rapidly with d. 


(iv) Choice of parameters. 'Vhe value of a was fixed at 9cm by the magnet 
and further restrictions were imposed by the intention of using a photographic 
plate 12 in. long to cover a proton energy range of 3 to 18 Mev. ‘This was achieved 
by using an impact parameter b of 6cm and an object distance u of 120.cm. 

The size and thickness of the target and the angular acceptance of the spectro- 
graph were chosen as the best compromise between intensity and resolution. 
The choice of the target width was particularly important since it not only affected 
the intrinsic energy resolution of the instrument but also determined the spread 
in energy of the deuteron beam. A satisfactory value was found to be }mm 
corresponding to a eh of 30kev in the deuteron energy. It was also con- 
sistent with targets of } to 1mgcm ® and an angular acceptance of 4°, the total 
energy resolution being 0;5:16.0°6%. 

It is evident from the foregoing that the total resolution of the instrument 
could be improved by reducing the width and thickness of the target. However, 
this would incur a loss of intensity which would have to be compensated for by 
a larger angular acceptance. This can be done beneficially only if at the same 
time the angular aberration of the instrument is improved. As can be seen from 
figure 5 (b) this can be accomplished by using larger poles of radius equal to p and 
a smaller impact parameter which would require a longer plate to cover the same 
energy range. 
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The design of a spectrograph must inevitably depend largely upon the 
accelerator in conjunction with which it is to be used. If a high intensity beam 
of low energy spread is available it is possible to use a relatively large object and 
the main design feature is strong focusing. If on the other hand the beam is not 
intense and well defined in energy, a small target has to be used and a large 
angular acceptance is desirable, and the spectrograph should be designed to 
produce a high degree of second order focusing. 


(v) Test of theory. ‘The calculations were tested for impact parameters of 
1-5 and 6-:0cm, giving weak and strong focusing respectively, using the magnet 
previously described and «-particles from a thorium source. The natural 
energies of these «-particles are 6-0 and 8-8 Mev, but by using an absorber 
additional energies of 3-5 and 6-9 Mev were obtained. Measurements were made 
of the image distance v and the angle 6 and a comparison of these values with 
those calculated is shown in figure 6 (2) and (6). Using the larger impact 
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Figure 6. ‘Theoretical curves showing the variation of the image distance and angle of 
deflection with the radius of curvature for impact parameters of 1-5 cm and 6:0 cm. 
Also shown are experimental points obtained using a-particles from a thorium source. 


parameter, which was the one finally adopted, the observed half widths of the 6-0 
and 8-8 Mev groups were 20 and 30kev respectively as compared with the 
calculated values of 14 and 21kev. The difference is probably due to field 
inhomogeneities and is small compared with the spread in energy of the cyclotron 
deuteron beam and the effect of target thickness. 
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II: Results for °Be, '7C, '*N and '*O 
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Abstract. Angular distributions have been measured of some of the proton, 
deuteron and z-particle groups emitted from targets of beryllium, carbon, nitrogen 
and oxygen when bombarded by 9 Mev deuterons. ‘The proton angular distri- 
butions have been compared with those calculated from the stripping theories 
enabling assignments of spins and parities to be made to levels of the residual 
nuclei. Calculations have also been made of the relative capture probabilities and 
reduced widths and in the cases of carbon and nitrogen it was possible to express 
them in absolute units. 


§ 1. INTRODUCTION 


HE apparatus described in the preceding paper (Green and Middleton 1956) 

has been used to measure the angular distributions of some of the proton, 

deuteron and «-particle groups emitted from targets of °Be, ##C, 4N and 1®O 
when bombarded by 9 mev deuterons. 

The angular distributions of the proton groups have been analysed using the 
stripping theories of Butler (1951) and Bhatia, Huang, Huby and Newns (1952). 
These theories show that the shape of the distribution depends principally on the 
angular momentum of the absorbed neutron, and that the cross section is pro- 
portional to the probability that the neutron is captured at the nuclear surface. 
Bhatia et al. define the latter as the ‘ particle capture probability’ and Huby (1952) 
has shown that from this, using the Butler theory, it is possible to calculate the 
reduced level width. Both these quantities depend critically on the level con- 
figuration so that it is possible, in addition to determining the spin and parity, to 
obtain some knowledge of the structure of the level. 

Attempts have been made to identify some of the levels, observed to have 
large reduced widths, with simple configurations expected on the bases of the 
shell model. In other cases the properties of levels have been compared with 
the predictions of calculations using the shell model with intermediate coupling 
(Lane 1953). It has also been possible to compare the measured reduced widths 
of some virtual levels with values determined from analysis of scattering data in 
an attempt to test the validity of the stripping theories. 


§ 2. ‘TARGETS 


The beryllium target was a self-supporting foil of 0-6 mg cm? and like most 
targets prepared by evaporation contained impurities of carbon, oxygen and 
hydrogen. ‘The latter was particularly troublesome since, at small angles of 
emission, it was responsible for the presence of three intense and broad groups 
in the spectra. 


tT Now at the Atomic Energy Research Establishment, Harwell, Berks. 


Magnetic Analysis of Deuteron Induced Reactions: II we) 


A thin uniform target of carbon was prepared by smoking over burning 
camphor a leaf of 0-78 mg cm? gold mounted on a brass ring. 

‘Two nitrogen exposures have been made, one using the gas target chamber 
filled with spectroscopically pure nitrogen at 40cm Hg pressure and the other 
with a solid target prepared by evaporating a thin layer of adenine (C;N;H;) on 
to a gold leaf. 

Similarly two oxygen exposures were made, one with gas and the other with 
a fragment of a quartz bubble blown to a thickness of 0:8 mg cm-2. ‘To assist in 
the interpretation of the quartz spectra exposures were also made with a silicon 
target, prepared by evaporating the pure element on to a gold backing. 


§ 3. ResuLts: (d, p) REACTIONS 
scl, *Be(d,p)* Be 


(a) Energy Spectrum. Atypical proton energy spectrum observed at an angle 
of 15° isshown in figure 1. The positions of the proton groups corresponding 
to the ground and excited states have been calculated from the results of 
Jung and Bockelman (1954) and are indicated by a letter P with an accompanying 
sufhx describing the order of the state. Below the letter P and in brackets is 
the excitation energy of the corresponding level. Groups corresponding to 
impurities are marked with the chemical symbol of the residual nucleus and im- 
mediately below and in brackets is the energy of the corresponding state. As 
can be seen from the figure five prominent groups can be identified corresponding 
to the states in Be. ‘Three weak groups have also been identified due to carbon 
contamination and a fourth fairly strong group due to hydrogen either occluded 
or contained as hydride in the Be. A fifth fairly strong group is due to the elastic 
scattering of protons accelerated as molecular hydrogen together with the deuteron 
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Figure 1. Proton energy spectrum at an angle ‘of observation of 15° resulting from the 
deuteron bombardment of a thin self-supporting target of beryllium. 
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beam. No groups of significant intensity due to the levels in “Be at 6:18 and 
7:54 Mev reported by Jung and Bockelman were observed. The former group, 
however, particularly if weak, may not have been resolved since it is separated 
from P, by only 80 kev, which is little greater than the experimental resolution. 
The 7-54 mev level is virtual and has been observed in neutron scattering experi- 
ments (Bockelman, Miller, Adair and Barschall 1951). 

(6) Angular Distribution. ‘The angular distributions of the five proton groups 
associated with the *Be(d, p)!°Be reaction have been measured and are shown in 
figure 2, together with the curves calculated from the Butler theory. Good 
agreement was obtained in all cases using the conventional radius parameter of 
42x 10cm except for the ground state which required an unusually large 
value of 5-7 x 10° cm. Holt and Marsham (1953) and Eby (1954) also report 
the need fora large radius, values of 5-7 x 10-!3cm and 5-1 x 10-43cm respectively 
being used. 
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Figure 2. Angular distributions of proton groups Po, P;, P,, Py and P; from the reaction 
®Be(d, p)!’Be. 


The assignment of /=1 to the angular distributions of groups Po, PP and Pe 
agree with those reported from other investigations. It may be noted that the 
distribution of group P, exhibits a more pronounced minimum in the forward 
direction than the theoretical curve and that a similar result was reported by Eby. 
Anomalies of this type in other stripping reactions have been observed by 
Middleton, El-Bedewi and Tai (1955) and by Evans, Green and Middleton (1953). 

The angular distributions of groups P, and P,, neither of which has previously 
been measured, are both consistent with the assignment of /=0. 

(c) Level Properties of Be. The relative capture probabilities A/(2/,+ 1) 
and reduced widths y? have been calculated and are listed in table 1. The 
spins of the ground and 3-37 Mev states were assumed to be 0) and 2 respectively. 
Also shown in the table are the absolute reduced widths of these two levels 
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calculated by Fujimoto, Kikuchi and Yoshida (1954) from the (d,p) data reported 
by Fulbright, Bruner, Bromley and Goldman (1952) and that of the 7:37 Mev level 
reported by Bockelman, Miller, Adair and Barschall (1951) from an investigation 
of neutron scattering by °Be. 


Table 1 
Geis pate / oe ane A/(2T + 1) y RF Pe [3k 
evel (Mev) parity (rel. units) (rel. units) | 2pa 
Po 0) I 0 45 22 0-0554 
P, So7 i ee: 8 8 0-0104 
P, 5-96 0) ae DY, 110, 66 
PS 6:26 0 Lie ee 152 KOB, (Oe 
Be PONT | Line oa (13h, ©) 2), 0-017> 


@ reduced width from (d, p) data (Fujimoto et al. 1954). 
» reduced width from neutron scattering data (Bockelman et a/. 1951). 


The even parity levels, formed by the capture of a neutron with unit angular 
momentum, are presumably states of the (1p)® configuration. Inglis (1953) has 
shown that intermediate coupling predicts such states to be most probably in the 
order 0*, 2,> 2>. The first two states are in agreement with this, but the third 
has been reported to be 3* (Adair, Barschall, Bockelman and Sala 1949). Our 
analysis allows either 2* or 3* but calculations show that the reduced width of a 
3~ level would be vanishingly small on either j-7 or L—S coupling extremes 
(Lane 1954, Elliot, private communication), though the widths of 0+ and 2+ 
levels would be in the ratios 1:0-2 and 1:0-44 respectively. ‘The experimental 
evidence shows that the reduced widths of the 3-37 and 7-37 Mev levels are about 
the same and thus favours an assignment of 2* to the latter level. This agrees 
with the suggestion that the 7:37 Mev level is the isobar of the 8-89 mev level of 
10B which is known to be 2*, J =1 (Mackin 1954). 

The two odd parity levels are probably states of the simple configuration 
(1p)? 2s and have as expected large capture probabilities and reduced widths. 
These are probably the 1 and 2° levels predicted by Thomas (see Ajzenberg 
and Lauritsen 1952) from an analysis of the scattering lengths of epithermal 
neutrons, 

py ens © (Po ay es © 
(a) Energy Spectrum. ‘lwo carbon exposures have been made with targets 
of soot and adenine and the spectra obtained at an angle of 15° are shown in figures 
3(a) and 3(b). The pure carbon target was used to identify groups corresponding 
to C and the latter to measure the angular distributions, since the absolute 
differential cross sections could be determined by comparison with the deuterons 
elastically scattered by the hydrogen in the target. 

Four groups were identified corresponding to the ground and three excited 
states in 3C, reported by Sperduto, Buechner, Bockelman and Browne (1954), 
and are designated by letter Py, P,, P, and P, in figure 3(a). No other groups of 
significant intensity, corresponding to levels in '*C below an excitation of 6:8 Mev, 
were observed. ‘Two groups were also observed corresponding to levels in 4#C 
at 6:091 and 6-723 mev due to the presence of 1:1 °% of #C in natural carbon. 
The remaining groups are due to oxygen and hydrogen contamination in the 
target and the presence of molecular hydrogen in the cyclotron beam. 
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Figure 3. Proton energy spectra at angles of observation of 15° resulting from the deuteron 
bombardment of targets of (a) soot and (6) adenine (CENSEIE): 


(6) Angular Distributions, ‘The angular distributions of groupsZPo, bee 
and P; from '*C have been measured and are shown together with the Butler 
curves in figure 4. The /-values are in agreement with those reported by Rotblat 
(1951 a,b). It may be noted that the angular distribution of group Py exhibits 
a similar anomaly to that observed for the 3-37 mev level in Be. 

Since the adenine contained a known ratio of hydrogen to carbon it was pos- 
sible to express the differential cross sections in terms of those for the scattering 
of deuterons by hydrogen. he latter was determined at 3-9 mev deuteron 
energy by interpolation from the data of Sherr, Blair, Kratz, Bailey and Taschek 
(1947), Rosen and Allred (1951) and Allred, Armstrong, Bondelid and Rosen 
(1952). ‘The cross sections determined in this way are considered accurate to 
within 10 %. 

(c) Level Properties of 8C. The absolute reduced widths have been 
calculated and are listed in table 2. The value obtained for the ground state is 
compared with that reported by Thomas (1952) from an analysis of thermal 
neutron scattering data, and those for the excited states with the values obtained by 
Jackson and Galonsky (1951) for the levels of the mirror nucleus 13N from an 
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investigation of the resonance scattering of protons. A comparison is also made 
of the capture probabilities derived during the present investigation with those 
calculated by Holt and Marsham (1953) from the results of Rotblat (1951 a, b). 


‘Table 2 
~ Energy Spin and Sa AS (ia 

Grou 5S? pay ens 2 — A](2J ¢-+ 
2 level (Mev) parity ¥ { 2ua der) 

a b G d 

12h 0 1 1 em 0-05 0-02 25 25 
1B 3-090 0) Los O27 0-54 40, 30 
P, 3-684 1 372- 0-016 0-03 5 2 
iPS 3°855 2 Sy Pa 0-06 0-21 33 45 


a and c, reduced widths and capture probabilities from present investigations. 

b, reduced widths for ground state of 1*C (Thomas) and for corresponding states of mirror 
nucleus 1?N (Jackson and Galonsky). 

d, relative capture probabilities calculated from the results of Rotblat. 
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Figure 4. Angular distributions of proton groups Py, P,, P, and P; from the reaction 
2C(d, p)#C. 
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(a) Energy Spectrum. Proton groups in the spectrum shown in figure 3(d) 
were identified with transitions to the energy levels of ™N reported by Sperduto 
et al. and are designated Py, P,, P, etc. The proton group Po, corresponding 
to the ground state, was not observed because of its large Q-value and groups Py 
and P,, corresponding to levels at 9-062 and 9-834 Mev respectively were obscured 
by carbon groups. In the figure carbon is treated as if it were a contamination 
and the corresponding groups are designated by the chemical symbol accom- 
panied by the excitation energy. Group P,, corresponding to a level in °N at 
10-069 Mev is obscured by the hydrogen group, but this only occurs at this 
particular angle of observation. A new group of protons P,, was also observed 
corresponding to a level at approximately 11-2 Mev. 

(b) Angular Distributions. ‘The angular distributions of groups Ps, Py, P;, 
P,, P;, Ps,Pi2 and P,, have been measured and are plotted in the centre-of-mass 
system in figure 5. Also shown in the figure are the combined distributions 
of groups P, and P, which were beyond the resolution of the spectrograph and 
groups Py and Pj). The latter two groups could in principle be resolved using 
the adenine target, but at most angles of observation at least one, and sometimes 
both, were obscured by a carbon group. ‘The combined distribution was 
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Figure 5. Angular distributions of proton groups Ps, Py, P;, Ps, P,, Ps, Py, and Pj, and 
the combined distributions of groups P,, P,; and P,,P,. from the reaction 


“N(d, p)®N. The last mentioned combined distribution was obtained from the 
gas exposure. 


obtained from the gas exposure, the resolution being worse in this case because of 
the poorer geometry and the straggling introduced by the gas and aluminium 
windows outside the genuine target volume. It was observed, however, that 
the group shape was symmetrical at all angles of observation and is consistent 


Magnetic Analysis of Deuteron Induced Reactions: IT 33 


with both groups being of approximately equal intensity and of similar angular 
distributions. The theoretical curves shown in the figure were calculated from 
the Butler theory, using a radius of 4-7 x 10-%cm in all cases except for groups 
P, and P,, where better agreement was obtained with a radius of 5-7 x 10-3cm. 

The assignments of /-values of 1, 0 and 0 respectively to groups Ps, P; and 
P, agree with the values reported by Gibson and Thomas (1952), but, unlike 
these authors, we obtain an anisotropic combined distribution for groups P, and 
P,. The latter distribution is consistent with one of these levels being formed 
by an /=2 transition and the other most probably isotropic. Eby also reports 
the combined angular distribution to be anisotropic. 

The angular distributions of groups P, and P, are each consistent with /=2 
transitions, but, as can be seen from the figure, P, does not exhibit as pronounced 
a minimum in the forward direction as either P, or the theoretical curves. This 
is thought to be due to the presence of a small oxygen impurity in the target, since 
the Q-value of the group corresponding to the first excited state in !7O is almost 
equal to that of P, and the group is known to be particularly intense and to be 
formed with an /=0 transition. 

The angular distributions of the remaining groups P,, P,. and P,, and the 
combined distribution of P, and P,, are all consistent with /=1 transitions. 
It should be noted, however, that agreement is poor for group P, and this assign- 
ment must be regarded as doubtful. Since the difference between the theoretical 
angular distribution curves corresponding to /= 1 and 2 is much less for negative 
O-values, an attempt was made to fit P,, with an/=2 curve. As is evident from 
the figure, this curve lies above the experimental points which is unusual and 
we are confident that /=1 is the correct assignment. 

(c) Level Properties of ?N. ‘The absolute reduced level widths have been 
calculated, but since the spins of the final states are not known, the values listed 
in table 3 contain the factor 2./,+ 1. 

Several levels corresponding to /=1 transitions have been observed which 
can only have been formed by the addition of 1p or 2p neutrons to the “N core. 
The selection rules of the stripping theories predict these levels to be of odd 
parity and possible spin values of }, 3 and 3. If a Ip neutron is added to the 
14N core then the independent particle model would exclude the possibilities 
of a spin of 8, the only possible values being 3 and 3. 


Table 3 

Energy ae ame SiGe 

Group Level (Mev) I Parity (27 ¢+-1) y i: 
[Phi 1B 5-280/5-305 2 ++ 0-03 
Re 6-330 1 — 0-04 
P, 7-165 2 = 0-32 
12 7°314 0) SF 0-45 
Pe USS 2 ae 0-41 
Pe 8-316 0 tr 0-40 
IPs 8°571 ile —? 0-03 
[ed lee 9-062/9-165 1 _ 0-03 
Piss 10-069 1 — 0-14 
Paz 1-2 1 _ 0-24 


The ground state is presumably the J =3 component of this configuration and 
probably the 6-33 Mev level the J= 3 component. In the limit of extreme j-j 
3-2 
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coupling the latter level would have zero reduced width and since it is observed 
to have a small but finite reduced width it may be concluded that this extreme 
form of j-7 coupling is not valid. ‘This conclusion is consistent with the recent 
successes obtained from calculations based on intermediate coupling for certain 


light nuclei. 
The odd parity levels at 10-069 and 11-2 mev have large reduced widths and 


are probably states of the configuration (1p)!2p. Similarly the even parity 
levels, having large reduced widths, are probably states with the configurations 
(1p)!°2s and (1p)'°ld predominating. 
3 4An BOC pio 
(2) Energy Spectrum. In figures 6(a) and 6(6) are shown typical proton 
energy spectra at angles of observation of 15° and 40° obtained using the oxygen 
gas and quartz targets respectively. It is evident from the figures that the 
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Figure 6. Proton energy spectrum at an angle of observation of : (a) 15° resulting from the 
bombardment of an oxygen vas target by 8-4 mev deuterons ; (d) 40° resulting from 
che bombardment of a thin self-supporting target of quartz by 9 mev deuterons 
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resolution was better when using the quartz target but the spectrum was com- 
plicated by the presence of silicon. To facilitate the identification of the groups 
in the latter spectrum several exposures were made at different angles with 
a pure silicon target. 

Groups have been identified corresponding to the levels in 7O reported by 
Ajzenberg and Lauritsen (1955) and are designated Py, P,, P, etc. in both figures. 
A group (P,) was observed corresponding to a level at 5-23 mev which was 
reported by the above authors to be doubtful. 

(6) Angular Distributions. ‘The angular distributions of groups P, to P; have 
been measured and are shown in figure 7 together with the theoretical curves 
calculated from the Butler and Bhatia et al. stripping theories using radii of 
interaction of 48x 10-3cm and 5-8 x 10-"cm respectively. One curve only 
is shown in each case for groups Py, P, and P, since both theories predict very 
similar distributions. ‘There is a slight difference between the curves calculated 
on the different theories in the case of group P; and for group P, agreement 
could only be obtained using the Bhatia ef al. stripping theory. The lack of 
agreement with the Butler curve is probably due to the singularity in the theory 
for a negative O-value numerically equal to the binding energy of the deuteron 
(Middleton et al. 1953), the O-value of this group being —2-6 mev. Due to 
this lack of agreement it was not possible to calculate the reduced width of the 
level corresponding to group P,.. An attempt was also made to fit the distribution 
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Figure 7. Angular distribution of proton groups Po, Dae aman Py and P; from the reaction 
16Q(d, p)17O. Distributions of groups P, and P; were obtained from the gas exposure 


and the remainder from the quartz target. 
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of group P,; with an /=1 curve in addition to the better fitting /=2 curve 
since for extreme negative Q-values the difference between theoretical curves 
corresponding to various /-values is small. Finally, it should be stated that the 
angular distributions of groups P, and P, were measured from the plates exposed 
to the gas target due to the interference of the silicon at small angles in the quartz 
exposure. 

The /-values assigned to the transitions to the ground and excited states of 
7Q agree with those reported by Burrows, Gibson and Rotblat (1950). The 
angular distribution of group P, does not appear to exhibit stripping, but this 
result is not conclusive, since the measurements at small angles were unreliable, 
due to the presence of a smal! amount of hydrogen in the gas target. The 
remaining groups, P;, P, and P,; were consistent with /-values of 3, 1 and 2 
respectively. The former assignment is consistent with the reported spin 
and parity of 7/2~ of the mirror level in !7F (Laubenstein and Laubenstein 1951) 
and the latter pair with the values of 3/2- and 3/2+ for the 4-56 and 5-08 Mev 
levels in 7O (Adair 1953). 

It was not possible to make reliable measurements of the angular distributions 
of groups P,, P, and P, due to the poor resolution and the presence of a large 
proton background. 

(c) Level Properties of “O. The relative capture probabilities and reduced 
level widths have been calculated wherever possible and are listed in table 4 
together with the /-values, spins and parities. The ratios of the reduced widths 
of the ground and first excited states have been calculated by Fairbairn (1954) 
from the results of Burge, Burrows, Gibson and Rotblat (1951) and Freemantle, 
Gibson, Prowse and Rotblat (1953) to be 3:85 and 3:6-2 at deuteron energies 
of 7-7 mev and 19-1 Mev respectively. The former ratio only is in good agree- 
ment with that obtained during the present investigation at 9 Mey. The 
absolute reduced widths of the 4-56 Mev and 5-08 mev levels have been determined 
from analysis of neutron scattering data but unfortunately it was not possible 
to make a comparison since, as previously mentioned, agreement could not be 
obtained with the Butler theory for the distribution of group P, and hence the 
relative reduced width could not be calculated. 


Table 4 
: Energy Spin and Aj(2J ¢-+-1) 2 
ane level (Mev) l parity rel. (units) sarees 
12 0) 2 bye 72 3 
1, 0:875 0) Qe 68 9 
P, 3-055 Isotropic 1/2- = — 
Pe 3-840 3 = 15 1 
12, 4-56 1 3ID= 2:2 — 
iP 5-08 2 Bier 25 2 


The ground and excited states at 0-875, 3-840 and 5-08 mev have large capture 
probabilities and reduced widths and are probable states of simple configurations 
formed by the addition of 1d, 2s and 1f neutrons to the O core. The level 
at 3-055 Mev does not exhibit stripping and is possibly formed by an excitation 
of the 'O core. Similarly the level at 4-56 mev which does exhibit stripping 


but has a small capture probability is also probably not a state of simple 
configuration. 
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§ 4. INELAsTIC SCATTERING OF DEUTERONS 


Limitations in the present technique prevented a systematic investigation 
of the inelastic scattering of deuterons. However, some preliminary measure- 
ments have been made for *Be, *C and ™N. __ In figure 8(a) is shown the deuteron 
spectrum observed at an angle of 25° from the °Be target. Two elastically 
scattered groups due to *Be and H, and one inelastic group corresponding to a 
level in *Be at 2-43 Mev have been identified. No groups of significant intensity 
were observed corresponding to the levels at 1-8, 3-2 and 4-9 Mev (Moak, Good 
and Kunz 1954). In figure 8(4) is shown the deuteron spectrum from the adenine 
target observed at an angle of 40°. Three elastically scattered groups were 
identified corresponding to the gold target backing, carbon and nitrogen and 
also four inelastic groups corresponding to states at 3-95, 4:92 and 5-10 Mev 
in +4N and at 4-43 mev in #C. 
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Figure 8. Inelastically scattered deuteron spectrum at an angle of observation of : 
(a) 25° from the beryllium target ; (b) 40° from the adenine target. 


The angular distributions of the inelastic deuterons corresponding to the 
state at 2°43 Mev in °Be, 4:43 Mev in 12C and 3-95 Mev in 4N have been measured 
and are shown in figure 9. ‘The differential cross section of the uC and 4N 
inelastic groups are presented in absolute units and those of *Be in the same 
relative units as the °Be (d, p)!Be angular distributions. No attempt has been 
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made to fit the results with theoretical curves, since neither the Be nor the #??C 
distributions resemble typical stripping curves which are predicted by the theory 
of inelastic deuteron scattering reported by Huby and Newns (1951). It may 
be noted, however, that the differential cross sections are of the same order of 


magnitude as those of the correspon 
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Figure 9. Angular distributions of three inelastically scattered deuteron groups corre- 


sponding to the 2:43 Mev level in 
state in 14N. 


*Be, the 4-43 mev level in !2C and the 3:95 Mev 


§ 5. (d, «) REACTIONS 


In the course of the present investigation a number of prominent «-particle 


groups were observed and the angul 


ar distributions of some of these have been 


measured. Possibly the most interesting of these are from “N and 180 corre- 
sponding to transitions to the 4-43 Mev state in *C and the ground and 3-95 Mev 
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Figure 10. Angular distributions of two 
corresponding to the ground and 


a-particle groups from the 1O(d, «)!4N reaction 
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from *Be(d, «)?Li reaction corresponding to the ground and excited state at 0-477 mev. 
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states in “N. As can be seen from figure 10 the angular distributions at small 
angles of emission are similar to those obtained from (d, p) stripping reactions 
and those predicted by the theory of (d, t) pick-up reactions (Newns 1952). It 
therefore appears possible that the mechanism of (d,«) reactions at intermediate 
deuteron energies might be similar to that of (d, t) pick-up reactions, a deuteron 
or neutron and proton being picked up by the incident deuteron as opposed 
to a single proton in the latter type reaction. However, it is fairly evident that 
since measurements were made only over a limited angular range the observed 
distributions could be fitted with power series of cosines not exceeding the sixth 
power and the possibility that the reactions proceed via a compound nucleus stage 
cannot be ruled out. It is thought that extending measurements to backward 
angles to ascertain if the distribution is symmetrical about 90° may give some 
indication as to which of the above possible mechanisms may be correct. 
Unfortunately, this was not possible during the present investigation since the 
target chamber was designed not to exceed 60° which was considered adequate 
for the investigation of (d,p) stripping reactions. However, it is hoped that 
extended measurements may be made in the near future. 

Also shown in figure 10, and in contrast with the above results, are the angular 
distributions of the «-particles from the reaction *Be(d,«)’Li corresponding 
to the ground and 0-477 Mev states of “Li. Both these distributions are 
probably isotropic and certainly show no similarity to typical stripping angular 
distributions. 


ACKNOWLEDGMENTS 


The authors would like to express their gratitude to Professor H. W. B. 
Skinner for his encouragement and advice. We are also indebted to Miss 
P. M. P. Robinson and Mr. E. C. Hewitt for assistance in measuring the plates. 
One of us (R.M.) wishes to make grateful acknowledgment to the Imperial 
Chemical Industries for a Research Fellowship and the other (1'.5.G.) 1s grate- 
ful to the Department of Scientific and Industrial Research for a maintenance 
grant. 


REFERENCES 


Apair, R. K., 1953, Phys. Rev., 92, 1491. 

Aparr, R. K., BARSCHALL, H. H., BocKELMAN, C. K., and Sara, O., 1949, Phys. Rev., 75, 1124. 

AJZENBERG, F., and LaurRITSEN, T., 1952, Rev. Mod. Phys., 24, 321; 1955, Ibid., 27, 77. 

ALLRED, J. C., ARMSTRONG, A. H., BonNDELID, R. O., and Rosen, L., 1952, Phys. Rev., 88, 
433. 

Buatia, A. B., Huanc, K., Husy, R., and Newns, H. C., 1952, Phil. Mag., 43, 485. 

BocKELMAN, C. K., Miter, D. W., Apair, R. K., and Barscua., H. H., 1951, Phys. Rev., 
84, 69. 

BuRGE, E. J., Burrows, H. B., Gipson, W. M., and Rortsiat, J., 1951, Proc. Roy. Soc. A, 
210, 534. 

Burrows, H. B., Gipson, W. H., and Rotsrat, J., 1950, Phys. Rev., 80, 1095. 

Butter, S. T., 1951, Proc. Roy. Soc. A, 208, 559. 

Epsy, F. S., 1954, Phys. Rev., 96, 1355. 

Evans, W. H., GreEN, T. S., and MippteTon, R., 1953, Proc. Phys. Soc. A, 66, 108. 

Farrpalrn, W. M., 1954, Proc. Phys. Soc. A, 67, 564. 

FREEMANTLE, R. G., Gipson, W. M., Prowse, D. J., and Rorsvar, J., 1953, Phys. Rev., 92, 
1268. 

Fujimoto, Y., Kixucut, K., and Yosurpa, S., 1954, Prog. Theor. Phys, Osaka, 2, 264. 

Futpricut, H. W., Bruner, J. A., Bromuey, D. A., and GotpMan, L. M., 1952, Phys. 
Rev., 88, 700. 


42 T. S. Green and R. Middleton 


Gipson, W. M., and Tuomas, E. E., 1952, Proc. Roy. Soc. A, 210, 543. 

GREEN, T. S., and Mippxeron, R., 1956, Proc. Phys. Soc. A, 69, 16. 

Hott, J. R., and Marsuam, T. N., 1953, Proc. Phys. Soc. A, 66, 1032. 

Hupsy, R., 1952, Proc. Roy. Soc. A., 215, 385. 

Husy, R., and Newns, H. C., 1951, Phil. Mag., 42, 1442. 

Incuis, D. R., 1953, Rev. Mod. Phys., 25, 390. 

Jackson, H. L., and Gatonsky, A. I., 1951, Phys. Rev., 84, 401. 

June, J. J., and Bocxe“man, C. K., 1954, Phys. Rev., 96, 1353. 

Lang, A. M., 1953, Proc. Phys. Soc. A, 66, 977; 1954, Atomic Energy Research Establish- 
ment, Report T/R 1289. 

LAUBENSTEIN, R. A., and LAUBENSTEIN, J. W., 1951, Phys. Rev., 84, 18. 

Mackin, R. J., 1954, Phys. Rev., 94, 648. 

MippLETON, R., EL-Bepew1, F. A., and Tat, C. T., 1953, Proc. Phys. Soc. A, 66, 95. 

Moak, C. D., Goop, W. M., and Kunz, W. E., 1954, Phys. Rev., 96, 1363. 

Newns, H. C., 1952, Proc. Phys. Soc. A, 65, 916. 

Rosen, L., and ALLRED, J. C., 1951, Phys. Rev., 82, 777. 

Rorsxat, J., 1951 a, Nature, Lond., 167, 1027; 1951 b, Phys. Rev., 83, 1271. 

SuHerr, R., Buarr, J. M., Kratz, H. R., Bartey, C. L., and TascHex, R. F., 1947, Phys. 
Rev., 72, 662. 

SpERDUTO, A., BUECHNER, W. W., BocKELMAN, C. K., and Browne, C. P., 1954, Phys. 
Rev., 96, 1316. 

THomas, R. G., 1952, Phys. Rev., 88, 1109. 


Excitation Functions up to 980 Mev for Proton-Induced Reactions 
in *“Al, relative to 'C(p, pn)"C 


By GA. CHACKETT; KF. CHACKEEFT P. REASBECK, 
J. L. SYMONDS anp J. WARREN 


Department of Physics, The University of Birmingham 


AMS. received 18th April 1955 and in final form 26th October 1955 


Abstract. ‘The activities produced in the bombardment of aluminium with 
protons in the energy range 200-980 Mev have been studied. The ratio of 
the cross section for the production of !!C from polythene to that for both 
‘SF and **Na from aluminium are given in this energy range while cross section 
ratios of >*Mg, !°N and !!C from aluminium are given at an energy of 980 Mev. 


§ 1. INTRODUCTION 


HE activities produced by bombarding aluminium with protons have 

been studied by various authors from threshold up to about 400 Mev 

(Hintz and Ramsey 1952, Marquez and Perlman 1951, Marquez 1952), 
while the excitation function for reactions producing !'C from #C when bom- 
barded with protons has been the subject of much detailed study over this 
same energy range (Aamodt, Peterson and Phillips 1952). Recent results from 
Brookhaven (Wolfgang and Friedlander 1954a) have extended some of the 
work up to the region of 3 Gey, in the form of the ratio of the cross sections 
for the production of !!C from polythene to that of *4Na from aluminium. 
The results presented here for this ratio cover the energy range from 200 to 
980 Mev. Resuits are also presented for the ratio of F to *4Na produced in 
the same aluminium specimen by bombardment with protons, while cross- 
section ratios for ?7Mg, !2N and !C to *4Na are given at an energy of 980 Mev. We 
shall denote by a subscript the chemical identity of the target, thus o,(''C) 
denotes the cross section for production of !!'C in carbon and o,4,(''C) the 
cross section for production of !!C in aluminium. 


§ 2. PROCEDURE 
2.1. Irradiation Technique 


The irradiations were carried out in the internal circulating proton beam 
of the Birmingham proton synchrotron, using a target on the maximum outer 
radius of the machine. Beam intensities of about 3x 10° protons per pulse 
were obtained, at a repetition rate of one pulse every ten seconds. ‘The desired 
proton energies below 980 Mev were achieved by driving the beam to the target 
at a given time in the normal acceleration cycle as described by Moon, Riddiford 
and Symonds (1955). For the irradiation at 980 Mev, the radio-frequency 
voltage was switched off at peak magnetic field, the beam moving out to the 
target as the magnetic field fell. When the protons struck the target, some, 
which were scattered from the machine, fell on a scintillation counter, the 
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output of which was displayed on an oscilloscope. An accurate knowledge of 
the magnetic field-time law enabled the energy of the incident protons to be 
determined from the field and target radius to better than 1%. 

The targets generally consisted of three layers of polythene of thickness 
from 5 to 10mgcm-2, interleaved with layers of aluminium of thickness 
about 19 mg cm~?. 

The overall thickness of the foil stack was usually less than 80 mg cm * 
and it has been estimated that secondary reactions are unlikely to contribute 
in any great proportion to the activities produced. ‘Tests were made with two 
types of target holder, one with a considerable amount of metal near the sample 
foils and one very little. No appreciable difference was indicated by the results. 

After irradiation and while the foils were still clamped to the target holder, 
the stack was cut to remove foils of identical size (approximately 1 cm? in 
area). 

2.2. Beta Counting 

Active foils or chemically separated samples mounted on aluminium or 
copper trays were counted with a screened GM4 end-window (7 mg cm ?) 
Geiger counter. If no chemical separation was to be carried out, the polythene 
foil was counted immediately to estimate the activity of the 20-5 minute !!C. 
The aluminium foils were counted after about four half-lives of 14C using the 
same Carrier tray under the same counter, care being taken to ensure that the 
foils were placed in an identical position. Each aluminium foil was counted 
beforehand under the counter to be used for the chemically separated samples 
and a comparison foil counted under another counter over the same period. 

All measured activities, extrapolated to midtime of bombardment, were 
corrected for counter background, dead-time losses, self-scattering and self- 
absorption in the foil or chemically separated material, back-scattering with 
different tray materials such as aluminium and copper (Burtt 1949), chemical 
yield if necessary, absorption in the counter window and bombardment time. 
No correction has been made to 8*-counting rates to make them comparable 
with 8 -counting rates by allowing for the difference between the back-scattering 
of positrons and electrons in the sample trays (Seliger 1952). Furthermore, no 
correction has been applied for gamma and annihilation radiation. In $4, a 
discussion of the corrections is given as they involve some doubtful factors 
which are still being investigated. 


2.3. Chemistry 
Chemical separations of the active products were undertaken to identify 
them chemically as well as from the gross decay measurements in the original 
foil. ‘The foils were dissolved in acid or alkali containing measured amounts 
of appropriate carrier, e.g. sodium, fluorine, magnesium. 
24Na. 


This activity was precipitated as sodium chloride and mounted on a copper 
tray. In all cases the activity of the sodium chloride corresponded with the 
activity in the original foil, after all the corrections mentioned in § 2 were made. 


18P 


. T'wo separate methods were used for the chemical identification of this 
isotope. 
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(a) Distillation as silicon tetrafluoride from the dissolved foil in the presence 
of perchloric acid, fluoride ion carrier and excess silica, the gas being trapped 
in sodium carbonate solution. The silicic acid was precipitated with ammonium 
carbonate and the fluoride precipitated and mounted as calcium fluoride. 

(6) Separation on a cation-exchange column, which had been developed 
chiefly for use with magnesium. he fluorine was eluted from the column in 
the first few drops of eluate, and precipitated as calcium fluoride. A discrepancy 
was observed between the yield of !8F by chemical methods and that from the 
untreated foil as given by counting methods. This led to a search for other 
isotopes with a half-life close to that of SF with no result. Comparison of the 
three methods for estimating the fluorine activity showed that the distillation 
process gave about 30%, of the ‘SF activity estimated from the gross decay 
of untreated foils, and the ion-exchange method only about 10%. It would 
seem that the chemical state of the F atoms at the time of dissolution is such 
that standard methods of separation are inadequate. A fuller investigation of 
this effect 1s to be undertaken. 
2'"M¢g. 

Since this isotope has a half-life of 9-6 minutes, chemical manipulations 
must be quite rapid. By the standard method of precipitation as magnesium 
ammonium phosphate, some '*F contamination appeared, possibly due to 
fluophosphate formation. ‘To overcome these difficulties, an ion-exchange 
column, using ‘ Dowex’ cation-exchange resin, was employed. A _ pure 
magnesium fraction could be obtained within 5} minutes from the commencement 
of foil dissolution, considerably increasing the speed of chemical processing. 
On precipitation as magnesium ammonium phosphate there was no sign of 
contamination. 


13 N. 
This activity appears in the gas phase on dissolution of the foil in boiling sodium 


hydroxide solution to which ammonia carrier has beenadded. It may be trapped 
on a filter pad moistened with dilute sulphuric acid and counted as ammonium. 


sulphate. 

LA @ 

This activity also appears in the gas phase on dissolution of the foil in 
boiling sodium hydroxide solution. It is swept through a copper oxide combus- 
tion train, the carbon dioxide produced being trapped in caustic soda and 
counted as barium carbonate. 


§ 3. RESULTS 
3.1. Recoil Losses of °F and *4Na from ®’Al 

By counting over a period of several hours those polythene foils which 
followed an aluminium foil in the direction of the beam, it was possible to 
estimate the recoil loss of F and *4Na from the aluminium. it was found 
that this loss was equivalent in activity to a thickness of aluminium of 1-6 uw 
and 0-7 for 1*F and *4Na respectively. ‘The relatively small momentum 
transfer indicated by these figures agrees with the results obtained by others 
(Fung and Perlman 1952, Wolfgang and Friedlander 1954 b). The correction 
to the activity produced in the foils used was therefore negligible. 
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3.2. Cin Polythene—'F and Na in Aluminium 
These nuclei are readily identified by their characteristic half-lives. A bom- 
bardment time of ten minutes gave sufficient activity to obtain the ratios 
o(MC)/oy(4Na) and o4(*F)/o4(*Na) 
at any proton energy from 200 Mev to 980 Mev. The figure gives the combined 


results of several runs at each different energy for these ratios. On this same 
figure are plotted the results of experiments carried out elsewhere. 
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B, this paper, B. et al., Birnbaum et al. 1954; H., Holt, preliminary result; H.R., Hintz 
and Ramsay 1952; M., Marquez 1952; M.P., Marquez and Perlman 1951; 
W.F. Wolfgang and Friedlander 1954 a, b. 


Errors on o¢(1'C)/o4,(74Na) are r.m.s. errors of all runs at each point. 


3.3. ?7Mg, #N and "C from aluminium 
__A search for a reaction for the type ?’Al(p, pr+)?7Mg was made [cf. 
Culp, p7*)®Ni investigated by Fung and Turkevitch (1954)], since the cross 
section for 7*-meson production using 980 Mev protons should be quite 
appreciable. The difficulties experienced in extracting the 9-6 minute "Meg 
activity quickly are mentioned earlier and at least two half-lives elapsed before 
the extracted sample was placed under the counter. Evidence was found at 
980 Mev for a small activity with approximately this half-life which enables us 
to set an upper limit for the ratio o4\(?7Mg)/o,4,(24Na) of 3x 10-2. It is of 
course possible that this activity may be due in part to neutrons arising from 
*"Al(n, p)??Mg; a small secondary neutron flux is undoubtedly produced in 
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the target. Similar runs at energies of about 400 Mev showed no sign of the 
9-6 minute activity (ratio less than 10-%). 

Though the magnitudes of the cross sections at 980 Mev and 400 Mev are 
in agreement with the expected behaviour for this type of reaction, the evidence 
for it is still somewhat inconclusive. Reliable measurements of this ratio would 
need a proton beam whose mean intensity is larger by at least another order of 
magnitude. 1'C and 1°N were separated chemically from the aluminium foils. 
Further work is in progress to determine the relative excitation functions for 
the cross section for their production but preliminary figures for their cross 
section relative to o4,(*4Na) at 980 Mev are : 

Ga(11C)/o4)(24Na) = 0-42 + 20% 
Oa)(79N)/o4,(?74Na) = 0-13 + 20%. 


§ 4. Discussion 
4.1. Accuracy of Results 

Corrections to the measured counting rates to give absolute disintegration 
rates have some considerable importance as, in the worst cases, they are of the 
order of 10°). The self-scattering and self-absorption corrections used were 
taken from published data (Hintz and Ramsey 1952, Batzel et al. 1953) and from 
measurements made in this laboratory. ‘The multiplying factors used on the 
counting rates to allow for self-scattering and self-absorption, taken together, 
were 1-036 for 5-5 mg cm ® polythene and 1-086 for 19 mg cm? aluminium. 

Since the shape of the curve for the cross section ratio o<(1'C)/o4,(24Na) as 
a function of proton energy was not affected by these considerations, it was felt 
that the results should be published while further work was in progress to 
determine these corrections more exactly. ‘The ratio measurements relative 
to each other were considered to have errors of not more than +5%. 

The difference between electron and positron scattering must lead to some 
difference in the corrections applicable to the observed counting rates for 
emitters of these particles. Seliger (1952) has found that, for sources of zero 
thickness mounted on aluminium backing, the multiplying factor for the ratio 
of positron to electron emitter counting rates in less than 27 geometry should 
be 1:12. However, for a source which is not of zero thickness, the back- 
scattering effect of the aluminium backing will be modified by the self-scattering 
and self-absorption in the source itself. Only the use of a 47 counter and an 
accurate set of measurements with Geiger counters, related to the results of the 
47 measurements for various source thicknesses will resolve this difficulty. 
Taking all these possible factors into consideration the absolute values of 
the ratio are not certain to be better than +15°%. On this basis the agreement 
with the results of Wolfgang and Friedlander (1954) is reasonable. 


4.2. Excitation Functions for *'C and **Na Production 


The ratio of o,(1!C) and to o4,(74Na) as a function of energy presents some 
interesting features. The relatively steep drop in the region from 200 Mev to 
500 Mev is surprising as the recent results of Birnbaum et al. (1954) and Burcham 
et al. (1955) show only a slow change in o,(11C) in this region. ‘The inference 
is that o,,(24Na) rises steadily in this same energy range although there appears 
to be evidence that this cross section is’ nearly constant from 120-200 mev. 
A collection of the results of Hintz and Ramsey (1952), Aamodt ef al. (1952), 
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Birnbaum ed al. (1954) and Burcham et al. (1955) shows that the value of o(1'C) 
rises sharply with increasing energy up to about 100 mbn at 50 Mev, this being 
following by a rapid fall to about 34 mbn at 250 Mev. Subsequently the cross 
section decreases slowly to about 21 mbn at 950 Mev. ‘Thus above 250 Mev, 
the value of o,,(24Na) deduced from these figures and the measured ratio figures 
rises from about 8-6 mbn to a maximum of 9-6 mbn at about 550 Mev and then 
decreases to about 7-8 mbn at 980 Mev. These results are lower than those given 
by Friedlander, Hudis and Wolfgang (1955). Their value of 4,(?*Na) decreases 
steadily from about 11 mbn at 600 mev (based on the result of Marquez (1952) 
of 10-8 mbn at 450 Mev) to 8-1 mbn at 3000 Mev. The discrepancy between all 
the figures for o4,(24Na) could be the result of discrepancies in any one or all 
of the results but it seems certain that the differences could be resolved to a 
great extent if the corrections to observed counting rates to give absolute 
disintegration rates were known more precisely. 
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On the Method of Atoms in Molecules 
II: An Intra-Atomic Correlation Correction 
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Abstract, ‘The method of atoms in molecules is modified in such a way as to 
overcome difficulties encountered in previous calculations. The modified theory 
is applied to two calculations on the ground state of the hydrogen molecule. The 
more accurate of the two modified calculations leads to an energy curve accurate to 
within 0-05 electron volt in the range | to 4 atomic units of the nuclear separation. 


§ 1. INTRODUCTION 

N an earlier paper (Part I, Hurley 1955, to be referred to as I), the method of 

atoms in molecules developed by Moffitt (1951) was investigated in detail for 

the ground state of the hydrogen molecule. The results of the calculations 
were somewhat disappointing. It was found that, if the same screening constants 
were used for the ionic wave function as for the atomic wave function, the method 
broke down and did not give a good approximation to an exact calculation in terms 
ofany wavefunctions. Ifa different screening constant was used for the ionic wave 
functions the method was successful inasmuch as it appeared to provide a good 
approximation to a calculation in terms of accurate atomic wave functions. 
However, the energy values obtained were much too high, indicating that the 
accurate atomic wave functions did not form a suitable basis for a molecular 
calculation. In the present paper a modification of Mofntt’s correction is 
developed. The new correction gives excellent results for the hydrogen molecule 
and is immediately applicable to more complex systems. 


§ 2. THE ENERGIES OF VARIOUS IONIC WAVE FUNCTIONS 
The reason for the breakdown of the method of atoms in molecules is most 
evident from a consideration of the energies of various ionic wave functions for the 
hydrogen molecule. We consider the three functions 


Y= 2-18 fa(1)a(2)+b(1)b(2)), ese (2.1) 
2552 fia’ (1) al (2) 2b (Wb'(2)],. sf ees (2.2) 
ae aD nai 102 eee y2)],- 10) > = Oa (2.3) 


: 1/2 1 1/2 
pct a= (;) exp(—1,); = (-) exp(—1,); 
qT 7 


and ¢,,, d, are exact were functions for the system He. 
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The energies Ey,(R) and E,(R) for the wave functions Pi and Py are 
easily obtained by direct integration. That of the wave function ‘’y is obtained by 
using the first form of the method of atoms in molecules, namelyt 

H= MW) 2M eee (2.4) 

For the energy F(R) of the ionic wave function (2.3) at nuclear separation R 

equation (2.4) gives simply 

E,(R)=£,(R)+ W,- Wy, ere Pikes: (2.5) 
where £,(R) is the energy of an orbital wave function ‘’; approximating to ‘V;, and 
W,, W, are the energies of an isolated H~ ion given by ‘ty, ‘’; respectively. For 
W, we take the value —0-52756 atomic unit (a.U.) (= —144ev) given by 
Chandrasekhar’s (1944) eleven-term function. 


Thus if we use Apes of (2.1) for Py, we obtain for £,(R) the estimate 


E(B) SE (R) 4 SW SER) 4 2 ae (2.6) 
whereas if we use Yo of (2.2) for ¥ we obtain 
ERE A(R) EW, Weel ee (2.7) 
R (AU) 


E (ev) 
N * 


-28 


5 Covalent function 
Figure 1. Energies of ionic wave functions for the hydrogen molecule. 


‘The four energy curves £},(R), £y.(R), £y,(R) and E,,(R) are shown in figure 1, 
together with the curve given by a covalent function with unit screening constant. 


Since the screening constant for "|, has the optimum value for the isolated ion H-, 


the total charge density function given by ‘l’,, will be similar to that given by ‘F’}. 
Consequently the two functions should give nearly the same variation of energy 


t Here we have simplified the notation of I by dropping the double tilde. The present 
Hf and H correspond to H, and H of I. 
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with nuclear separation,since this variation is largely due to Coulombic interaction. 
The £;,(R) curve will therefore be a good approximation to E,(R). It is now 
evident from figure | that E,,(R) isa very poor approximation to E,(R) for values of 
R less than about 3a.u. At the equilibrium nuclear separation of 1-4..U. it leads 
to an error of 8-Qev, a considerably larger error than the 4:2 ev of equation (2.6) 
which the method of atoms in molecules is designed to eliminate. It is also clear 
that ‘’; is not a suitable function for a calculation of the energy of the ground state 
at equilibrium, since its energy E;(£,,) is considerably higher than the energy 


Ey, of the simple orbital function ¥’y,. 


§ 3. MODIFICATION OF Morritr’s CORRECTION 


The gross error 8-0 ev which results from the substitution of Y’,, into equation 
(2.5) arises from a failure to distinguish between two inaccuracies in the wave 


function ‘’,, at infinite nuclear separation. Firstly, we have the error 

A(Z)= W,y.— Wy, = — 2:7 ev, Erase (sek) 
which arises from the use of a non-optimum value of the screening constant Z, 
that is from the use of a wave function which gives an electronic charge cloud of the 
wrong size. Secondly, we have the error 

AUG) = Wi Wie — sev rants (352) 
which is mainly due to the neglect of the correlation between the motions of the 


two electrons in H-. As we have seen in §2 it is not permissible to use an equation 
of the form (2.5) to eliminate the total error A (Z) + A(C), since the behaviour of the 


term E,(R) is strongly dependent on the value of the screening constant Z. 
In the modified form of the theory we use the correlation correction A(C) in 
place of the total correction A(Z)+A(C), whatever the value of the screening 


constant Z in the orbital function ‘’,;. This procedure may be justified on the 


basis of two approximations. 
(i) The correlation energy of the isolated ion H~ is independent of the value 
of thescreening constant Z. That is, corresponding to each simple orbital function 


y= (170) el ge (3.3) 
with sae ( =\" ee a 
7 
giving energy W., there exists a ‘fully correlated’ wave function ’,, giving the 
same total electronic charge density as Y and with energy W, given by 
WY cok GC) es ott Seen Wa (3.4) 


where A (C) is independent of Z. 
(ii) The energy £,,(R) of the ionic wave function 


ee sk) ome (3.5) 
for the hydrogen molecule may be estimated from the equation 
E,(R)=Ey(R)+W,-Wy sees (3.6) 
where E,,(R) is the energy given by the orbital wave function 
TERE oS rar rer Oo) 


A 
i) 


Al ‘Ce dipley 


These two approximations enable us to determine £,(R) for all values of Zand 
R. Thevalue of the constant A (C) is obtained from equation (3.4) with ae 0:6875, 
that is from equation (3.2){. Since the charge densities of the two functions ge 


and a are the same, approximation (ii) should be quite accurate. Approximation 
(i) seems reasonable in view of the almost exact equality of the correlation energies 
of the systéms H-, He and Lit (1-49, 1-51, P54ev respectively). The behaviour 
of E,.(R) for Z= 1 is given by the broken curve in figure 1. 


The generalization of this procedure to more complex calculations is immediate. 

If, for any molecule, H and M are energy and overlap matrices with respect to a 

set of analytical approximate composite functions ¥, ane ¥ (Moffitt 1951), 

the corrected energy matrix H is given by equation (2.4) with W replaced by W’, 
H2H+3(MWHW)-(-W)M eee (3.8) 

Here W’ is defined as the matrix obtained from H by first letting all internuclear 

separations tend to infinity and then minimizing each diagonal element with respect 


to the screening constants in the functions ‘,...‘¥’,.. Ina calculation involving 
many different atomic states this ideal procedure for determining W” would prove 


rather tedious. In practice it may prove sufficiently accurate to estimate W’ by 
using the same values of the screening constants for all states of a given atom with 
the same ionicity and to determine these values from Slater’s empirical rules. 


However, as we have seen in §2 it is essential in estimating W’ to use different 
values of the screening constants for atomic states of different ionicity. 

A calculation based on equation (3.8) approximates to one in terms of the wave 
functions ‘’,,...‘f",, where ‘’,(r=1,...) is a wave function giving the same total 


» 
charge density as ‘,, (for infinite nuclear separation) but which makes full allowance 
for the correlation of the motions of the electrons within each of the separated atoms. 
For this reason equation (3.8) may be said to constitute an intra-atomic correlation 
correction (ICC). 


If we use the same values of the screening constants in ‘Y’,...‘¥’,, as in déter- 


mining W’, equation (3.8) reduces to the atoms in molecules correction (2.4). 
However, since we assume that the value of the rcc is independent of the screening 
constants in the wave functions, it is no longer necessary to use these same values 
for the parameters. Equation (3.8) applies for any choice of the parameters in 


‘’,...'f,. Thus in estimating H and M of equation (3.8) we may use the same 
values for the screening constants for states of the same atom with different 
ionicity. ‘This enables us to preserve the correspondence between the present 
theory and the asmo theory and greatly simplifies the evaluation of the necessary 
integrals, especially for homonuclear molecules. Furthermore, it is now possible 
to vary these screening constants to minimize the energy. Such a variation has 
proved very important in calculating the energy of the hydrogen molecule 
(Weinbaum 1933, Altmann and Cohan 1954). 

It is interesting to note that it is not possible to modify the alternative form of the 
method of atoms in molecules, namely 


H=}[MW+WM]+3(V4+04), cae (3.9) 
} Here we neglect the difference between the total electronic charge densities associated 
with the optimum orbital function and the exact wave function for H>-. 
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in the same way as we have modified equation (2.4). Equation (3.9) depends 
essentially upon the separation of H into atomic and interaction terms (Moffitt 
1951) and may only be used to eae to a calculation in terms of accurate 
atomic functions. Equation (2.4), however, is simply an asymptotic adjustment 


of the energy matrix H and does not suffer from this limitation. 


§ 4. ILLUSTRATIVE CALCULATIONS 


We apply the tcc (3.8) to two calculations of the ground state energy curve for 
the hydrogen molecule. The calculation of Weinbaum (1933) is based on the 
wave function 


ee ee (4.1) 
where Py =2-42[a(1)B(2)+B(1)a(2)], nae (4.2) 
Y=2-12[a(1)a(2)+5(1)b(2)), nee (4.3) 


7 Jb 
= (S)" exp (— Z7,,), etc. 
7 


‘The overlap matrix M(Z) and the energy matrix H(Z) were calculated in the 
usual way using the tables of integrals given by Hirschfelder and Linnett (1950). 
These authors also give the optimum values for the parameter Z determined from 
the equations 


dei) EZ) Mialeau eee (4.4) 
ie Cae) lt 9 Wat) me Petes (4.5) 


With the use of these optimum values of Z the ground state energy curve and the 
values of the parameter 7 were calculated from the determinantal equation 


cio ee 0 | — 5 ees (4.6) 
and the secular equations 
(Hy) ~ EMyy) +7 (Hor ~ EMo)=0, 
(Hoa EM aN (ee Mad =O. ane (4.7) 
The only non-zero element of the matrix W — W’ of equation (3.8) is Wy, — W’, , 


which from § 2 has the value —1-5ev. The modified energy matrix H is therefore 
given by the equations (ev), 


Ay = Ao, 
Ay) = Hy — 9-75 Moy, 
He eet eee (4.8) 


The modified values of the energy E and the parameter y are then given by the 
equations 
det(H—EM)=0, = vt wane (4.9) 


and (Hoy — EMyo) + y (Ho EMpy) = 9; 
Ge SEM ee EN a0: Se ee ears (4.10) 


54 As Gy Hurley 


Ina similar way the rcc (3.8) was applied to the calculation of Hirschfelder and 
Linnett (1950), which is based on the wave function 


PaVotoal te o+yip eet (4.11) 
where, in their notation, 


VF, = 2-1? [a(1) b(2) + (1) a,(2)] cos (b2— $1); 


Y Sia (1\beye 2) ee (4.12) 
a FON 12 
: ae a(1) = (=) T4 COS ba exp (— Liea)s 
Z°\ 12 , 
a.) = =) Ya Sin 641 exp (— 27 a3), etc, 


Sethe he ; : ex = 

It is easily shown that for infinite nuclear separation the functions ‘’, and Y’, 
each describe two hydrogen atoms in 2p states. If the parameter Z is now varied 
these wave functions become exact solutions of the Schrodinger equation for this 


system. Thus W,,—W’;;is again the only non-zero element of the matrix W— W’’ 
of equation (3.8). Furthermore, the wave functions ‘I’, and ‘F’, are each orthogonal 
to YP, for all nuclear separations. ‘Therefore the modified energy matrix H is 


given in terms of the unmodified matrix H by equations (4.8) supplemented by 
the equation 


Ay.= AAy., FA. = Fes Ee, = He Ws aa Jae Ag = ee lek x Hs cl — Hoy 
Shae (4.13) 
In both modified calculations Z values given by Hirschfelder and Linnett 
(1950) were used. Since these values were obtained by minimizing the energies 
given by the wave functions (4.1) and (4.11) a slight reduction in the energies given 
by the modified calculations could be achieved by revarying Z according to the 


equation 
: (=) S02 == Ae (4.14) 
OZ} p 

It was found that for the modified Weinbaum calculation the use of equation 
(4.14) in place of (4.5) had a negligible effect on the calculated energy curve. In 
view of this the arduous task of revarying Z for the modified Hirschfelder—Linnett 
calculation was not attempted. 

The energy curves and parameter values which result from the calculations are 
shown in figures 2,3 and4. In figure 2 the experimental values of Rydberg (1931) 
and Beutler (1934) are also shown. The calculated and experimental values of the 
equilibrium constants are given in the table. ‘The values for the unmodified 
calculations differ slightly from those given by Hirschfelder and Linnett (1950). 
‘This is chiefly due to the use of a different method of interpolation. The values of 
the table were obtained by a quadratic interpolation of the electronic energy from 
calculated values at ZR=1-5, 1-75, 2Oa.u. A quadratic interpolation of the 
total energy was found to give values very close to those of Hirschfelder and 
Linnett. From the exact equilibrium values for the Weinbaum function (4-03+ ev 
and 1-42a.u.) and the behaviour of the experimental values it appears that the 
former method of interpolation is considerably more accurate. 


t Here we have recalculated the value given by Weinbaum (1933) using the conversion 
factor 1:A.u.=27-206 ev. 
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Figure 4. Behaviour of parameters «, f. 


Several features of figures 2, 3 and 4 suggest that the modified calculations 
approximate quite closely to exact calculations in terms of an ionic wave function 
allowing for intra-atomic correlation. All calculated values of the energy are 
higher than the experimental values and the behaviour of all the parameters in the 
wave functions appears reasonable. ‘The increase in the values of the parameter y 
when the correlation correction is applied is to be expected from the decrease in 
the energy difference between the ionic and covalent states. ‘The curves of figure 3 
also suggest that for the modified calculations y tends to infinity as Rk tends to zero. 
This is to be expected, since for R=0 the only difference between the covalent 
function and the modified ionic function is that the latter makes allowance for 
electron correlation. The increase in the absolute magnitudes of the parameters « 
and f shown in figure 4 is an indirect consequence of the increase in the value of y ; 


the functions ‘’, and ‘, interact more strongly with the ionic function than with 
the covalent function. 
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The 1cc leads to a substantial improvement in the calculated energy curves. 
The modified Weinbaum calculation is considerably more accurate than the 
unmodified Hirschfelder—Linnett calculation; while in the range of R from I to 
4a.u. the differences between the modified Hirschfelder—Linnett calculation and 
the experimental points never exceed ()-05 ev. 


Equilibrium Constants for Normal H, 


Binding energy Nuclear separation 
(ev) (A.U.) 
Weinbaum 4-03 1-42 
Hirschfelder—Linnett 4-26 1:42 
Modified W 4-42 1:41 
Modified H-L 4°72 1:40 
Experimental 4-74 1-40 
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I: The Divergence of the Series 
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Abstract. In part I, the divergence which arises when long range inter-atomic 
forces are represented by power series expansions in the reciprocal of the nuclear 
separation is shown to be a fundamental property of such series and is not due to 
the use of an expansion of the perturbing potential in regions of space where 
it is not valid. It is shown that the series representation is a very convenient 
one despite its divergence. 

In part II, the usual second order perturbation treatment is extended to 
include higher orders leading to the presence of odd powers in the series and the 
convergence of the perturbation series is discussed quantitatively. Results 
are given for H,~ and H,. Finally the limitations of the series representation 
are briefly considered. 


PAR a 


§ 1. INTRODUCTION 


HE dominant forces between a pair of atoms at large nuclear separations R 
arise from the mutual polarization of each atom by the other. It is 
customary to represent these long range forces by a series expansion 
in inverse powers of R, the series being obtained by the substitution of an expansion 
of the interaction potential into conventional first and second order perturbation 
theory. This yields an infinite series of powers of R-! which is divergent at all R. 
Various attempts have been made to remove the divergence. It is shown 
here that these attempts must necessarily prove fruitless in that the divergence 
must be accepted if a series expansion in powers of R'! is to be retained; it 
is demonstrated however that the series representation is nevertheless a very 
convenient one. 


§ 2. ‘THEORY 
For simplicity, we shall examine the interaction of a proton A and a neutral 
hydrogen atom with nucleus B and an electron in the ground state. ‘Then if 
r, and r, are the position vectors of the electron relative to A and B respectively 
and the distance AB equals R, the interaction potential is given in Hartree units by 
2 
V(r, R) = R = 


To 
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Denoting by &,(r,) the wave function of the rth excited state of hydrogen with 
binding energy E,, conventional second order perturbation theory gives for the 
interaction energy 


E(R)= > (0 yee ent: (2) 


where 


(0|V|ry= | bo* Vid? = a nee (3) 


and the summation excludes the r=0 term. ‘To obtain a series representation 
of E(R), V is expanded in Legendre polynomials 


D, co 
l= R >. (miR)PP (cost); ne (4) 


n=1 
the series (4) is valid for 7,<R. An approximate evaluation of (2) is obtained 
by following Unséld’s procedure (1927): E,—E, is replaced by a non-zero 


constant « and use is made of the summation formula 


SF (PILIQ@|MIN=@ILM[ry) eee (5) 
q 
‘Thus 
1 ; 
E(R)= — ={(0| V2|0)=(O|V JOP ® So ree (6) 
which on using (4) becomes 
Aven il (2n+2)! 
E(R)= — 22, RR On 1a” see eee (7) 


‘The series (7) is divergent for all values of R. 

Brooks (1952) has asserted that the divergence arises from the use of (4) in 
regions of space where it is not valid, the integrations in (5) being over all space ; 
however (6) can easily be calculated using the exact form (1) of V (cf. Roe 1952) 
yielding the expression for E(R): 


E(R) = — - {(2R + 1) exp (—2R)Ei(2R) + (2R — 1) exp (2R)Ei(—2R) 
—2/R+4(1+1/R) exp (—2R)—2R(14+1/R)exp(—4R)} (8) 


where Ei(x), Ei(—.x) are the exponential integrals defined by 
Ei(«) = | texp(+f)dt, —Ei(—x)= [ t-1 exp (—2)dt. 


When (8) is expanded in powers of R-' and exponentially decreasing terms are 
ignored, it reduces to the expression (7). It is clear that Brooks’ explanation of 
the origin of the divergence is incorrect; the divergent series (7) arises whether 
or not the expansion (4) is used. ‘Thus it is pointless to follow (as has recently 
been done) the laborious procedure of using the exact potential and then expanding 
the resulting expression. 

Now, as Brooks pointed out, any real function f(R) of a real variable which 
may be developed formally as 


Oe > Teh ata ery er | rae a (9) 


n=0 


+ At any given R, (6) is exact for some value of € such that 8/9<e<2 (Dalgarno and 
Lewis 1956). 
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and is such that lim R‘(f—fy)=0 for all positive N where 


R>a 
3 
ty= > a, LR” 

n=O 

is said to have an asymptotic expansion 
F(R)~ lim fy(R) 

N+0 
and this expansion is uzique (Bromwich 1942). Hence (7) is a unique expansion 
of (6) so that if a series representation in integral powers of Ris required, (7) 
is the appropriate one even though it diverges. 

In practice, the series must be truncated at a particular value of N. The error 
involved is of the order of magnitude of the last term retained; provided R is 
sufficiently large that exponentially decreasing terms may be ignored, it may 
be shown (Whittaker and Watson 1935) that the error in truncating (7) at the Nth 
term 1s less than 


(NEYO IR SS (10) 


By appropriate choice of NV, (10) can usually be made very small. A convenient 
procedure to follow is to include for any given R all terms up to but excluding the 
smallest of the series plus half the smallest term (cf. Jeffreys and Jeffreys 1946). 
If this involves the computation of too great a number of terms, the methods 


described by Airey (1937) and Shanks (1955) may be employed. 


§ 3. NumericaL DaTA 


In table 1 are listed the successive terms of the series (7) at a number of values 
of R together with their sums evaluated according to the method described above 
and the values of the exact expression (8). For all R at which the series represen- 
tation can be expected to be useful (see part II), it is an excellent approximation 
to the exact value. 


Table 1. Comparison of Series with Exact Values 


See Contribution of term in = SSS SSS 
Expression — Exact 


4 ~6 —8 —10 12 —14 J 
R R R R R R R (7) (8) 
4 0-0156 0-0044 0-0027 0-0030 0-0214 0:0226 
5 0:00640 0-:00115 0-00046  0-00032 0-00034 0-00817 0-00830 
6 0:00309 0-00038 0-00011  0-00005 0 -00004 0 -O0004 0-00365 000367 
7 0:00167 0-00015 . 0-00003  0-00001 0-00000,  0:00000, 0-00187 0-00186 
8 0:00098 0:00007  0-00001 0-:00000, 0-00000, 0:00000,  0-00106 0-00106 

PA Rat 


§ 1. INTRODUCTION 


It is usual to obtain the series representation of long range forces between 
atoms from conventional first and second order perturbation formulae. For 
atoms in S states the first order term vanishes and the second order term yields 
an infinite series of even powers of R-!. It is shown here that the third and higher 
order perturbations introduce odd powers into the series and a simple method 
éf calculating them with sufficient accuracy is described; the convergence of the 
pe turbation series is also discussed. Results are given for H,* and H, and their 
accuracy is discussed. 
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§ 2. HIGHER ORDER PERTURBATIONS 


The usual practice of selecting the first few terms of (7) whilst ignoring 
higher order perturbations is suspect in that the higher order approximations 
contribute terms which may be larger than those retained. ‘The formulae for 
the third and fourth order approximations are (Niessen 1929) 

(COLVLAVALV UI 19) (O[VIAALV [00 V]9) 
E(R)= a 
Af) 22 (Ey — E;,)(Eo — £5) ye (Ey — E;,)? 


I: 


, OV NRL IDGIVIDELV 10). — OLY [OOH Lae] V0) 
E(R)= 2.2.2. (EEE EE oe ee 


Ly 5 01D LY HOE L100 L710) OLY GI OLE LAEIE 0) 
22.2 (BE, —F,)(Ey— By) 
a (eed ORES Dre = bh toe (12) 


where none of /, k, / may equal zero. 
Applying Unséld’s approximation and using (5), we readily obtain 


i 
Bs(R)= — =y{(0| V8 |0)—3(0 | ¥2|0\(0| 10) 201-7 10) eee (13) 


V 4 


E,(R) = — = 0) —4(0 1 V8 0)(0| V |0) + 10(0| V2 0)(0| V [0 


—2(0|V7|0)?=—s01Y (0) = 9 9) 0 ee (14) 
Although it is possible to evaluate (13) and (14) analytically using the exact form 
(1) of V and then expand as a series in R, the same result is much more easily 
obtained by using directly the expansion (4) of V. Considerable simplification 
occurs and (13) and (14) become 


. 1 =) 
B{R)=— = (0|V9[0) 

1 
BYR) = — = {(0|V*[0)—2(0 | V7 0). 


2.1. Series for H,+ 
‘The numerical coefficients in the various orders are 


E,(R)=0 


17 4 16> 1803150 1 
E(R)= -|= + pe + ps + eo + 0 (gn) | 


1[ 72 1440 1 
E,(R) = — a E ot O (zx) | 

1 [40° 2880 1 
FB) ef E {apie O (an) | 


FR o( i 


5 Olga 
Upper bounds to the coefficients are readily obtained in putting ¢,, «,? and €,° 
equal to their minimum values of 3/4, 2/3 and 27/64 respectively giving the series 


E(R)= 16 24 108 9040 2160 33080 (a) 


3Ri RS OR’ 27k RY SROs 
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but owing to possible contributions from the continuum states no lower bounds 
can be given (other than that the coefficients cannot vanish).t The best choice 
of the e’s is a matter of some difficulty since they are functions of R. The usual 
practice when one of the interaction systems is ionic is to choose €, so that the 
R™* coefficient is correct, it being known from quantal calculations of the 
polarizability (cf. Unsold 1927): thus we take «,=«,=«,=8/9 giving 
E(R 9 ely 729" “166005 36045) 61155 1 
(2)=~ 3Ri~ ERS SR GER™ ~ IRF BRO a 


Dalgarno and Lewis (1956) have recently described a sum rule technique 
which permits the exact evaluation of the summations (2), (11) and (12). The 
exact coefficients are given by 


9 15 525 2835 1 
EAR)=— opi — Re — ERS ~ GRW (an) eae 7) 
a 1773 1 ‘ 
ee (zn) oe ee AB rie (18) 
3555 80379 1 ; 
EU aos ea SO Ea) a’. eo , tie (19) 


The coefhcients obtained from the sum of (17), (18) and (19) are identical 
to those derived by Coulson (1941) who employed a special perturbation method 
which does not distinguish explicitly between the successive orders; it is difficult 
to use his series numerically since the magnitudes of successive terms vary 
irregularly. With the series separated into the different orders, the terms of 
any given order decrease smoothly to a minimum and then increase; the separate 
orders may then be truncated at their smallest terms (cf. part I). 

In table 2, the contributions from (17), (18) and (19) are compared as functions 
of R, each series being truncated as described in part I. ‘The convergence is 
very rapid and even for R as small as 4 the second order term contributes more 
than half the sum. 


Table 2. Comparison of the Second, Third and Fourth Order Approximations 


R 4 5 6 a 8 9 10 itl 12 13 14 15 
merc" 2335 .85°7 38:8-— 20:3 11-6 7-17 4:66 3°16. 2:22 “Tol, T19% 90-903 
— Fx 104 Se, Rejore 5-6 1-7 0-8 0-29 0-12 0:06 0:01) 0-00) 0:00 0-001 
—E,x 104 8 1-454 1023 0-1 0-0 0-01 0:01 0-01 0:00 0:00 0-00 0-000 


2.1.1. Contribution from continuum states. 


The correct values of €,, e, and €, corresponding to each term of (17), (18) 
and (19) are given in table 3. The continuum does not make a very significant 
contribution to the leading term of each order but becomes more important 
as the power of R~! increases. 


Table 3. Values of €g, €3, €4 


Power of R71 + 5 6 7 8 9 10 
a 0-889 — 1-200 - jlosy7Al ~ 1-481 
ea - — - 0-822 ~ 0-901 = 
Ap Es = - = 0-711 - 0-659 


+ The variational method can be used to obtain lower bounds (cf. Pauling and Wilson 
1935) but a very complicated trial wave function would be required. 
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‘The approximate series (16), the upper bound (15) and the exact series are 
compared in table 4, the individual contributions from the different orders being 
truncated as described in part I. Close agreement of the approximate series 
(16) with the exact is expected at large R since the two series have the same leading 
term, but even for R as small as 4, agreement is still excellent and, although this 
may be due in some measure to chance, the position is nevertheless very satisfactory. 
Thus, although the continuum states are very important for the values of the 
coefficients of the higher terms, they are less so in calculations of the magnitude 
of the interaction energy. For many purposes, it would suffice to use the upper 
bound itself for it also provides a reasonably accurate approximation. 


Table 4. Series Representation of — F(R) 


R 4 5 6 a 8 Y) Oat 129) 135 els: 15 
Exact x 104 274 105 -44°7 2271, 12°4 7-47 4°79 3223) 2-23" 1-61 Fe 
Approximate = 10* 267. 109 46:1 22-6 12°5 7-56 4:85 3:26 2-27 16471-2102 
Upper boundx10* 325 130°54°7 26:8 14:9 8°977 5-75 3:86 2-70" 1:04 aes 


2.2. Series Representation for Hy 


‘The detailed analysis need not be presented here; it suffices to mention that 
the appropriate expansion of the reciprocal of the distance between two electrons 
is either that of Heller (1941) or alternatively that of Carlson and Rushbrooke 
(1950). ‘The results obtained are 


1f24 540 15750 1 
aa [= i ee 0 (zr) | 


1 [7452 1 
pee a | RO ait 0(gn) | eee 3?) Seer. (20) 


‘The minimum value of €, is 3/2 and of €, is 8/3 giving an upper bound 
167" 3600-10500 5589 1 

Re Re RU ~ IR ~ O €3) sn (21) 

but as before no lower bounds may be given. The usual choice of e€ in the case 


of two neutral atoms is the sum of the ionization potentials of the two atoms and 
this gives a series 


E(R)= 


127) -270Y 7875. 2 1863 1 

O RE 
Pauling and Beach (1935) have carried out an (apparently) accurate variational 
calculation and obtain 


12:99806 248-798 2270-42 
H(R)= A 0-4 0( 1 


R® RS RW Riu 
and the values of e, corresponding to these terms are 1-846, 2-170 and 6-937. 
The first two values are much the same as twice the corresponding values for 
H,* but the third value is very difficult to accept. It appears that Pauling and 
Beach have taken account of only the quadrupole-quadrupole contribution 
to the R°™ coefficient and have ignored the dipole-octupole contribution 
(cf. Heller 1941). 

It is clear however that for sufficiently large R expression (22) provides a very 
good approximation to (23). 
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§ 3. LIMITATIONS OF THE METHODS 


It has been shown that a series expansion provides an accurate representation 
of the forces derived from perturbation theory, that the convergence of successive 
orders is rapid and that the approximations usually made in obtaining the series 
are sufficiently accurate for most purposes. However the degeneracy which 
arises because of the identity of the nuclei has been ignored ; taking it into account 
gives rise to the so-called exchange forces which do not vanish when the expansion 
of the perturbing potential is used as do the direct forces arising from the overlap 
of the electron distributions of the interacting atoms. It is to be expected then 
that neglect of exchange forces is the major factor limiting the accuracy of the 
series representation. 

The publication by Bates, Ledsham and Stewart (1953) and by Wallis and 
Hulburt (1954) of the exact interaction energies of the 1so, and 2po, states of H,+ 
allows a precise assessment of the importance of the exchange terms. Their 
values are given in table 5 together with the values obtained from the accurate 
series, which is an approximation to the energies of both the 1so, and 2po,, states. 
It is seen that, due to exchange effects, the series cannot be accurate for R less than 
about 15 but it is essentially correct for R greater than 15. 


Table 5. —E(R) 


R 5 6 7 8 9 
Exact 
(a) 1so 4°88 x 10° 2°39 X10 (ls == SaaS als Bose ys NV 
(6b) 2pe —4-54x10-2 —1-87x10-2 —7-45x10-% —2-:79x10-% —9-10x10-* 
(c) Series 1:05 x 10- 4-47 «10-3 Dea Ome 1 -269¢10— T SOROS 
(d) Arithmetic mean 
of (a) and (6) 1-71 x10-3 2-61 10R2 1°87 <1052 ial <== 7:40 « 10-+ 
10 15 25 35 45 
- Exact t iy 
(a) 1se 1-16 10-* 9-79 x10 ilealsy Se ORE 2:80 x 10-* 1:00 x 10-* 
(6) 2pe —1:98 x 10-4 8-41 x10~° TNS Sel 0m 2:80 x 10-® 1-00 x 10-® 
(c) Series 4-79 «10-4 9:04 x 10-5 1:16 x 10-5 3-01 x 10-8 LOST? 
(d) Arithmetic mean ’ 
of (a) and (d) 4:80 x 10-4 OOS 10s? 18 510m? 2-80 x 10-§ 1-00 x 10-5 


+ The last figures quoted in (a), (6) and (d) are not reliable. 


It is of interest to compare the series with the exact interaction which would 
result if the identity of the nuclei were ignored. If we write the wave functions 
of the lso, and 2po, states in the form 

x(1so4) = (a+ py)/2"” 

X(2pou) = (ba Py)/2"” 
where js, and %f,; denote orbitals centred on nuclei A and B respectively and 
ignore the overlap integral fisai/,,dr since its square is small compared to unity, 
then the exact interaction ignoring exchange is given by 


| baHyadr~}{E(1so) + E(2po)} 


where the notation is obvious. ‘This energy is given in table 5 from which it is 
seen that the series gives a representation of the direct forces which is sufficiently 
accurate for most purposes for R at least as small as 7. For smaller R the overlap 
integral is no longer negligible and the comparison is not a valid one. 

That the major factor limiting the accuracy of the series is neglect of the 
degeneracy had previously been recognized by Margenau (1939), whose work 
appears to have been overlooked by recent authors. 
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A comparison of the series with exact calculations in the case of a heteronuclear 
molecule such as HeH?2+ would be of considerable interest and 1s in preparation. 
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The Calculation of Auto-ionization Probabilities 
III: Auto-detachment from the Negative Hydrogen Ion 
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Abstract. ‘The probability of auto-detachment from H~(2s2p)?P is calculated 
using both a time-dependent perturbation and a time-independent variational 
method. ‘The values obtained are in essential agreement and are of the order 
4x 10!sec!, about 100 times smaller than for the similar neutral case of auto- 
ionization of He(2s2p)*P. 


§ 1. INTRODUCTION 


F an atom is in an excited level lying above the head of the lowest ionization 

continuum and certain selection rules are satisfied, a radiationless transition 

into this continuum may take place. Auto-ionization, as the phenomenon is 
termed, by reducing the lifetime of the level, will broaden the corresponding 
emission lines. In the first paper of this series (Bransden and Dalgarno 1953 a, 
paper I) the auto-ionization probabilities of a number of doubly excited states of 
the neutral helium atom were calculated using time-dependent perturbation 
theory; the predicted line widths appear to be too great to allow a satisfactory 
explanation of certain observations by Compton and Boyce (1928) and by Kruger 
(1930) in the vacuum ultra-violet. 

The application of time-dependent perturbation theory to the calculation 
of auto-ionization probabilities has been criticized by a number of writers (cf. 
Wu and Ourom 1950). ‘To provide a partial test of the validity of these criticisms 
a variational time-independent method which avoided most of the original 
difficulties was introduced in the second paper (Bransden and Dalgarno 1953 b, 
paper II). The results obtained by the two methods were found to be in essential 
agreement. 

In this paper the probability of the auto-detachment process 

H-(2s2p)?P—> H(1s)+e 
is calculated. Besides giving additional data ‘for assessing the accuracy of 
theoretical predictions, the results are of interest in connection with the possible 
magnitudes of the rate of dissociative attachment, and its inverse associative 
detachment, processes of considerable importance in studies on aeronomy 


(Bates 1950, Bates and Massey 1951) and gaseous discharges (Massey 1950). 


§ 2. "THEORY 
According to the general theory for the calculation of radiationless transition 
probabilities by variational methods, presented in paper IT, the auto-detachment of 
electrons from the (2s2p) ’P state of the negative hydrogen ion may be described by 
ceeavetunction "FG Ty" (ii2ye tly?) sews (1) 
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in which “,(1,2) is an antisymmetrical normalized and closed wave function 
representing the excited state; and ‘,(1, 2) is an antisymmetrical wave function 
representing the final continuum state which is asymptotic to the correctly 
symmetrized product of y (r), the ground state wave function of the hydrogen atom 
and .¥ (r) a wave function containing at large radial distances only outgoing 
spherical waves: 


1 


E(1,2)= =p ik Rae (Ra) =n (Fale Ys cee (2) 

Were 1\12 P 
mnere yh ie (=) EXD (= 7a) Ue bets eee Cee (3) 
and F (0) dy, Exp thts) F (COS 0). sn re (4) 


k® being the energy of the detached electron.f 
The probability of detachment per unit time y is related to the amplitude d of 
the outgoing wave by 
Saree : 
y= rr |d [Ps Sole Gant (5) 
Suppose that ®, (1, 2) is a trial wave function simulating ® (1, 2) and depending on 
p constants ay, and satisfying equations (1) to (4) with the exception that d, replaces 
d, and write 
; 41k , 
Gade = | ®,* L[®,] dr + == d*disiee vielen ee (6) 
where L-H —E, H being the Hamiltonian and £ the total energy of the system. 
As shown in paper IT, /, is a stationary expression to which the variational methods 
of Hulthén (1944, 1948), Hulthén and Olsson (1950) and Kohn (1948) may be 
applied. ‘These give the two sets of equations: 


ol Hs 

ae, =U 39 Jad) = O08 ee (7) 
the Hulthén or H set, and 

ol, Sle 4nikd z 

ae =0 ; FYE coe ae es (8) 


the Kohn—Hulthén or KH set. 

An arbitrary trial wave function will not in general satisfy the H and KH 
equations simultaneously, in particular solutions of (7) and (8) giving differing 
values for the parameter d,. This property is conveniently used as a basis for 
discrimination between differing forms of trial wave function, the most acceptable 
trial wave function giving the best agreement between values of d, calculated in the 
two ways. It should be noted that the form of the KH equations (8) is such that 
they can only be satisfied if d is a complex number, both d purely real and d purely 
imaginary being excluded. However the H equations (7) only provide a single 
relation between the real and imaginary parts of d and so could only completely 
define @ in the excluded circumstances. Keeping this in mind an effective 
procedure for judging the suitability of a particular trial wave function has been 
evolved. ‘The KH equations (8) are first solved for p and q, the real and imaginary 
parts of d. ‘Taking the calculated KH value of p, the quadratic H equations (7) are 
solved to give two new values of g and hence d, and the process repeated by taking 


t Atomic units are employed throughout. 
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the calculated KH value of ¢g and solving for p. Of the four H values of d so 
obtained two can in general be excluded as differing in sign from the KH d, and of 
the remaining two values that most consistent with the KH d may be chosen, 


following the general practice in scattering problems (Massey and Moiseiwitsch 
1951, Bransden and Dalgarno 1953c). 


2.1. The Trial Wave Functions 
Some unpublished variational calculations of the scattering of electrons having 


unit angular momentum by hydrogen atoms in the ground state indicate that a 
suitable form of trial function for the continuum state is 


F (r)=r[d{j, (kr) +(1—e-*")8 n, (Ar)} + a7? e 3") P, (cos 6), ...... (9) 
where j, and n, are spherical Bessel and Néumann functions of order one. 

The closed wave function ‘’,(1,2) describing the doubly excited (2s2p)?P 
state of the negative hydrogen ion is written in a variational form due to Hylleraas 
(1950): 

Fo(L, 2)= ND Cn [bio (Ata) bor (Ara) — Far Ari) bo (Ara)] vee (10) 


where ¢,9(r), ¢,;(r) are hydrogenic wave functions for the (ms) and (2p) states 
respectively, Aandc,, are variational parameters and N is the normalization factor. 
The numerical! calculations are first performed using only the dominating term in 
series (10), that isthe x=2term. ‘To illustrate the sensitivity of the results to the 
form of ’. further calculations were made with the addition of then =1 term, the 
numerical value of the scale factor A and the energy F being found by minim:zing 
the integral 


is | Ww OLIY Jar. 


When using the improved wave function with n= 1 and 2 =2 terms, C, was found 
either by again minimizing /, or alternatively treating C, as 2 variational parameter 
in J, and determining it by the solutions of (7) or (8). ‘To anticipate, it may be 
stated that C, and £ are insensitive to the addition of continuum terms to J, so 
that the consistency of the procedure is fully confirmed. 

The values of the constants appearing in expression (10) are found to be as 
follows: 

Case (a). Single term. 


(C=O) Go tO A= 0-754 3 7 et VO I0 a (11) 
Case (6). Twoterms. 
C,=0-08894, C,=1-0, 1=0-734375, E=—0-26519. ...... (12) 


§ 3. NUMERICAL RESULTS 


Preliminary calculations with the trial wave function (9) show that most 
consistent results are obtained with the omission of the term containing the 
parameter @, in contrast to the corresponding scattering problem. In the table 
the values for the detachment probability y obtained with (a) n=2 term only, 
(b) n=1 and n=2 terms with c, fixed to the value (12), and (c) 7=1andn=2 terms 
with c, varied, are given. ‘The inconsistent and rejected H solutions are omitted, 
but the value of y given by first order perturbation theory (cf. paper I) is included 

5-2 
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for comparison. It is seen that the inclusion of a second term in the discrete wave 
function considerably improves the agreement between the H and KH solutions 
and gives slightly lower values of y than the single term wave function. As values 
of the coefficients C,, alternate in sign and decrease in magnitude for #>2, the 
true value of y should be between the two results, so that 


3x 10sec ty <5 x 104 sec eee (13) 


These limits are somewhat smaller than the value given by time-dependent 
perturbation theory, in harmony with what was found in the case of doubly 
excited helium, discussed in paper II. 


Probability of auto-detachment y(sec ~!) 


Discrete trial wave function KH H 
(a) Ch 4-1 «10! Ob x<lOt 
(b) C,=0-08894 3 ORalOz Bese elOne 
(c) C,=varied 8-OralOn $308) SOE 
Time-dependent perturbation theory 1:4 x 107°. 


KH—Kohn-—Hulthén values given by solution of equations (8). 

H—Hulthén values given by solution of equations (7), the inconsistent Hulthén values 
being omitted (see text). 

§ 4. DISCUSSION 

In view of the approximate nature of the calculations based upon the time- 
dependent method, the agreement between the results and those of the more 
complicated time-independent method must be regarded as very good; thus, 
provided serious cancellation does not occur, it would seem (in agreement with 
our previous conclusions, paper IT) that auto-ionization probabilities calculated 
using the time-dependent theory are of the correct order of magnitude. Certainly 
high auto-ionization probabilities do sometimes occur (Shenstone 1940, Garton 
1952, Marr 1954) and the experimental evidence on helium (Compton and Boyce 
1928, Kruger 1930) is too imprecise to provide a real test of the theoretical predic- 
tions. The observations of Paschen and Kruger (1931) on beryllium are 
admittedly difficult to explain (cf. Wu and Ourom 1950) but the possibility of 
severe cancellation in the matrix element for this case cannot be excluded, the 
position being analogous to that occurring in photo-ionization (cf. Bates 1946). 
None of the other experimental evidence appears to yield satisfactory comparative 
data for it must be noted that the theory isas yet restricted to cases of L—S coupling. 
Further experimental work is very desirable. 

The value of y for H~- (2s2p) ?P is about 100 times smaller than the value for the 
similar neutral case He (2s2p)?P (paper I) though the width of any line associated 
with H~-(2s2p)?P is still rather large, being at least 15cm™', a value which is 
probably fairly typical of negative ions with L—S coupling. 

As Bates (1950) has pointed out, the rate of dissociative recombination (attach- 
ment) is to a certain approximation directly proportional to the probability of 
auto-ionization (auto-detachment). It is to be expected therefore that dissociative 
attachment will proceed at a considerably slower rate than dissociative recombina- 
tion, a conclusion that is in harmony with available experimental evidence 
(Massey 1950). 
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A High Energy Gamma Ray in the Decay of Barium 131 
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and Wiedenbeck (1955) have found that the excited states of 1'Cs occur 

at 122 kev, 274 kev, 371 kev and 619 kev. The energies of the observed 
y-rays are 122 kev, 274 kev, 371 kev, 497 kev and 619 kev. They suspected 
the existence of a y-ray at 1090 kev but they were not sure if it originated in 
the decay of 131Ba. 

The y-rays from !31Ba have been studied with our scintillation spectrometer 
(Gupta and Jha 1956). A thin deposit of ''Ba, produced in the neutron- 
irradiation of 50 grammes of barium nitrate in the Harwell pile for a week, 
served as the source. For the summing technique, the source was enclosed 
in a brass tube before being introduced into the well of the crystal. The 
spectrum of the y-rays with the source outside the well is given in figure 1 
and that with the source inside the well of the crystal is shown in figure 2. 


F ROM their studies of the y-rays following K-capture in !3!Ba Lu, Kelly 
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Figure 1. Scintillation spectrum of !3!Ba Figure 2. Scintillation spectrum of !*'Ba 
with the source away from the crystal, with the source inside the well of the 
showing the photo-peaks of 371, 497, crystal, showing the effect of summing. 


619 and 1050 kev gamma rays. 


One can see from figures 1 and 2 that there is a y-ray of energy 1050+ 15 kev 
being emitted by the barium source. The apparent intensity of this y-ray 
is 15%, of the intensity of the 497 kev y-ray. When corrected for the difference 
in the efficiency of detection, the intensity comes out to be 4%. The apparent 
intensity of this line with the source inside the well was slightly higher, i.e. 2°% 
of the intensity of the 497 kev y-ray. This line persisted with the same relative 
intensity when sources of different strengths were placed outside the crystal, 
showing that it did not originate in the build-up processes, 
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In order to examine if this radiation originated in some isotope other than 
"Ba, the irradiated barium sample was purified from Ca, Sr, Fe, Pb, alkalies 
and lanthanum. In all cases, this line appeared with the same relative intensity. 
The intensity of this line relative to that of the 497 kev y-ray was followed for 
about three weeks. The intensity ratio remained constant throughout this 
period, indicating that it decayed with the same half-life as the 497 kev y-ray. 
The only other isotope of Ba which decays with about the same half-life is 
“Ba but it is very unlikely that this isotope can be formed in any appreciable 
quantity; secondly, °Ba—'™°La—-™°Ce chain has many y-rays which have not 
been observed here. One feels thus reasonably justified in attributing this 
1050 kev radiation to '3'Ba. 

The presence of 1050 kev radiation suggests the existence of a level in 
'1Cs at 1050 kev which de-excites itself by transition to the ground state. 
There are no radiations of appreciable intensity in the energy region 619 kev to 
1050 kev. ‘The fact that the intensity of the 1050 kev line seems to rise when the 
source is put inside the well points to the possibility that the 1050 kev level 
de-excites itself also by the emission of y-rays in cascade, some of which, 
presumably, are not resolved in figures 1 and 2. 

Further studies are in progress. 
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REVIEWS OF BOOKS 


Operational Calculus based on the two-sided Laplace Integral, by B. VAN DER PoL 
and H. Bremmer. 2nd Edn. Pp. xiv+415. (Cambridge: University 
Press, 1955.) 60s: 

Physicists interested in the application of modern operational methods tothe 
study of physical problems will already be familiar with the first edition of 
this book which appeared in 1950. In this work the authors base an operational 
calculus upon the properties of the bilateral Laplace transform 


H(p)=p | Mh 


where it is assumed that p and hence h(t) are such as to ensure the existence of 
the integral. ‘The theory of such transforms is developed in the first half of the 
book and the second half is devoted to the solution of ordinary differential 
equations with constant and variable coefficients, of systems of simultaneous 
ordinary differential equations and of certain partial differential equations. ‘There 
is a large number of examples drawn from a wide field in both physics and pure 
mathematics. ‘The whole work is very well summarized in a ‘ Grammar ’ 
which is a collection of general formulae and rules of manipulation for the 
operational calculus, and a ‘ Dictionary’ containing classified transform pairs. 

The first edition of this book was distinguished by the high quality of the 
writing and the novel approach adopted by the authors. The concepts of 
Fourier theory are well explained and illustrated but the proofs of the basic 
theorems are omitted, reference being made to the classic treatises of Doetsch 
and Widder. ‘This is probably the most effective method of treating the subject 
for readers whose main interest lies not in the theory but in its application to 
physical problems and there is no doubt that the authors have carried out their 
plan with signal success. 

The new edition differs only slightly from the first. A number of corrections 
and improvements have been made at various places but only three sections of 
essentially new material have been added. Rules for the treatment of correlation 
functions have been added at the end of the chapter on ‘Elementary Rules’ 
(Chapter IV). The remarks on the Dirac delta function have been supple- 
mented by a very brief paragraph which does no more than mention Schwarz’s 
theory of distributions. A brief note on the operational interpretation of the 
Wiener—Hopf technique has been added to the chapter on integral equations 
(Chapter XIV). ‘These additions are much too brief to add substantially to the 
stature of the work ; this was already great and there is no doubt that this book 
will become a standard work on operational methods. I. N. SNEDDON. 


Astrophysical Quantities, by C. W. ALLEN. Pp. xii+ 263. (London: Athlone 
Press,.1935.) eoas, 


It is hard to express anything but the highest praise for this book. In 250 
pages, Professor Allen has assembled in a coherent and orderly manner a most 
valuable collection of data covering almost the entire astrophysical sciences, 
and much of physics as well, In a short introduction the author explains 
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that the basis on which he has compiled the book is to present the quantitative 
framework on which astrophysics is being built. This is interpreted in a most 
generous manner, and the dividing line between modern physics and astro- 
physics is so thin that the reader is well past the hundredth page before he 
becomes conscious that the compilation has any such specialist bias. 

The real business of the book begins in Chapter 2 devoted to General 
Constants and Units, followed by chapters on Atoms, Spectra and Radiation. 
Lists of elements with their stable isotopes and cosmic abundances, ionization 
potentials, data on fundamental particles, atomic configurations, line and 
multiplet intensities, wavelength standards, are all set out amongst a host of 
similar data. At Chapter 6 on the Earth the book becomes more specialized 
in its appeal, and the second half includes chapters on the Sun, Planets and 
Satellites, Interplanetary matter, Normal Stars, Stars with special characteristics, 
Star populations in the solar neighbourhood, Interstellar Space, Clusters and 
Galaxies, and ends with a series of incidental tables. ‘The book is remarkably 
up to date—for example the Chapter on Interstellar Space contains three pages 
of data about the recent work in radio astronomy, and the radio work on the sun 
is treated as an integral part of that chapter. 

There are few innovations to distract the seeker after data, and the symbolism 
is clear and consistent. ‘lables are everywhere preferred to graphs, since, as the 
author explains, the absolute values of astrophysical quantities constitute a live 
and ever changing subject and it is necessary to cater for numerical changes. 

The compilation of a data book such as this requires an author with a wide 
and fundamental knowledge of his subject. Scientists of diverse interests 
will be grateful to Professor Allen for devoting his special gifts to this task. 

AsnC. Be LOVELE. 


Elementary Theory of Nuclear Shell Structure, by M. GorppertT Mayer and 
J. H. D. Jensen. Pp. xiv+209. (London: Chapman and Hall; New 
York: John Wiley, 1955.) 62s. 

It is seven years since Mrs. Mayer published her famous paper in which the 
magic numbers, representing nuclei having especially stable configurations of 
nucleons, became for the first time physical fact rather than wishful thinking. 
Shortly afterwards there appeared in coincidence papers by herself and by 
Professor Jensen and his colleagues. ‘hese papers explained the magic numbers 
in terms of an independent-particle, or shell, model of the nucleus, and at the 
same time accounted remarkably well for the observed sequence of spins and 
magnetic moments of odd mass nuclei. : 

Since those early papers a steadily increasing flow of work has been published 
confirming and extending the shell model which by now is generally recognized 
as giving a remarkably accurate picture of the properties of low lying states of 
nuclei. It is therefore entirely fitting that the two parents of this great advance 
in nuclear theory should at this time combine to give us the first comprehensive 
account in book form of the nuclear shell model. 

The book, which is elementary throughout, confines itself to a discussion 
of the extreme j-j-coupling version of the shell model. Although this version 
is now known to be not at all appropriate to the lighter nuclei, the resulting 
simplicity justifies the approximation in a work of this kind. Much of the book 


74 Reviews of Books 


is devoted to a lucid exposition of the empirical facts, some of which have not 
been presented before. ‘The treatment of the coupling together of several 
particles is presented too briefly for complete satisfaction, but a fuller discourse 
would certainly have taken the book out of the elementary class. 

One serious criticism can be made. It is that the treatment of collective 
aspects of the shell model does not do justice to the important contributions 
of the Copenhagen group. It could hardly be deduced from this book that 
collective motions in nuclei are as important as the independent particle motions, 
and that the collective interpretation of certain phenomena is much less laboured 
than that of the pure shell model. It seems a pity that this has not been made 
the occasion to draw attention to the essential fact that the two approaches are 
complementary, even though the reasons for this are not yet properly understood. 

Despite this fault, the book is a most welcome and valuable addition to the 
literature of nuclear physics and is recommended to all who wish to acquire 
a knowledge of the basic facts and theories of nuclear structure. 

B. H. FLOWERS. 


Boltzmann’s Distribution Law, by E. A. GUGGENHEIM. Pp. 61. (Amsterdam : 
North-Holland Publishing Co., 1955.) 5s. 6d. 


ae 


Although this booklet is written for “‘ students of physics and chemistry 
in their first term at a university, provided only they have had an adequate 
training in elementary calculus ”’, it will probably be the older students and their 
teachers who will benefit most from it. 

Lucidly written, it derives properties of such systems as ideal diatomic gases, 
simple crystals, or a gas of electric dipoles, and discusses some of the assumptions 
used in the derivations. 

It seems to me that the level is still too high for first-year students, but for 
students in their final honours year it should provide stimulating supplementary 
reading. ‘The price is so low that it can become part of every student’s library. 
One minor criticism is that figure 3 on p. 45 seems to me to need a caption. 

D. TER HAAR. 


An Introduction to Reactor Physics, by D. J. LirTLer and J. F. RarF Le. 
Pp. vui+196. (Londen: Pergamon Press, 1955.) 25s. 


The rapidly increasing number of physicists and engineers whose work is 
concerned with nuclear energy has resulted in the introduction of specialized 
teaching in this subject in several institutions. The A.E.R.E. at Harwell has 
for some time provided such teaching in its Reactor School and the present book 
contains the basic material of the course. 

The first five chapters present the relevant parts of atomic and nuclear 
physics for those new to the subject. This is a strictly practical section, whose 
impact on, for instance, the engineer, has presumably been found satisfactory ; 
it is Clearly written and provided with references for further reading. Chapters 
6-12 contain the main body of specialized information which is throughout 
the book related to the design of thermal reactors of the type to be installed 
for power production in the United Kingdom. Most of the calculations are 
however of general application and good accounts are given of the progress 
of a chain reaction, of neutron diffusion and of the evaluation of the lattice 
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constants of a pile. The calculations are given in full and although their 
physical meaning is occasionally obscured by detail, they will be found useful 
by the student, particularly if his course also includes some examples for practice. 
‘The chapter entitled “ Running a Pile at Power” is an interesting review of 
such problems as canning, coolants, and poisoning. 

The last chapters deal with the passage of radiations through matter, particle 
detectors, radiation damage and diffusion length measurements; the appendices 
include a brief but useful account of radiation hazards. This part of the book, 
like the introductory section, is-a very clear account of the main facts in the 
subjects treated, on which may be based both further study and _ practical 
experience. 

‘The book gives a well-balanced survey of pile theory within its chosen limits, 
and should be very helpful to those about to teach, or to be taught, the subject 
of Reactor Physics. No mathematical knowledge beyond the theory of 
differential equations is required. There are a few minor errors; one is for 
instance a little surprised to learn (p. 140) that a heavy particle passing through 
matter may be ‘ absorbed’ when it has almost stopped. The use of the term 
‘nuclear interaction ’ to describe the final stages of the reduction of the energy 
of a charged particle to the thermal value may also be misleading. The main 
theme is, however, developed authoritatively and the layout of the material is 
excellent. A short list of symbols with their definition would be a useful 
addition to the next issue of what should prove a very popular book. 

W. E. BURCHAM. 
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Gottingen, Heidelberg: Springer, 1955.) (Ergebnisse der Mathematik und 
ihrer Grenzgebiete, Neue Folge, Heft 5.) DM 19.60. 
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The Photodisintegration of Nitrogen 
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J. M. REID anp J. R. ATKINSON 


Department of Natural Philosophy, University of Glasgow 


Communicated by P. I. Dee; MS. received 11th July 1955 and in amended form 
20th October 1955 


Abstract. The (y, p), (y, pn), (y, «), (y, ax) and (y, wp) reactions in 14N have 
been studied by passing the x-ray beam from a 23 Mev synchrotron through 
a Wilson cloud chamber. he range distribution of protons of energy up to 
3Mmev shows sharp well-defined peaks at energies of 0-51, 1:63 and 2-92 mev. 
These energies correspond closely to the energies of the resonances reported for 
the C(p, y)4N (ground state) reaction. For these resonances the ratios of the 
cross sections for the (y, p) and (p, y) reactions are in good agreement with the 
predictions of the principle of detailed balancing. At higher energies the following 
measurements were made: (1) the (y, p) process was investigated by measuring 
the range distribution of the ®C nuclei, (ii) both (y, p) and (y, pn) processes 
were studied by measuring the numbers of events at three different synchrotron 
peak energies. [hese measurements showed that both the (y, p) and (y, pn) 
cross sections are small at energies up to 15 Mev and large in neighbourhood of 
20 Mev. ‘The estimated values of the integrated cross sections up to 23 Mev for 
the (y, p) and the (y, pn) reactions are both approximately 0-02 Mev barn. The 
(y,«), (y,%%) and (y,%p) cross sections are each about 0-1 millibarn. The 
implications of these results are discussed in some detail. 


§ 1. INTRODUCTION 


N recent years there has been a considerable amount of experimental work 

on photonuclear reactions and, as a result, it is becoming possible to draw 

some general conclusions about their behaviour. ‘The most significant 
of these conclusions is the existence of the ‘giant resonance’, a feature of the 
photonuclear process which appears to be common to all nuclei. However 
it is also true that the experimental measurements made to date tend to be confined 
to limited sections of the field. ‘Thus the most convincing evidence for the giant 
resonance all comes from (y, n) cross section measurements which are experi- 
mentally much easier to measure than (y, p) cross sections. Many (y, n) reactions 
have been studied by measuring the activity of the product nucleus but, as many 
(y, p) reactions lead to stable products, very few (y, p) reactions have been, or 
can be, studied in this way. Measurements based on the detection of the particles 
emitted with counter techniques are also biased in favour of neutrons. 
Photoneutron yields can be measured quite readily by detecting the slowed down 
neutrons some time after the x-ray burst but photoprotons must be detected in 


+ Now at Department of Nuclear Physics, The Australian National University,Canberra. 
t Now at Imperial Chemical Industries, Ltd., Ardeer, Scotland. 


PROC. PHYS. SOC. LXIX, 2—A 6 


78 I. F. Wright, D. R. O. Morrison, 7. M. Reid and F. R. Atkinson 


the presence of an intense x-ray background. As a result the measurement of 
absolute yields and energy distributions is difficult and uncertain. While the 
absence of detailed information on the (y, p) reaction does not greatly affect the 
general picture in heavy nuclei where the (y, n) cross section is much larger than 
the (y, p) cross section, it is very important for light nuclei where the (y, p) 
cross section may well be larger than the (y, n) cross section. 

Nuclear emulsions have been used to detect photoprotons ejected from 
agas or foiltarget. ‘This technique has been of value in establishing the anomalous 
yield of high energy protons but has the disadvantages that the resolution is 
limited by the unknown energy loss in the target and that there is no direct way 
of separating the protons from different reactions. ‘The study of disintegrations 
in directly irradiated emulsions is very difficult except for reactions in which the 
products are all charged and of approximately equal mass. 

This paper reports an investigation of the photodisintegration of 4N by the 
study of the photonuclear disintegrations produced in the gas of a Wilson cloud 
chamber. When compared with the previous techniques the use of the cloud 
chamber has the following advantages for an investigation of the photonuclear 
process in light nuclei. ‘lhe cloud chamber provides a very high degree of 
discrimination between the tracks of the particles being studied and the tracks 
due to the electron background. ‘The energy distribution of photoprotons of 
energy up to a few Mev can be obtained with considerable accuracy from measure- 
ments of the proton ranges. Since the tracks of both the charged fragments and 
the recoil nucleus can be seen more information is available about the nature of 
each event. All reactions except (y, n), (y, 2n) and (y, y) lead to visible events 
and thus the cloud chamber provides the opportunity of studying the relative 
probabilities of a large number of reactions simultaneously. Thus in 14N, the 
nucleus studied in this investigation, the (y, p), (y, d), (y, pn), (y, «), (vy, x~) and 
(y, «p) reactions can all be studied in a cloud chamber irradiated with 23 Mev 
x-rays and, with the exception of events from the first two reactions, events of 
different kinds are easily distinguished from one another. Additional reasons 
for choosing "'N are that the (y,n) cross section has already been measured 
(Horsley et al. 1952) and that the thresholds for the (y, p), (y, n) and (y, pn) 
reactions are all well below the energy of the giant resonance found in the (y, n) 
cross section. ‘Thus a study of these reactions might be expected to yield infor- 
mation about the change in the nature of the photonuclear process in going from 
energies below to energies in the vicinity of the giant resonance. 

Gaerttner and Yeater have also reported cloud chamber measurements of 
photonuclear reactions in 4He, ?C, N and 16O using x-rays of energy up to 
100mev (Gaerttner and Yeater 1951b, 1951a, 1950a, 1950b and 1950c 
respectively). ‘Their work was of importance in showing that photonuclear 
events could be distinguished from the background of electrons produced by the 
x-ray beam and in indicating the relative importance of the (y, P), (y, pn) and the 
star producing reactions. ‘The work described in this paper extends their results 
for “N by adding, for energies up to 23 Mev, a measurement of the energy distrib- 
ution of the protons from the (y, p) reaction, from which is obtained a detailed 
cross section for the (y, p) reaction between 7-5 and 10-5 mev: the work also 
gives the energy dependence of the (y, p) and (y, pn) reactions between 10-5 
ase Mev and a measurement of the number of (y, «), (y, ax) and (y, ap) 
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§ 2. EXPERIMENTAL METHOD 


2.1. Apparatus 


An investigation of this kind depends for its success on the attainment of 
a high standard of track quality so that the tracks of recoil nuclei as well as those 
of the lighter fragments can be clearly seen and measured. In addition the 
electron background must be kept down to a level where it does not obscure the 
photonuclear events. The production of good quality tracks is made easier 
by the fact that the synchrotron is a perfect shuttered source (the x-ray pulse is 
approximately 40sec long) so that, if the cloud chamber and synchrotron are 
correctly timed relative to one another and care is taken to keep all the cloud 
chamber conditions constant, the x-rays will always enter the chamber at the 
same supersaturation. 

The cloud chamber used was a volume defined chamber of conventional 
design with a sensitive volume 12in. in diameter by 2}in. deep. It was filled 
with nitrogen saturated with water vapour, the expanded pressure being 
1-4 atmospheres. ‘The stopping power of the gas was calculated from its com- 
position and the expanded pressure which was measured during each 6 hour run. 
The x-rays from the synchrotron were carefully collimated to give a rectangular 
beam (25cm high by 10cm wide) which entered the cloud chamber through 
a window, 0-09 in. thick, made by thinning down the Perspex wall. The chamber 
was positioned so that the beam was accurately in the centre of the illuminated 
region (¢cm high). In order to estimate the energy of the photons responsible 
for the events observed, irradiations were made at three different values of the 
peak x-ray energy, these energies being approximately 19, 21 and 23 mev. 

The output from the synchrotron was restricted to single bursts of x-rays 
and the cloud chamber was triggered with a pulse derived from the synchrotron 
timing pulses. In the preliminary adjustment the delay between the opening 
of the cloud chamber expansion valve and the arrival of the x-rays was changed 
in 5-millisecond steps. ‘The shortest delay that gave sharp tracks was chosen 
for use in the main experimental runs. If the delay is reduced below this value 
the tracks rapidly become diffuse. On the other hand the main effect of increasing 
the delay above the chosen value is to cause an increase in the chamber background. 
In this case there is no marked change in the sharpness of the tracks. Provision 
was made for the cloud chamber triggering pulse to turn off the electrostatic 
clearing field across the chamber. ‘This effected an improvement in the sharpness 
of the tracks of recoil nuclei. Because of the large density of ions along these 
tracks some of the ions are dragged out by the clearing field. ‘Tracks of electrons 
and protons were equally sharp no matter whether the field was left on or turned 
off. 

The chamber was surrounded by a water-cooled aluminium cylinder which 
gave effective temperature stabilization so that once the expansion ratio was 
correctly adjusted it was not necessary to alter it during a 6 hour run. As can 
be seen from the examples in figures 1, 2 and 3 (Plates) the tracks of electrons, 
protons and recoil nuclei were all sharp and of high quality. ‘lhe examples 
selected show two general views of the chamber and enlargements of a (y, p) 
event, a (y, pn) event and a (y, 2«®L1) star. . ae 

The output of the single pulse of x-rays was measured with an ionization 


chamber by observing the height of the output pulse on the screen of a cathode-ray 
6-2 
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oscillograph. The ionization chamber was mounted behind a 3in. lead wall 
and was placed in the beam behind the cloud chamber. The x-ray doses 
measured in this way were expressed in terms of the conventional ‘r-unit’ by the 
following procedure. For each peak energy the ionization chamber response 
was compared with the activity induced in a copper disc irradiated in a standard 
position in front of the cloud chamber and counted in a standard geometry. 
The relative x-ray doses for the 19, 21 and 23 Mev runs were then calculated from 
the peak energies using the Cu activation curve as measured at Saskatchewan 
(Katz and Cameron 1951). Absolute values were obtained by subsequently 
comparing (at a peak energy of 23 Mev) the activity induced in the copper disc 
with the response of a Victoreen thimble mounted at the centre of a Perspex 
cylinder 8cm in outside diameter. This comparison is estimated to be accurate 
tO as 


2.2. Analysis 


The tracks were photographed with a stereographic set of three 60mm 
cameras. One of these was mounted centrally above the chamber while the 
other two side cameras were separated from this top camera by 253° in the vertical 
plane and from each other by 90° in azimuth. For both side cameras the plane 
of the film was tilted with respect to the axis of the lens and was at an angle of 30° 
to the horizontal. ‘The images of all tracks of length greater than 3mm were 
measured. by each of the following techniques. 

(i) The events were viewed under a low powered microscope, the final image 
being approximately seven times the original track size. (The microscope 
magnification was 40 and the chamber-film reduction ratio 1/6.) Each recoil 
length was measured with the eyepiece scale. 

(ii) The length, direction in space and coordinates of the origin and end points 
of each track were measured by the usual method of stereographic analysis, 1.e. the 
films were replaced in the cameras and the projected images of the tracks brought 
into coincidence on an adjustable table. ‘The three films were brought into 
register using the images of the grid wires which were built into the chamber 
just above the velvet base. This automatically checked the accuracy of the 
reprojection system. ‘Three cameras were used since, for a pair of cameras, 
it is sometimes impossible to get a satisfactory coincidence on a track lying more 
or less parallel to the line joining them. ‘The measurements were made using 
the top camera and the side camera appropriate to the track in question with the 
third camera providing a useful check. ‘Tests on artificial tracks showed that 
the length measurements were accurate to } mm for all lengths and that the angles 
were accurate to 1° for tracks within 60° of the horizontal. 

The events were classified as: 

(1) Collinear Flags—events in which the recoil and fragment were very nearly 
in a straight line for all three films. ‘This group is intended to consist of events 
in which the recoil and fragment are the only two products of the reaction. For 
these events the momentum of the incident photon and the scattering of the 
recoil may both cause a small departure from exact collinearity. ‘The criterion 
used was that events in which the recoil was within + 10° of its expected direction 
were counted as collinear. 

(2) Non-collinear Flags. 

(3) Unclassified Flags—events with a visible recoil of uncertain direction 
(e.g. because of its short length). 
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(+) Singles—events without a visible recoil. 

(5) Stars—events with three or more prongs. 

(6) Tracks coming from the chamber wall. 

The thresholds for the photonuclear reactions possible in !N are given in 
table 1, together with the expected classification of the events produced. 


Table 1. Reaction Thresholds and Classifications 


Threshold 
Photonuclear Reactions (Mey) 
MN+ysn+BN : 10-54 
p+8C 7°54 
d+¥®C } Collinear 10-26 
1+ 19R J Flags AEG 
p+n+"*C  Non-collinear | Doane) 
atatsLi 1 St: 16:07 
p+a+°*Be f piss SD, 
Neutron Reactions 
MN+n>p+l!c \ Non-collinear Flags ( —0-63 
atiB (except for slow neutrons) x 0-15 


2.3. Background Events 

Reactions initiated by the neutrons which accompany the x-ray beam will 
give rise to a background of unwanted tracks. In particular, since the 14N(n, p)#C 
reaction is exothermic there may be a relatively large number of proton tracks 
from disintegrations initiated by slow neutrons. These proton tracks have 
a characteristic length of 7} mm (the range in the chamber of a proton of energy 
0-58 Mev) and should occur uniformly throughout the chamber. The energy 
distribution of tracks stopping in the chamber shows that they form a distinctive 
group which is easily identified and hence eliminated (see figure 4 and discussion 
in § 3). 

Fast neutrons produce both (n, p) and (n, «) events which will appear as 
non-collinear flags of length greater thanlcm. ‘The number of these background 
events was estimated from the number occurring outside the beam, and also 
from the number of tracks coming from the Perspex wall. Both estimates 
indicate that the correction required is small, the number (15) of tracks longer 
than lcm with origins outside the x-ray beam being only 2°, of the number 
(660) of tracks within the beam, whereas the two volumes are equal. 

The number and distribution of the tracks of recoil protons ejected from the 
Perspex wall by fast neutronst confirms this estimate of the background and 
shows further that the fast neutron flux within the x-ray beam is not significantly 
greater than the fast neutron flux elsewhere in the chamber. 


§ 3. ENERGY DISTRIBUTION OF Low ENERGY PROTONS 


If it is assumed that the collinear flags (with (y, «) events excluded), unclassified 
flags and singles stopping in the chamber are (y, p) events, then the distribution 
of E,, the total kinetic energy of the proton and recoil, is as given in figure 4. 
The proton kinetic energy was obtained directly from the measured track length 
and the recoil energy was then calculated using momentum conservation. Events 
occurring outside the x-ray beam are shaded and it can be seen that they are all 

+ This estimate was obtained from the data for the 19 and 21 Mev runs for which the 
number of tracks of photoprotons from the !2C and !%O in the Perspex is small and therefore 
easily allowed for. 
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due to slow (n, p) reactions. In figure 5 the slow (n, p) events have been sub- 
tracted and the classification of events is indicated. It can be seen that unclassified 
flags and singles only occur at proton energies for which cece would be very 
short. (For a 1 Mev proton the recoil length is approximately 4mm.) 


Number of Events 


2 
Energy Observed £, (Mev) 
Figure 4. Distribution of the total energy (i.e. E,+,) of collinear flags, unclassified 
flags and singles stopping in the chamber, assuming these to be (y, p) events. (See 
§ 2.2 for description of the classification.) Events occurring outside the x-ray beam 
have been shaded. 


Number of Events 
S 


a en 


25 30 35 


05 1-0 15 20 
Energy Observed E, (Mev) 


Figure 5. The energy distribution of figure 4 after subtraction of events due to the 
“MN (n, p) 4C reaction. Collinear flags are shown as solid rectangles, unclassified 
flags as shaded rectangles and singles as open rectangles. 


Distinct groups are observed at 0-51+0-02, 1:63 + 0-02 and 2-92 + 0-03 mev, 
the latter group being few in number as most of the tracks leave the chamber, and 
a broad group centred at about 1-15 + 0-05 mey. 

The occurrence of definite groups implies that these photoprotons arise 
from the resonance absorption of quanta into excited states of the “N nucleus. 
It is, therefore, of interest to compare these results with the information about 
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the excited states of ''N derived from other reactions and, in particular, to make 
a comparison with the measurements made on the ®C(p, y)!4N reaction. This 
reaction has been studied by Seagrave (1952) and by Woodbury et al. (1953) 
using protons of energy up to 2-6Mev and by Willard e¢ al. (1955) who used 
protons of energy up to 3-2mev. These workers find that the ™C(p, y)!4N 
(ground state) reaction has resonances at centre-of-mass energies of 0-52, 1-64 and 
2:89 Mev as well as a broad resonance at 1-:16mev. In addition, other weak 
resonances (ground state) have been reported, but the additional contribution 
from these to the cross section is not significant. These energies correspond 
closely to the energies of the groups observed in this experiment and indicate 
that these proton groups come from the reaction “N(y, p)8C (ground state). 

‘The comparison of the two reactions can be extended to cover the cross sections 
by using the principle of detailed balancing. The integrated (y, p) cross sections 
for the resonances at 0-5, 1-6 and 2-9 mev were calculated from the (p, y) cross 
sections using this principle. The C(p, y)N (ground state) cross sections 
for the 0-5 and 1-6Mev resonances were obtained by combining the results of 
Seagrave (1952) and Woodbury et al. (1953). The cross section for the 2-9 Mev 
resonance is a preliminary result obtained by Willard.t The expected number 
of tracks in each of the narrow groups was then calculated from the (y, p) cross 
sections, the measured x-ray doses and an allowance for the percentage of tracks 
which do not stop inthe chamber. In table 2 this estimate is compared with the 
number actually found. ‘The agreement is very satisfactory and confirms the 
validity of applying the principle of detailed balancing to photonuclear reactions. 

It may be added that there is, in this experiment, no way of deciding whether 
a proton is produced from the reaction !4N(y, p)!8C or the reaction 4N(y, py’)#C ; 
however, on the assumption that all the events may be represented by the 
MN(y, p)8C reaction, the close agreements with the details found from the 
inverse reaction have been established, thereby inferring that the contribution 
from the reaction 4N(y, py’)!3C must be small. 


Table 2. Comparison of the Observed Proton Groups with the Predictions 
from the 13C(p, y)#N Reaction 


(1) (2) (3) (4) (5) (6) (7) 
8-06 0-52 0-065 0-603 0-99 34 32 
9-18 1-64 0-044 0-813 0-62 24 26 
10-43 2:89 0-040 +1:2 0-20 12 9 


(1) 14N energy of excitation (Mev); (2) energy of proton + recoil (Mev); (3) int, (Pp, y) 
(mev mbn); (4) ont, (vy, p) (Mev mbn); (5) fraction of events stopping; (6) no. of tracks, 
calculated; (7) no. of tracks, observed. 


A recent nuclear emulsion measurement (Spicer 1953) of the energy 
distribution of photoprotons from nitrogen irradiated with 11-5 Mev x-rays is in 
conflict with the present results. In this work a narrow beam of x-rays passed 
through a gas target chamber and the photoproton energy distribution. was 
deduced from ranges measured in nuclear emulsions placed out of the beam, 
allowance being made for the energy lost by the proton before it reached the 
emulsion. ‘The energy distribution reported by Spicer is a continuous energy 
distribution which decreases rapidly from 165 protons in the energy range 
2-0-2:2 Mev to 19 protons in the energy range 3-0—3-2 Mev and has no sign of 


+ We are indebted to Dr. H. B. Willard for communicating this result to us. 
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a peak at 2-9mev. The distribution does not extend below 2 Mev since protons 
of energy less than this may fail to reach the emulsion. It is difficult to see how 
this result can be reconciled with the absence of tracks between 2:0 and 2:8 Mev 
which is sucha striking feature of the distribution obtained in the present investiga- 
tion and which is believed to be very reliable since, not only is the method 
inherently cleaner (e.g. (n, p) reactions are automatically eliminated since they 
either produce non-collinear flags or form a distinctive group), but also the results 
agree very well with all the data available from the inverse reaction. Until this 
discrepancy can be satisfactorily explained it would appear to be wise to treat the 
results of this and similar nuclear emulsion studies with some caution. 


§ 4. STUDY OF THE (y, p) AND (y, %) REACTIONS AT HIGHER ENERGIES 


For proton energies greater than 3 Mev the probability of a proton stopping 
in the chamber is very small and consequently the photoproton energy distribution 
cannot be determined from proton range measurements. However, since the 
proton momentum is directly related to the momentum of the recoiling ?C 
nucleus this distribution can be determined from the range distribution of these 
recoils, which are from 1-4mm long. These lengths can be determined quite 
readily from microscope measurements. 


4.1. Accuracy of Recoil Measurements 


The accuracy of these measurements was investigated by measuring the 
lengths of the recoils associated with the protons which stop in the chamber. 
These measurements were made for the recoils of collinear and unclassified 
flags of length greater than 1cm. Since these tracks are either known or believed 
to be collinear, the recoil length was obtained from the lengths of the recoil and 
fragment images on the film and the fragment length measured by reprojection. 
Measurements were made on all three films and a mean taken, this being weighted 
according to the quality of the recoil track. ‘The measurements on the film from 
the top camera generally had more weight than those from the side cameras. 

These results are shown in figure 6 where these lengths are plotted as crosses. 
The abscissa in this plot is the recoil range calculated from the fragment range 
assuming this to be a proton. ‘The necessary range—energy relationship for 
13C was chosen after a review of experimental range—velocity relations had been 
made. Practically all of the points group closely about the (y, p) line and the 
accuracy of the recoil range measurements can be estimated from their spread. 
For the 1-64 and 2:89 Mev groups the root mean square deviations are 26% and 
16%, respectively. ‘The expected range straggling is about 15°, which indicates 
that the error introduced by the cloud chamber and in the measurement is less 
than 0-2mm and is, therefore, comparable with or less than the unavoidable 
limitation imposed by straggling. 

Since the range of a collinear flag recoil leads to a value of the fragment 
momentum this technique provides the same information as is obtained from 
measurements of magnetic curvature but has the advantage that a measurement 
can be made on practically all tracks whereas curvature measurements can only 
be made on long tracks. The error in momentum due to the range straggling 
of the recoil is comparable with the error in the curvature measurements arising 
from multiple scattering. (For a magnetic field of 5000 gauss and a chamber 


The Photodisintegration of Nitrogen 85 


filled with one atmosphere of nitrogen, the error in curvature for a 5 Mev proton— 
measured over a track length of 10 cm—is approximately 15°.) 

In figure 6, a few (five) points are observed well off the expected (y, p) line. 
‘These can only be (y, d) events or (y, pn) events where the neutron has been 
emitted in approximately the same direction as the proton. For comparison, 
the recoil ranges of some non-collinear (y, pn) events which fall just outside the 
criterion for collinear flags are shown in the figure as circles. Since the distribu- 
tion of these ranges completely overlaps the distribution of the five collinear 
recoils in question it is clear that these latter cannot be definitely identified and 
that the comparison of recoil and fragment ranges is an unsatisfactory method 
of identifying (y, d) events when (y, pn) events are also present. 


20+ / 


(mm at S.T.P.) 


Observed Recoil Range 


0 05 10 i) 
Recoil Range Calculated from Observed Proton Range 
(mm at S.T.P.) 


Figure 6. Comparison of the observed recoil ranges for collinear and unclassified flags 
stopping in the chamber with the ranges calculated from the range of the associated 
fragment track assuming this to be a proton. The dotted curve gives the expected 
ranges of the recoils from (y, d) events. 


4.2. Recoil Range Measurements 


The accuracy of recoil range measurements and of the range—velocity data 
has been demonstrated for tracks which stop in the chamber. ‘These events 
were of low energy, and had short recoils. Recoils from protons of energy 
greater than 3 Mev will be longer, and therefore the measurements will be more 
accurate. 

For collinear flags in which the fragment leaves the illuminated region the 
fragment direction can be measured by reprojection and this gives the recoil 
direction. ‘The recoil range can then be obtained from the microscopic measure- 
ment of the projected recoil image. ‘These measurements were only made on 
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the film from the top camera as the geometrical calculations are extremely lengthy 
for the other films. The data for (£,,)max=23 Mev was obtained from half of 
the films since the fragment directions of tracks leaving were not measured for the 
remainder. In order to avoid the errors inherent in measuring steeply inclined 
tracks only those within 45° of the horizontal were considered—this excluded 
29°,, of the tracks (assuming an isotropic distribution). If unclassified flags 
are assumed to be collinear their recoil ranges correspond to protons of energy less 
than 3 mev so that only collinear flags need be considered here. . 

The recoil range distribution for the three peak synchrotron energies is shown 
in figure 7. For the purposes of comparison the recoil ranges have been corrected 
to the values they would have if emitted at 90° to the y-ray direction. The ranges 
of recoils from (y, «) events have been shaded. It can be seen that approximately 
equal numbers of events occur in all range intervals. For a synchrotron spectrum 
the number of quanta decreases with increasing energy. Hence the (y, p) cross 
section must rise as the energy increases. 


23 mev 
10 
5 
0 
aS 
5 21 Mev 
> 
lu 
Ss 
D) 
i= 
ao 
oa 
= 
=> 0 
19mev 
10 
5 
9 | 2 3 4 


Recoil Range (mm at S.T.P.) 


Figure 7. The range distribution of collinear flag recoils for the 19, 21 and 23 mev runs. 
The shaded events are (y, «) disintegrations. 


In order to deduce the (y, p) cross section from the above measurements it is 
necessary to know the number of protons leaving !8C in an excited state and this 
information is not at present available. If it is assumed that in all cases the 2C 
nucleus is left in the ground state, then the ‘ cross section’, deduced from the data 
for the 23 Mev run, is shown in figure 8. If the residual °C nucleus is left in 
an excited state, the apparent value of £,, calculated from the recoil range in this 
way will be too low. The true £, will be higher by between 3 mev (the lowest 
excited state of '7C) and 6mev (above which neutron emission produces non- 
collinear flags). It follows that the true (y, p) cross section rises as steeply as, 
or more steeply than, the ‘cross section’ shown in figure 8. 

A possible source of error is the presence of (y, d) events which would tend 
to have longer recoils than (y, p) events and, therefore, produce an artificial rise 
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in the (y, P) cross section near the peak energy. No experimental evidence is 
available for or against the presence of (y, d) events, but, on theoretical grounds 
(Gell-Mann and Telegdi 1953), their number is expected to be very small 


Relative Cross Section 


8 10 12 14 16 18 20 22 24 
Energy of Quantum (Mey) 


Figure 8. The (y, p) ‘ cross section’ calculated from the 23 mev recoil range distribution 
assuming that all the protons leave the residual !°C nucleus in the ground state. The 
true (y, p) cross section is expected to rise as steeply as, or more steeply than, this 
“cross section’. (See text § 4.2.) 


4.3. (y, «) Events 

(y, ~) events in which the fragment stops in the chamber can be identified 
since for a given fragment range the recoil from a (y, «) reaction will be at least 
three times as long as those from other reactions producing collinear flags. 
Suspected (y, ~) events were analysed by comparing the measured recoil length 
with that calculated from the range, the maximum difference being 15°, of the 
calculated range, which is consistent with range straggling. ‘The ‘appearance’ 
of each of these tracks (i.e. 1onization, multiple scattering and ionization change 
at the origin) was consistent with the fragment being an alpha particle. ‘This 
gave five (y,«) events. (y,«) events in which the fragment leaves the chamber 
or in which the density change between fragment and recoil is too small to be 
detected visually will not have been included above. From the recoil range 
distribution (figure 7) it can be seen that there are no collinear events with longer 
recoils than the highest energy (y, «) event, which has a fragment length of 2} cm. 
The probability of a track of this length leaving the chamber is less than 20°, 
so that it is very unlikely that any (y, «) event will have been missed because its 
fragment does not stop in the chamber. Since the difference in density between 
the alpha and the !°B track was not always very marked the 16 singles of appropriate 
range were carefully re-examined. ‘lhe majority of these singles looked like 
protons (from track density and multiple scattering) there being only three of 
them which resemble alpha particles, so that we may take eight as an upper limit 
to the number of (y, ~) events. 


§ 5. THE RELATIVE PROBABILITIES OF THE VARIOUS REACTIONS 


The relative numbers of events from the different reactions are listed in table 3. 
In order to facilitate comparison with the (y, n) reaction only (y, p) events 
which occur at energies above the (y, n) threshold (10-54 Mev) have been included. 
The number of such events was obtained from the measured recoil ranges of 
collinear flags. It was assumed that the number of (y, d) events is negligible. 
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The numbers of (y, pn) events have been taken as equal to the numbers of 
non-collinear flags. Since these numbers do not include any allowance for the 
possibility that some of the unclassified flags may be (y, pn) events these numbers 
represent lower limits to the numbers of such events. However, it is believed 
that thev are also the best estimates available since it is thought that the unclassified 
flags are all (y, p) events with short or steep recoils. The reasonableness of this 
assumption can be tested by using the known energy distribution of protons 


Table 3. Relative Numbers of Events for the Various Reactions at the Three 
Peak Synchrotron Energies 


Reaction 19 Mev 21 Mev 23 Mev 
(y, P) 13 32 127 
(These totals include only those (y, p) events with Ey greater than the (y, n) threshold.) 

(y, pn) Probable DD 2 
Upper Limit (see text) (13) (27) (147) 
(y, &) 0 ) ogee 
(y, star) 0) 0) 8 
(y, n) (calc.)T 8+2 235i 75 
No. of y at 1 metre 0-014 0-024 0-050 
No. of photos 304 265 333 


+ Note. The errors indicated in the number of (y, n) disintegrations for the 19 and 
21 Mev runs represent only the errors in the relative numbers at the three energies and arise 
from uncertainties in the synchrotron energy scale and in the monitoring arrangements. 
The absolute number of (y, n) disintegrations may differ from these figures by a further 
te 20 oe 


of energy up to 3 Mev and the probability that a proton of a particular energy will 
stop in the chamber to calculate an expected value for the number of protons of 
energy less than 3 Mev which leave the chamber before stopping. ‘This estimate 
can then be compared with the total of unclassified flags and collinear flags with 
short recoils which leave the chamber. All the unclassified flags have recoil 
lengths less than that corresponding to a 3 Mev proton. ‘The estimated number 
of tracks is 58 + 15 and the observed number is 73. Thus the assumption made 
is perfectly reasonable but, at the same time, the possibility that some of the 
unclassified flags may be (y, pn) events cannot be ruled out. ‘These considerations 
show that an upper limit of 30 may be given to the number of such events. ‘The 
upper limits derived on this basis are given in brackets in table 3. It should be 
noted that the number of unclassified flags added to the 19 Mev total is probably 
abnormally high due to one of the films being of somewhat poorer quality. 

The number of (y, n) events was calculated from the induced activity measure- 
ments of the Saskatchewan group (Horsley et al. 1952). 

It can be seen that the number of (y, p) events increases with increasing 
x-ray energy as rapidly as the number of (y, n) events, and that the number of 
(y, pn) events increases rather more rapidly. Thus both the (y, p) and (y, pn) 
cross sections must have an energy dependence which is similar to that of the 
(y, n) cross section (Horsley et al. 1952), i.e. they will be small at low energies and 
rise rapidly at about 20mMev. The (y, «) and (y, star) cross sections are an order of 
magnitude lower, but have a similar energy dependence. Using the usual 
technique of momentum balance four of the eight star events were identified 
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as (y, ap) events and three as (y, xx) events while one was too steeply inclined 
to permit accurate measurements. ‘Thus the (y, «), (y, xp) and (y, «x) cross 
sections are all about 1-2 x 10-28 cm?. 


§ 6. Discussion 

We are nowina position to discuss all the photonuclear reactions in'N up to an 
energy of 23 Mev, with the exception of the (y, d) and (y, y) reactions. It is 
convenient to separate this energy range into two sections with the dividing line 
at the (y,n) threshold (10-54mev). Neglecting y-ray scattering, the (y, p) 
process is the only reaction which can occur in the lower energy region where 
its cross section is known in more detail than is any other photonuclear cross 
section. In the higher energy region a considerable number of photonuclear 
reactions can take place. These two energy regions will be considered in the 
reverse order. 

It has been shown that the cross sections for both the (y, p) and (y, pn) 
reactions in 4N have an energy dependence similar to that of the (y, n) cross 
section, i.e. they are small below 15 Mev and large in the neighbourhood of 20 Mev. 
The cross sections of all other reactions are an order of magnitude smaller. The 
rise in the (y, pn) cross section has also been established by the work of Ferguson 
et al. (1954) who measured the sum of the (y, n) and (y, pn) cross sections by 
observing the total yield of neutrons from “N. The (y, pn) cross section, 
obtained by subtraction, resembles in shape the (y, n) cross section obtained from 
measurements of the !3N activity and is about three times as large. ‘Thus the 
cross sections of all the principal reactions in !N reflect a pronounced increase 
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Figure 9. Measured and inferred photonuclear cross sections in MN. For fuller descrip- 
tion see text (§5). For clarity the width of the narrow resonances below 10:5 Mev 
has been increased, but the integrated cross section remains correct. 

N.B. The techniques used to obtain the cross sections above 10°5 Mev were incap- 
able of resolving levels such as those observed below this energy. 
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in the nuclear photon absorption cross section in the vicinity of 20Mev. ‘This 
is shown in figure 9 which illustrates the characteristics of these cross sections 
but does not necessarily represent their exact values. ‘This figure shows the 
(y, p) cross section between 7-5 and 10-5 Mev together with the (y, n) cross section 
as measured by the radioactive product technique (Horsley e¢ al. 1952). Since 
it has been shown that, above 10-5 Mev, the (y, p) cross section has the same 
general features as the (y, n) cross section it is reasonable to suppose that it is 
a constant multiple of the (y, n) cross section, Also, since the (y, «) and the 
(y, star) reactions have very small cross sections, the total cross section will be 
given by the sum of the (y, n), (y, p) and (y, pn) cross sections. The (y, pn) 
cross section was deduced in a manner similar to that used for the (y, p) reaction 
except that, in accordance with the results discussed in $5, the ratio of the (y, pn) 
to the (y, n) cross section was taken to increase somewhat with increasing photon 
energy. 

From the relative yields of the (y, p) and (y, n) processes it is possible to draw 
some preliminary conclusions about the probability that the emission of a photo- 
proton or photoneutron will leave the residual nucleus in its ground state. ‘The 
number of events in which the emission of a neutron leaves the '3N nucleus in 
its ground state is given by the (y, n) yield deduced from the radioactive product 
measurements. This follows directly from the fact that the energy of the first 
excited state of N is greater than the energy required for dissociation into 
12C +p (see figure 10) so that, in practically all cases in which '4N is left in an 
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Figure 10. Energy level diagram for the (y, p) and (y, n) reactions in '*N. Level positions 
are taken from Ajzenberg and Lauritsen (1955). 


excited state, the final product nucleus will be C and not N._ It is now well 
established that, apart from small corrections due to Coulomb forces and the 
proton—neutron mass difference, nuclear forces are change independent (Burcham 
1955). Consequently it may be assumed that the probability for the emission 
of a neutron wh’ch leaves !¥N in a particular state differs only slightly from the 
probability for the emission of a proton which leaves C in the corresponding 
state. ‘Thus the number of (y, n) events gives a good measure of the number 
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of events in which the emission of a proton leaves 43C in its ground state. From 
figure 10 it can be seen that the number of (y, p) events found in this experiment 
gives the number of events in which the proton leaves the !3C nucleus in either 
the ground state or one of the first three excited states. From table 3 the number 
of (y, n) events is just over half of the number of (y, p) events and this, therefore, 
implies that the probability that the emission of a proton (or neutron) will leave 
SC (or '8N) in its ground state is equal to the total probability that the nucleus 
will be left in any one of the first three excited states. 

The range distribution of protons of energy up to 3 Mev (see figures 4 and 5) 
gives the (y, p) cross section below 10-5 Mey with an energy resolution of approxi- 
mately 50key. ‘This is to be compared with the energy resolution of 1 Mev or 
more of other methods of measuring photonuclear cross sections. The results 
show that this cross section consists of a series of well-defined resonances and 
provide a convincing demonstration of level structure in photonuclear cross 
sections. ‘The occurrence of such level structure has been suggested by Goward 
and Wilkins (1953), Titterton and Brinkley (1953) and Katz et al. (1954) from 
results obtained using methods of moderate energy resolution and, in the present 
case, would be anticipated from an application of the principle of detailed 
balancing to the measurements on the C(p, y) reaction. The present results 
completely confirm the predictions of the principle of detailed balancing and, 
therefore, show that the measurement of (p, y) cross sections is a powerful method 
of studying, in detail, the characteristics of photonuclear cross sections within 
the range of proton energies available. 

Blatt and Weisskopf (1952, p. 651) have suggested that an energy dependence 
of the total photonuclear cross section such as is observed for 'N (see figure 9) 
might be due to a change in the character of the radiation absorbed above 15 mev. 
They postulated that only electric quadrupole and magnetic dipole absorption 
were effective below 15 Mev and that the sharp rise above this was due to the 
onset of electric dipole absorption. It is known that the greater part of the 
absorption in the giant resonance region must be electric dipole (Levinger and 
Bethe 1950). It is, therefore, of interest to note that in the energy region where 
this process has been studied in detail, i.e. from 7:5 to 10-5 Mev, practically all 
the absorption is by electric dipole transitions. ‘The spins and parities of the 
levels in 4 N corresponding to the observed proton groups are as follows: 1-,0-, (27) 
and 2- respectively for the levels at 8-06, 8-70 (broad level), 9:18 and 10-43 Mev 
(Ajzenberg and Lauritsen 1955, Willard 1955). The ground state of N is 1°. 
These results are, therefore, in conflict with the above hypothesis and suggest 
that the giant resonance is due to a change in the probability of absorption rather 
than to a change in the character of the radiation absorbed. 
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Abstract. ‘The M;y and My absorption spectra of Er,O, have been studied in 
detail and a careful comparison made with the Mz, 8 emission lines. The My 
absorption spectrum possesses a number of well-defined absorption maxima. 
It is shown that the minima between these maxima coincide closely with 
components of the Mz multiplet and it is suggested that the main components 
of the emission line previously observed by Van der Tuuk and by Lindberg are 
not real but are produced by self-absorption in the target material. The line is 
probably accompanied by one or more real satellites however. The Myy 
absorption spectrum is much weaker, but probably possesses a number of maxima 
also. ‘The M§ emission line probably possesses a satellite, but its form appears 
to be influenced by self-absorption. 


§ 1. INTRODUCTION 


HE Myy y emission spectrum of ®8Er was first observed by Stenstrém 

(1919) and later by Hjalmar (1923). In both cases the spectrum was 

described as consisting of two broad diffuse lines Ma and MB. In 1927 
Van der Tuuk succeeded in resolving these lines into components (Mz into three 
main components and a satellite, Mf into one main component and a satellite), 
while in 1931 Lindberg distinguished four main components and a satellite in Ma, 
but found only those already noticed by Van der ‘Tuuk in Mf. ‘The f structure 
was also verified by Hirsch (1931) during an investigation of M satellite lines. 
Van der Tuuk and Lindberg further showed that the tendency to multiple 
components in Mz or Mf or both was characteristic of the rare earth elements 
and the effect has usually been ascribed to coupling between the incomplete 
4f sub-group and the (singly ionized) Myy or My sub-groups (see for example 
Lindberg 1931, Borovski and Golovner 1953). 

Lindberg also attempted an investigation of the corresponding absorption 
spectra. He failed to observe any M;y absorption and in place of the normal My 
edge found two narrow absorption lines of wavelengths 8805, 8821 x.u. 
respectively. These lines he considered to ‘correspond’ to the emission lines 
Maj, and Moe;y (AA8810, 8832 x.u.) and suggested that where incomplete 
electron sub-groups are involved the radiation process may be reversible. In 
1945 Rule suggested that Lindberg’s result was due to his using too thin an 
absorbing screen and that heavier absorbing screens would probably show the 
usual edges. He based his argument on a study of the absorption in thin layers 
of Sm compounds. ‘This conclusion was verified by Lee and Stewardson (1951) 
who found faint traces of apparently normal edges in an accidentally formed 
thick absorbing layer of Er,O,. Later Lee, Stewardson and Wilson (1952) 
suggested, from a study of the My absorption in ‘I'm,O; that Lindberg’s two 
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absorption lines were really an absorption line accompanying an edge, the overall 
My absorption being similar to that found by Rule in Sm, and by Zandy (1952) 
in Pr, Nd, Sm and Eu where the normal edge is always accompanied by one or 
more absorption lines. 

The experiments described in the present paper were carried out with a view 
to determining and measuring the absorption and emission structures in as great 
detail as possible and to making a close comparative study of the two spectra. 
As in all the earlier experiments described above, the erbium was used in the 
form of its oxide, Er,Og. 


§ 2. ABSORPTION EXPERIMENTS 
2.1. Experimental Methods 


The bent crystal vacuum spectrograph described by Zandy (1952) was used 
both for the absorption and emission work. For some preliminary absorption 
experiments the absorption screens were prepared by spreading a paste of erbium 
oxide mixed with water on to thin Al foil, but later work was carried out entirely 
with oxide screens evaporated in vacuo on to Al foil as described by Zandy. ‘The 
densities of the screens were estimated from the amount of oxide evaporated. 
The erbium was used sometimes in the form of spectrographically standardized 
oxide (c. 98%, Er,O,) and sometimes as partially purified oxide mixtures of 
yttrium and erbium and of thulium and erbium. All were obtained from 
Messrs. Johnson, Matthey Ltd. A number of different screen densities ranging 
from 0-1 mgcm 2 to 1:0 mgcm 2 were employed and in a number of cases heavy 
equivalent densities were obtained by superimposing a number of layers of the 
erbium coated Al foil. 

The absorption spectra were obtained by using the x-ray continuum from 
a platinum anti-cathode, the voltage being kept below twice the excitation potential 
for the My,y,y series for Er (c. 1500v). Photographs were taken on x-ray film 
(Ilford Industrial C and G) as the short radius (c. 20cm) made it difficult to bend 
glass plate to the focal circle. Microdensitometer recordings of the negatives 
however were made on photographic plates and all measurements were made 
on these. 

Wavelength measurements of the more prominent features of the absorption 
spectra were made by using the first order spectra from mica and from gypsum 
and photographing alongside them high order K-spectra of Fe, Co, Zn, Mn. 
The wavelengths were determined relative to these K-lines, the wavelengths 
of the latter being taken from the wavelength tables of Cauchois and Hulubei 
(1947), and the grating constants for mica and gypsum from Siegbahn’s 
Spektroskopie der Réntgenstrahlen (1931). All results are expressed in Siegbahn 
x.U. ‘There is a tendency for our measurements made with gypsum to come out 
slightly higher than those made with mica but the difference of the means is 
somewhat less than the statistical error in either group and we give only the means 
of all determinations. ‘The probable error is of the order of +1 to 2x.u. This 
is purely statistical and does not take account of errors in grating constants or 
in wavelengths of standard lines. 

The finer details of the absorption were observed by photographing with 
mica in the second order and the wavelengths measured using the previously 
determined points as standards, In a number of cases photographs were taken 
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with the absorbing screen (a) between x-ray source and crystal and (b) between 
crystal and photographic plate, and in some cases both types were recorded side 
by side on the same film. There was no detectable difference between the 
absorption photographs from the two types of exposure so that it is certain that 
all effects observed are genuine absorption effects unaffected by any possible 
fluorescent emission. 


2.2. Results 


Microdensitometer curves for four different thicknesses of absorber are shown 
in figures 1 and 2+. The thicknesses are: curve a (figure 1), 0*lmgem-*; 
curve 6 (figure 1), 0-3 mgem™?; curve c (figure 2), 0-4 mgcm ?; curve d (figure 2), 
0-Smgcem™’. All are recordings of second order mica spectra. The most 
striking features are first the relatively large number of absorption maxima in the 
My spectrum and second the great weakness of the M,y absorption as compared 
with My. 

The My absorption maxima are indicated by the letters A...E on the 
microdensitometer curves. Of these maxima B is easily the most intense and 
A next in order of intensity. With a thin absorbing layer (curve a) these two are 
the only ones readily seen on the negative and they are evidently Lindberg’s two 
absorption lines. ‘This is confirmed by the wavelength measurements (see table 1). 


Table 1. Absorption Spectra 


XD (X.U.) v/R A (x.U.) v/R 

My, A 8819-(0) 103 -3(3) Myy 2 8564-(9) 106-4(0) 

B, 8808 -(5) 103-4(5) b 8561-(0) 106-4(4) 

Be 8804-(2) 103-5(0) A 8556:(0) 106:5(1) 

(B) (8805:(2)) (103-4(9)) B 8547-(0) 106-6(2) 

(G 8791-(4) 103-6(5) 

D 8780-(1) 103-7(9) 

E 8775-(4) 103-8(4) 


The weaker line C is imperceptible to the eye when the absorption produced 
by a thin layer is examined in the first order with a mica crystal. ‘This accounts 
probably for its being overlooked by Lindberg. With thicker layers and using 
gypsum first order or mica second order it becomes very noticeable and two 
weaker absorption maxima at D and E come to light. With screens of medium 
density the absorption maximum B is resolved into two separate but close maxima 
B, and B,. On some of the recordings of negatives taken with screens of medium 
density there is a slight hint of an inflection in the steeply falling curve on the 
long-wave side of A suggesting the possibility of an additional weak absorption 
maximum here also, but it has not been possible to measure its wavelength nor 
indeed to confirm that it really does exist. . 

The weak character of the M,y absorption makes observation of its structure 
very difficult, and apart from the main maximum A the only other certain feature 
appears to be a second weaker maximum B revealing itself best as the rather 
sudden change in gradient shown in curve c obtained with the densest screens. 
As well as this two slight kinks a and b on the long-wave side of A have appeared 
sufficiently frequently to make it likely that they are real. The wavelengths 
and energies of all the points indicated on the microdensitometer curves are 


+ For figures see Plates at end of issue. 
7-2 


96 E. A. Stewardson and Ff. E. Wilson 


given in table 1. When the screen density is increased excessively the details, 
particularly in My, becomes submerged in the general background of absorption 
and there is every indication that ultimately the absorptions will tend to the form 
of the simple edges described by Lee and Stewardson. 


§ 3. EMmIssIoN EXPERIMENTS 


3.1. Experimental Methods 


For production of the emission spectra a copper anti-cathode was used. 
In most cases this was coated mechanically with the powdered erbium oxide or 
with an erbium oxide paste. In a few cases the oxide was evaporated im vacuo 
on to the target in order to get a very thin uniform coating. From L data it 
appears that the excitation potential for the Myy series for erbium is rather less 
than 1500 volts and photographs were taken with potentials ranging from this 
value up to several thousand volts. 

As in the absorption experiments the more prominent features were measured 
by comparison with high order K lines of Fe, Co, Mn, Zn and with the Al Kx, » 
line (first order) using a mica or gypsum crystal in the first order. Finer detail 
was studied with a mica crystal in the second order using the previously determined 
wavelengths as standards. All measurements were made from microdensitometer 
curves recorded on glass photographic plates. 


3.2. Results 


The general features of the emission lines Ma and Mf noticed by Van der Tuuk 
and by Lindberg were readily confirmed. A typical microdensitometer curve 
obtained with an excitation energy of 3kv is shown in figure 3. Wavelengths 
of the various components are given in table 2 which also includes the determina- 
tions of Van der Tuuk and Lindberg for comparison. The general agreement 


Table 2. Emission Spectra 


Line Van. der T'uuk Lindberg BeAGS= andi |; bas 

M ayy 8835 8832 8831 -(0) 
Ory — — 8824-(8) 
OyT] 8817 8810 8813 -(2) 
OT] — 8794 8794-(7) 
Oy 8781 8783 8785 :(6) 
ox” 8751 8763 8774-(8) 
ot” _ _- 8771 (4) 

M f 8571 8576 8571-(6) 
p' 8540 8554+ 8554-(0) 
B’ — — c. 8520 


+ Hirsch gives B’=8548-4. 


is quite good, particularly when it is borne in mind that while our measurements 
are made from microdensitometer recordings the earlier experimenters measured 
the rather ditfuse lines directly on the negatives. ‘There is however a rather large 
discrepancy in the wavelengths of the ‘satellite’ line ~’ and we can only account 
for this by assuming that visual observations of this line (which appears on the 
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negative as a rather long diffuse ‘ tail’) tends to place its centre of gravity too much 
to the short wavelengths. It is noteworthy that Lindberg and Van der Tuuk 
differ fairly considerably in their estimates of this line. In identifying and 
labelling the lines we have used Lindberg’s notation. ‘This is an arbitrary 
enumeration in order from short to long wavelengths and is not intended to 
convey information about the relative intensities. In addition to the components 
given by Lindberg and Van der Tuuk we find a weak line «’,,;; between o,,, and 
%jy- ‘This line is easily visible on negatives of the second order spectra taken 
with mica although, being very narrow, it often shows itself only as a slight 
inflection on the short-wave side of %,y on the microdensitometer curves. The 
line «’ also has a short-wave companion «”, and an additional line 8” seems to exist 
on the short-wave side of ’. 

A feature of great interest is the way the profiles of the lines vary with the 
potential used to excite them. With low potentials the two lines Mx and Mf are 
very diffuse and it is very difficult to distinguish the components present in each. 
As the potential is increased both lines broaden on the short wave side and develop 
a considerable ‘skirt’ on this side, the long-wave limit however remaining more or 
less fixed. In addition to this the components of each become much more 
distinct as the potential increases, while there is a considerable change in the 
relative intensities of the component of Me. At low potentials (only slightly 
in excess of the critical excitation potential) the most prominent component is 
Mz;;;, while at higher potentials the group composed of «;;%,«’«” is the most 
intense. ‘These components also have their peaks displaced to shorter wavelengths 
as the potential increases, whereas «,y%';;; and «,;; remain fixed in wavelength. 
All these features are noticeable in the two curves reproduced in figure 4. These 
are microdensitometer curves of two emission spectra taken side by side on the 
same film, the lower one being taken at 1-5kv, the upper at 3-Okv. Figure 5 
shows an extreme case. Here the potential has been increased to 6kv. The 
great increase of the group #1 ;%;%’ relative to the longer wave components is very 
apparent. ‘The slight indication of additional short-wave components may 
be real or possibly due to high order K and L lines from impurities produced 
by the excessively high voltage. ‘The possible significance of this variation is 
discussed in the next section. 


§ 4. COMPARISON OF EMISSION AND ABSORPTION SPECTRA 


It is very striking that the wavelength ranges of the Mx and Mf multiplets 
cover the wavelength ranges of the M,y and My absorption regions respectively, 
instead of lying on the long-wave side of the absorption as is the case with elements 
possessing completed 4f electron groups (Z>71). In order to study more 
closely the relationship between absorption and emission a number of photographs 
of the absorption and emission spectra were taken side by side on the same negative. 
This was accomplished by photographing the continuous spectrum from a 
platinum target through an erbium oxide absorbing screen on the upper half of 
the photographic film, then removing the erbium screen, rotating the anode to 
bring a copper face coated with erbium into the electron beam and by movement 
of a shutter exposing the lower half of the film. All the operations were carried 
out without breaking the vacuum. An example of such a comparison between 
My absorption and Mz emission is shown in figure 6. ‘The most surprising 
result is the apparently exact identity of the principal components of the Ma 
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multiplet with the dark lines separating the My absorption maxima. A similar 
result is found with M,y and Mf where the absorption maximum seems to 
correspond to the emission minimum between MB and Mf’. Microdensitometer 
curves of the two photographs are shown (in exact register) in figure 7. It will 
be seen that the minima between the emission maxima in most cases correspond 
closely to the absorption maxima. 'T"he correspondence is not complete however 
as the emission minimum between #,y and «’;,; is not reproduced in the absorption 
(unless the suspected absorption maximum on the long-wave side of MyA 
mentioned in $2.1 proves to be real) and the maximum MyB, does not appear 
to be reproduced in the emission. Apart from these it is possible to draw up the 
following close correspondences : 


Emission Absorption 
min. between o’yy_ and ayy = MyA 
’ 7 MA be Oe MyB(B:) 
» ATT oA MyC 
/ 
oe) Oy o> O& = MyD 
> ” ove ” a” = MyE 


It seems impossible to avoid the conclusion that the ‘components’ of both 
Mz and Mf as observed hitherto are produced by self-absorption in the target 
material, the true emission being a broad single line accompanied probably by 
true satellites as evidenced by the growth of the high frequency skirt when the 
excitation energy is increased. The conditions under which the emission lines 
are produced and observed would tend to favour such self-absorption as the face 
of the target is only a few degrees removed from being normal to the electron 
beam while the direction of observation is perpendicular to the electron beam 
and therefore nearly parallel to the target face, so that x-rays generated below 
the surface of the target material have a relatively long path within the material 
before emerging and travelling to the crystal. 

Such self-absorption would help account for the variation of the emission 
structure with voltage (described in §2.2 above). For a simple extrapolation 
of the results of Williams (1931) on the ranges of low energy f particles in oxygen 
or of those of Schonland (1925) on the transmission of f particles through foils 
shows that the range of 2 kev electrons in matter 1s of the order of 10°°to 10-4 g cm ?. 
This is of the order of magnitude of the thickness of the erbium targets and it 
follows that variation of the electron energy over the range 1-5—3-5 kev can make 
an appreciable change in the depth in the target material at which the characteristic 
x-rays are produced. High energy tends to increase this depth and enhance 
the self-absorption thus resulting in greater definition of the apparent components. 
The shift in wavelength of the components «;, to «” is presumably due to competi- 
tion between increased self-absorption and the growth of the high-frequency 
satellite skirt, the latter tending to ‘pull’ the peaks of the curve to the shorter 
wavelengths. The effect probably takes place also in MB but the much weaker 
nature of the Myy absorption renders it less noticeable. An additional point 
of interest is that on many of our microdensitometer curves it is possible to 
distinguish a slight but rather sudden decrease in the gradient on the long wave 


side of the Ma line. ‘This seems to correspond fairly well with the onset of the 
My absorption. 
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§ 5. Discussion 
5.1. The Emission Structure 

from the results described in the previous section it seems reasonably certain 
that the structures of Mx and Mf in erbium found by Van der Tuuk and by 
Lindberg and assumed to exist by Borovski and Golovner in their theory of the 
origins of the multiplets are due mainly if not entirely to self-absorption. It is 
possible that the lines do possess a fine structure but this must certainly be different 
from that hitherto observed and it has not been detected in the experiments 
described here. Indeed the only hope of detecting such structure would be to 
work under conditions where the self-absorption is reduced to a minimum, 
as for example by observation normal to a very thin target. Such a type of 
experiment is now under consideration in this laboratory. 

The question naturally arises as to’ whether the structures observed in the 
M lines of other rare earth elements arise through the same process or whether 
it is peculiar to erbium. This can only be settled by experiment but from some 
preliminary experiments carried out here it seems very likely that it does occur 
in the case of ®*’'m and ®Ho and probably also in ®6Dy and ®Gd. 


5.2. The Emission and Absorption Transitions 


It is hoped to discuss the question of the origin of the absorption and emission 
lines in greater detail later when further experimental results (particularly for 
other members of the rare earths series) have been obtained. A brief general 
discussion only is attempted here. 

The general nature of the absorption found for Er is similar to that found 
by Zandy for Nd, Prand Euand by Zandy and by Rule for Sm, but more complex, 
and it seems likely that in Er, as in these elements, the absorption structures 
arise, in part at least, through the transfer of an electron from the appropriate 
M group into vacancies available in the incomplete 4f group. Zandy appeals 
to the selection rules and the change in state of the single electron transferred 
to account for the appearance of line absorption in the M;y and My absorption 
bands of Pr, Nd and Sm and in the My band of Eu and their absence in the Myy 
band of the last named. Such a treatment of the matter would exclude the 
possibility of line absorption in the Myy band of Er, while the results described 
in the present paper make it seem likely (although admittedly not certain) that 
such line absorption in the M,y band of Er does occur. However Zandy’s 
treatment, besides implicitly assuming strict j-7 coupling between the 4f electrons, 
does not take account of the fact that the final state after absorption is one made 
up of two incomplete groups which may interact to give a configuration of the 
type 3d°4f"+1 for a rare earth ion possessing normally x 4f electrons. When this 
is taken into account it seems that 4f transitions may be associated with the Myy 
band even for an element as far up the series as Er. 

A point of greater immediate interest however is the possibility that the 
Ma, 8 emission lines of the rare earth elements may in actuality turn out to be 
broad single lines instead of the complex multiplets they have hitherto been 
thought to be. It has always been a matter for surprise that there should be such 
a profound change in the M line structure in passing from atoms of Z>71 to 
atoms of Z<71 and it seemed possible to account for the assumed structures 
only by assuming coupling between the My;y or My group and the 4f” group 
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to make possible transitions in which the final state of the atom is any of a number 
of possible 4f’-! configurations (cf. Borovski and Golovner 1953). ‘The present 
work makes it seem probable that the normal emission lines arise through transfer 
of a 4f electron into the Myy and My vacancy, the atom being left in its lowest 
accessible 4f-! state, and the diffuseness of the line arising through broadening 
of the initial level due to coupling with the ionized Myy or My group. The 
fine structure this coupling could give rise to would most likely be beyond the 
resolving power attainable with the usual x-ray techniques. 


5.3. The Energy Levels 


If we assume that each absorption maximum represents a transition to a 
definite energy level then by making use of the available observations of La, 
La, and the L,,; edge we can compute the values of these energy levels relative 
to the lowest end level in the L,,; absorption transition—the conventional zero 
energy level. ‘The most recent L data on erbium is that of Sakellaridis (1954), 
and using his values for Lz, and the Ly,,; edge the energies given in table 3 
have been derived. The values for the M absorption levels, being the differences 


Table 3. Energy Levels 


Level v/R ev 
Miy -—106-8(5) —1452-(1) 
My -—103-6(8) —1409-(0) 
End level of My A transition —()-3(5) —4-(7) 
4 ns B, . ==0*2(3) = Sl) 
” ” ” By ye) = Oil(S) = 2 (49) 
een © a —0-0(3) —0-(4) 
» » 0» D > +-0-0(9) +1 -(2) 
” ” 5) E ” +0-1(6) +2-(1) 
End level of Myy a_ transition —()-4(5) =(5((11)) 
noe b % =O-4(1) —5-(6) 
A 46 —()-3(4) —4-(6) 
i B 7 —=0:2(3) ==3:3( 1) 


between two very nearly equal quantities, are subject to considerable uncertainty, 
and those for a and b are particularly doubtful. Nevertheless it does seem likely 
that M,A and M,,A involve transitions to the same end level as also do MyB and 
M,yB. It is interesting to note that the D and E levels appear to lie higher than 
the end level of the Lj; transition, the latter of the two by an amount greater than 
one would expect to be due to experimental error. This scheme of levels is 
of course very tentative as slight adjustments in the values of the M,y, and My 
levels can bring about considerable changes in the scheme—indeed if the Myy 
level is computed from Sakellaridis’s measurements of Lf, and the Ly, edge or 
from his mean value for M;y it becomes less certain that the end levels of M,A 
and M,,A are identical, and similarly for MyB and M,vB. 

The initial energy levels in the transitions causing the Ma, 8 emissions are 
still more uncertain as the self-absorption prevents measurement of the true 
wavelengths of the lines. From the lower curve in figure 4, where we assume 
self-absorption to be much reduced, the « line appears tolerably well distributed 
about «;,;;, the v/R value for which is 103-40. That for MB in the same curve is 
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106-31. ‘The difference between these is 2-91 which is appreciably less than the 
difference of 3:16 between La, and La, as measured by Sakellaridis. This 
suggests that the true peak of Mz lies on the long-wave side of Mx,,, or that that 
of Mf lies on the short-wave side of the M8 peak found here. It is hoped to 
make this matter the subject of further investigation. 
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Search for a Sidereal Variation of the Cosmic Ray 
Intensity at High Energies 
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Communicated by P. M.S. Blackett; MS. received 30th August 1955 and in amended form 
6th October 1955 


Abstract. Extensive air showers with energies of about 10'S ev and 10" ev have 
been recorded at geographic latitude 53° N by means of counter sets separated 
by about 150m and 300m. Harmonic analysis of the shower frequencies has 
revealed no evidence for a sidereal daily variation with amplitude exceeding the 
statistical uncertainties, which are 2:5°%, and 6%, respectively. No evidence 
has been found for a solar daily variation with amplitude exceeding 2:5°%, for 
10'8ev showers. A solar daily variation has been found for 10! ev showers 
with an amplitude of 19%, and a time of maximum at about 1300h. ‘The 
interpretation of this result is briefly discussed. 


§ 1. INTRODUCTION 


7 is known that the low-energy cosmic radiation is very nearly isotropic, 
there being no variation in intensity over the sidereal day as great as 0-1%,. 

_ This is a remarkable result when considered in relation to the location of the 
solar system, which is very asymmetrically placed relative to the galactic centre, 
and this high degree of isotropy is usually ascribed to the existence of magnetic 
fields in the galaxy which scatter the primary radiation and trap it within the 
galaxy. Comparatively small fields are sufficient for this purpose at low energies, 
but the field strength necessary to produce isotropy increases as the energy of 
the particles under consideration increases. It might be expected, therefore, 
that if particles of sufficiently high energy could be recorded, a point should be 
reached where the magnetic fields can no longer produce complete isotropy. 
It is important, therefore, to look for variations in intensity with sidereal time 
at high energies. ‘The present paper gives the results of such measurements 
on large air showers initiated by primary particles in the energy range 10!® to 


10!ev. ‘The results of some similar measurements have recently been given by 
Cranshaw and Galbraith (1954). 


§ 2. EXPERIMENTAL ARRANGEMENT 

Extensive air showers were recorded during the period October 1951 to 
October 1953 by means of coincidence pulses between four counter sets placed 
at the corners of a quadrilateral of sides roughly equal to 150m and 300m 
(figure 1). Each counter set comprised three similar trays of Geiger—Miiller 
counters placed in a horizontal plane and connected in three-fold coincidence. 
‘The sensitive area of each tray was 1600 cm? and the three-fold coincidence rate 
from each counter set was about one per minute. ‘The coincidence pulses from 
the three distant counter sets were passed along private telephone lines to a mixing 
unit adjacent to the fourth counter set, where the pulse lengths were equalized. 


+ Now with Imperial Chemical Industries Ltd. 
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The mixing unit recorded coincidences between each of the six different pairs 
of three-fold coincidence pulses; these six-fold coincidence pulses were recorded 
by electromechanical registers which, together with a 24-hour and a 7-day clock, 
were photographed each time any register was operated. Showers of nine-fold 
multiplicity were recorded by any one out of four possible combinations of three 
registers counting together, and were identified by subsequent inspection of the 
film record. Showers of twelve-fold multiplicity tripped all six registers. 

Three of the counter sets were housed beneath roof windows on the top-most 
floors of various buildings, and the fourth was placed in a temperature-controlled 
hut made of a light alloy. There was about 3gcm? of material between 
the atmosphere and the sensitive volumes of the counters. 

Measurements of the single coincidence counting rates between separated 
trays showed the resolving time of the mixing unit to be about 130usec. The 
casual coincidence rate between a pair of counter sets was therefore about 0-006 per 
day. 

The low coincidence rates and the use of telephone lines in the equipment 
made it necessary to ascertain that the fraction of spurious counts caused by 
electromagnetic pick-up by the lines and the electronic circuits was negligible. 
This was done by reducing the voltages of the counters in one tray of a distant 
counter set to 1 kv, well below the Geiger threshold. In this state, a particular 
combination of registers was prevented from recording genuine showers. During 
a total period in which 140 counts would normally have been observed, none in 
fact was. If, say, 5°, of normal counts were spurious, the probability of 
observing none during this time would be, for a Poisson distribution, exp (—7), 
or about 10-3. Thus it is highly probable that at least one such count would 
have been observed, and hence fewer than 5°, of the counts can have been 
spurious. ‘The test was repeated at intervals for each distant counter set, with 
similar results. These tests also demonstrated the stability of the recording 
circuits and the coincidence circuits in each counter set. 

Routine tests were carried out in order to ensure that the efficiency of the 
equipment remained constant. ‘These included daily observation of the coinci- 
dence pulses appearing at the mixing unit, the regular testing of each counter 
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with its quenching circuit, and the regular checking of the coincidence rate from 
each counter set. Frequent tests were also made of the operation of the message 
registers and their associated drive circuits. Once the initial faults had been 
overcome, the general performance of the equipment was very satisfactory. 


§ 3. ESTIMATION OF THE ENERGY OF THE SHOWERS 
In order to estimate the energy of the primary particles responsible for the 
showers recorded, it is necessary to calculate the response of the detecting arrange- 
ment to showers of different sizes, and to do this we must know the size spectrum 
for the showers. No attempt has been made to determine this spectrum 
experimentally; instead we have adopted the size spectrum determined 
experimentally by Jakeman (1951) for smaller showers. In the next section, $3.1, 
it will be shown that this spectrum is valid for the showers detected by our 

arrangement since it predicts correctly the observed shower rates. 


3.1. Calculated Shower Rates 
Take the origin of plane polar coordinates at the mid-point of a pair of counter 
units separated by a distance 2a. For our experimental arrangement the 
- probability of recording a shower containing N particles, the axis of which falls 
vertically at the point (7, 6) is 
PWN y7,0) = (1 —exp [— NAf@g) |} Sexe | SNAG eee (1) 
where 7,2=7?+ a?+ 2arcos@; r.2=7?+a?—2arcos@. Ai is the sensitive area of 
the counter trays and f(r) is the lateral structure function of the showers defined 
in such a way that Nf(r) is the particle density at the radial distance r from the 
shower axis. 
If we now introduce the size spectrum given by Jakeman 
dC =10EN "dN “ho” 7 eee ee (2) 
where dC is the number of showers containing between N and N+dN particles, 
the expected counting rate is given by 


R(r, 6, N)= | | [P, r,0\rdrdbdC. ase (3) 
This integral has been evaluated numerically using the analytical form of the 
Moliére structure function obtained by Bethe (Williams 1948) 
7(r)=((1 + 40) /rILexp (— 472°)] 
where r is measured in units of the characteristic spread, 7); in the notation of 
Rossi and Greisen (1941), 77 =X ,Es/e which, with E;=21 Mev and <=86 ev, 
is equal to 74m at sea level. 
The results are compared with the observed rates in table 1. 


‘Table 1. Calculated and Observed Shower Rates 


Counter separation (m) 150 300 
Calculated rate (per day) 6-0 0-8 
Observed rate (per day) Opsilse ail Oe7 7st 0205 


Errors are standard deviations calculated from total number of showers. 


The close agreement between the observed and expected rates shows that the 
size spectrum given in (2) is valid for the showers recorded by the present 
arrangement and justifies its use in the next section, $3.2, where the shower 
energies are estimated. 
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3.2. Energy of the Showers 

In order to calculate the response of the detecting arrangement as a function 

of shower size we have evaluated the integral 

dC |_| : P(N, 1, 0)r dr dé 

as a function of N. For the showers recorded using a counter separation of 
150m this response curve rises from what is effectively zero response at 
Nmin=2 x 10° to a sharp maximum at V,=2:0x 10° particles and then falls 
asymptotically to zero. Since the absolute rate of showers containing Nymin 
particles is much greater than the rate of showers containing N, particles, it 
follows that showers containing fewer than N, particles are detected with very 
low efficiency. In fact, only some 10°, of the recorded showers are of these 
sizes, and we therefore adopted the value N, as being a reasonable figure for the 
minimum size of recorded shower. For the 150m separation Np=2-0 x 106 
particles as stated above, and for the 300m separation Np=1-7 x 107 particles. 
Using these values for the sizes of the showers we can now estimate the energies 
of the primary particles which produce them. 

It is generally believed that most of the electron photon component of extensive 
air showers is produced as a result of the nuclear interactions of cosmic radiation 
throughout the atmosphere. At energies up to about 10" ev the soft component 
arises mainly from the photons produced by the decay of the 7°-meson; at 
much higher energies the processes of production are not yet known. In the 
absence of a detailed theory of air showers we shall assume that all the soft com- 
ponent originates in a small number of 7°-mesons produced in an energetic 
nuclear interaction near the top of the atmosphere and estimate this number 
using the theory of Fermi (1950). We then apply cascade theory to calculate 
the energy of the showers. 

As shown above the minimum size of shower recorded using a counter 
separation of 150m is one containing 2-0 x 10® particles which will be assumed 
to be electrons of average energy equal to the critical energy «, where « = 86 Mev. 
In order to get a rough idea of the shower energy we first suppose that these 
electrons have been produced by a single photon near the top of the atmosphere. 
On this basis cascade theory (neglecting ionization loss) requires the parent 
photon to have an energy of about 10'®ev. Now the Fermi theory predicts that 
about 15 7°-mesons will be produced in a nuclear interaction by a proton of this 
energy, and using this multiplicity we find the energy of the soft component 
to be about 2 x 10!% ev, a figure which is not sensitive to the assumed multiplicity. 
Since the energy of the soft component is probably a large fraction of the total 
shower energy, we assume that the energy in the soft component is equal to the 
energy of the primary event, and conclude that the minimum energy of the 
primary particle responsible for the showers recorded by counters separated by 
150 m is about 2 x 101% ev. 

For the counter separation of 300m Np=1-7 x 10" particles; assuming a 
multiplicity of 20 7°-mesons we obtain in this case a minimum primary energy of 
10ev. 

§ 4. TIME VARIATIONS OF THE SHOWERS 
4.1. Grouping the Showers 


It is apparent from figure 1 that the showers can conveniently be divided 
into two groups: those recorded by a pair of counter sets separated by distances 
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of about 150 m and those recorded by a pair of counter sets at sepa ations of about 
300m. 

The first group consists of all showers in which a coincidence count was 
observed between the counter sets A and C (figure 1), irrespective of whether 
either or both the sets at B and D were discharged. ‘Time lost due to technical 
faults has been taken into account on the basis of faults which made this channel 
only unserviceable. A similar set of data has been formed for the showers recorded 
by the pair of counter sets B and D. ‘The data from these two sets have been 
added together, with the exception of the showers which fired all four counter 
sets; these have been included once only. ‘The results then refer to showers 
recorded by a pair of counter sets at separations of about 150m. 

The second group has been formed in a similar way and refers to showers 
recorded by a pair of counter sets at separations of 300m. In neither group 
has any shower been included more than once. Showers of at least nine-fold 
multiplicity have not been analysed separately, since their number was too few 
and the increment in energy too small for useful results to be obtained. 


4.2. The Solar Daily Variation 
The bi-hourly values of the shower rates in solar time for the two groups 
described above are givenintable 2. In table 3 are given the calculated amplitudes 


Table 2. Bi-hourly Shower Rates in Solar Time 


(a) Counter separation 150 m 
Time 00 02 04 06 08 10 12 14 16 18 20 22 
Rate 0:437 0-448 0:423 0:503 0-470 0-441 0-476 0-427 0-474 0:451 0:509 0-456 
S.D. 0:026 0:026 0:026 0:028 0-028 0:028 0-028 0-025 0-028 0-027 0-028 0-027 


(6) Counter separation 300 m 


Time 00 02 04 06 08 10 12 14 16 18 20 AD 
Rate 0-044 0-041 0-033 0-048 0-051 0-054 0-052 0-058 0:064 0-043 0-042 0-042 
S.D. 0-006 0-006 0-005 0-006 0:006 0-006 0-007 0-007 0-007 0-006 0-006 0-006 


5.D.=Standard deviation. 


of the first and second harmonics derived from harmonic analysis of the data, 
expressed as a percentage of the mean counting rate, for both groups of showers. 


007+ 


Bi-hourly Rate 


i mi <i | 
00 02 04 06 08 10 12 14 16 18 20 22 00 
Hours (solar time) 


Pigure 2: 


The results in table 3 show no significant variation for showers recorded at 
separations of 150m. For the 300m separation, however, the amplitude of the 
first harmonic (19-3°,) is statistically significant. The bi-hourly rates for these 
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Table 3. Amplitudes of Solar Daily Variation 


Energy (ev) >2 x 101 Sslsc Oe 
Counter separation (metres) 150 300 
Ist harmonic amplitude (°%) 1-0 Ies) 
2nd harmonic amplitude (°,) 455 3-4 
Number of showers 3414 TAM 


showers are shown in figure 2, where the curve is the sum of the first and second 
harmonics of the Fourier series fitted to the points. In order to investigate the 
Statistical significance of this variation the showers have been divided into eight 
independent groups of seventy-two showers. The 24-hour wave of best fit 
has been calculated for each group and these are shown plotted on a harmonic 
dial in figure 3 together with their centroid C. This diagram can be used to test 


I2h 


Figure 3. 


the significance of the amplitude of the calculated solar daily variation given in 
table 3. The probability that the amplitude R= OC be exceeded, if it is due to 
random fluctuations, is given by (Chapman and Bartels 1940) 
W(>R)=exp[—R?/4m?]. 
In this equation m, the standard deviation of the average of the eight vectors CPg, 
is given for this case by 2m=E,/\/8 where EF, is the square root of the average 
of the squared vectors CP,. ‘For the points in figure 3, KOC — eas and 
E,=2:715, whence W(>1-194)=0-01. ‘That is to say, there is only a 1% chance 
that the observed variation is the result of a statistical fluctuation. A variance 
ratio test (Kendall 1946) leads to the same result. It appears, therefore, that 
a solar daily variation may exist for extensive air showers of energies of about 
101 ev. 
4.3. The Sidereal Daily Variation 

The bi-hourly rates in sidereal time are given in table 4 for both groups of 
showers. Harmonic analysis of these data gives the amplitudes shown in table 5, 
which also shows the probabilities that the calculated amplitudes arise as a result 
of random fluctuations in the measurements. None of the calculated amplitudes 
in table 5 is significant and we conclude therefore that the present data give no 
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Table 4. Bi-hourly Shower Rates in Sidereal ‘Time 


(a) Counter separation 150 m 
Time 00 02 04 06 08 10 12, 14 16 18 20 22 
Rate 0-493 0-458 0-487 0-425 0-486 0-455 0-414 0-489 0-443 0-481 0-446 0-448 
S.D. 0-027 0-027 0-028 0-026 0-028 0-027 0:026 0-028 0:027 0-028 0-027 0:027 


(6) Counter separation 300 m 


Dime 00 02 04 06 08 10 12 14 16 18 20 Mp) 
Rate 0-043 0-038 0-047 0-051 0-046 0-049 0:054 0-053 0-043 0-053 0-043 0-052 
S.D. 0:006 0-006 0-006 0:006 0-006 0-006 0-007 0-007 0-006 0:006 0-007 0-006 


S.D.=standard deviation. 


Table 5. Amplitudes of Sidereal Daily Variation 


Energy (ev) SCO Sale ee 
Counter separation (metres) 150 300 
._ { Amplitude (°%) ile) 7°5(4) 
a harmonic probability ; 0-7 0:2 
2nd harmonic “Amplitude (%) P20) 2) 
‘Probability 0-8 0-8 
Number of showers 3414 711 


evidence for a sidereal daily variation greater than the statistical uncertainties. 
Expressed as standard deviations these amount to 2:5°, and 6% at energies of 
2 x 1016 and 101” ev respectively. 


§ 5. CONCLUSIONS 


The frequency of air showers has been measured using counter sets separated 
by 150 and 300m. No statistically significant variation in intensity over the 
sidereal day has been detected and it is concluded that there is no evidence for 
any anisotropy of the primary radiation greater than 2:5°, at energies of 2 x 10! ev 
and 6%, at energies of 10!’ ev. 

There is no significant variation in intensity over the solar day for showers 
of 2x 10" ev, but there appears to be a variation at 10!’ ev with an amplitude of 
19%. ‘This variation could be a statistical fluctuation but it seems more likely 
that it is either a genuine effect or an undetected instrumental defect although 
none of the tests described earlier in the paper revealed the presence of spurious 
counts which could account for the variation. 

There is no @ priori reason tor expecting a solar variation at these energies 
since it is highly improbable that daily atmospheric pressure or temperature 
changes could be responsible for so large a variation in shower frequency. ‘The 
terrestrial atmosphere apart, only two other mechanisms have been suggested 
whereby the intensity of primary cosmic ray particles of this energy could 
conceivably be influenced by the Sun. There is the possibility of radiation 
by the primary particles in the solar magnetic field (Pomeranchuk 1940, Blackett 
1947) or of the photo-disintegration by solar photons of heavy nuclei of high 
energy (Zatsepin 1951). However, neither of these processes would appear 
to be capable of accounting for so large a variation and in the absence of independent 


confirmation we must conclude that the reality of the solar daily variation is in 
doubt, 
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Abstract. The y-ray beam was incident normally on Ilford G5 nuclear research 
emulsions, and events occurring in the emulsion were studied. ‘The events 
have been analysed, and particular attention paid to interactions in which charged 
mesons leave tracks of length greater than 1-5 mm at right angles to the y-ray 
beam. About 50°, of the observed photo-mesons are not accompanied by 
visible nuclear disintegration ‘stars’. The energy spectrum of the emulsion 
photo-mesons has been measured. ‘lhe ratio of stars to mesons is found to be 
11-4:1. These results are all consistent with a theoretical model proposed by 
Butler, in which meson production is considered to take place preferentially 
on the surface of atomic nuclei. Several high-energy electrons and electron-pairs 
moving at right angles to the y-ray beam have been observed, and are accounted 
for. 

The observed cross section for the production of stars with three or more 
prongs is 2:9 x 10-27cm? nucleus~'Q~1 in agreement with the result of Miller 
and disagreement with that of Kikuchi. The relation of these results tc 
observations of the electromagnetic excitation of nuclei by fast charged particles 
is considered. 


§ 1. INTRODUCTION 


HE production of charged z-mesons by photons was discovered by 

McMillan, Peterson and White (1949) who used carbon absorbers. The 

observations of these workers have since been extended by many others. 
Mozley (1951) and Littauer and Walker (1951) showed that the cross section 
for 7-meson production varied as A, where A is the atomic number of the 
parent nucleus, and Steinberger and Bishop (1952) determined the energy and 
angular distributions of the mesons produced in carbon and hydrogen. 

Another feature of the interaction of photons with atomic nuclei is the 
production of nuclear disintegrations or ‘stars’. ‘These were investigated by 
Kikuchi (1952) and by Miller (1951) whose values for the cross section for the 
production of ‘stars’ by photons were in disagreement. 

From 1949 onwards, my colleagues and I have made a series of observations 
of the nuclear interactions of the penetrating cosmic radiation observed at great 
depths below ground. It was found possible to explain the main features of these 
observations in terms of the nuclear excitations produced by the virtual photons 
of the .-mesons assumed to form the penetrating component at these underground 


depths. 
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This directed my attention to the need for further investigations of some aspects 
of the photo-nuclear effects in order to obtain a better understanding of the 
underground observations. In particular, no observations had been reported 
on the events occurring when photons produce mesons in complex nuclei. 

In order to analyse such events, and also to decide between the two discordant 
results on photo-‘star’ production, nuclear research emulsions were exposed 
to high-energy gamma rays. The observations made in these emulsions are 
reported in this paper. 


§ 2. EXPERIMENTAL 

Ilford G5 nuclear research emulsions, 2004 thick, were exposed with their 
planes perpendicular to the bremsstrahlung y-ray beam of the Cornell University 
electron synchrotron, which was operated at an energy of 315 Mev. ‘The energy 
distribution of the y-rays was approximately of the form dE/E up to 315 Mev, 
and zero thereafter. The arrangement of equipment during the exposure is 
shown in figure 1. The dimensions of the plates were 3 in. x 1 in., but the area 
exposed along the centre line of the plate to the y-ray beam was 15mm x 8mm. 


Target SS oF 
———— 70cm fe 150cm t— |8cm——— 32 cm ——4¢——- 30 cm ——>x— 20cm —> 
— cane Broom Magnet 
® 7 3 kilogauss | _18 kilogauss ] 
Aaa 0.004i A Plate 
0:002in.Al 
Synchrot 


Figure 1. General arrangement during exposure. 


Each area received a flux of 1-45 x 108Q and there were twelve areas in all. Qs 
the number of equivalent quanta in the beam, defined as the energy flux divided 
by the maximum energy. The exposed areas were examined using x 45 
oil-immersion objectives. In the first two areas searched the following events 
were noted: (a) all tracks starting in the emulsion, whether in stars or starting as 
single tracks in the emulsion whatever their length, (6) all single tracks passing 
through the emulsion whose projected lengths were greater than 1-5mm. Onall 
tracks longer than 1-5 mm, whether straight through or starting in the emulsion, 
measurements were made of the grain density and mean angle of multiple scattering 
by the Bristol method (Fowler 1950). In this way, the particles responsible 
for the tracks were identified as electron, light meson, or proton or deuteron. 

In the two areas scanned exhaustively, some 800 ‘stars’ with three or more 
prongs and about 400 long straight-through tracks were obtained, as well as 
20 mesons starting in the emulsion. It took eight months to scan one small 
area. The number of stars and straight tracks obtained was thought to be 
sufficiently large to be representative. In order to improve the statistics on the 
mesons starting in the emulsion, the remaining areas were searched specifically 
for such events; the stars without long mesons and the background tracks were 
not recorded. In this way a further 80 meson tracks starting in the emulsion 
and with length greater than 1-5mm were found. ‘The searching time was SIX 


weeks per area. 
8-2 
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The cosmic-ray contribution to the events observed was determined by 
examining a plate from the same batch which had the same history except that 
it was not exposed to the y-ray beam. ‘The emulsions were manufactured on 
10th November 1953, exposed on 9th December 1953, processed the next day 
at Ithaca and sent to Sydney for examination. 


§ 3. ResuLTS--GENERAL 


The results for the tracks in the background plate are plotted out in figure 2 (a) 
and for an equal area of y-ray plate in figure 2(b). ‘The results for all the tracks 
observed in this investigation are given in figure 2(c). “The curves drawn in these 
figures are the theoretical curves for ionization density given by the Bethe-Bloch 
theory, modified at high energies to allow for polarization. The plateau value 
of grain density was determined by averaging the value for several electron 
tracks. 'The value so found was 240 grains per millimetre. In drawing the 
theoretical curves, the magnitude of the increase in grain density from the 
minimum to the plateau value was taken to be 10°, the mean of the values 
reported by Daniel et al. (1952) and Stiller and Shapiro (1953). 

From the comparison of equal areas in figure 2 (a) and (6) the separation between 
cosmic-ray tracks and machine tracks is seen to be almost complete. Of the 
50 cosmic-ray tracks, 49 have grain densities very close to the plateau value while 
one has a value 1:5 times plateau. In the same area of y-ray plate, 140 tracks 
were found of which 100 had grain densities more than 1-2 times plateau value. 
The remaining 40 were all close to minimum and were clearly either cosmic-ray 
electrons or fast p-mesons of energies greater than the upper limit of the 
synchrotron. Similarly, in equal areas, 120 stars were found in the y-ray plates, 
and none in the control plate. Thus we conclude that the cosmic-ray effects are 
easily distinguishable in the y-ray plates, and that the error introduced by the 
cosmic-ray background is negligible. 


§ 4. ResuLTs ON PHoTO-MESONS 


In this section we discuss the results obtained from all tracks longer than 
1-5 mm starting in the emulsion which were classified as meson-tracks from 
their values of grain density and multiple scattering. From the thickness of the 
emulsion and the minimum track-length required, it follows that our observations 
refer to mesons emitted at 90+5° to the y-ray beam. At least one half of the 


photo-mesons produced started all alone in the emulsion, unaccompanied by 
any other visible tracks. 


4.1. The Distribution in Prong-number of the Stars accompanying Meson Production 


The number and energies of the slow, heavy tracks accompanying meson 
production were noted. ‘The energies were determined from grain or gap counts 
depending on the grain density. ‘The energy measurements are reported in §5. 
The frequency distribution of the star prong-numbers is given in figure 3. 
A striking feature of these observations is the relatively large number, 50°%, of 
events with zero prongs, characteristic of low values of nuclear excitation 
(Le:Couteur 1950)1952); 

In his analysis of nuclear photo-disintegrations, Kikuchi (1952) reported the 
occasional occurrence of meson production unaccompanied by stars. However, 
Kikuchi did not make any systematic survey of these events. The present 
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work confirms the events reported by Kikuchi and makes a systematic study 
of them. For comparison, the prong distribution for the stars initiated by 
45 Mev protons reported by Hodgson (1953) have been included in figure 3. 
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Figure 2(a). g plotted against 199 for tracks in control plate. 
Left-hand curve, 7; right-hand curve, P. 
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Figure 2 (+). g plotted against a9, for an area of y-ray plate equal to that in figure 2 (a). 
Left-hand curve, 7; right-hand curve, P. 
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Figure 2 (c). g plotted against a190 for all tracks in y-ray plates. 
Left-hand curve, 7; right-hand curve, P. 
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The two distributions are seen to exhibit the same general features. The 
significance of these results will be discussed later in S7. 
4.2. The Energy Spectrum of the Produced Mesons 
The multiple scattering angle of a track gives the value of pB of the particle 
from which the energy may be determined. ‘The energy spectrum of the mesons 
accompanied by visible stars at production is shown in figure 4 (a), and that for 
mesons unaccompanied by stars is shown in figure 4 (b). As there is no significant 
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Figure 3. Prong distribution for stars. (a2) Associated with photo mesons. 
(6) Produced by 45 Mev protons. 
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Figure 4(a). Energy spectrum of photo-mesons associated with visible stars. 
Figure 4 (6). Energy spectrum of photo-mesons not associated with visible stars. 
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Figure 4(c). Energy spectrum of all 7-meson tracks together. 


Nuclear Interactions of Energetic y-Rays LTS 


difference between these histograms, the two sets of results have been lumped 
together and are shown in figure 4(c). From the 423 dependence of the cross 
section for meson production, it follows that 80° of the observed mesons will 
have come from the silver (4=108) and bromine (4 =80) in the emulsion. 
The results of figure 4 (c) may therefore be taken as referring to medium heavy 
nuclei (4 = 90). The only other materials in which the spectrum has been measured 
are carbon and hydrogen. ‘The results for these elements are also given in 
figure 4 (c) for comparison (McMillan, Peterson and White 1949, Steinberger 
and Bishop 1952). As the atomic number of the target material is increased, 
the energy spectrum of the produced mesons appears to get narrower, and the 
energy at the maximum appears to move to lower values. 

For each of the three energy spectra of figure 4 (c), the width at half-height I 
and the energy at the maximum intensity Emax were determined. The results 
are given in table 1. From the last line of table 1, it is seen that the ratio of 
half-width to mode is substantially independent of atomic number. 


Table 1. Energy Distribution of Photo-Mesons 


A 1 (2) 90 
T'(mev) 79 57 38 
Eynax(MeV) 67 SP 55 

Una 1:18 1-10 1-09 


$5. RESULTS ON NUCLEAR DISINTEGRATIONS 


In this section we present the results of measurements on the nuclear 
disintegrations observed in the first two areas which were searched completely. 


5.1. The Absolute Value of the Cross Section for Production of ‘ Stars’ 

In the two areas searched, the number of stars 7 with three or more prongs 
was 817. ‘The average cross section o for the nuclear emulsion was found from 
the formula 

GON = He) Tl eee Se greece (1) 

where N is the number of emulsion nuclei per cm?, excluding hydrogen, and O 
is defined in§2. For the conditions of the exposure O = 2-9 x 108, N=9-88 x 102° 
giving 

G=2 Orem micleuss 20, 20) 1 Feet (2) 
Previously, very comparable figures have been given by Miller (1951) and Kikuchi. 
Their corresponding results were: Miller, 2:6x10-?7, and Kikuchi, 
6-210 "tem? nucleus +O. 

Thus the present figure seems to be in agreement with the result of Miller 
and in disagreement with that of Kikuchi. 


5.2. Relative Frequency of Stars to Mesons 

From figure 2(c), it will be seen that all machine-produced tracks with a grain 
density less than 500 per millimetre were L-mesons or electrons. | In one of the 
arcas completely searched, the grain densities in all the tracks originating from 
stars was measured, and all those with grain density less than 500 mm! were 
classed as 7-mesons, as no electrons originated in nuclear disintegrations. In this 
way 22 mesons originating in stars were recorded. It is obvious from figure 2 () 
that some 15°%, of the 7-mesons have a grain density greater than 500mm", 
and would not have been recorded by the previous method. However, such 
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meson tracks are easily identified in view of their excessive scattering. Five 
additional 7-mesons from stars with g>500 mm“ were identified by inspection, 
making a total of 27 mesons from stars in the same area in which 410 stars with 
three or more prongs were found. From the results of § 4.1 we know that there 
would have been an equal number of mesons not associated with stars, making 
a total of 54 z-mesons in all. 

At excitation energies around 200 Mev, the work of Gardner and Peterson 
(1949) and of Bernardini and Levy (1951) has shown that two-thirds of the stars 
have three or more heavy prongs, and that this fraction does not vary rapidly 
with energy. Therefore, for events produced by photons above the meson- 
producing energy threshold, the ratio 

All visible stars 1-5 x 410 
Mesons produced  —_ 54 


This parameter turns out to be an important one for comparison with theory. 


The comparison is made in §7 


== 


5.3. Energy Measurements on the Visible Tracks accompanying Meson Production 

The energies of the tracks in the visible stars were measured by grain or 
gap-counting, depending on the grain density. ‘The visible kinetic energies 
released in the meson-associated ‘stars’ found in this way varied from 5 Mev 
to 23 mev, the mean value being 13 Mev. 


§ 6. RESULTS OF OBSERVATIONS ON ELECTRON ‘TRACKS 


From figure 2(c) it will be observed that there were many tracks of low 
momentum and low grain density. These were classified as electron tracks. 
In all the y-ray plates, twenty-three electron tracks longer than 15mm were 
observed to start in the emulsion, whereas, in the control plates, no electrons 
starting in the emulsion were observed. These electron tracks, starting almost 
at right angles to direction of the y-rays were an unexpected aspect of the 
observations, and their main features will be reported. ‘Ten of the electron 
tracks started in electron pairs, the other thirteen started alone in the emulsion. 

The total energies of the electron pairs, determined from scattering measure- 
ments on each track, or, in one case, from the angle between them when one track 
was too short to measure were: 66, 89, 92, 118 and 172 Mev, the mean value 
being 107 Mev. ‘The energy distribution of the single electrons is shown in table 2. 


Table 2 


Energy interval (Mev) 10-20 20-30 30-40 40-50 50-60 
Number observed 6 1 3 ey) {| 


It follows from the Bethe—Heitler formula for pairs, and the Klein—Nishina 
formula, that these pairs and single electrons could not be produced by the main 
stream of y-rays perpendicular to the emulsion plane, but rather from a flux 
of y-rays lying almost in the plane of the emulsion. 

Also, because of the energies involved, it is unlikely that a fraction of the 
original beam could be deflected through 90°. 

On the other hand, we know that there is a substantial flux of charged 7-mesons 
in the plane of the emulsion, to wit, those starting in stars, those starting alone 
and those passing straight through from glass to surface as mentioned in §3. 
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Now, the cross section for the production of neutral z-mesons is known to be 
about one half of the value for charged 7-mesons. The neutral z-mesons decay 
immediately into two photons and therefore we must expect a path-length of 
y-Tays arising from 7°-decay approximately equal to that of the charged 7-mesons. 
The total path-length of charged mesons of length greater than 1-5 mm was 
+1-6cm. ‘The theoretical value for the mean free path for pair-production in 
the emulsion is 5-75cm at 100 Mev. Thus, it follows that 41-6/5-75 =7-2 pairs 
will be expected satisfying the length criterion. ‘The number observed, 5, is 
in sufficiently good agreement to, justify the interpretation of the emulsion-plane 
y-rays as arising from the decay of 7°-mesons produced by the main y-ray beam. 

Since the Klein—Nishina cross section varies approximately inversely as the 
energy, the Compton recoils will arise, in general, from photons of lower energy 
than the pairsdo. ‘The mean free path in emulsion for the production of Compton 
recoil electrons is about 5 cm in the energy region 10-20 Mev. ‘Thus the number 
of single electron tracks starting in the emulsion should be comparable with the 
number of pairs. The actual numbers were 13 single electrons as against 
5 pairs. The difference hardly seems worth worrying about. Both the single 
electrons and the electron pairs seem to be adequately explained in terms of 
photons moving in the plane of the emulsion, these photons arising from the 
decay of the neutral photo-mesons produced by the bremsstrahlung beam. 


§ 7. DISCUSSION 


The main experimental results arising from this investigation are as follows: 
(a) about one half of the photo-mesons are not accompanied by any visible nuclear 
disintegration, (b) the energy spectrum of the mesons from heavy nuclei like 
silver and bromine reaches its maximum at lower energies than that of mesons 
produced from carbon and from hydrogen, (c) the cross section for the production 
of stars with three or more prongs is 2:9 x 10-?’cm? nucleus 1Q-4, and (d) for 
events produced by photons above the meson-production threshold, the ratio 
of the frequency of stars to that of mesons is 11-4. These results will now be 
discussed in greater detail. 

7.1. Photo-Mesons 


(a) Relative frequency of isolated mesons. 

Photo-meson production in complex nuclei is usually interpreted using the 
optical model (Brueckner, Serber and Watson 1951). On this model, the 
nucleus is regarded as a sphere possessing a refractive index and an attenuation 
constant. The attenuation constant is usually expressed in terms of A,, the mean 
free path for the absorption of z-mesons in nuclear matter. The value of A, 
is known to depend on the z-meson energy (Tenney and Tinlot 1953) varying 
from 22 x 10-3 cm at 10 Mev to about 4 x 10° cm at 80 Mev. From figure 2 (c), 
it is seen that energies in the region 30 to 50 Mev are the important ones in our 
present consideration, and we have assumed A,=const.=4x 10-2 em: “or. 
8x 10-3cem. The results turn out to be not critically dependent on the value of 
X,, (Reff 1954). 

It was pointed out by Butler (1952) that the well-known A? dependence 
of the photo-meson cross section on atomic number 4 could not be explained 
on the optical model if it was assumed that all nucleons contributed equally to 
meson production, and the measured values of A, were inserted in the calculation. 
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This led Butler to postulate that mesons were produced preferentially on the 
surface, meson production in the nuclear core being suppressed by some such 
mechanism as that proposed by Wilson (1951). Wilson postulated that a photo- 
meson produced in the core is immediately reabsorbed by its parent nucleon 
and another nucleon with which it is interacting at that moment. ‘The relevant 
calculations to be compared with the observations reported in this paper have 
accordingly been performed both for the optical model and for the Butler model 
of surface production. 

In the primary act, the production of a meson in the field of a nucleon, the 
nucleon recoils with an energy which depends on the angle and energy of the 
produced meson. For the brenisstrahlung spectrum under consideration, the 
average energy of the nucleon is close to 40 Mev, and according to Serber (1947) 
the mean free path for absorption at this energy is An=2-1 x 10°¥cm. he 
probability of escape of a particle produced at an arbitrary point inside a nucleus 
of radius R has been given by Brueckner, Serber and Watson (1951) as 


; 1 1 1 
f= 3/5, “pair is (1 be" ae (3) 
where x=2R/A. 

This has been evaluated separately for the nucleon and the meson, using the 
stated values of A for the emulsion nuclei C, N, O, Ag and Br. The results have 
been averaged over the emulsion constituents to give the average probabilities 
of escape of nucleons fy and mesons f,. From these figures the probability of 


both escaping, one or other escaping or both being absorbed have been calculated. 


Table 3. Summary of Calculations on Photo-Meson Production 


Occurrence Appearance Probability 
Optical model Butler model 
N= NO" win 4 8 4 8 
1. Meson and nucleon escape Isolated meson track 0-16 0-20 0-09 0-09 
without interaction, nucleon 
as neutron 
2. Meson escapes, nucleon ab- Isolated meson track 0-18 0-23 0-27 0-30 


sorbed 


3. Meson escapes, nucleon ab- Meson emerging from 


sorbed star 0-16 0-20 0-24 0-25 
4. Meson and nucleon escape Meson emerging from 
without interaction, nucleon star with one heavy 
as proton prong 0-16 0-20— 0:09 0:09 
5. Meson absorbed, nucleon Star without meson 0:16 0-08 0-19 0-13 
escapes 
6. Meson and nucleon ab- Star without meson 0-18 0-08 0-13 0-10 
sorbed 


The results of these calculations are given in table 3. It will be noted that six 
different possibilities are considered in table 3, whereas only four different 
occurrences are possible. ‘The reason for this is that two of the occurrences 
can each appear in two different forms in the emulsion. For example, if the 
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meson escapes and the nucleon is absorbed, there may or may not be a visible 
star since the nuclear excitation will be quite low, of order 40Mey. Stars produced 
in emulsion by 45 Mey protons have been studied by Hodgson. From his results 
it follows that at this excitation only 47°% of the nuclear interactions result in 
visible stars, in the remaining 53°, only neutrons are emitted. Rows 2 and 3 
take into account these two possibilities. Similarly, if both meson and nucleon 
escape, then in 50%, of the cases the nucleon will be neutral and hence invisible 
(row 1) while for the remainder it will be a proton and hence classified as a star 
(row 4). 

For the Butler model, the geometrical averaging was found to be more difficult 
and recourse was made to an analogue computer. A ball of plasticine was made 
and two needles representing the nucleon and meson meeting at the surface 
at the appropriate angle for photo-meson production were inserted, and the 
path-lengths read off. ‘This was repeated for many orientations of the nucleon— 
meson plane, and for 25 different positions on the surface. ‘The results were 
further averaged over the emulsion nuclei by the use of scale factors. In this 
way the probabilities were calculated for the Butler model, the results being 
given in the last two columns of table 2. 

From these individual probabilities, we can calculate probabilities to be 
compared with the observations. In particular, the ratio of stars with mesons 
to isolated meson tracks is given by {rows 3 plus 4}/{rows 1 plus 2}. The 
results are given in table 4 together with the experimental figure. 


Table 4. Ratio of Mesons accompanied by Stars to Mesons 
not accompanied by Stars 


Optical model Butler model Observed 
A, (cm) A Ome Onl ans ZNO Ia 
Ratio 0-94 0-93 0-92 0:88 1:0+ 0-1 


The results are seen to be extremely insensitive to the value of A,, and the 
predictions of both models are consistent with observation. ‘Thus, this particular 
parameter is no help in deciding between the two models. 

If the meson escapes, then the energy of the recoil nucleon is about 40 Mev. 
It is of interest to compare the prong distribution of the meson associated stars 
with that for the stars produced by 45 Mev protons (Hodgson 1953). Hodgson’s 
results are drawn for comparison in figure 3. ‘The two distributions are seen 
to be in reasonable agreement. ‘The only serious discrepancy occurs for Nn= 1, 
but there should be an excess in the photo-meson stars precisely at this point 
on account of those cases where both 7-mesons and nucleon escape, the nucleon 
in proton form (row 4, table 3). ‘The large number of photo-meson tracks which 
are not associated with visible stars is thus simply explained in terms of the 
relatively large probability of pure neutron emission at the low value of 40 Mev 
for the corresponding excitation. 

Other effects that could contribute to the ‘starless’ meson events are the 
production of 7*-mesons on the hydrogen in the emulsion, and the sudden 
disappearance of 7-mesons in flight through the emulsion. ‘The production 
in hydrogen can be evaluated from the known A®® dependence of the photo-meson 
cross section and it turns out that between I and 2 of the 50 ‘starless’ mesons 
may be attributed to hydrogen. The effect of the sudden stops is less, since 
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Bernardini, Booth and Lederman (1951) have shown that the mean free path 
in emulsion for stopping is of the order of 200cm at 30-50 Mev. Since the 
total path-length of background meson track is 41-6 cm, this means that the 
probable number of events due to stopping is of the order of 0-2. 

Similarly, interactions of the background 7-mesons resulting in stars would 
have been classified as meson production accompanied by a star. Again, the 
mean free path for this process is given by Bernardini et al. (1951) as 57 cm for 
z+ and 43cm for 7 indicating that about one of the fifty star-accompanied meson 
productions may be an interaction due to an incoming 7-meson. ‘This is further 
supported by the low mean energy (13 Mev) of the stars accompanying meson 
production. A significant number of 7-meson produced stars would certainly 
have pushed this up to a much higher value. 


(b) Energy spectrum of photo-mesons. 


The problem we must now consider is the following: given that the spectrum 
of the photo-mesons from free nucleons is as indicated in curve H in figure 4 (c), 
how can we account for the observed squeezing up of the spectrum to lower 
energies with increasing atomic number of the target nuclei? 

One factor that might come into play is the variation with energy of the mean 
free path for absorption of z-mesons in nuclear matter. Recent measurements 
have been summarized by Tenney and Tinlot (1953), who show that A, decreases 
monotonically from a value of about 22 x 10-18. cm at 10 Mev to about 4 x 10°’ cm 
at 100mev. This will clearly favour the escape of low-energy mesons, thus 
weighting the spectrum for complex nuclei in the desired direction. However, 
on working out the spectrum expected from heavy nuclei like silver and bromine, 
taking into account only the energy dependence of A,, the resulting curve, while 
quite different from the hydrogen spectrum, was not in even approximate agree- 
ment with the observed spectrum. This suggested that some other factor must 
come into play. This additional factor is probably the internal motion of the 
nucleons. Henley and Huddlestone (1951) have already shown the importance 
of this factor by discussing the spectrum of mesons produced by protons incident 
on carbon nuclei. Best agreement was obtained assuming a gaussian energy 
distribution in nuclear matter, with the mean equal to 19-3 Mey. Following 
Henley and Huddlestone, the effect of internal motion has been evaluated, and 
the spectrum calculated when allowance is made both for the variation in A, 
and the effect of internal motion is shown in figure 4(c). The agreement is not 
perfect, but these two effects clearly go a long way to explain the observed spectrum. 
The calculations are only approximate and it would be necessary to do them more 
carefully before deciding whether the discrepancy occurring at high energies is 
significant or not. 

Other factors that could come in are emulsion distortion, the possibility of 
a systematic loss of high-energy tracks by the scanners and the slight difference 
in maximum energy of the y-rays used in determining the hydrogen spectrum 
(325 mev). ‘These are all thought to play a minor role for the following reasons: 
The emulsion distortion was measured by Major’s method (Major 1952). The 
distortion vector was found to be 10 for the 200-micron plates corresponding to 
a distortion of 250 covans. ‘This is negligible for tracks of 80 to 100 Mev, in fact 
many cosmic-ray tracks of much higher energy were observed, the maximum 
energy measured being 5-3Gev. Since the scanners picked up about the right 
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number of Compton electrons, which were of course at minimum ionization, 
the possibility of a serious loss of meson tracks around 80 Mev corresponding to 
a grain density 1-15 gijatean May be discounted. The difference in energies of 
the two beams is only 10 Mev, and any modification of the spectrum could only 


amount to a shift of 10 Mev at the upper end of the spectrum, and to a smaller shift 
at lower energies. 


7.2. Photonuclear Disintegration ‘ Stars’ 
(a) Absolute cross section for star production. 

The absolute cross section obtained here for stars with three or more prongs 
is 2-9 x 10°*7cm* nucleus 1Q"1, where the value of Q is simply the total energy 
in the beam divided by the maximum energy. The result is in good agreement 
with the value of Miller, 2-6 x 10-2%cm?nucleus-!, when allowance is made for 
the fact that Miller used C2 plates which are not sensitive to tracks at minimum 
ionization. Page (1950) has compared the frequency of cosmic-ray stars in 
G5 and C2 emulsions, and finds the ratio to be 1-1. A corresponding correction 
of 10°, applied to Miller’s result would bring it into excellent agreement with the 
value obtained here. The discrepancy with Kikuchi’s figure has already been 
noted by Kikuchi (1952) and attributed by him to errors in the calibration of the 
y-ray beam in the determination of the value of QO. Kukuchi’s and the present 
value were obtained using the same y-ray beam from the same synchrotron. 

The cross section may also be given per nucleon. Multiplying the answer 
by 1-5, as before, in order to extrapolate for the inclusion of one- and two-pronged 
stars, we obtained for the cross section for the production of stars by photons 
im tne-rance 150 to 315 Mev: c=0°955 10 “'cm* nucleon +O 4 Of interest 
in the application of this result 1s the cross section per photon, not the cross section 
per Q. Since the bremsstrahlung energy distribution is very closely OdE/E, 
the number of photons in the interval 150 to 315 Mev is O log, (315/150) =0-7250. 
Thus the photonuclear cross section obtained here may also be expressed as 


g=1°3>¢10=em* nucleon quantum =o. \ 9 esse. (4) 


in the energy interval 150>£>315 mev. 


(b) Relative frequency of stars to mesons. 


Above the photo-meson threshold, the ratio of visible stars to mesons was 
found to be 11:4: 1. This is not inconsistent with Kikuchi’s figure for the ratio 
of three-pronged stars to mesons starting in stars which was 16 (Kikuchi 1952). 
My figure for this same ratio is 15 but in obtaining the figure quoted (1.c. 11-4) 
all the mesons found starting in the emulsion alone have been included, and so 
has the factor for one- and two-pronged stars, since this is the figure that must 
be compared with theoretical prediction. For the optical model the figure is 
found from table 2 by taking all the star events (rows, 3, 4, 5 and 6) and dividing 
by all the meson events (rows 1, 2, 3 and 4). Further, one must increase the 
numerator by 50% to allow for the effect of the neutral 7-mesons, which will 
of course contribute to star production, if re-absorbed, but will not leave visible 
meson tracks. The figure of 50°, comes from the known ratio of the photo- 
production cross sections for charged and neutral mesons (Silverman and Stearns 
1952, Steinberger and Bishop 1952), and also from cosmic-ray data (Carlson, 
Hooper and King 1950). The results of this calculation are given in table 5. 
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On the Butler model one proceeds slightly differently. ‘he nucleus is 
divided into two parts—a core region in which photon absorption in the energy 
interval 150-315 Mev always results in a nuclear disintegration with no free meson 
production, and a surface region in which the nucleons may be treated as if they 


are free. 
Table 5. Ratio of Stars to Mesons 
Optical model Butler model Observed 
A. (cm) eel mee Sol Ome 4.10718 Sal Omens 
Ratio les) 1-0 15 9-6 11-4 


Of the mesons produced at the nuclear surface, approximately 50% are 
re-absorbed and 50% escape as free mesons. 

For the nuclei in question, the ratio of the number of nucleons in the core 
to those in the surface is 4: 1 (Butler, private communication) and hence it follows 
that the relative probabilities of a photon interacting in the core and surface 
are in the same ratio. ‘This means that the ratio of stars from charged meson 
re-absorption to free charged mesons is approximately 8:1 and multiplying by 
1:5 for neutral 7-mesons, the final ratio becomes approximately 12:1. The 
results of a more detailed calculation for the usual values of A, are given in table 5. 

It will be seen from table 5 that the theoretical results based on the optical 
model are lower than the observed value by an order of magnitude, whereas 
the values based on the Butler model are close to the observed value. 


7.3. Bearing on Electromagnetic Nuclear Interactions observed below Ground 


In this section the present results will be briefly related to underground 
observations of the nuclear interactions of the penetrating component of the 
cosmic radiation. ‘These have been summarized by George (1952). The 
underground observations were interpreted in terms of the nuclear interactions 
of the virtual photons associated with the Coulomb charge of these fast particles, 
following Williams and von Weizsacker. One parameter that has to be inserted 
in the calculations is the value of the cross section for star production by photons. 
The value that I had used previously, based on the work of Miller, was 
o,,=10-%%cm?nucleon!. It was found that the observed cross sections were 
all some 30 to 40% larger than the calculated values. It is seen that using the 
value given in equation (4) this discrepancy is now largely removed. 

Finally, the large number of events (50%) in which photo-mesons are not 
accompanied by heavy evaporation tracks means that there could have been 
a loss of up to 50° of events in the underground emulsions in which fast -mesons 
create 7-mesons via their virtual photons, since only events associated with heavy 
tracks were searched for. The final figure of George and Evans (1955) for shower 
production by fast yz-mesons is (1:7+0:3) x 10°-%°cm*nucleon!. If we now 
double this figure to allow for the cases where the ‘stars’ were invisible, we get 
as the upper limit for shower production the value (3-4 + 0-6) x 10-° cm? nucleon}. 
This means that it is not possible to explain in terms of nuclear electromagnetic 
interactions the large cross section (~5 x 10-?®cm?nucleon-!) at one time 
reported for the production of penetrating secondary particles (A.P.P.) under- 
ground by fast u-mesons (Braddick, Nash and Wolfendale 1951, George, Redding 
and ‘Trent 1953). Later work has shown this cross section to have been 
over-estimated (Braddick and Leontic 1954). ‘The present work, while showing 
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that the total cross section for the production of secondary 7-mesons by fast 
-mesons may be higher than that determined from the underground emulsion 
work, it certainly cannot be larger than by a factor two. The increased value 
of 3-4 x 10°-8°cm? nucleon! is consistent with the latest cloud-chamber data of 
Braddick and Leontic, whose cross section for the nuclear interaction of cosmic 
rays underground is 3:2 + 1:8 x 10-3°cm?2 nucleon"1. 


§ 8. CONCLUSIONS 

The following conclusions have been drawn from the observations reported 
in this paper: 

(i) Some 50°, of the photo-mesons produced by bremsstrahlung photons 
in the energy range 150 to 315 Mev are not accompanied by visible nuclear 
disintegration ‘stars’. | 

(ii) ‘Phe energy spectrum of the photo-mesons, produced mostly in Ag and Br 
is bunched up to lower energies compared with that of mesons produced in C or H. 

(1) In the y-ray energy range 150 to 315 mev, the ratio of stars to mesons 
produced by the bremsstrahlung y-ray beam is 11-4: 1. 

(iv) In the same energy range, the mean value of the photo-nuclear cross 
section is 1:3 x 10°-*8cm? nucleon"! quantum~!. ‘The observed cross section for 
the production of stars with three or more prongs is 2-9 x 10-2’ cm? nucleus! Q-}, 
in agreement with Miller’s value and disagreeing with that of Kikuchi. 

(v) The observed electrons and electron pairs travelling at right angles to the 
main y-ray beam can be explained in terms of y-rays arising from the decay of 
neutral photo-mesons produced by the main beam. 

(vi) The observed photo-meson spectrum can be explained in terms of 
combined effects of internal motion of nucleons in the parent nucleus, and of the 
energy dependence of the mean free path for absorption of 7-mesons in nuclear 
matter. 

(vii) The fraction of mesons not accompanied by visible stars and the ratio 
of stars to mesons can both be explained on the Butler model, whereas only the 
former result can be explained on the optical model. 

(viii) The cross section in (iv) above is in good agreement with the value 
required to account for underground observations of electromagnetic interactions 
of fast u-mesons. 

(ix) The large fraction of mesons escaping unaccompanied by other 
visible tracks makes it possible that the previously reported figure of 
1-7 x 10-8 cm? nucleon! for the cross section for underground shower production 
should be raised to 3-4 x 10°-3°cm? nucleon !. 
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The Polarization of y-Radiation from the Reactions 
“Alp, y)*Si, **Mg(p, y)’7Al, **Na(p, y)*Mg 
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Abstract. Measurements of the polarization of some of the high energy y-rays 
from the reactions *‘Al(p, y)**Si, **Mg(p, y)?"Al and *3Na(p, y)24Mg have been 
made using nuclear emulsions impregnated with heavy water. The results 
obtained enable assignments of even parity to be made to the ground and first 
excited states of **Al and to the ground state of ?3Na. A range-energy relation 
for protons up to 5 Mev in wet emulsions is given in an appendix. 


§ 1. INTRODUCTION 

HE photodisintegration of deuterium provides a useful method of studying 

the polarization of y-rays which have an energy greater than about 5 Mev, 

whereas the Compton effect is rather insensitive to polarization at such 
energies. For y-rays with energies in the range 5-50Mev the disintegration 
takes place almost entirely by an electric dipole mechanism (Bethe 1947, p. 56). 
Bethe and Bacher (1936) have calculated the azimuthal angular distribution of the 
ejected photoprotons which, for plane polarized radiation, is of the form cos? %, 
where ¢ is the azimuthal angle of the ejected photoproton, measured with respect 
to the direction of the electric vector of the y-ray. ‘The form of this distribution 
has been confirmed experimentally by Wilkinson (1952), and the effect has been 
used to measure the polarization of the y-rays from the reaction F(p, y)??Ne 
(Fagg and Hanna 1953), and the polarization of the y-ray beam from a betatron 
(Phillips 1953, Tzara 1954, Muirhead and Mather 1954). 

The present paper describes measurements of the polarization of y-rays 
from the reactions ?’Al(p,y)*8Si, "*Mg(p,y)?’Al, and ?%Na(p,y)*4Mg, using 
nuclear emulsions impregnated with heavy water. ‘The results enable assign- 
ments of parity to be made to the ground states of ?‘Al and *Na which are in 
agreement with the predictions of the shell model. A measurement of the 
polarization of the 7-6Mev y-ray from the reaction **Mg(p,y)“Al* enables an 
assignment of even parity to be made to the first excited level of the ‘Al nucleus. 

The results for the reaction ?’Al(p, y)?8Si have already been briefly reported 
in this journal (Hughes and Grant 1954). 


§ 2. EXPERIMENTAL PROCEDURE 

The reactions were produced using the resolved proton beam from the 
Glasgow H.T. set. 

Ilford G5 nuclear emulsions, usually 300 but also 400 in thickness, were 
used throughout the series of exposures. G5 rather than C2 emulsions were 
chosen in order to give well-defined tracks in the swollen emulsion and also since, 
in the long exposures required, it was important to avoid fading of the tracks. 
The density of background grains was not high when the plates were screened 
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against soft x-rays. "I'he method of introducing the heavy water into the emulsion 
was to place a plate, cut to Lin. x 1-5in,, in a Perspex box, insert a U-shaped 
glass spacer to prevent the emulsion resting against the inside of the box, and then 
to add sufficient water to cover the plate. Four plates were exposed 
simultaneously, three in heavy, and one in ordinary water. Preliminary 
measurements showed that swelling virtually ceased after immersion for fifteen 
hours if the temperature was maintained below 18°c or 19°c; at least this length 
of time was, therefore, allowed to elapse between immersion and exposure. 

The Perspex boxes were held in a container which fitted round the target 
in such a way that the y-rays at 90° to the proton beam were incident normally 
at the centre of the plates. A shield of gin. copper was effective in stopping 
soft x-rays from the target from blackening the plates. In later exposures the 
temperature of the container was held constant to within one centigrade degree 
with a consequent improvement in the energy resolution of the photoprotons. 

Since the u.T. set is frequently used to accelerate deuterons, the accelerating 
tube and the resolving chamber tend to become contaminated with deuterium. 
This gives rise to a background of knock-on protons produced by neutrons 
from the reaction 2H(d,n)’He. ‘The emulsion impregnated with ordinary 
water is, however, an extremely efficient detector of neutrons since, with the 
swellings normally used, it contains about eight times as much hydrogen per 
square centimetre of surface area as does an emulsion impregnated with heavy 
water. 

Targets were made by condensing a suitable vapour upon a brass or copper 
backing. ‘Io produce targets of Al, pure aluminium vapour was condensed 
upon brass. For the targets of *Na, sodium chloride was normally used, but 
in the last exposure it was replaced by sodium sulphate. The targets of sodium 
sulphate lasted better under bombardment and are less likely to contain fluorine 
as an impurity. For the ?°Mg(p, y)?“Al reaction, targets of the separated isotope 
were obtained from the Atomic Energy Research Establishment, Harwell. 
All the targets were of such a thickness that only one resonance could be excited. 
A modification during later exposures was to heat the target electrically to about 
230°c. This proved completely effective in preventing the deposition of carbon 
on the target. 

The proton beam current was normally about 40a, and the exposures were 
made for about 20 hours. The results for y-rays from the bombardment of 
27 A] and 26Mg were obtained from one exposure for each element, but the results 
quoted for 3Na represent the data from four exposures. 

An area of about 4:5 cm2, centred on the level of the target and clear of the 
edges, was scanned on each plate. Only tracks which started and ended in the 
emulsion and which had a dip of less than 45° in the unprocessed emulsion were 
accepted for measurement. The length of each track was calculated from 
measurements of its horizontal and vertical projections. ‘The azimuthal angle 
of ejection 4, of each photoproton was measured with respect to the direction 
of the beam of protons incident on the target. 

The plates were processed in two ways; by the normal temperature develop- 
ment method using amidol as the developing agent (Dainton, Gattiker and 
Lock 1951), and by a modification of the hydroquinone-pyrogallol development 
suggested by Bonnet (1954). The second method proved the more satisfactory 
giving well-defined tracks with a low density of background grains. This 
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developer appears, however, to deteriorate rapidly, and it was found necessary 
to make up and cool the solutions quickly immediately prior to use. The 
development was carried out on a hot plate at 25°c for 45 minutes. 


§ 3. RESULTS 
The range distributions of the photo-protons for each of the reactions studied 
are shown in figure 1. In the distributions for the reactions 27 Al(p, v)?8Si and 
“°Na(p, y)?4Mg tracks with a length less than 80 have not been included. The 


No | : AL (p,x) Si 
10 - ai 


300 
* mq (p,x) AL 


Subtracted Background 
Calcwlated peak shapes 


) 50 100 150 200 250 300 
R(y) 
Figure 1. Range distributions in emulsions impregnated with heavy water of photo-protons 
ejected by (a) 7-5 Mev and 10-4 Mev y-rays from the reaction ?’Al(p, y)®8Si, (6) 
7-6 Mev and 8-6 Mev y-rays from the reaction **Mg(p, y)?7Al, (c) 7:2 Mev, 8:1 Mev 
and 10-8 Mev y-rays from the reaction ?*Na(p, y)?4Mg, (0) also shows peaks corres- 
ponding to the 6:04 mev and 8-78 mev a-particles from thorium. 


distribution for the reaction **Mg(p, y)?’Al shows two prominent peaks in the 
region 25. to 80. ‘These peaks are also present in the distributions for the 
other reactions when measurements of the range are extended to this region. 
Tracks of this range are also observed in plates soaked in ordinary and heavy 
water, but not exposed to y-radiation. Since the track of an «-particle is indistin- 
guishable from that of a proton in a swollen G5 emulsion, they are assumed to arise 
from a contamination of thorium, and the observed ranges correspond to the 
6:04 Mev «-particle from thorium A, and the 8-78 Mev «-particle from thorium C. 

The resolution of the peaks in the range distributions is influenced by the 
following effects: (a) Observational and microscope errors in track measurement, 
including the uncertainty in fixing the end points of a track: It is estimated that 
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such errors are responsible for a maximum spread of about 15 in the range 
distribution. (b) Changes in the swelling of the emulsion produced by 
temperature variations during the exposure: During the exposure to y-rays 
from the bombardment of 27Al the temperature varied by as much as seven 
centigrade degrees. In the exposure to y-rays from the bombardment of **Mg 
and the later exposures to y-rays from the *Na(p, y)*4Mg reaction the temperature 
was held constant to within one centigrade degree. (c) ‘The dependence of the 
energy of the photo-proton on the angle it makes with the incident y-ray: This 
effect accounts for most of the spread in peaks due to y-rays with an energy of 
7:5 mev or greater. The expected shapes of the photo-proton peaks have been 
calculated taking only this effect into account, and are shown by broken lines 
superimposed upon the distributions in figure 1 

Evidence of a background of knock-on protons, produced by neutrons from 
the reaction 2H(d,n)?He was obtained from the plates loaded with ordinary 
water in two of the exposures to y-rays from the bombardment of Na. Almost 
all the background tracks had a length less than 150 u and completely masked the 
peaks corresponding to the 7:8 and 8-1 Mev y-rays. Thus, whereas the 10-8 Mev 
peak for the y-ray from the bombardment of sodium represents tracks from four 
exposures the 7-0 Mev and 8-1 Mev peaks for y-rays from this reaction represent 
tracks from only the two exposures free from background and are normalized 
to the remainder of the distribution. An additional spurious background appears 
to be present in the distribution associated with this reaction. 

The measured angular distributions of the photoproton tracks from each 
of the peaks are shown in table 1. The distribution of the continuous spurious 
background has been subtracted in the distributions shown for the *8Na(p, y)*#Mg 
reaction. 

Gibson et ai. (1952) have given a range-energy relation for protons in wet 
emulsions for a limited range of energies and swellings. A range-energy curve 
close to this, but extrapolated over a greater range of values, was found to fit 
all the peaks of energy known from scintillation counter measurements. Details 
of this relation are given in an appendix. 


§ 4. DiscUSSION 


Hamilton (1948) has derived relations between the coefficients of the angular 
correlation for a cascade of two successive y-rays and the degree of elliptical 
polarization of one of them. ‘The theory is directly applicable to the case of 
absorption of a particle by the nucleus and the subsequent emission of a y-ray 
if the coefficients of the angular correlation for the y-y cascade are replaced by the 
coefficients of the polar angular distribution of the emitted y-rays with respect 
to the direction of the incident particle beam. The polarization may be described 
in terms of R, the ratio of the intensity of radiation, plane polarized in the plane 
of the incident proton and the emitted y-ray, to the intensity of radiation plane 
polarized at right angles to this plane. If the polar angular distribution is of the 
form 

1+a,cos?6+a,cos*#+..., 
then Hamilton has shown that for electric dipole radiation 


1- > 20 Le 9 
+ A, COS rd Ay for 6=90° 


R= 
l+a, l+a, 


129 


rom various Reactions 


f y-Radiation f 


Polarization 0 


peuludajapuyy 
peuruaiajapu py, 
Yee G I 


D111 99/4] 
peuluitozapuyc) 


peuluiajapup 
III] 4] 


JUDLUUBISSY 


sAvi-4 Aq wintaynag WUO1} p 


cl IE O| Ot LI Gi 
oC OC ell i,\} OC EC 
OS cr ve re Gi OS 
CO c9 Ne ce a) +6 

co Ly Sy cy Le S 
SFL C81 CC CC CST mal! 
SIG L906 9 FI VNC L989 TS 
006-09 .09-0€ .O0€-0 006-09 .09-0€ .O€-0 

uoleipes uoneiIpes 
o}ouseu Surunsse 911}99]9 Suruunsse 
UOTNIAYSIp uONNGIySIp 
Arpndue payypnojey JeInsue pazepno[eo 


at ¥rOL S+ZI Ge 
a tLe $+0C L+6I I-8 
GUC 2696. 1h = Oe 8-0] 
9+8E SFr 6 +88 9+L 
Cr CS cS 9-8 
v+9I CFIC $+ +8] GuZ 
§$+9C 9+5¢ L+6+ F-OT 
06-09 .09-0€ .06=0 
(ASIN) 
worn aysip AS19uUa 
Ivponsur pornsroayy Any-d 


SUOTeIANp ptepurys JI UMOYS SIOIIO oY T, 


BTA pe(“ ‘d)eNneg PUL TV i2(4 ‘A)BIATgg ‘IS go (A ' ATW 2g SUOTORIY 9YI Woy 


9y00f9 suojoid- “WOU JO SUOTNGLASICT 4v 


josuy le YINWIzy poqeypnoyey pur PotNsea Ay 


SIN p2(4 ‘dene: 


Viz(4 ‘d)31Aloz 


IGeq (4 ‘OiVie 


UOTOvAY 


Vesey, 


130 I. S. Hughes and D. Sinclair 


and for magnetic dipole radiation 
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and the inverse for magnetic quadrupole radiation. ‘Thus if the polar angular 
distribution of the y-rays is known the polarization may be predicted as having 
one of two complementary forms. The azimuthal angular distributions of the 
photo-protons are then given in terms of R by the expression 1 +(R—1)cos’¢. 

The azimuthal angular distributions of the photo-proton tracks were calculated 
from the polar angular distributions of the corresponding y-rays measured by 
Rutherglen et al. (1954) for the reaction ?*Al(p, y)*Si, Grant et al. (1955) for the 
reaction 23Na(p,y)4Mg, and Rutherglen, Deuchars and Wallace (private 
communication) for the reaction **Mg(p,y)”"Al. ‘These calculated values are 
shown in table 1, together with the measured distributions. ‘The measured 
distributions can be accounted for by these calculations in all cases except for 
the 10-8 mev y-ray from the reaction 2Na(p, y)**Mg, and, where an assignment 
of the nature of the radiation had been possible, the distributions are shown in 
figures, Sand 4. 


7] = Ai(p, 5) St 


10 + 


5 60 30 
$ (degrees) 


Figure 2. Azimuthal angular distribution of photo-protons ejected by the 10-4 Mev y-ray 
from the reaction 2?Al(p, y)*8Si. The errors indicated in this and the following 
figures are standard deviations. The continuous and broken lines represent the 
calculated distributions assuming electric dipole and magnetic dipole radiations 
respectively. 


§ 5. Pariry ASSIGNMENTS 


For all three of the reactions the gamma rays which have been studied are 
anisotropic. Since the resonance energy is in no case sufficiently high to make 
it likely that d-wave protons are responsible for the reaction, we may therefore 
assume that all the reactions are due to p-wave protons. ‘lhe polar angular 
distribution measurements of Rutherglen et al. (1954), Grant et al. (1955) and 
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Rutherglen, Deuchars and Wallace (private communication) indicate a dipole 
transition, and the present measurements an electric rather than a magnetic 
radiation, in each case. Thus each reaction involves a double change of parity 


and therefore the parity of the ground state of the initial nucleus and of the final 
excited state of the product nucleus will be the same. 
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Figure 3. Azimuthal angular distri- 
bution of photo-protons ejected 
by the 7-6 Mev y-ray from the 
reaction *®Meg(p, y)?‘Al. 


Figure 4. Azimuthal angular distri- 
bution of photo-protons ejected 
by the 10-8 Mev y-ray from the 
reaction **Na(p, y)?4Mg. 


We shall now consider each of the reactions in detail. 
27 Al(p, y)8Si; 652 keV resonance. The 10-5Mev y-ray from the reaction 


arises from a dipole transition between the 12-23 Mev and the 1-8 Mev levels in 
#8Si (Rutherglen et al. 1954) (figure 5). At the 404 kev resonance in this reaction 


10-5 X_ 
Very Weak, x - 


Figure 5. 
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Rutherglen ef al. have shown that there is no z-particle emission to the ground 
state of 24Mg which has spin zero with even parity. Since anisotropic y-rays 
are emitted at this resonance it must, therefore, have spin and parity 2-, 4 or 
1+, 3+ according as the ground state parity of *‘Al is even or odd. No ground 
state transition and only a very weak transition to the first excited state at 1-8 Mev 
is observed and so J =4- or 3+ is assigned to the excited state formed at this 
resonance. Since the 404kev resonance produces very little y-radiation to the 
1-8 mev excited level in 28Si this level is unlikely to have J greater than 2 with even 
parity. Rutherglen et al. have given reasons for neglecting J=1. The 
assignment of /=2+ is consistent with all the data on y-ray intensities. ‘Thus, 
from the argument presented above, we may assign even parity to the ground 
state of 27Al in agreement with the prediction of the shell model. 

26Me(p,y)27Al; 339 keV resonance. Since 26M is an even—even nucleus, 
we may assume that it has even parity in its ground state. The 7-6 Mev y-ray 
results principally from a dipole transition between the 8:5 Mev level and the 
0-84 ev level, the first excited state in 7“Al (Rutherglen e¢ al., private 
communication). ‘Thus we assign even parity to the first excited state of ?’Al. 
‘This result is in agreement with the indications from other sources (Daniel et al. 
LOS): 

3Na(p, y)24Mg; 593 keV resonance. ‘The 10-8mev y-ray in this reaction 
arises from a dipole transition between the 12-27 Mev and the 1-38 Mev levels 
in 4Meg, (Grant et al. 1955), and the 1:38 Mev level is known to have spin and 


Io, 
parity 2' (cf. Endt and Kluyver 1954). We may therefore assign even parity 
to the ground state of 23Na. ‘This is again in agreement with the accepted 
assignment. 


It has not been found possible to explain the discrepancy between the 
measured angular distribution for the photo-protons produced by the 10-8 Mev 
y-ray from 23Na and the distribution as calculated from the polar angular distribu- 
tion of the y-ray. The difficulty may arise, in part, from the very low y-ray yield 
in this reaction and the consequent increase in the importance of background 
effects. 

The results indicate, in general, that the present method ts an effective and 
comparatively rapid method of measuring the polarization of y-rays having a 
moderate or high intensity, and with an energy above about 7 Mev, and hence 
of assigning the parities of the ground and excited states of nuclei. 


ACKNOWLEDGMENTS 


‘The authors wish to thank Dr. P. J. Grant, who suggested these experiments, 
for invaluable assistance and advice, and also Dr. J. G. Rutherglen, Mr. A. Ward, 
and the other members of the H.'T’. set group for considerable help during the 
exposures. We are also particularly grateful to Dr. H. Muirhead for his advice 
and supervision during the course of this work, and to Professor P. I. Dee for 
his interest and encouragement. Lastly we wish to thank Miss W. Green and 
Miss M. McCann for their assistance with the measurements. One of us(I. S. H.) 
is grateful to the University of Glasgow for the award of a studentship, and one 
(D. 5.) to the Department of Scientific and Industrial Research for the award of 
a maintenance grant. 


Polarization of y-Radiation from various Reactions 133 
APPEN DEX 


RaNGE-ENERGY RELATION FOR PROTONS IN AN EMULSION IMPREGNATED WITH 
WATER 

Several authors have reported measurements and calculations bearing on the 
range-energy relation for protons in nuclear emulsions containing different 
amounts of ordinary and heavy water. ‘These results do not show complete 
agreement. ‘The present experiment involved the measurement of the ranges of 
photoprotons ejected from deuterium, in an emulsion impregnated with heavy 
water, by y-rays of accurately known energy. 

Measurements were made of the range of photo-protons ejected from deuterium 
by y-rays of 10-8 Mev, 8-09 Mev, and 7-01 Mev from the reaction 23Na(p, y)24Mg 
and of 7-6Mey from the reaction **Mg(p, y)?’Al. The protons ejected at 90° to 
the incident y-ray therefore have energies of 4:3 Mev, 2-93 Mev, 2:39 Mev and 
2:7Mev. ‘The y-ray energies are based on scintillation counter measurements 
(Flack, Rutherglen and Grant 1954, Rutherglen, Deuchars and Wallace, private 
communication) and are thought to be accurate to within 1°. The ranges 
corresponding to the centre of peaks in the range—energy spectrum have a probable 
error of about +2 or 3. 

The amount of water in the emulsion is specified by the ‘swelling factor’ 
C, where C is the ratio of the thickness of the swollen emulsion to the thickness 
of the original dry emulsion. It is assumed that the volume of water and emulsion 
add without any overall change in density. C was determined by a series of 
measurements made at specified points on the emulsion using a cover plate and 
a micrometer screw gauge. The values obtained for C have a probable error 
of about +4°,. 

The results are presented in table 2 in which the calculated values of Gibson 
et al. (1952) and of Krohn and Schrader (1952) are shown for comparison. ‘Those 
obtained from the present work have been extrapolated from 4-3 Mev to 5 Mev 
and from 2-39 Mev to 2 Mev for convenience of presentation. 


Table 2. Ranges (microns) 


Energy C8 (Ca 3-3, C— 355 

(Mey) (1) (2) (3) oy (2) 8) @) (2) @) 
y LO OS aye COM SS ao 64 59 57 
3 AREY ey 105 Pik abit OS Dy ily 
4, 185 — 172 1909 — 179 197 — 185 
5 263 — 254 269 — 265 284 — 277 


(1) Present work; (2) Gibson ef al.; (3) Krohn and Schrader. 


Gibson et al. (1952) have also measured the range of 2-0 Mev and ZA. Mev 
protons in an emulsion having C=3-94 and find close agreement with their 
own calculated curve. Hough (1950) has measured the range of 2:0 Mev and 
2:4 Mev protons in an emulsion having C=3-85 and obtains values in precise 
agreement with the present work. Goldhaber (1951) has measured the range of 
protons of the same energies with a swelling factor C= 1-7 and obtains values in 
rough agreement with an extrapolation of the present work although a detailed 
comparison is not possible since the present measurements only extend down 
to C=2:8. Waftler and Younis (1°49) have’ measured ranges at a number of 
proton energies, but obtain values considerably larger than those of other workers. 
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Abstract. Calculations have been carried out of the energy and angular 
distribution of the electrons produced in the process of pair production by incident 
quanta using Born’s approximation and assuming different forms for the distribu- 
‘tion of electric charge on the nucleus. 

‘The etfect of the finite charge distribution is large for large angle pairs produced 
by quanta of energy above 20 Mev, but there are only small differences between 
the effects to be expected for different distributions. 


§ 1. INTRODUCTION 
HE finite extension of the nuclear charge distribution will influence 
the cross section for the production of electron pairs by y-rays and a rough 
estimate of the magnitude of this effect made by Hough (1948) showed 
that it can become large if one member of the pair is emitted at a comparatively 
large angle to the direction of the incident quantum. In view of the possibility 
of the detection of this effect owing to the development of high energy electron 
accelerators, the previous calculations of the effect of finite nuclear size on 
bremsstrahlung production (Biel and Burhop 1955, to be referred to as I) have 
been extended to the discussion of pair production. 


§ 2. "THEORY 
As in the case of the bremsstrahlung calculation, Born’s approximation has 
been used. The effect of the finite extension of the nuclear charge is then 
represented by multiplying the Bethe—Heitler formula for the differential cross 
section for pair production by y-rays incident on a point charge (Heitler 
1954, p. 257) by a quantity | F(q) |? where q is the magnitude of the momentum 


transmitted to the nucleus and 


co SINK? , 
p(r) rdr 
0 hi KY 


< 4a 
F(q)= 7, | 
is the form factor for a nucleus of charge Z, and is determined by the distribution 
of nuclear charge density p(7), and kh =q. 
Three forms of nuclear charge distribution have been used in the present 
calculation, viz. 
(i) Uniform spherical nucleus : 


p=; rene 
R=1-20 x 10-® Al? cm. 
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(ii) Uniform spherical shell of radius R=0-924 x 10-84*? cm. 
(iii) Uniform spherical nucleus with exponential fall-off near boundary (two 
parameter distribution) : 
p=Ppo 1<R; 
p= poexP t= (ars) Ry}, 7>R; 
R=0-995 x 10-3412 cm ; 
Ry R= is 

The expressions for F(q) in these cases are given in I. 

These values of the radii are chosen as those which best fit the data on the 
elastic scattering of 16 Mev electrons in the case of (i) and (ii) while (111) is chosen 
to fit the data on high energy elastic scattering by gold as well. 

The differential cross section for pair production in which the electron is 
ejected in a direction 6_ to the incident quantum per unit solid angle and per unit 
energy range of the electron, was calculated by integrating the modified Bethe— 
Heitler formula over the angles @,, 4. which specify the direction of ejection of the 
positron. 


§ 3. ANGULAR DISTRIBUTION OF THE ELECTRONS OF THE PAIR 


The integrations that have to be performed are of the same type as those 
in the earlier bremsstrahlung calculation. If k, E,, E~ are respectively the 
energies (in units of mc?) of the incident quantum and of the positron and electron, 
and if p,, p. are the momenta of the positron and the electron (in units of mc), 
the approximation £,,E£.>1 has been made so that the relations #,=),, 
E_=p. can be used. Writing y=E,/E_, o={y*+4(1+y) sin? 46_}4/2 the cross 
section d®_ for pair production in which the electron is ejected in a solid angle dw_ 
in a direction making an angle 6_ to the direction of the incident quantum and 
having energy between E_ and E_+dE_ is obtained in the following form: 

L77 dasd ie E +y)C? ch 2yk ( 2kRS ) 
137 he Se 1+y 7(1+y) 


: RR Za RR ae 
ae 0 Ot + ho = 
es ( ai = B aa ai =) Is 


ta5( eV hte( aie ) at | States (1) 


where 7, = e2/mc?, the classical electron radius, 7.= /me, the Compton wavelength, 
C=cosi@_, S=sini6_, F is the form factor defined above, «1, %, %3, %4 are 
constants which depend on the shape of the nuclear charge distribution and 
whose values for the charge distributions assumed in this calculation have been 
given in paper I, and the quantities f take the following forms: 


A 1 2\ 2 255) 2_9 


aoe 


Sa 494 S2 

gyal y2SP hy), 2 Sear Cay 

8S e J 2035? o+y 
: 8yC2 Qy(1+y)(y +28? 
Aas + yin +4 2 — ee 
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6 256y 
te (33 + 64y + 57,2 + 24y3 + 4y4) S24 = (15 —2y?— 6y3 — 2y4),94 
~ 128y gebruik 
3 * (30-+9y—12y2-22y9)S8 (2) 


The quantities /).../, can in fact be obtained from the quantities h,...h, of the 
bremsstrahlung calculation by replacing y by —y throughout. At high energies 
and provided y is not too small the terms involving the /’s in (1) can be neglected 
in comparison with the first term inside the square bracket. In these circumstances 
the effect of the finite size connection is simply to multiply the point nucleus 
cross section by F{2RRS/r.(1+y)}. 


§ 4. NUMERICAL CALCULATIONS 
‘The quantities f are given in the table for a series of values of y and @_. From 
these quantities the distribution in angle and energy of the ejected electron for 
incident quanta of any energy can be readily obtained by calculating In {2yk/(1+y)} 
and using equation (1) with the appropriate values of «1, %, #3, «4, aS given in 


table 1 of paper I. 


6_ iY fo ti te ts ue 
10 0-2 —o/43 % 0? — 939010 2°848 x 10 5:536 08726 
0-5 EOI NO a sexes SONY) 1-8265 x10? 9-188 x 10 5°747 x 10 
1-0 2) S000 10 — 1-1 S510 1:1013 X10 1:6946x10° 3:649x10° 
2-0 —1-0199 x10 —2-486x10? 1-0724x10* 6:009x10* 4-873 x 105 
5-0 —9-360x10® —3-:990x10® 3:-444«10° 1:1638x10" 5-816x108 
10-0 4-854 108 202205108 e335 108 7S a0 Se 2O aT 
15)" OZ; = Seyler O- 0:2497 OS 93P a0 mort 06 1:2676 
es) —1-6552 x 103? —1:3348 x10 9:157x10 6:272x10 4-656x10 
1-0 —4'-339'x 10° AIDS) Sos WO Oils <n Ail Osc ioe 
2-0 —1:985x10* —9-434x10 4-888x10® 2-898x10* 2-388 x 10° 
5-0 —1-837x10® —1-650310? 1:5476x10® 5:316x10® 2-655 x108 
10-0 = 9-537 10° — 839910“ 2°388 x 10° 3:224x 10° 6-434 % 10" 
20° 0-2 — 6-218 x 10 1°6262. 410 (28-2220 X10) ~ 57375 te Oe 
0°5 —4-006 x 10? 9-216 5-982 x 10 Soda WO ao SO) 
1:0 —1-2805 x 10° 12058510) 3-138 10? 6-511 X10? 16356 x 10# 
2-0 67152 x10" =3-732 x10) 927845. x%10° 1811 x 10° 1:524 10° 
5-0 —5-7570x10! —8-2934x%102 8-838x104 3:104x10* 1-549x108 
10-0 =:005.105) -— 4.260 10° 3061 10° 184910" 3:683 x10"? 
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By including terms up to /, it is possible to obtain the distribution of the 
ejected electrons in an angular range up to 120° for an incident quantum of energy 
50 Mev and up to 60° for an incident quantum of energy 100 Mev. 


§ 5. RESULTS OF THE CALCULATION 


Figures 1-3 show the effect of the nuclear charge distribution of the electrons 
on pairs produced by incident y-ray quanta of energy 10, 20, 50 and 100 Mev. 
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The effect consists of a marked decrease of the proportion of electrons ejected 
at a large angle. Since however the proportion of large angle pairs is so small 
this will be a difficult effect to measure although it should be possible with the 
incident gamma-ray intensities now available from electron accelerators. 
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Figure 1. Ratio of differential cross section for electron pair production to that from a 
point nucleus for different angles of emission of the electron. These curves refer to a 
uniform spherical distribution of charge for the case A =200, radius =1:2 « 10-¥ 418. 
Rk is the incident gamma-ray energy and y=—the ratio of the positron to electron 
energy. At these energies the curves are insensitive to the detailed shape of the 
charge distribution. 
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Figure 2. Ratio of differential cross section for electron pair production to that from a 
point nucleus for different angles of emission of the electron. A, spherical charge 
distribution; B, spherical shell; C, two-parameter distribution. Curves A, B, and 
C are indistinguishable for (c), (e) and (f). 
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Figure 3. Ratio of differential cross section to that for a point nucleus. ‘The markings 
on the curve have the same meaning as for figure 2. 


Unfortunately however the differences between the form of distribution 
to be expected for the different assumed forms of the charge distribution are so 
small that it will scarcely be possible to use this method to obtain any more 
detailed information about the nuclear charge distribution than can be obtained 
from a study of the elastic scattering of fast electrons. 
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Abstract. ‘The scattering of fast electrons with a mean energy of 13-5 Mev has 
been investigated. Approximately 3000 stereoscopic pairs of photographs were 
obtained with a Wilson cloud chamber filled with xenon and helium using a 
20 Mev betatron as the source of high energy electrons. A total length of 
corrected track of 1270 metres yielded 318 scatters greater than 5°. Comparison 
of these results with the Rutherford scattering gives a ratio which varies from 
unity at 0° to a maximum of 1-6 between 20° and 30°. An inverse square law 
dependence of scattering with energy is found. General agreement, within the 
statistical limits of the experiment, is obtained with the theoretical cross sections 
of Curr, McKinley and Feshbach, and Bartlett and Watson. 


§ 1. INTRODUCTION 


ITHIN the last two decades a considerable amount of experimental 

data on the scattering of electrons in gases has become available. 

Perhaps the most noticeable feature about all these results is the 
considerable disagreement between the separate experiments and also the 
variance with theory. Some of these discrepancies may be due, partially, to 
poor statistical accuracy, but it seems that some of the difficulties are purely 
experimental. An extensive survey of the situation up to 1945 has been given 
by Randels, Chao and Crane (1945) who came to the conclusion that the very 
large discrepancies which appeared in some of the earlier work are not significant. 
They find that for scattering in various gases the ratio of the experimental to 
the theoretical scattering cross sections for the angular intervals of 25°-35°, 
35°-45° and 45°-55° is 1-2, 1-45 and 1-25 respectively. Champion and Roy 
(1948), and Sigrist (1943) suggest that the electron scattering at large angles 
agrees well with calculation. On the other hand Alichanian, Alichanow and 
Weissenberg (1945) and Bothe (1949) report disagreement with theory. An 
automatic cloud chamber was used by Howatson and Atkinson (1951) to study 
the nuclear scattering of positrons and electrons (energy approximately 1 Mev) 
in argon and they found the ratio experiment/theory to be 1-02 for electrons 
and ()-92 for positrons. 

Other investigators such as Van de Graaff et al. (1946) and Beuchner 
et al. (1947) have avoided some of the difficulties by confining themselves to 
scattering in metallic foils, the scattered particles being detected by means of 
‘onization chambers or counters. More recently a very elegant experiment 


studying the nuclear scattering of 15-7 Mev electrons in foils has been described 
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by Lyman, Hanson and Scott (1951). They find that the results are in good 
agreement with theory if the nuclear charge is assumed to be distributed 
uniformly throughout the nucleus. Scattering in foils up to 150 Mev has been 
investigated by Hofstadter, Fechter and McIntyre (1953). Although the cloud 
chamber method cannot hope to compete in statistical accuracy with counter 
experiments it possesses certain important advantages. For instance, scattering 
in gases can be investigated and there is no need to apply the Wentzel (1922) 
criterion for scattering. Each scatter can be assumed to be single as each track 
can be observed, and there is little likelihood of confusion with background 
effects. Some of the discrepancies in the cloud chamber method are undoubtedly 
due to difficulties in sampling the gas in the chamber and in measuring the 
absolute angle of scattering. ‘Techniques have been developed by the authors 
in an attempt to overcome some of these problems and it is the purpose of this 
paper to describe work which extends the previous cloud chamber work to 
higher energies. 


§ 2. EXPERIMENTAL ARRANGEMENT 


A 20mev betatron was used as the source of high-energy electrons. The 
accelerated particles were scattered out of the doughnut by means of a target 
welded to the end of the electron gun. The fast electrons were deflected to one 
side by the stray betatron guide field and were collimated into a narrow beam 
by a series of lead bricks and finally directed into the cloud chamber by a 
magnetic channel. This allowed electrons with energies from 10 to 18 Mev to 
enter the chamber. The bremsstrahlung beam which comes out of the betatron 
in the forward direction was blocked off. In order to reduce the stray x-ray 
background to a workable limit an 8-foot thick wall of barytes concrete bricks 
was constructed between the betatron and the chamber. The cloud chamber 
was 28 cm diameter by 8 cm deep and was mounted between a pair of Helmholtz 
coils, each coil consisting of a series arrangement of three flat ‘pancakes’ made 
of in. wide by 0-032 in. thick copper strip, insulated with varnished paper. 
The coils were energized from the 500 volt, 60 amp d.c. mains and produced 
a magnetic field of 1200 oersteds in the median plane of the chamber. ‘This field 
was uniform to within 2°, across the sensitive volume of the chamber. 

The system used for recording the tracks was similar to the one described 
by Allen et al. (1953). Briefly, it consists of two 35 mm cameras mounted as 
a stereoscopic pair on an accurately machined support. Visual observations 
were made at intervals during a series of photographs to check the track quality. 
The importance of good track quality cannot be over-emphasized since scatters 
can easily be missed if the tracks are diffuse. ‘The light source consisted of two 
flash tubes type LSD 15 and cylindrical glass lenses mounted on opposite sides 
of the chamber. ‘The beam of light was restricted to a depth of 4-5 cm by a 
system of slits and sufficient light was available for photography with a lens 
aperture of F/4. The film was located by means of a fiduciary line etched on 
the glass clamping plate in the camera. 

In all cloud chamber experiments the gas filling must be chosen so that there 
is a good yield of large angle deflections but that the measurement of angle and 
curvature of the tracks is not seriously affected by multiple scattering. The 
chamber filling used in this experiment was approximately 20°, xenon and 
80°, helium, which introduced a multiple scattering error of less than 10°. 


The Scattering of Fast Charged Particles: I 143 


The gas mixture was contained in a 2 litre reservoir and could be transferred to 
the chamber with a glass Téppler pump. Before filling, the chamber was 
evacuated to remove traces of air. The alcohol—water mixture was introduced 
via a liquid trap. For cleaning purposes the complete filling could be quickly 
transferred to the reservoir. 

The concentration of xenon in the chamber was checked every few days by 
analysing a small gas sample with a mass spectrometer (Type M.S. 3). It was 
found that the relative proportions of each gas remained practically constant 
over a considerable period. By using this sampling method the contents of the 
chamber could be determined with an accuracy to one per cent. This method 
was adopted since the estimation of the concentration of the scattering gas is 
liable to be in error if pressure measurements alone are used. 

The betatron and cloud chamber cycle was as follows: (a) The betatron 
magnet was energized and the x-ray output obtained by switching on the injector 
gun filament, all the other controls having been set previously at their optimum 
position. (5) The expander modulator was switched off by a single shot control 
circuit. (c) The cloud chamber magnetic field was switched on. (d) The cloud 
chamber was triggered. (e) The expander modulator was pulsed. (f) The 
magnetic field and the betatron were switched off. (g) The film was advanced 
in each camera. (h) The chamber was cleaned by several slow expansions. After 
each cleaning cycle the cloud chamber was allowed one minute waiting time to 
return to thermal equilibrium. ‘This process was assisted by a water-cooled 
metal pad attached to the outside wall of the chamber. The complete cycle was 
repeated every two minutes and it was found possible to take up to 150 photographs 
ina day. ‘To avoid overheating the chamber and consequent thermal distortion, 
it was necessary to cool the magnetic field coils with forced air. ‘The power 
consumption of these coils was 30 kilowatts. 


§ 3. ANALYSIS OF THE PHOTOGRAPHS 


In order to avoid any errors due to optical distortion, the films were re- 
projected through the stereoscopic pair of cameras used for taking the photographs. 
They were mounted on a vertical stand in a position identical to that which they 
occupied during photography. ‘The images of the tracks were projected on a 
white plastic screen mounted on a ball and socket joint. This joint could be 
magnetically clamped at the required angle of tilt. ‘The reprojection system 
was illuminated from a high pressure mercury lamp. ‘This served both cameras 
by means of a suitable arrangement of mirrors and condenser lenses. ‘The 
illumination was sufficient to permit scanning of tracks in a normally lit room 
provided no stray light was allowed to fall on the projection table. ine apparent 
brightness of the stereoscopic images could be increased by viewing successively 
each member of a pair. A rotating disc which allowed alternate images to be 
projected was fitted below the cameras. When the speed of rotation of the disc 
was correctly adjusted very little flicker was observed and it was easy to detect 
non-coincidence of the stereoscopic images. ‘To increase the rate of scanning 
a duplicate projector was used. The optical system of the second projector 
was carefully compared with the first and no detectable differences were observed. 

Unless a rigid set of rules for track acceptance is adopted, considerable errors 
are likely to arise. The first requisite for satisfactory scanning is that only sharply 
defined tracks with a minimum of distortion should be accepted. ‘his criterion 

TO—2 


144 K. R. Allen, M. M. Lipsicas, D. Major and K. Phillips 


is difficult to apply and becomes a matter of personal judgment since the observer 
tends to accept bad track quality when confronted by a large angle scatter. The 
following additional rules were also applied. (i) Only scatters which occurred 
at a distance greater than 5 cm from the edge of the chamber were accepted. 
Although this rule reduced the total track length it avoided the difficulty of 
measuring the true scattering angle and energy on a portion of track less than 
5 cm in length. It also eliminated effects due to thermal distortion which often 
occurs at the edge of the chamber. (ii) Accepted tracks had to show no sign 
of distortion, whether due to local alpha particles or thermal distortion. ‘This 
distortion could be detected by observing the shape of adjacent tracks and 
could be readily distinguished from true scattering. (iii) All tracks had to appear 
on both members of a stereoscopic pair of photographs. (iv) Only tracks within 
the radius limits of 30 to 50cm were accepted. (v) Scatters observed to be 
less than 5° were rejected. 

The photographs were projected to normal size and the tracks observed 
stereoscopically. The length of track was measured with a map measurer and 
the curvature obtained by fitting arcs of circles inscribed on thin Perspex sheets. 
All the radii were measured in a plane perpendicular to the vertical component 
of the cloud chamber magnetic field. For convenience of handling, the measuring 
arcs were grouped on two separate 7 in. square sheets of Perspex, with arcs 
of 30 to 40 cm in 0-5 cm steps on one, and 40 to 50cm on the other. It was 
found that unless great care was taken an observer tended to weight the radii 
near the edge of each sheet, i.e. on the 30 to 40 cm sheet there was a tendency 
to read 40 cm rather than change to the other sheet. This would have introduced 
a peak in the energy distribution at 40 cm radius. 

The scattering angles were measured in three dimensions by means of a 
protractor system shown in figure 1. It consisted of a geometrical protractor, 
with a fixed orientation relative to the projector framework, which could be placed 
at any point on the projector table. The latter was tilted until the incident track 
was aligned stereoscopically. The best fitting arc was then adjusted to coincide 
with the track and the tangent to this was drawn, at the point of scatter, on the 
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Figure 1. The angle measuring apparatus showing the protractor and vertical scale 
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table. The horizontal projected angle between this tangent and a fixed 
horizontal line was then measured with the protractor. The angular tilt of the 
table along the tangent was also measured by means of the movable pointer and 
a vertical scale. ‘his procedure was repeated for the scattered portion of the 
track. ‘Thus for each scatter, three angles were measured—the projected 
scattering angle ©, and the two direction cosines of the tangents at the point 
of scatter. The true scattering angle could be determined from the spherical 
trigonometrical formula, 


cos@=cos Qcos¢,cos¢dy+sing, sind, seen (1) 
where @ is the true angle of scatter, Q is the projected angle of scatter, 4, is the 
angle between the tangent to the incident track at the point of scatter and the 
horizontal plane and ¢, is the corresponding angle for the scattered portion of 
the track. 

The accuracy of this method of measuring the true angle of scatter by different 
observers was checked by repeated measurements on the same scatter and the 
measured angle was found to agree in each case to within +0-5°. 

In order to correct the number of scatters observed, for those which are not 
measurable, it is necessary to know the illuminated depth of the chamber. The 
most satisfactory method was to take height measurements on the stereoscopic 
images of tracks in the chamber. ‘The apparatus used consisted of an arm pivoted 
over the projection table. A pointer could be moved to any position along the 
arm and the vertical height of the projection table could be measured on an 
attached scale. 

From a total number of 3000 stereoscopic pairs of photographs approximately 
3000 metres of electron track were scanned. This length reduced to 1270 metres 
when the 5 cm correction was applied to each track. A length-energy histogram 
is shown in figure 2 with a mean electron energy of 13-5mev. A total number 
of 318 scatters was observed in the angular interval from 5 to 80°. 
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Figure 2. Histogram of the electron track length plotted against the energy, indicating a 
mean energy of 13:5 Mev. 
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§ 4. CORRECTIONS AND ASSESSMENT OF EXPERIMENTAL ERRORS 


In an experiment of this type it is obvious that certain corrections must be 
applied to the results. One of the main objectives of the technique employed 
was to reduce the magnitude of the correction factors to a minimum. Corrections 
have been applied to take account of the following: (i) small angle scatters 
whose projected angle is less than 5°, (11) scatters which are not measurable due 
to the finite depth of illumination, (iii) effect of the partial pressure of the 
water-alcohol vapour on the xenon concentration measurement, (iv) effect of 
multiple scattering on angle and energy measurements. 

The minimum detectable angle of scatter was taken as 5°. Since a scatter 
whose true angle is greater than 5° may have a projected angle of less than 5° 
and is therefore rejected during scanning, a correction to allow for these scatters 
is estimated as follows. 

The distribution of the angle of tilt of the projection table is plotted in figure 3. 


Number of Tracks 
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Figure 3. Relation between the angle of tilt of the projection table and the number of 
tracks observed. 


Let ¢,’ be the angle of tilt to convert a 3° projected angle to a true angle between 
5° and 6°. 4,” is the angle of tilt to convert a 4° projected angle to between 5° 
and 6°. From equation (1), assuming ¢,—0 (since the incident beam of 
electrons was narrow and horizontal) and sing,sin¢,<1, cosd,=cos6)cos Q. 
By putting 6=5° and ()=3° a value of ¢,’ can be determined from the above 
expression. 4,” is similarly obtained by putting @=5° and Q=4°. 

It is assumed that all tracks accepted as coplanar were measured with an 
error of + 1 mm in the projection table tilt, this being the error in the estimation 
of the difference in the vertical positions of the tips of the pointers shown in 
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figure 1. The area B (figure 3) contains the numbers of scatters which are 
measured as coplanar to within +1 mm or 0-7° slope of the projection table. 

Referring to figure 3, 4N/B is the number of scatters which have a projected 
angle lying between 3° and 4° but a true angle between 5° and 6°. N is taken as 
the number of coplanar scatters observed between 5° and 6°. This fraction 
AN/B was summed for the angular interval 2°-5° for true angles from 5°-10°. 
It was found that few scatters with a projected angle of less than 5° contributed 
to the number above 8°. For projected angles between 5° and 8°, however, 
the correction factor is 1-84. 

Since the illuminated depth was restricted to 4-5 cm the number of measurable 
scatters was less than the number of scatters occurring within this depth. Some 
authors have taken this fact into consideration but the correction factors have 
been as high as 3. It was considered that some of these large corrections 
combined with poor statistics may have caused the large discrepancies previously 
observed. One way of reducing this correction is to use a narrow electron beam 
well within the limits of the illuminated region. This can be achieved by good 
collimation of the incident electrons. A method of checking the height of the 
electron beam has been described in §3 and a histogram of these measurements 
is shown in figure 4. From this it can be seen that the effective electron beam 
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Figure 4. Histogram of the number of tracks observed at specified levels within the 
illuminated depth of the cloud chamber. The broken line indicates the limits of the 
illuminated region. 


height is 1-2cm. The slight spread of the electron beam to 2 cm can be ascribed 
to multiple scattering in the chamber walls. The height correction factor is 
calculated in the Appendix. The depth of illumination was measured on steeply 
inclined cosmic-ray particles. This method is to be preferred to a geometrical 
measurement of height since it is directly dependent on the variation of scattered 
light intensity from droplets. 

In measuring the xenon concentration by a mass spectrometer no account 
was taken of the presence of water-alcohol vapour. ‘The vapour pressure of 
water-alcohol mixture at 18° was obtained from tables (Das Gupta and Ghosh 
1946), and was found to affect the scattering cross section by only 4%. Multiple 
scattering corrections have been discussed at length by Bethe (1946), and the 
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particular application to angle measurement has been dealt with by Randels, 
Chao and Crane (1945). These corrections have been kept below 10% by 
limiting the xenon content to less than 20%, of the total gas mixture. The bulk 
of the mixture was helium, whose contribution to multiple scattering is negligible. 

An overall check on the consistency of the scanning was made by counting 
the relative number of ogival and cusped scatters, as it is obvious that an equal 
number of both types of scatters should occur. In the present work, out of a 
sample of 178 scatters above 8°, 94 were ogival and 84 cusped giving a ratio of 
ogival to cusped scatters of almost unity. An observer might detect more cusped 
scatters than ogival particularly at small angles and the value of almost unity 
obtained lends support to the consistency of scanning. 


§ 5. Discussion OF THE RESULTS AND COMPARISON WITH "THEORY 


The theoretical cross section for Coulomb scattering from a point nucleus 
was originally given by Rutherford. ‘Taking into consideration the variation of 
mass with velocity we have the well-known equation 

Ze 2 \ 2 
= (sa) (1 — 8?) cosec* $0 

where op is the cross section, Z is the atomic number of the scattering element 
and m,, e are the mass and charge of the electron; f is the ratio of the velocity 
of the particle to the velocity of light c, and @ is the angle of scatter. Mott (1929, 
1931) considered the scattering of high energy electrons and used quantum 
mechanical methods to express the cross section for scattering as a conditionally 
convergent series. ‘l"his series was summed up to terms of the order of «? and 
is applicable for small values of Z, 1.e. when Z/137<1, where 1/137 is the fine 
structure constant. "This expansion is not sufficiently accurate for xenon (Z =54, 
a =0-39). McKinley and Feshbach (1948) have summed the Mott series as a 
power series in « and «/8. This is accurate to 1% for elements with Z less 
than 40 and for B~1. Feshbach (1952) summed the Mott series numerically 
for values of Z between 13 and 80 and over an angular range of 30 to 150°. For 
small angles Bartlett and Watson (1940) gave a suitable approximation for the 
Mott series. More recently Curr (1955) has extended the calculations of 
McKinley and Feshbach and by including further coefficients up to «*® has 
calculated the cross section for heavy elements with greater accuracy. 

It is usual to express the results in terms of the calculated Rutherford cross 
section. ‘The corresponding theoretical values have been determined for the 
theories of (a) Curr, (b) McKinley and Feshbach and (c) Bartlett and Watson, 
for a mean energy of 13-5 Mev and Z=54, and are shown in figure 5. 

The variation of scettering with angle is shown in table 1. The number of 
scatters is divided into groups of 5-8°, 8-10°, and in 10° intervals up to 80° 
and comparison made with the number of scatters calculated from the Rutherford 
formula. ‘The values corrected for depth, water—alcohol vapour and helium 
content are given in column (3). ‘The ratio of experimental to Rutherford scattering 
is shown in column (4). The experimental ratio increases from almost unity t 
small values of @ to 1-6 at 25°. In the angular group from 30 to 80° a ratio of 1-2 
is obtained. ‘The errors in the last column are statistical and are taken as plus 
and minus twice the standard error 0-67/\/n where n is the number of scatters 
in each angular interval. ‘The probability that the true value lies within these 
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limits is approximately 20 to 1. The ratios with their respective error brackets 
are also shown in figure 5. There is an increase in the ratio to Rutherford 
scattering with increasing angle as indicated by theory. There is a slight 
tendency for the experimental values to be greater than the theoretical values in 
the 10-30° range. This difference, however, is hardly significant because of the 
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Figure 5. Ratio of various cross section values to the Rutherford cross section for different 
scattering angles 8. (a) Curr (1955), (6) McKinley and Feshbach (1948), (c) Bartlett 
and Watson (1940). The experimental error brackets are taken as twice the standard 
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statistical errors involved. ‘The error brackets enclose the theoretical values for 
the 20-30° interval but not for the 10—20° interval. The general agreement 
with the theory is in contradiction to most of the previous cloud chamber results 
which in general indicate large discrepancies between the observed and 
theoretical number of scatters. 


Table 1 
(1) (2) (3) (4) (5) 
5-8 206 220 1-06 te 
8-10 47 46 0-98 +19 
10-20 62 85 Ibo3}7/ + 14 
20-30 iL} 19 1-60 + 30 
30-40 5d. 4 
40-50 - 1-9 2:2 
50-60 0-99 2°3 ile +45 
60-70 0-60 1:2 
70-80 0:37 1:2 


(1) Angle of scatter (°); (2) theoretical number of scatters (Rutherford); (3) experi- 
mental number of scatters; (4) ratio (experimental/Rutherford); (5) error 2 (0-67/4/n) (%). 


A check was made on the variation of the scattering cross section with energy. 
Substituting mc?8/e(1—2)"2= Hp in the Mott formula the number of scatters 
N(@) is given by an equation of the form 

IVA ON 
= = (-—]} (0 
N= *F" (qe) £0 


where H is the magnetic field in oersteds, p the radius of curvature of the track 
in cm and N the number of atoms per cm’. 
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The energy of the electron in Mev is given by 
1 
~ 300 
and when E is large compared with 1-02mev N(@) varies inversely as the 
square of the energy. 
The scatters, irrespective of angle, were grouped in 2-Mev energy intervals 
from 10 to 18mey. Figure 6 shows the variation of the logarithm of the number 
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Figure 6. A plot of the logarithm of the number of scatters N normalized per unit length L 
against the logarithm of the energy E of the scattered track, giving a straight line of 
slope of 2. 


of scatters N normalized per unit length L plotted against the logarithm of the 
energy EF. The graph is a straight line with a slope of almost two confirming the 
approximate inverse square law dependence on energy. 

The loss of energy of scattered electrons due to bremsstrahlung was also 
studied and a total of 12 events with an energy loss greater than 10°, was 
observed. ‘The theory of Bethe and Heitler (1934) predicts a total of 11 events 
indicating reasonable agreement between experiment and theory. Previous 
workers using gases as the scattering elements in cloud chambers have in general 
found disagreement with theory. For instance, Bleuler (1942) found evidence 
for an excessive number of cases of energy loss in fluorine; 19 samples were 
observed with apparent loss of more than 10°, of their initial energy and 25 
examples with an apparent gain of energy of more than 10%. The expected 
number of inelastic scatters was about three. Bleuler explained this apparent 
increase in energy as being due to multiple scattering errors in measurement. 
Davies and Shaw (1951) attempted to extend the work of Bleuler and their 
experiment suffered from a similar fault in that any measurement of change in 
energy made by fitting radii to the tracks was impossible due to the large amount 
of multiple scattering which is to be expected from the theory of Williams (1939). 
They found 70 examples of energy change, both positive and negative, whereas 
the Bethe—Heitler theory predicted only one such event. Randels, Chao and 
Crane also using xenon found only two examples of bremsstrahlung with more 
than 50% energy loss for electrons compared with a predicted total of eight. 
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§ 6. CONCLUSIONS 


The number of observed scatters shows reasonable agreement with that 
expected theoretically in the range of 5°-80°. The ratio of the experimental 
scattering to the Rutherford value indicates an increase from unity above 10°. 
These results agree within the statistical accuracy with the theoretical results of 
Curr, McKinley and Feshbach, and Bartlett and Watson. It is impossible, 
however, to distinguish between these theories or between theories based on 
different nuclear charge distributions. For the angular interval 30°-80° the 
ratio tends to decrease. ‘The variation of cross section with energy was confirmed 


to be proportional to 1/£7. Good agreement is found with theory of Bethe and 
Heitler for energy loss by radiation. 
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CORRECTION FOR FINITE ILLUMINATION DEPTH 


Referring to figure 7, d is the depth of illumination, / is the height of the 
electron beam, @ is the true scattering angle, b is the accepted minimum track 
length and r=dbsin#é. 


Figure 7. Schematic diagram of the illuminated depth of the chamber and the electron 
beam showing the acceptance cone for a scattering angle 0. 


The fraction of the tracks lying within the conical envelope which are not 
measurable is 
2r cos“! (x/r) + 2r cos-1 {(d —x)/r} 
a= : 


2ar 
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Integrating for all values of x the average value of a is 


+ ot—(a-ayy |. 


= §% 


= ] ay 
BN E cose: - — (7? —x*)"? —(d—x) cos * , 


Taking limits }(d+h), }(d—h) we get 


~ 2[fdth d+h {f ION | eal 
a= — Ee rae 


hia 2 2r 2r 


- a—h\? \"2) dh gd 
fo aera 7 |: 


Values of (1—a)~! are given in table 2. 


thable=Z 
4 (deg) ING <5 (\) <40 <e50) < 60 <70 
(i—a) 1-00 1°3 1-83 Daily 2-48 269 
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Abstract. ‘Vhe stability of small oscillations of protons circulating in a 
synchrotron is investigated on the assumption of a uniform space charge in addition 
to the magnetic field of constant radial gradient. 

If the space charge is that of the protons themselves, the greatest number that 
can be held ina uniform beam of cross section A is VB,A/2e, where V is the velocity 
of the protons, Bb; is the magnetic field on the equilibrium orbit and the units are 
electrostatic. One third of this number might be held in a bunched beam of 120° 
azimuthal length, but existing synchrotrons fall far short of this. 

Consideration is given to the effects of ionization in the residual gas, and to the 
possibility that the space charge could be neutralized by the continuous injection of 
electrons. 


§ 1. INTRODUCTION 


HE high-energy circulating current in a proton synchrotron is usually 

determined mainly by the number of protons that can be injected into 

stable orbits. If, however, many more protons could be injected, the 
number that are trapped would be limited by the space charge of the circulating 
beam. For alternating-gradient machines this limit has been discussed in 
privately circulated reports and in at least one published paper (Barden 1954), but 
it seems useful to give the simpler calculation for a constant-gradient synchrotron 
and to consider how the ionization of the residual gas by the circulating protons 
may affect the space charge. It will be shown that any effect is likely to disappear 
once the protons have been bunched by application of the radio-frequency 
driving voltage. The possibility of neutralizing the proton space charge by the 
continuous injection of thermionic electrons will then be considered. 


§ 2. ‘THE SPACE-CHARGE LIMIT 

The calculation will be made in a rather elementary fashion in order to display 
the physical principles involved. The orbits of the protons are usually analysed 
on the assumption that they are governed by an axially symmetrical magnetic 
field decreasing radially as R-”. ‘The conditions for stability of free oscillations 
about the equilibrium orbit may then be written as 0<n<1. 

To find what modifications arise from the electrostatic field caused by the 
space charge, let us consider the dynamical principles upon which the two inequal- 
ities rest. ‘They are firstly that if a proton departs upwards (downwards) from 
the equilibrium orbit, it shall mect a downward (upward) force ; secondly, that if 
the orbit is displaced radially outwards (inwards) the inward radial force on the 
proton shall become greater (less) than is required for equilibrium. If Fy, Fp 
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are the mechanical forces in the directions of Z and R, measured vertically 
upwards and radially outwards from the equilibrium orbit, then on the equili- 
brium orbit F,=0 and —RF p= MV, where M and V are the mass and velocity 
of the proton. ‘The orbit will therefore be stable if 


=—digidZ 0. eee (1) 
and (d/dR)(— RFR) >0 or Gi id Relics = | Gane (2) 
Now Pyz=eCVBpt ely = Vaeees (3) 
and Fee —eVBy+@h, = | | ieee (4) 


where by, Bp, Ez, Ep are the components of magnetic induction and electric 
field. We combine these equations with (1) and (2) respectively, and remember 
that db,/dZ=dB,/dR and that dE,/dZ+dE,/dR=4r7p where p is the charge 
density.| ‘The conditions for stability then emerge in the form 


—(didR)\ VB, = i.) =47p. an eee (5) 
=(d/dR\VBz—E,)<(VBZ—-E£,)/R.  -—— ee (6) 
If the electrostatic terms are zero, these give 
—dB,/dR>0 and —dB,/dR<B,/R, 


which are the differential forms of the familiar conditions 0<n <1. 

Stability fails when the right-hand sides of (5) and (6) become equal, i.e. 
when p=(VB,—Ep)/47R or, very closely, VB,/47R since VB,>E,. If the 
cross section of the beam has area 4 so that the volume of the beam is 27rRA, 
the maximum number of ions that can be stably held is thus VB,A/2e. If the 
beam is bunched and occupies a length 7 instead of 27R the number will be 
VB,Al/4rRe. 

If more particles are injected the beam must spread, to give a greater value 
of A. In most accelerators, n>} and the vertical magnetic focusing is stronger 
than the horizontal, so it might be thought that horizontal instability would 
set in first. However, if 7 >} the beam (and the vacuum box) is naturally wider 
than it is high and dE, /dZ willexceed dE,/dR. It thus seems likely that the beam 
will adjust itself as between radial and vertical stability and that, if space charge 
were the only limitation, the limit calculated above would be quite closely 
approachable. 

For the Birmingham proton synchrotron the following values apply to the 
time immediately following injection, when space-charge effects should be most 
serious: V=c/30, B,=225 gauss, R=450cm, 4=330cm?2 (10cm x 33 cm). 
In these circumstances, the greatest number of protons within a uniform 
circulating beam should be about 3 x 1012; for a bunched beam of 120° azimuthal 
length the limit is 1 x 1012. Allowance must be made for oscillations and other 
factors that may cause part of the beam to strike the walls of the vacuum box 
but it seems likely that more than 101! protons could be accelerated to full energy. 
At present, less than 10" reach full energy. 


For the Brookhaven cosmotron, the space-charge limit and the actual beam 
are both higher by a factor of about ten. 


} At this stage it becomes necessary to specify the system of units. Electrostatic units 


have been chosen; in e.m.u. the right-hand side of the previous equation would become 
4rpc* and the final formulae would require division by c?. 
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It V; is the injection voltage, V and B; are each proportional to Vie. Fora 
given machine the space-charge limit to the number of protons accelerated is 
therefore proportional to the first power of the injection voltage.} |For machines 
of the same shape but different sizes, the limit is proportional to the product of 
injection voltage and linear dimensions. 


§ 3. Errecrs or lonizaTIont 

The circulating beam will ionize the residual gas and it is necessary to consider 
the possible effects of this. To assess orders of magnitude, estimates will be 
made for the Birmingham machine, in which the mean orbit circumference is 
about 3 x 10%cm and the average pressure is about 8 x 10-7mm Hg, measured 
on an ionization gauge calibrated for air; though the residual gas is certainly 
a mixture, no large error will be involved in reckoning it to be nitrogen. The 
mean free path for ionization by protons of the injection energy (500 kev) is then 
about 1x 10°cm; since the proton’s velocity is 1 10®cmsec"!, the average 
time taken for each proton to produce an electron-ion pair is 10~4sec, which 
happens to be about equal to the duration of injection. 

If the initial energies of the ions and electrons exceed those that can be provided 
by the electric field of the circulating space charge of protons, the ionization will 
immediately be lost to the walls; if the reverse is true, the positive ions will be 
repelled to the walls but the electrons will oscillate within the proton space 
charge, their movements being closely confined to the lines of magnetic force. 
To estimate the rate of repulsion of ions and the frequency of oscillation of 
electrons, we shall consider only vertical motions and shall regard the proton 
space charge as a uniform sheet 10cm high and infinitely wide, though in fact 
it cannot exceed the width of the vacuum box (33cm). If x be the distance 
from the median plane of an ion or electron at time ¢, it having been generated 
with negligible velocity at »=x, and t=0, the equations of motion are 
d?x/dt? = +4n7epx/ M for the positive ion and d?x/dt? = — 47epx/m for the electron, 
M and m being their masses. The respective solutions are x = x, cosh t(47pe/M)'? 
and x= «x, cos t(47pe/m)!?. 

To proceed any further we must assume a value for the proton space-charge 
density p, and this will be chosen to correspond to 3 x 10! protons in the whole 
volume of the vacuum box—a number that has been estimated above to be 
attainable, though not attained. It is then found than an ion (N°*) starting 
midway between the median plane and the top or bottom of the box will be ejected 
in a time of less than 10-* second, while an electron will remain oscillating with 
a frequency of about 5 x 10®c/s. 

Since it takes about 10-4 second for a proton to make an ion pair, a substantial 
neutralization of space charge will occur. However, as soon as the proton beam 
becomes bunched, the oscillating electrons will strike the upper or lower walls of 
the box during the intervals of about 2 x 10-® second when no protons are passing 
over them. The neutralization thus suddenly fails, and indeed there is a small 


+ Barden (1954) states that the current is proportional to V’,” 2, This is true in respect of 
the injected current but not of the high energy beam; the further factor of V;'”? represents 
merely the velocity of the injected protons. . 

t{ The phenomena considered in this section are essentially similar to those studied by 
Bernas, Kaluszyner and Druaux (1954) with linear beams of ions at somewhat lower energies 
and higher pressures in the presence of an intermittent electrostatic field. 
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adverse effect because the slow-moving positive ions, now being ejected by an 
electric field whose time-average is only a third of that for the continuous beam, 
take a longer time to reach the walls. For the typical ion starting midway between 
the median plane and the wall, this time is about 1-2 x 10° second ; since the time 
taken for each proton to generate another ion is about 10-4 second, equilibrium will 
be attained when the total positive space charge is of the order of 12% greater 
than that due to the protons alone. 

It seems, therefore, that ionization should play only a temporarily important 
part in the performance of the machine. ‘Transients are apt to leave troubles 
in their wake even when, as in this instance, they are favourable while they last ; 
so this conclusion should not be regarded as final. 


§ 4. SPACE-CHARGE REDUCTION BY THE INTRODUCTION 
OF THERMIONIC ELECTRONS 


If electrons from, say, thermionic sources are introduced into the top and/or 
bottom of the vacuum box, they will be attracted into the proton space charge 
and pass through it to the opposite wall. It is interesting to estimate the electron 
current that would be required to neutralize the positive space charge, which as 
before will be assumed to correspond to 3 x 10! protons in a total volume of about 
106cm3, or 3x 10° percm’. The centre of this space charge would be at a 
potential of about 7 volts with respect to the walls. It is remarkable that so low 
a voltage can seriously affect the beam. 

If this voltage were to be neutralized by an equal concentration of, say, 
25-volt electrons, their flux would be 9 x 10° electrons per second. ‘The surface 
area of the top or bottom of the vacuum box being about 10° cm?, the total current 
would be about 9x 10!%electrons per second or about 1} amperes. When 
designing 2 new machine it would seem possible to provide for considerably 
larger electron currents and thus to neutralize even greater proton beams. 
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Abstract. Departures from the Landé interval rule in the ground multiplets of 
certain rare-earth ions are examined. It is found that magnetic spin-spin 
interactions between the 4f electrons are much too small to account for the 
apparent distortions, but that by allowing for the partial breakdown of 
Russell-Saunders coupling it is possible to obtain satisfactory agreement 
between experiment and theory. Values of the spin-orbit constant ¢ are 
given for several rare-earth ions, and the positions of a number of excited 
multiplets are tabulated. 


$1. INTRODUCTION 


T is well known that the 4f electrons in ions of the rare-earth elements 

exhibit a type of spin-orbit coupling that follows the Russell-Saunders (RS) 

approximation fairly closely. ‘The energy level system for any ion thus 
consists of a number of multiplets, each of which can be described by two 
quantum numbers L and S corresponding to the total orbital and total spin 
angular momentum respectively. The individual levels that make up a multiplet 
are characterized in addition by different values of J, corresponding to the 
total angular momentum. For spin-orbit coupling of the RS type, the spacings 
between the various levels that comprise a multiplet are given by the Landé 
interval rule, which states that the energy separation between two neighbouring 
levels is proportional to the higher / value of the pair. 

Although the study of the energy level structure of excited multiplets has 
not yet progressed very far, the positions of many of the levels of the ground 
multiplets are known from experiments with rare-earth salts. [or some of the 
more extended multiplets, the positions of the upper components have been 
found by infra-red absorption, while many of the lower levels can be found from 
the fluorescence spectra of various salts. ‘The observed multiplet structures 
may be conveniently compared with those calculated on the basis of RS coupling 
by arranging the latter to have the same overall splittings as the former (see, for 
instance, Gobrecht 1938). In most cases the agreement is moderately good, 
but it is noticeable that the discrepancies, although comparatively small, are 
systematic. ‘The inner levels of a multiplet are consistently found to lie above 
their counterparts in the RS coupling scheme, the effect being most pronounced 
in the centre of the multiplet. This is just as apparent for elements in the second 
half of the rare-earth series, where the multiplets are inverted, as it 1s for those 
in the first half. The question now arises as to what modifications in the theory 
are required to account for these deviations from the simple RS coupling model, 
and this problem forms the subject of this paper. 
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§2, SpIN-SPIN INTERACTION 


A few years ago, Araki (1948 a, b) made a study of the multiplet structures 
that occur in a large number of atoms and ions. He attributed the deviations 
from the Landé interval rule to magnetic spin-spin interactions, and showed 
that the inclusion of this effect in the theory produced an extra term in the 
expression for the energy spacings of adjacent levels that is of the correct form 
to account for these deviations. 

In the usual notation, neglecting the term representing the contact interaction 
of the spins (since it does not affect the splitting of a multiplet), the contribution 
to the Hamiltonian of the magnetic interactions of the spins of the electrons can be 


written as 
SS; dl Eyre Ss hae Se) 
2 ae Sd) jk °K 
4B >| r.3 rie . 
jk 


ik 
Within a particular LS multiplet, this can be replaced by 


— p[(L.S)?+4(L.S)—41(L + 1)8(S + 1)] 


where p is at present an undetermined constant. This leads to the following 
expression for A,, the difference between the energy displacements of levels J 
and J —1 due to spin-spin interactions : 


ALCL) StS ety ps 


(The formulae quoted here have been given by Araki (1948 a).) In view of the 
Landé interval rule, it can be seen that the term linear in J provides a contribution 
that combines with the normal spin-orbit effect. ‘The cubic term, however, 
gives rise to a distortion in the energy level scheme, and Araki (1948 b) found 
that the observed departures from the Landé interval rule in most of the multiplets 
he analysed could be quite accurately accounted for by choosing suitable values 
for Pp. 

An examination of the ground multiplets of the rare-earth ions shows that 
this is equally true in these cases; the next problem (and one that Araki did not 
investigate in detail) is to decide whether the values of p that are required are 
realistic ones. Unfortunately, it is impossible to determine them accurately 
without precise knowledge of the shape of the single 4f electron radial eigen- 
function R(r). The results can, however, be put in the form 


P=B°(dola+ dala + Gol) 

where 

> 00 1 Ty F 

1D = — [RP | 72” ?[RO2))? dro ary. 

Jo "4 ~ 0 
The numerical coefficients g,, have been calculated for all the multiplets that 
can be built from configurations of the form 4f” and that possess the maximum 
multiplicity of their configuration. The results are given in table 1. By Hund’s 
rule, the ground multiplet of a particular configuration is the one that possesses 
the largest value of L. 

Estimates of J,, may be obtained by assuming the radial eigenfunction is of 

hydrogenic form. In the calculations, there occur integrals of the type 


Jo 


°°) 


x 
xe | ye ¥ dx dy 
0 
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where the integers a, b>1. Similar integrals appear elsewhere (e.g. in the 
calculation of F,,, mentioned later in this paper). By integrating by parts, one 
obtains the recurrence relation 

bI(a,b—1)—al(a—1, b)=(a+65)! /2¢+°. 
Mhis equation may be used to relate any integral to one whose parameter 6 is 
zero, in which case the integration is elementary. In this way the integrals J, 


Table 1. Values of q,, 


Configuration Multiplet de “aja ds 

Soy ite 3p 12/5 24/5 60/11 

val 4/45 — 32/45 160/99 
od Fe —4/45 136/495 1060/(39 . 363) 
ieee ‘Dp — 136/315 184/315 580/693 

af 4/45 4/45 — 50/99 

1G 4/1155 1996/(77 . 165) 850/(77 . 363) 

a —§$/495 DED SSenlOs)) 14860/(13 . 33 . 363) 
fee {20 21) 34/105 — 44/315 — 50/693 

5F —1/15 DYN: =H! 

5G — 1/385 1042/(77 . 165) Se HH . SOS) 

al 2/165 28/(33 . 165) 4570/(13 . 33 . 363) 
eet MAE. —24/25 36/25 18/11 

SH — 8/225 — 8/225 20/99 

Wet 8/225 — 4/495 — 466/(39 . 363) 
ee ARE 4/45 —16/225 —8/99 


can be found. The results are suitably expressed in terms of <7~*), the mean 
value of 7 * for a single 4f electron: 
3473 2115 1485 
I2= T6394 <" °» a= 76394" 6= j63e4 <” > 
Consider now a particular rare-earth ion, say Sm?*. Using a formula due 
to Elliott and Stevens (1953), <7-?)})=52A-3, and with the aid of table 1, it is 
found that p(®H)=0-078cm"!. Although this result must be regarded as only 
in approximate one, yet the value of p is quite inadequate to account for the 
observed deviations from the Landé interval rule. Calculations for the multiplets 
of other rare-earth ions support this view; in some cases p is too small by a 
actor of 50 or more. It is thus apparent that the spin-spin interactions between 
the electrons play only a very small part in distorting the multiplets. 


§3, INTERMEDIATE COUPLING 


Another mechanism that can produce deviations from the Landé interval 
‘ule is not difficult to find; indeed it seems rather more obvious and is certainly 
ess sophisticated than spin-spin interaction. ‘The validity of RS coupling 
‘ests on the assumption that the spin-orbit interaction energy is much 
smaller than the energy associated with the Coulomb interactions of the 
slectrons, thus allowing each multiplet to be treated as an isolated system. 
But this is only an approximation, and it is natural to inquire whether it is a 
sufficiently accurate one. The answer to this question can be found by using 
yerturbation theory to calculate the second and higher order corrections to the 
irst order positions of the energy levels, the relative importance of these 
‘ontributions being a measure of the deviation from RS coupling. 

The spin-orbit coupling is written in the usual way as ¢X1.s, the summation 
yeing taken over all the electrons. Most configurations of the type 4f" are 
xtremely complex, and for this reason it is usually not practicable to carry the 

ig) 74 
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analysis beyond second order. ‘T’o this approximation, it can be shown that the | 
analysis becomes restricted to a study of those multiplets that differ by zero or | 
unity in L and S from the ground multiplet of the ion under consideration ; 
for it is only between such multiplets and the ground multiplet that =I.s can | 
form non-zero matrix elements. This can be proved by using the technique | 


for deducing selection rules as described by Dirac (1947). Because of this, all 


the excited multiplets exhibiting maximum multiplicity are immediately excluded | 
from the analysis, since they differ from the corresponding ground multiplets by | 


two or more in L. 
The spin-orbit interaction CX1.s commutes with J, and this fact implies 


that all matrix elements between different J levels vanish. Hence in dealing | 
with the perturbation of an excited multiplet on the ground multiplet, it is only | 
necessary to examine the interactions between those pairs of levels possessing | 


the same J. By transforming from LSJJ, to LSL,S, quantization, the depen- 
dence on J of the matrix elements can be separated out, and this enables the 
form of the distortion of a ground multiplet by second order interactions to be 
determined. For convenience, Y1.s is replaced by A: 


CL Sed [A | Sales) 
ote | ee ses 
4 L(2L — 1)S(2S— 1) 
%(L, 8, L,=1L,8,=S|2is7|b-1, S17 = ee mel), 
CT ppSed [IN le 5s ae) a) 
1 | oe eee 
21 2S(2S — 1) 
KXLS, LL; S| Dif | LeS = LS ee (2) 
{1 STINT eS 
=| [C6 ae 
A S(2S —1)(L+1)(2L +1) 
ok Sepcre) xreg Pai Mnyeal Pile a OEY bs ey al BY 
where 1, =1,+il,, 1. =1,—il,, etc. Although these equations differ in detail, 


it may be shown by the conventional methods of perturbation theory that the 
contribution of any excited level to A,, the difference between the second order 


corrections to the levels J and J—1 of the ground multiplet, consists of a term | 
linear in J together with one proportional to J°. Summing over all the relevant | 


excited multiplets, the result 
A,=aJ +bJ% 


is obtained. This is similar to the corresponding expression given previously | 
for spin-spin interaction; indeed, if the method one adopts for analysing the | 


observed structure of a multiplet consists solely of fitting the spacings between 
adjacent levels with an expression of the form aJ +6J%, it is clearly impossible 


to distinguish the effects of spin-spin interaction from a slight deviation from | 


RS coupling. Araki, by using just this method, has clearly been presumptuous | 


in supposing that spin-spin interaction alone is responsible for the distortions 
in the multiplets he examined. 


Estimating the magnitude of the deviation from RS coupling involves, in | 


the first place, finding the positions of the required multiplets in the energy 
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level scheme, and secondly, the evaluation of the appropriate matrix elements. 
If these multiplets could actually be identified from a study of the relevant 
absorption spectra, then the first problem would soon be dealt with; however, 
the opportunity to do this occurs in only a few isolated cases, and hence the 
positions of the majority of them must be calculated. Just as the effect of 
spin-spin interaction depends on /,, 7, and J,, so the energies of the centres of 
gravity of the multiplets depend on three similar integrals, Fj, F, and F,, 
defined by Condon and Shortley (1935). The writer has recently made a 
detailed study of the lowest °D multiplet of Eu®+ (Judd 1955), and has shown 
that the assumption of a hydrogenic 4f radial eigenfunction leads to theoretical 
positions for the energy levels that fit the observations quite well. The same 
assumption is made here. As a consequence of this, the integrals F, are 
interrelated through the equations 
Fife = so] and fe) Poe 25 (81143) a (4) 

In his recent work on rare-earth ions, Jorgensen (1955 b) has used the tentative 
values 0-2 and 0-02 for these ratios. Unlike those given in equations (4), they 
are not related to a specific eigenfunction, and for this reason it was felt preferable 
to adopt the former set in the present calculations. (For a discussion o. 
Jorgensen’s values, see Satten (1955) and Jorgensen (1955 a, b).) 

The procedure now is to calculate energies in terms of Fy. One would 
expect this parameter to vary slightly from one rare-earth ion to the next, and 
the following formula has been used: 

FEN WAS, | Arete AO 10 ey Me ar re (5) 
where Z is the atomic number of the ion. An equation expressing a similar 
variation in F, has been given by Satten (1953). Sufficient data are now 
available for the positions of all the multiplets and the nature of their states to 
be determined, the calculations proceeding in a way similar to that described 
by Judd (1955). In a few cases, it is possible to compare the experimental and 
theoretical positions of a multiplet, and the agreement that is obtained supports 
the use of equations (4) and (5) in the analysis. 

The calculation of the matrix elements is often rather lengthy. A suitable 
check on the working can be obtained by making use of the equation 


GES MCW ST = SPAS ALLS) LST | A SS. 
PSE 


Within a manifold of states of constant L and S, A® can be replaced by 
u(L.S)?+0(L.S)+w. 
Hund’s rule enables the 1 and S of the lowest term in a configuration to be 


found, and in this case the simple nature of the states allows the parameters u, v 
and w to be found in a straightforward way: 


1 
v=tu— t9° 
1 1 
w= -3UL+1)S(5+1)(u— im) + 2s (L+S?)(4S?— 1), 
Ts 
F and u= 25%2L—1) 


| provided SA. In the special case of S=34 (which is of no interest here), 


a=1, j=) w=. 
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$4. COMPARISON WITH EXPERIMENT 


Having found the positions of the excited multiplets and the matrix elements 
of A, the energy of a particular J level of a ground multiplet can now be expressed 
as the sum of two terms. The first, linear in ¢, derives from the first-order 
spin-orbit effect, and is equal to €(L, S,J |A|L,S,/). The second is quadratic 
in ¢, involving second-order contributions from the excited multiplets. ‘The 
procedure now is to consider each rare-earth ion in turn and attempt to fit the 
entire structure of the ground multiplet with a single value of ¢. 

Most of the experimental data have been obtained from the absorption and 
fluorescence spectra of rare-earth crystals. The system of charges surrounding 
a rare-earth ion produces a splitting of the levels, and lines that would otherwise 
be single show a structure. his effect, which often makes it difficult to find the 
exact centres of gravity of the levels, is not present in the spectra of rare-earth 
ions in solution. The structure in these cases becomes smoothed out, usually 
leaving fairly well defined maxima. In view of the influence which the 
surroundings of a rare-earth ion have on the spectrum, it is not surprising to 
find that the energies of the levels vary slightly according to the experimental 
conditions. 

Theory and experiment are compared in table 2. The wave numbers followed 
by (G) have been given by Gobrecht (1938), who has also tabulated in detail 
the fluorescence spectra of several rare-earth octohydrosulphates (Gobrecht 
1937). Assuming that each line is of equal weight, the structures due to the 
charges surrounding the rare-earth ions can be replaced by single lines at their 
centres of gravity, and this enables the positions of many levels to be obtained. 
The results are rounded off to the nearest 100cm™ and indicated by (G’). 
Further information has been drawn from Rosenthal (1939), Zeidel, Larionov 
and Philippov (1939), Hellwege and Kahle (1951), and Geisler and Hellwege 
(1953). These sources are referred to by (R), (Z), (K) and (H) respectively. 
In order to appreciate the importance of second-order effects, the positions of 
the levels calculated on the basis of pure RS coupling are also given, the value 
of ¢ being chosen to allow the highest and lowest levels of each multiplet to 
coincide with experiment. 

Table 2 begins with Sm*+, since, apart from the trivial case of Ce?*, 
this is the first rare-earth 1on for which the entire ground multiplet is known. 
As one advances along the rare-earth series, deviations from RS coupling become 
progressively more serious, and third and higher order effects cease to be 
comparatively unimportant. Overlapping between the ground multiplet and 
the lower excited multiplets begins to take place, and this makes it difficult to 
be certain about the identification of the upper levels of the former. (Jorgensen 
(1955b) has discussed this problem.) For these reasons, no ion beyond Ho?* 
is considered. 

An examination of table 2 shows that the inclusion of second-order effects 
produces a considerable improvement on the simple RS coupling scheme. 
In many cases, the difference between the calculated and observed positions 
of a level is reduced to less than 100 cm“, the order of magnitude of the splitting 
caused by the crystal field. When discrepancies are larger than this, the reasons 
are often apparent. In 'T'b?*, for instance, the lowest *D multiplet has an 
unusually extended structure, and this can be shown to have the effect of 
depressing ‘F, and ‘F; while elevating “Fo, 7F, and 7F,. Although this would 
clearly improve the agreement between experiment and theory, it was felt that 
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it would be rather improper to take this interaction into account without 
including all third-order effects. 


Table 2. A Comparison between Theory and Experiment 


tee fein INS 
ie evel Scie Theory ‘ae 
pling Observed 
®Eee 0600 6650 6600(G), 6550(R) 
SHi3,2 +4800 5160 5000(G‘), 4920(R) 
Sm*+, °Hiy,. 3240 3670 3600(G’) 
BB havc i920 2270 2300(G’) 
4f° ele & 840 L030 1100(G’) 
Ses ) 0) 0) 
lars S110 5100 SLOO(G) 
Ula 3650 3990 3900(G’) 
O15 2430 2850 2900(G’) 
Eu® “he 1460 L800 1900(G’) 
Ee 730 940) 1100(G’), 1000CK) 
4f6 ar 240) 320 300(G’), 350(K) 
“By 0 0) 0) 
als 5670 5470 5660(H), 5765(Z), — 5800(G’) 
aE 5400 5340 5430(H), 5525(Z),  5600(G’) 
(ers 4860 5020 4975(H), 5018(Z), 5100(G’) 
Mi operas § ag) re 4050 4460 4325(H), 4347(Z), 4400(G’) 
Sr 2970 3540 3330(H), 3472(Z),  3400(G’) 
+fs i Bye 1620 2120 2080(H), 2101(Z),  2100(G’) 
Are 0 0) 0 
idee O20 10200 10200(R), 10200(G) 
Cory 8930 9320 9340(R), 9200(G) 
Big eg) 250 8010 8032(R), 7800(G) 
Site Ub2l0 6140 6078(R), 6000(G) 
4f9 Bbee © 27 3530 3200(G’) 
Sees 0 0 0 
ple 1333.0) 13270 13300(G) 
Ho*+, ‘I; 10760 11440 11200(G) 
2 7690 8790 8500(G), 8470(R), 8747(R) 
4f10 “Al 4100 5070 5050(G), 5090(R) 
“aD 0 0 0) 


The values of ¢ that were used to obtain the results given in table 2 are 
listed below. They are regarded as being accurate to within 5°%. In parenthesis, 
it might be added that the absorption band in neodymium bromate observed 
by Satten (1953) at 5880cm™}, which corresponds to the transition Ij. —> 41,5), 
leads to a value of 860 cm! for ¢ in Nd?*, allowing for second-order effects. 


Table 3. Values of 
Ion Snaeit Eu3+ sayz Dye oz 
f (cm) 1180 1360 1720 1920 2080 


These values are only slightly different from those used to obtain the column 
headed ‘Pure RS coupling’ in table 2. This is due to the fact that the 
second-order corrections to the highest and lowest levels of a multiplet are 
often roughly the same, a result that justifiés taking the overall splitting of a 
multiplet to give approximate values of ¢, as has been recently done by Bleaney 


(1955). 
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The positions of the excited multiplets required in the calculations are also 
of some interest. ‘Their energies above the ground multiplet are given to the 
nearest integral multiple of F, in table 4. 


Table 4. The Positions of Certain Excited Multiplets 


Soi >| 4G. 51,72, 107,197 Sls 05, oman 41150; -85511 06; 
Dy? if 

Ba ee Tonto 5F : 79, 149 ; 5G Etol, 974m 
Moyes aft 

Ho?+ 3H: 51, 93,118, 201; °T: 71, 133; *K: 41, 114 


In his analysis of Eu®+ (Judd 1955), the writer assumed perfect RS coupling 
and used the observed positions of 7Fy, 7F, and “F, to give a value of 2100cm + 
for ¢. This is now seen to be too large, and hence the theoretical spacings of 
°D,, °D, and °D, given in that paper must be proportionately reduced. While 
this tends to spoil the agreement with the observed positions of these levels, it 
must be remembered that the multiplet °D is probably even more susceptible to 
second-order interactions than the ground multiplet “F, since it is not in such an 
isolated position in the configuration as the latter. 


$5. CONCLUSION 


In this paper it has been shown that the observed deviations from the Landé 
interval rule in the ground multiplets of certain rare-earth ions can be satisfactorily 
explained in terms of a partial breakdown in RS coupling. ‘The assumption of 
a hydrogenic 4f radial eigenfunction to calculate the energies of the excited 
multiplets is not as drastic a step as it might appear, for the ratios of the integrals 
F, are comparatively insensitive to the shape of the eigenfunction. Because of 
the uncertainties in the positions of the multiplets, however, there seems little 
point at this stage either of carrying the perturbation treatment to a higher order 
or of including the comparatively small effects of spin-spin interaction in the 
theory. 
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Measurement of y-Transition Lifetimes by Recoil Methods 
If: M1 Transitions in 7Li and 7Be 


By D. Sr. P. BUNBURY}, S. DEVONS}, G. MANNING? anp 
Jee LOWE 


Department of Physics, Imperial College, London 
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Abstract. ‘The methods described in a previous paper have been applied to the 
measurement of the mean lifetimes of the first excited states of the mirror nuclei 
“Li and ‘Be. ‘The experimental results are, respectively, 7-7 + 0:8 x 10-* sec 
and 2:7+1-0x 10°" sec. The accuracy of these results is limited, particularly 
in the latter case, by inadequate knowledge of the range—velocity relationship 
for these nuclei in their passage through solid materials. 


§ 1. INTRODUCTION 

ETHODS of utilizing the recoil motion of excited nuclei to obtain 

estimates of the half-lives of these states have been reviewed and 

described in a previous paper (Devons, Manning and Bunbury 1955, 
to be referred to as I). The present paper describes the application of such 
methods to the determination of the half-lives of the first excited states of the 
mirror nuclei ‘Li and ‘Be, from which transitions go to the ground states by 
emission of M1 radiation of energies 478 and 430 kev respectively. 

These levels were known or expected to have half-lives in the region 
10-% to 10-™sec, so that the most suitable methods were Doppler shift 
measurements described in § 2.2 of I. Such methods are particularly appropriate 
for such light nuclei as ‘Be and ‘Li, which can easily be produced with large 
recoil velocities. Indeed it turns out that measurement of the Doppler shift 
of the y-radiation due to recoil motion can be made with sufficient precision 
for the limitation in the accuracy of the lifetime determination to be due to 
inexact knowledge of the range—velocity relations for such nuclei in their passage 
through matter. 

§ 2. 478 kev My TRANSITION IN ‘Li 

Several attempts have been made previously to measure the half-life for this 
transition (Rasmussen ef al. 1949, Elliott and Bell 1948, 1949, Bell 1955, 
Zhpinel 1954). Most of these measurements resulted in upper limits in the 
region 10-2 to 10- sec. The most accurate value, as reported by Bell (1955), 
is 7-5+2-5x10- sec, but in arriving at this result some assumptions were 
apparently made about the range—velocity relationship for “Li ions in various 
materials. 

For our measurements we used a modified form of the coincidence apparatus 
described in I, The gas-filled proportional counter used previously was replaced 


+ Now at The Physical Laboratories, The University, Manchester. 
t Now at the English Electric Company, Stafford. 
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by a ZnS (Ag-activated) screen in conjunction with a 14-stage EMI photo- 
multiplier (Type 6262), which made possible the use of shorter coincidence 
resolving times (~2 x 10-* sec). This change, together with the use of larger 
acceptance solid angles for both particle and y-detectors, greatly speeded the 
accumulation of accurate data. The arrangement is shown diagrammatically 
in figure 1, and a block diagram of the modified electronic equipment is shown 
in figure 2. Two reactions were used to excite the 478 level of 7Li: °Be(d,«)’Li 
with deuteron energy of 450kev, and %Li(d, p)’Li with deuteron energy of 
500 kev. 
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Figure i. Coincidence apparatus. 
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In addition to measurement of the Doppler shift, as described in I, with the 
Be layer deposited on a ‘thick’ copper backing, measurements were also made 
of the shifts when the recoil motion was into thin layers of copper, with 
thicknesses 13°54 1-5, 2542, 2842 and 564+3x10-%cm. Further measure- 
ments were made when the recoil occurred into ‘vacuum’. 

The target for these last measurements was prepared by evaporating a thin 
layer (~10-® cm) of beryllium on to an aluminium foil of about 0-2mgcm-? 
thickness, and observing the «-particles from the (d,p) reaction through the 
aluminium foil, so that apart from a small correction for the finite Be target 
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thickness, the Li nuclei recoiled into vacuum with their full initial velocity. 
The targets used for measurement of the recoil through the two thinnest copper 
layers were made by evaporating copper on to the Be of the aluminium supported 
targets described above. In order to measure the thicknesses of these copper 
layers, calcium fluoride targets were placed adjacent to the Be targets during the 
evaporation of the copper layers, and energy loss of protons in passing through 
the copper could be determined by examining a convenient resonance in the 
Ep, &, 7) “Oi reaction: 

The targets for recoil into.the thicker copper layers were prepared by 
evaporating Be on to self-supporting copper films, since it was found that when 
using the previous technique for thick copper films, the copper and aluminium 
layers were liable to separate when the target was bombarded. If this occurred 
the Doppler shift measured would be different according as the Be layer adhered 
to the copper or the aluminium. The thicknesses of the self-supporting copper 
layers were measured by bombarding CaF, targets with protons through the 
actual targets. 

Great care was taken that conditions at the y-detector were as nearly identical 
as possible when the particle detector was in each of its two positions. In particular 
the apparatus was adjusted so that the rotation through 180° about the beam axis 
did not cause appreciable changes in the mean counting rates in either detector, 
and especially in the y-detector. ‘This latter was carefully examined to determine 
the effect of mean counting rate on pulse height for a y-line of particular energy, 
and the circuits used with the photomultiplier were adjusted so as to reduce 
this variation to a minimum. In the actual measurements, the counting rates 
employed were never such as to make the apparent change in y-energy with 
fluctuations in y-intensity a serious source of error. 

The results of Doppler shift measurements in six different targets are shown 
in figure 3. A typical pair of y-spectra obtained in coincidence with «-particles 
moving towards and away from the y-detector is shown in figure 4. The 
computed full shift for recoil motion into vacuum is 6£/E=0-0545. 
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22 STACdap) A 
The shifts in this reaction are rather smaller than in the previous case, so 
that measurements were made mainly of the recoil motion into ‘thick’ backings 
of copper and calcium, using evaporated layers of ®°Li,SO, as targets. One set 
of measurements was also made using a layer of calcium, of thickness 
2:0 40-1 10-4em, ‘sandwiched’ between the lithium sulphate target layer 
and the ‘thick’ backing of copper. The results of these measurements are 


given in the table. The computed full shift for recoil into vacuum 1s 
bE E=0-0264. 


Measured Values of the Doppler Shift using the Coincidence Method and 
the °Li(d, p)'Li* Reaction for Copper, Calcium and a Calcium—Copper 
Sandwich, ‘Target Backings 


Material of target backing} Cur Cae Ca-—Cu 
Measured values of dE/E, (%) EA OE (SZ “(es 2°2 40-4 
slice Be 1B }083 PAW a2 OH 2D 30S 
1:6 +0°3 Mes apes 1:95+ 0-4 
fog) Se Wes meky ae (es 1:6 +0-4 
(ley sos Ah ses lod) ae (@r4 
1:3 +0-4 wes ae (Wes) 1-9 +03 
lesSae Ors A ae OES 
22 03 2-4 +0-4 
oS. ae ORS Pow sees 
ihey ae (Nes 
MoS) Sei(0)e4' 
ldo se Oe! 
Wess ae OS; 
1-8 +0-4 
2-3 +0-4 
Weighted average values of dE/E,y (°%) 1:-50+0:11 2:16+0:14 1-96+0-10 
+ Cu,,=‘ infinite’ Cu; Ca, =‘ infinite’ Ca; Ca-Cu=calcium—copper sandwich : 


thickness of calcium layer 2+ 0-1 x 10-4 cm. 


2.3. Evaluation of the Half-lives 

In paper I the Doppler shift observed in the coincidence method is expressed 
in terms of the mean life of the level - and «, the stopping time in the material, 
and other factors, on the assumption that the relationship between range and 
velocity was the simple linear one R=«V. ‘The results of the measurements 
described above are found to be incompatible with a constant value of « for 
the whole range of velocities of the “Li nuclei involved in these measurements. 

Expressions for the observed Doppler shifts, similar to those given in I with 
the assumption of a linear law for the slowing down can be derived for a power 
law, R=«,V", and it is then found that a quadratic law, R=a,V*, gives 
fairly consistent results. Moreover if the constants «, x, are chosen so that the 
initial rate of slowing down is the same for the two cases (i.e. 7 =2%.V, where 
V, is the initial recoil velocity), then the estimate of the lifetime is the same for 
both assumptions, in the case where this lifetime is small compared with the 


t The lithium sulphate was enriched to 98°% in ®Li, as supplied by the Atomic Energy 
Research Establishment, Harwell. 
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‘slowing-down time in the stopping material. (For lifetimes large compared 
with the slowing-down time the estimated lifetime is dependent on the 
range-velocity relationship assumed, e.g. the quadratic law gives an estimate 
of half of that of the corresponding linear law with « =22,V,.) 

Since the observed Doppler shifts indicated a lifetime short compared with 
the slowing-down time in the present case, a determination of the initial rate 
of slowing down is clearly the significant quantity to be determined. It can 
easily be shown that the rate of change of Doppler shift S with thickness of 
copper ¢ (see figure 3) for very thin layers depends on the constant assumed in 
the range—velocity relation and is independent of the lifetime of the level being 
measured. Using the values of the shifts observed for the thinnest copper 
layers (<3 x 10-* cm) for ®Be(d,«), together with the calculated value of V,, 
a first approximation to the values of «,.,, for “Li nuclei, of 3-6 + 0-6 x 10-1 sec 
and of (%)c, of 2:1+0-4 x 10-2 sec?cm~ are obtained. Using these values we 
obtained estimates for the mean life 7 of 6-3 + 1-6 x 10-" and 5-5 + 1:3 x 10° sec 
respectively, which justifies the assumption that «,,,5>7. These values of 7 can 
now be used to correct the estimates of «, «), which are inaccurate on account 
of the finite thicknesses of Cu involved. A few steps of successive approximation 
yield a more accurate value of 7 and «: 


n= 441-5 x 10-** sec; Oo 42 07 10 see. 


In principle, then, it is clear that measurement of the Doppler shift in several 
layers of a material with suitable thicknesses can yield information about both 7 
and «, but the accuracy of the final result is less than would be obtained from 
the same number of observations of the Doppler shift in a single layer, if 
independent, precise knowledge of « was available. Measurements of the 
range—velocity relationship for ‘Li nuclei were therefore made, for velocities 
in the range 8-6 to 5-4 10%cmsec1, by an entirely independent method.t 
These gave a value of ~,,, at the velocities relevant to the *Be(d, «)’Li experiments 
of 4:-4+0-3 x 10-13 sec, and the corresponding value of the mean life 7 is 
7:8+1:0x10-“ sec. These measurements of the range—velocity relationship 
have not been extended to small enough velocities to be applicable directly to 
the ®Li(d, p)’Li experiments, but extrapolation from the measurements at higher 
velocities indicates that the estimates of 7 obtained from the two reactions are 
in good agreement. ‘The general shape of the range—velocity relationship is 
approximately quadratic with («);,=2°6 x 10° sec? cm". 

The measurements with the calcium ‘sandwich’ layer also yield results 
consistent with the other experiments. However, in this case two quantities, 
%c, and x, are involved, in addition to 7, and in view of the limited accuracy 
of the Doppler shift measurements, and the non-availability of independent 
range—velocity data in this case, the value of 7 obtained from these measurements 
is not of great accuracy. Clearly greater accuracy (cf. I, eqns. (2), (3)) would 
be obtained if the calcium layer could be replaced by a thin layer with no stopping 
(vacuum), but the practical difficulties of separating accurately two thin layers 
of material by so small a distance are formidable. 

For all the above measurements we conclude that the mean life of the 
478 kev level of 7Li is 7:7+0:8x 10-4 sec. This value is consistent with all 
previous estimates. 


+ These will be described in a separate communication. 
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§ 3. 430 kev LEVEL or ‘Be 

‘The experimental procedure used in this case was the ‘target rotation” 
method described in I, and the apparatus and technique were essentially the 
same as described in that paper. 

The reaction used to excite the 430 kev level was !°B(p,«)’Be, with protons 
of 1:-45mev energy. ‘The targets were prepared by evaporating boric acid, 
enriched to 99°, in B, on to ‘thick’ backings of copper and calcium. The 
y-ray spectrum produced by proton bombardment was carefully examined for 
y-radiation other than that from the excited “Be, such as was produced from the 
copper and calcium backings, and for positron-annihilation radiation from the 
2C(p,y) reaction resulting from traces of carbon deposit on the targets. This 
latter was particularly serious since it is close in energy to the Be radiation, and 
could vary in amount with rotation of the target. In the actual measurements, 
these extraneous effects were reduced to very small magnitudes, and where 
appropriate small corrections were made to allow for residual effects. 

The Doppler shifts were measured using the ‘magnification’ method 
described in I. ‘The weighted average of ten measurements of the shift using 
‘thick’ copper backings was 6£/£ =0-0049 + 0-0003, and that for eight measure- 
ments using thick calcium backings was 6£/E=0-0025 + 0-0004. 

In order to deduce the lifetime from these measurements it is necessary to 
know the angular distribution of the « particles in the (p,«) reaction, in addition 
to the range-velocity relationship for the recoiling 7Be nuclei. In the absence 
of other information the (p,«) distribution was assumed isotropic, and this 
assumption is not likely to introduce an error of more than 10°, in the estimate 
for 7. ‘The computed full shift, with this assumption, is 5£/E=0-0075. 

In the absence of any independent information regarding the range—velocity 
relationship for “Be nuclei in solids, the relationship was assumed to be quadratic 
as in the case of ‘Li nuclei. This assumption gives, for the two measurements, 
values of the mean life, 7, in terms of (x2)(,, and (a): 

HOV Fe S C108 (ae ee, 
P= sor Ux 10s) 


These results give, for the ratio («»)c,/(%)c, a value of 3-04+0:7 which is 
consistent with the value that is obtained on the assumption that the relative 
stopping power of the two materials is the same as for protons with the same 
initial velocity as the ‘Be recoil nuclei. (The data for protons is that given by 
Allison and Warshaw 1953.) ‘This ratio is also in agreement with measurements, 
by an independent method, of the slowing of 7Li nuclei in various metals. 

To obtain an absolute value of 7, values must be assumed for (Xs)oy OF 
(%s)c,- Assuming a value of (a), in this case of 2:6 x 10-22 sec? cm}, i.e. the 
same as for ‘Li nuclei, we obtain an estimate of + of 2:5 + 1-0 x 10-8 sec, where 
an uncertainty of some 30°, has been attributed to the value of &». From the 
observed trend of the slowing down of heavy ions in gases one would expect 
the value of «, for Be to be somewhat larger than that for Li, and indeed, an 
attempt to estimate «, from such data and the relative stopping powers of air 
and metals for protons of comparable velocity confirms this indication. 

We estimate, therefore, that +=2-7+1-0x10-13 sec. An independent 


measurement of the range—velocity relation would reduce this error limit 
considerably. 
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§ 4. Discussion 

Detailed calculations of the expected lifetimes for these M1 y-transitions 
in “Li and ‘Be have been made by Lane (1955). The absolute transition 
probability is expressed in terms of the transition strength A, which is 
related to the mean lifetime by A=I'/(2:76E3 x 10-8) and +=%/y where I is 
the width in ev. y is in ergs, and EF is the transition energy in Mey. Lane’s 
results are shown in figure 5, which gives the variation in the calculated values 
of A as a function of y, the coupling parameter expressing the relative strengths 
of central and spin-orbit forces involved in the intermediate-coupling calculations. 
It will be seen that the value of A for the “Li transition is definitely larger than 
the maximum theoretical value, which corresponds to a value of y of about 0:2, 
i.e. Close to L—S coupling. The value of A for 7Be is less precise but seems to 
depart, if anything, in the opposite direction, i.e. it seems smaller than the 
theoretical value with y~0-2. The theoretical ratio A,;/Ap. varies very little 
at all for values of y<0-5 and is approximately 1-33, whereas the experimental 
value is 2:5 +1. 
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This disagreement may well be due to the neglect of the motion of the 
4He core in the shell-model calculations, as discussed by Lane, and also to the 
contribution to the M1 transition strength from exchange currents. It may be 
significant that the static-dipole moment of 7Li is also larger (by about 5%,) 
than the calculated value, for y~0-2, on the intermediate-coupling model. Any 
refinements in the theory to improve the agreement with experiment in the case 
of either M1 transition could be readily checked by its predicted effect on the 
value of the strength of the other transition. In this connection, a more 
accurate value of «, for Be nuclei, and hence of rp, would be very useful. 


Lie D. St. P. Bunbury, S. Devons, G. Manning and 7. H. Towle 
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Abstract. ‘The mean lives of the first 2+ states of C, !®O, 2°Ne, and 28Si have 
been measured using recoil methods with following results : 


RC 7=2:6+0-9 x 107 sec. 
MQ +7=2-5x 10-“sec. 
70Ne 7r=7:643°3 x 10-8 sec. 


Si 9 x 10-8 <r (or 7<3 x 10-4). 


§ 1. INTRODUCTION 


HE methods described in earlier papers, (Devons et al. 1955 (1), Bunbury 

| et al. 1956 (II)) have been used to study the quadrupole transitions from 

the first 2+ levels of 12C, 1*O, 2°Ne, and 28Si. The choice of reaction used 

to excite these levels has been limited by the available equipment, for which 
the maximum accelerating voltage was 2 Mev. 


§ 2. 4-43 MeV LEVEL IN 12C 


The transition between this level and the ground state is well established 
1s a pure E2 transition (2*—>0*) (see Ajzenberg and Lauritsen 1955 for detailed 
‘eferences). "Thomas and Lauritsen (1952) studied the Doppler broadening 
of the 4-43 Mev y-line excited in the reaction /N(p,«)'C, using a magnetic lens 
spectrometer, and concluded that the lifetime of the level was less than 
3x 10-13 second. Mills and Mackin (1954) measured the Doppler shift in this 
ine excited in the reaction °Be(«, n)!2C and placed the same limits on the lifetime. 

Three reactions were considered for measurements of this transition lifetime, 
4N(d,«), 1°N(d, p), and °Be(«,n). With the available bombarding energies 
he first of these reactions would have yielded the largest Doppler shifts, and 
ilthough some measurements were made with this reaction using the coincidence 
method, the relative convenience of beryllium as opposed to nitrogen targets 
ed to the final choice of the third reaction for detailed measurements. ‘The 
echnique employed was that appropriate to endo-momental reactions, with 
stationary y-detector as described in I, § 2.2(a). ‘The arrangement of the targets 
ind detector is shown schematically in figure 1. ‘The targets were thin 
~7 gem) layers of metallic beryllium evaporated (a) on to ‘solid’ backings 
yf copper, (b) on to thick (210-4cm) layers of calcium, which were evaporated 


+ Now at The Physical Laboratories, The University, Manchester. 
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on to copper backings, (c) on to thin self-supporting layers of copper. Doppler 
shifts were measured using the method described in I. A typical spectrum 
‘gated’ by the wide and narrow channels respectively is shown in figure 2. 


400 
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Figure 1. Apparatus used for endo- Figure 2. Typical gated spectra for 
momental method. measurement of lifetime of 


4-43 mev level of #?C. 


‘Two sets of measurements were made. In the first, the energy of the 
y-radiation from excited !?C nuclei recoiling into the copper backing was compared 
with that from 'C nuclei recoiling into the ‘thick’ calcium layer. An «-particle 
energy of 1-9 Mev was used in these measurements. In the second set of measure- 
ments, the y-radiation from nuclei recoiling into copper was compared with that 
from nuclei recoiling into vacuum, by bombarding, in the latter case, the Be 
target deposited on the thin copper film through the copper film. This second 
measurement yields a unique estimate of the lifetime, and is in principle a better 
comparison than the first, since it involves only the range—velocity relationship 
for one material, copper. However, the loss of energy of the «-particles when 
bombardment was made through the supporting film led to a reduction in yield 
and consequent loss of accuracy in the measurements, and with the actual 
maximum available «-particle energy of about 2Mmev, the first measurement 
was the more accurate. In comparing y-energies from different targets many 
precautions were taken, as described in I and II, to ensure that the observed 
changes were due to genuine Doppler shifts and no other causes. This was 
particularly important in the present case where shifts of the order of a few 
parts in 10° were significant. 

The mean result of twelve sets of measurements with ‘thick’ copper and 
calcium backings was a difference, F(,, — E,,=6E =(0-00078 + 0-00008)E. 

The mean result for six comparisons with copper and vacuum backings 
was Eyp— EQ = E=(0+0-001)£. 

The computed full Doppler shift for the comparison of a vacuum and a 
perfect stopping material (stopping time, «<7) was AE=0-009F. In order to 
interpret these results, some assumptions had to be made about the neutron, 
o-particle and y-neutron angular correlations. In the absence of other information 
both were assumed isotropic, and the inaccuracy introduced by this assumption 
is unlikely to be serious in comparison with the uncertainty in the range—velocity 
relationship for carbon nuclei in solid materials. 
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Estimates of the stopping times for recoil into copper and calcium (ao, and 
% ¢,) were made by comparison of the range of !?C nuclei in gases (Wrenshall 1940, 
Feather 1933) with our own measurements (see below) of the stopping of oxygen 
nuclei in copper, and approximate values of «,,, for 2C of 1-44 0-4 x 10-1 sec 
and x, of 5-6+ 1-6 x 10> sec at the relevant velocities, were obtained. 

From these values of x , and «,, and the measured Doppler shift with these 
two targets, we obtain, neglecting the finite thickness of the Be layer, two possible 
values for the mean lifetime of the excited state: 7=1:9+0-7 x 10-!sec and 
7=43+41-5x10' sec. The rough comparison of the y-radiation with copper 
and vacuum backings is sufficient to show that 7 is less than about 3 x 10-!sec 
so that the smaller of the above two values is the correct one. 

The correction for the finite thickness of the beryllium target was quite 
appreciable with so short a lifetime. The final estimate for the mean lifetime is 
2-6+0-9x10-4sec. The large error is largely due to the uncertainties in the 
range—velocity relationships. 


§ 3. 6-9 Mev LEVEL IN 16O 


An upper limit for the lifetime of this level has been obtained by Doppler 
shift methods, as described in I, §3.2. The estimate of this limit required some 
assumption regarding the range—velocity relation for 1O nuclei in copper. 
We have, since these measurements were made, determined this range—velocity 
relationship by a Doppler-shift technique. 

The lifetime of the 6-13 Mev level of 16O is of the order 10-!sec, which is 
much longer than the slowing down time «,,, for such excited 1®O nuclei produced 
in the !®F(p,«)!®O reaction, recoiling into copper. It 1s a simple matter then to 
choose suitable copper layers (thickness <5 x 10-*cm) in which the excited *O 
nuclei will be slowed down, but will have negligible probability of radiating. 
By measuring the Doppler shifts for various thicknesses of copper, using the 
target rotation method described in I, the range—velocity relationship can be 
determined without any precise knowledge of the lifetime of the excited state. 

Targets of this sort were prepared by evaporating copper on to thin CaF, 
targets, which were themselves evaporated on to thick copper backings. ‘The 
thickness of the copper layers was determined by the energy shift in the resonances 
of the !®F(p, «) reaction. 

The expected Doppler shift, for an average proton energy at the Cal’, target 
of 1:38mev was computed, on the basis of a linear range-velocity relation, 
R=1,V, to be 

df/E=0-0049(1—d/Ry)?, for d<Rg, 


where d is the thickness of the copper layer covering the Cal, target, and R, 
is the range in copper for an initial velocity of 2:8 x 10°cm. For d> Ry, d£/E=0 
of course. 

Measurements of this Doppler shift were made for copper layers of thickness 
12+2, 26+3, and 55+3x10-*cm, and also for an uncovered target. The 
mean values of SE/E were 0-0032 + 0-0006, 0-0014 + 0-0006, —0-0003 + 0-0006, 
and 0:0056 + 0:0006 respectively. Figure 3 shows a graph of (dk/E x 0-0049)"" 
plotted against d, from which it is seen that these results are consistent with 
a linear range—velocity relationship, with a value of «(,, of 1-8 + 0-2 x 10° second. 


i222 


176 S. Devons, G. Manning and 7. H. Towle 


‘This is to be compared with the value 1-3 x 10-18 which was assumed in paper is 
The estimate for the mean life of this state is consequently changed to 
725 x 10, “second. 
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Figure 3. Results of experiments on the range of !®O nuclei in copper. 


§ 4. 1-62 Mev LEVEL OF 29NE 


This level was excited by means of the reaction **Na(p, «)??Ne using protons 
of energy 1:22mev. Doppler shift measurements were made with the 
‘target-rotation’ technique, as used for 1®O and as described in I. ‘Targets used 
were thin evaporated layers of NaCl on ‘thick’ backings of calcium and gold. 

The mean shifts measured were 6£/E =0-0012 + 0-00015, and 0-0021 + 0-0003 
for calcium and gold backings respectively. ‘The angular correlation of «-particles 
with protons and y-radiation with «-particles are known in this case (Seed 1953) 
so that the Doppler shift corresponding to a perfect stopping material could be 
calculated as 6F/E=0-0029. 

There is no direct information regarding the range—velocity relationship for 
?°Ne nuclei in solids. Assuming a linear relationship we obtained the following 
estimate for the mean life: r=(0-69+0-19)a,. and r=(2:6+1-1)x,,. These 
results indicate a ratio of about 4 for « ¢.,,/«,4,, which is consistent with the estimate 
obtained from the ratio of stopping powers of the two metals for protons of the 
same velocity as the Ne recoil nuclei. 

The range of Ne nuclei in gases has been measured (McCarthy 1938), and 
by using these results, and assuming the relative stopping powers of gases and 
solids are similar for Ne and O nuclei, we estimate «,., for Ne nuclei of relevant 
velocities to be 1-1+0-4 10°™ second. This gives an estimate of the mean life 
of the 1-63 level of #°Ne of 7-6 + 3-3 x 10- second. 


§ 5. 1-78 Mev LEVEL OF 28Si 


‘This level was excited by means of the reaction ?’Al(p, y)?8Si, using protons 
of energy 990 kev corresponding to a prominent resonance for the reaction. 
It was assumed that the lifetime for cascade of y-rays from the resonance level 
to the 1:78 Mev was much shorter than the lifetime of the level itself. ‘The small 
momentum given to the *Si nuclei by these cascade y-rays was also neglected, 
and the recoil motion attributed entirely to the bombarding protons. 
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Doppler shift measurements were made in a similar manner to those described 
above for "C. Thin targets of aluminium were made by evaporation on to 
‘thick’ backings of calcium and tantalum. The difference in the y-energy 5£ 
for these two targets was found to be less than 0-0003E, whereas the computed 
difference in Doppler shift for a vacuum and a perfect stopping material is 
0-O017E. 

Assuming a linear range—velocity relationship for ?8Si nuclei, and that 
%y=4x%p,, we obtain two possible interpretations of the small measured shift: 
(a) y-transition fast: 7S$a ,, (b) y-transition slow: 72=3a,,. We can only 
make rough estimates of the limits for xp, and «,,, for recoil nuclei of these low 
velocities (5 x 107 cm sec), and these we take to be xp, 10-# and «,, 3 x 10-3. 
The corresponding limits for the y-lifetime are 7S3x10-" or 7=9x 10-8. 
For an E2 transition of this energy, the second limit is more likely to be the correct 
one. Of course a direct comparison of the energy shift with recoil into vacuum 
and one of the above materials would remove this ambiguity, but this involves 
bombardment through a supporting layer, a technique which presents some 
difficulty when the exciting reaction has so sharp a resonance. 


§ 6. DiscussION 


In the absence of detailed knowledge of the wave functions of the nuclear 
states involved in the above measurements, we give below a comparison of the 
measured lifetimes with those predicted for a single-proton transition in a fixed 
potential well. Assuming ‘constant-density’ radial wave functions and a nuclear 
radius of 1:45x10-%A'"cm, Moszkowski (1955) gives the expression 
1/7=1-6 x 108A*2E*S (where S is a factor of the order unity and depends on 
initial and final spins). Using a smaller value of 1:3 x 10-134"? reduces the 
numerical factor to 10%. Using this value we get for the ratio, 7=Ttheor/Texp: 

ACs OH ==18:0 472:8).9> a AO) ee Bere 
BNE gil) S ESL eS 

The large quadrupole transition moments indicated by these results are of 
interest in connection with estimating the extent of correlated nuclear motion 
in light nuclei, but more extensive results are clearly desirable before definite 
conclusions are made. The methods described in this and the previous papers 
should enable such results to be obtained, particularly if particles of higher energy 
than those used in the present experiments are employed. 
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RESEARCH NOTES 
The Identification of a Band System, B?Z*+)—A*Z', in OH and OD 


By R. F. BARROW anp A. R. DOWNIE 
Physical Chemistry Laboratory, Oxford 


MS. received 4th October 1955 


excited by a discharge in water vapour, which lies in the region 4200 to 

60004. ‘The emitter of this system has not yet been identified, although 
+t has at one time or another been suggested that it is HO; OH, OF oO 
The purpose of this note is to show that the bands arise from a transition 
B(?2D+)-a2+ in OH. 

Rotational analyses of the new bands of O'H have been published (Schiler, 
Reinebeck and Michel 1954, Benoist 1955) which are in satisfactory agreement, 
although the precision of neither set of measurements is high. We have evaluated 
the constants anew from the published figures, making some attempt to take 
account of centrifugal stretching terms, which are important. The results are 
given in table 1. The first lower state vibrational interval is 1916cm™'. Now 


Scie! AND WOELDIKE (1943) were the first to record a band-system, 


Table 1. Constants for B-A®+ system of O'H 


~ 


Bi n't Vo B D 

15 23703 v5 12-60, 2:;x103 
0,5 23043 6 ILoSs3\5 Mone NOY 
1, 6 21790 q 10-19, Sore Ome 
0, 6 21126 8 8:35 (Sea)< lo 
0,7 19502 v =0 SID, ee SOI 
0,8 18227 1 4-18, QraOee 


T,=68366 cm 


for ait of OH, Gaydon (1953) gives AG(0-1) = 2987, (1-2) 2793, (2-3) 2593, 
(3-4) 2384cm'?. A natural extrapolation gives AG(4—5) = 2163, (5-6) = 1927 cm™. 
The agreement between the extrapolated interval, 1927, and the observed value 
1916cm-! is suggestive. If we now consider the values of B, for a*X~ of OH 
we find that Tanaka and Koana (1934) give the equation 


B, = 17-351 —0-796,(v + 4) — 0-0123,(v + 4), 


valid for 0<v<4. By extrapolation, B,= 12-595, in excellent agreement with 
the value of B” for the band at 23044cm™ (table 1) 12-60cm™. We may 
reasonably conclude that the lower state of the system is A2+: further evidence 
in support of this conclusion appears below. ‘The way in which AG and B vary 
with vibrational quantum number is illustrated in the figure. 

The extrapolation of the vibrational intervals in a*X* to the con- 
vergence point is short, and amounts only to some 1230cm!. We 
obtain D,(a2=+)=20532em™4, which with T,(a-x)=3286lcm™!, leads to 
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Do"(x*I1)= 35501 cm, or 101-4gkcal. If it is assumed that the extrapolation 
is correct to about + 10°, then the limits of error in Dy" are about + 0-5 kcal. 
The agreement with the thermal value obtained by Dwyer and Oldenberg (1944), 
D," = 100-2 + 0-9 kcal (see Gaydon 1953), is satisfactory. 


u- (scale for AG) 
45 55 


ree 1S Sc) 35) G0 SOO mS 


B (cim') 
ve 
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L 1 1 1 4 4 ! ——————— 
0 | ee 8 + 5 6 Ti 8 iS) 10 
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The variation of AG and of B with wv in the state a2X+ of OH. 


Corresponding bands of O?H have been photographed by Schiller, Reinebeck 
and Michel (1954), and the vibrational scheme which they propose is correct. 
They also give rotational analyses of three bands which are erroneous. We have, 
however, been able to carry out acceptable analyses, using their measurements, 
by shifting appropriately the numbering in the branches. The constants for 
the O?H bands are given in table 2. The values of AG and of B fit well with 
extrapolated constants for a? * of O?H, if the band at 23014cm ! has as its lower 
state v=7. Proceeding as before, we find D,(a2X+)=20619cm™4, in good 
agreement with the more precise value obtained from the O'H bands. 


Table 2. Constants for B—A2X+ system of O?H 


vv" Vo B D 
0,7 23014 o’=7 6-68, (7; 10-4) 
0,9 20303 Y) Sor oem 
0, 10 19186 10 Sa. OQ S<10=— 
#=0 27h 2-6 x 10-4 


T,=68669 cm- 
AG’ (0-1) =546, AG’ (1-2) =360 em! (Schiiler et al. 1954) 


The upper state B calls for some comment. Since only two branches have 
been observed in each band, it is probable that it is a?X* state. ‘The vibrational 
intervals in this state converge very rapidly, and it seems certain that it correlates 
with O('S,)+H. Information is not yet available to verify in detail the expected 
isotope relations in B?=* of O'H and O?H, but it appears that the lowest observed 
vibrational levels for each molecule have v=0. The values for D,’ are about 
930 and 985cm~! for O1H and O?H respectively. 
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It is clear that a detailed investigation of these bands, with higher resolution 
than hitherto, is likely to prove of some interest, and should in particular lead 
to a very precise determination of the dissociation energy of OH. This work is 
now in progress. 
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Evaluation of Force Constants from Raman Effect Data: 
Molecules, Radicals and Groups of Pyramidal XY, Type 


By K. VENKATESWARLU anp S. SUNDARAM 


Annamalai University, Annamalainagar, 5S. India 


MS. received 4th April 1955, and in amended form 30th September 1955 


§ 1, INTRODUCTION 


y all the methods for the evaluation of the force constants of a molecule 

from the observed Raman frequencies, the more recent and comparatively 

simpler method is the one introduced by Wilson (1939, 1941) utilizing 
the symmetry coordinates. The chief advantages of this Wilson’s F—G matrix 
method, as it is usually called, are (i) the method requires no separate coordinate 
system but instead makes use of the internal coordinates which are the changes 
:n the bond distances and the inter-bond angles in a molecule, and (ii) the solution 
of the secular equation in the form of an expanded algebraic equation becomes 
easier than in a determinantal form. 

In the present investigation, the /—G matrix method is used to evaluate the 
force constants in the case of some molecules, radicals and groups of the pyramidal 
XY, type. It can be seen from the available literature (Herzberg 1951) that the 
force constants in the case of some of these pyramidal molecules have previously 
been worked out by other methods but a rigorous application of this group- 
theoretical method has been attempted here for the first time to evaluate the force 
constants of several pyramidal structures, some of which have not been worked 
out by any of the methods so far. 


§ 2. SYMMETRY COORDINATES 


These pyramidal structures belong to the point group C;, and as such give 
rise to two nondegenerate A, type and two doubly degenerate E type Raman 
frequencies. As there are six vibrations in all, the six internal coordinates used 
in constructing the symmetry coordinates are Ad,, Ad», Ad, indicating the changes 
in the X-Y bond distances and Aa, Axy3, Ax, the changes in the Y-X—Y inter-bond 
angles. For the two types of vibrations, the six symmetry coordinates which 
are the linear combinations of the above internal coordinates are 


for the A, type, R,=(Ad, + Ad, + Ads)/ 4/3 
Ry = (Adige + Acts + Aatgy)/ /3 
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and for the E type, 
ga = (2Ad, — Ad, — Ads)/ \/6 
- = (Ad, — Ad,)/ 4/2 
Ryg = (2Ac19 — Actos — Axs1)/ 6 
Ray = (Attys — Aarg1)/ 4/2. 
‘These symmetry coordinates form an orthonormal set and further it may be 


seen, from the relevant character table, that they transform according to the 
characters of the vibration type concerned. 


§ 3. F Matrix 


The elements of the F matrix, viz. the potential energy matrix, are derived 
from the general potential function assumed, using the coefficients of the internal 
coordinates in the symmetry coordinates. In the case of these pyramidal 
structures, the most general potential function will be of the form 

2V =fal=(Ad,)"] + fal = (dA 2)"] + 2faal= (Ads )(Ads)] 

+ 2faal™(dA%2) (Ad) + 2foal =(dAe2)(dAas)] 
where f,, fxs faa fax and fy, have their usual significance. There are five force 
constants while there are only four observed Raman frequencies. ‘Thus in order 
to evaluate all the five force constants from the four frequencies, it may be necessary 
to assume one of them and calculate the remaining four. In case no reported 
data are available to assume one of the force constants, one of the five constants 
which contributes very little to the potential energy is neglected and in those 
cases four force constants are evaluated. Accordingly, when the above most 
general quadratic potential function is assumed, the matrix elements are 
for the A, type, 

ee et ee) 

and for the E Be 

=(fa-, faa), Foa= Fy3= > ao Bigg =F fn —Jon) 
For those cases eee J55/48 eae! fs. 0, F,,.— i ,,=0,all therother 
elements remaining the same. 


$4. G Matrix 


The elements of the kinetic energy matrix are obtained from Wilson’s general 
expressions, assuming unit vectors directed along the bonds in terms of the 
reciprocal masses of the atoms, bond distances and inter-bond angles. For the A, 


type vibrations they are: 

Gy = py +H A1+2cosa«) 

G1.= Gy =[—2u,(1 —cosa)(1+2cos«)]/dsin«. 

Gop = 2[u,(1 + cos — 2 cos?«) + 2u ,(1 — cos«)?(1 + 2 cos a.)]/d? sin? « 
and for the E type vibrations, 

Gog = fy + (1 — cosa) 

Gq = Gag =[—p (1 — cos )"]/2d sin x 

Gaa=[u,(2 — cos « — cos? x) + w,(1 — cos «)?]/d? sin? x 
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The secular equations obtained from the above elements of the F and G matrices 
are 


i A? om A FyGy, ey 2F Gp mi F'y2Gyp) at: (Pi P oe as Py? )(Gy G22 ‘cs Gi”) =0 
anc 
A? va \( F'33G33 si 2F4Gq + F'yyG yy) Te (P3344 cr P34”) G'33G'a4 t G34”) =0 


for the A, type and E type vibrations respectively. A=472c2v2, yv being the 
frequency in cm}. 


§ 5. RESULTS 


The theoretical considerations developed above have been applied to the 
evaluation of force constants of some molecules, radicals and groups having the 
pyramidal structure and belonging to the point group C;,. As mentioned earlier, 
there are five force constants in the most general quadratic potential function 
as against four observed frequencies from which they have to be evaluated. 
‘There are ten cases out of the 17 discussed in this paper, for which reported values 
of f, are available (Herzberg 1951), and in those cases, the remaining four constants 
have been evaluated. For the remaining seven cases where f, values are not 
available, the uniform procedure of neglecting f,, and calculating the other four 
has been followed, as in these cases using f,, and neglecting f,, led to the quadratics 
in f,, having no real roots. 

The observed Y—X—Y interbond angles, the observed frequencies (taken from 
Landolt—Bornstein ‘Tables, 1951 edn) and the most probable sets of the force 
constants obtained for the various cases are given in the table. Also the X-Y 
distances calculated by Badger’s rule (1935) from the f, values obtained in the 
present investigation for some cases where such data are not available are given 
in the last column of the table. The frequencies calculated using the force 
constants obtained in the present investigation are in exact agreement with the 
observed frequencies. 
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Spherical Harmonics with the Symmetry of the Close-Packed 
Hexagonal Lattice 


In using the cellular method, expansions in spherical harmonics are necessary 
which reproduce the symmetry of the group of the k vector. A method to 
obtain these expansions has been given by von der Lage and Bethe (1947) and 
recently extended by Bell (1954). In this method, however, the spherical 
harmonics are expressed in Cartesian coordinates, which makes it difficult to 
apply recurrence and other relations betweenthem. We have therefore developed 
a general, group-theoretical, technique to obtain these expansions in polar 
coordinates. We use the representations of the rotation group given by Wigner 
(1931), which we have put ina convenient form fer computation. Some theorems, 
which simplify the representations for the finite rotation groups, have also been 
obtained. A full account of the method will be published elsewhere. We 
have considered it convenient, however, to publish in advance our results for 
the representations with the full symmetry of the close-packed hexagonal lattice 
(k=O), as they are at variance with similar expansions recently given by Schiff 
(1955): 

Our results are summarized in the table where, to facilitate comparison, 
we use the same notation as Schiff for the irreducible representations. This 
is the one given by Herring (1942). 


Representation it m+ o-dependence sign 
(mod 2) (mod 6) 
Taga Rie 0 0) cos She 
3 3 cos —,4 
itches JB + 3 sin ae; 
7 sin 4 
Gane = 6 6 sin —_,= 
3 33 sin —,4 
I= Teck 4 3 cos 5 a 
1 0 cos _t — 
in } 
ee ds 2 dis oon = 
4 eon 
c= 
3 2,4 ‘one = 
(cos J 
Fo ar 2 2,4 ae ae 
Lcos ; 
1 1,5 { a = 
Lcos 


+ See the text for the notation for / and m. For example, /=6 (mod 2) means here the 
succession of values 6, 8, 10.... 


} For example, m=1, 5 (mod 6) means here the succession of values 13,7, 11 sae 
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The following notes are necessary for the understanding of our table. As 
there are two atoms per unit cell, our expansions must be given in terms of 
spherical harmonics centred around each of the two atoms of the basis. _ If these 
are denoted respectively with Y;” and ‘Y;” they will appear in pairs of the form 
Yj +°Yj". The sign to be used in this linear combination is given in the fifth 
column of the table, the first sign to the left corresponding to the first representa- 
tion given in the first column. For non-degenerate representations the spherical 
harmonics reduce to the form P/"(cos 6) sin md or P#"(cos@)cosm¢. Both these 
forms appear in pairs in the degenerate representations. ‘This ¢-dependence is 
given in the fourth column and in the second and third the permissible values of 
land m, modulo 2 and 6 respectively, are listed. In each case we give the smallest 
integer, modulo 2 or modulo 6, which can appear in the expansions. The 


definition which we use for the functions P” is that given by Margenau and 
Murphy (1943). 


I am grateful to Dr. B. Schiff for correspondence and discussion. 
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The Cellular Method for Close-Packed Hexagonal Titanium 


In a recent paper (Schiff 1955) the author has given the expansions in spherical 
harmonics for the symmetry types belonging to the centre of the zone in a close- 
packed hexagonal lattice. Some of the expansions and the corresponding 
boundary conditions given in the paper are incorrect, due to the use of incorrect 
irreducible representations. Altmann (1956) has tabulated the correct expansions 
for each type belonging to the zone centre, and a corrected table of boundary 
conditions is given below. ‘The notation of Herring (1942) is used to denote the 
symmetry types, and the boundary conditions are given for the section of the 
atomic polyhedron shown in figure 2(b) of the author’s paper. Altmann’s 
table, together with that given below, replaces tables 1 and 2 of the paper 
respectively. | 

Of the eigenvalues given in table 3, those for the states [,* and Ty are 
unaffected, but those given for the states 1+, [,+, f;* and I, must be considered 
as incorrect. ‘Thus the conclusion that the eigenvalue of the lowest d-like state 
in close-packed hexagonal titanium lies above that of the lowest s-like state cannot 
be relied upon. The eigenvalues for the body-centred cubic modification 
given in table 4 are, of course, unaffected. 
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Boundary Conditions for the Symmetry ‘Types at I 


Non-Degenerate Types : Degenerate Types: 

Type Face CDE Line BC Type ¢-dependence Face CDE Line BC 

Loe yw TE Pops 

pet 0 s a ie cos md 0) S #2 
18) $s & re sin md 0 ae 
iy 0 A le cos md 0 2 5s 
Le 0 aos pe sin md 0) s a 
yeas 0) S a Te cos mp () Ss a 
iB 0 3. Ives sin md 0 Aw yas 
oe 0 as Le cos mp 0) Ay * SS 
hie 0 a Be sin md 0 s 


Note.—The boundary conditions for the two components of a degenerate function, 


being different, are given separately. 
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on the subject. 
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REVIEWS OF BOOKS 


Methoden und Anwendungen der Massenspektroskopie, by H. Ewa.p and H. 
HIINTENBERGER. Pp. 288. (Weinheim: Verlag Chemie, 1953.) DM 25.60 

Modern Mass Spectrometry, by G. P. BARNARD. Pp. 326. (London: Institute 
of Physics, 1953.) 50s. 

The first of these two books has the more comprehensive scope. It 
discusses methods in which the deflection of ion beams is used either to deter- 
mine atomic masses with very high accuracy by the use of photographic tech- 
niques or to find the abundances of atomic or molecular species with electro- 
metric methods. In addition it contains short chapters on the use of ion beams 
for separating isotopes and the employment of time-of-flight techniques in 
accurate mass measurement. 

After a brief historical chapter and one about ion production there follows a 
detailed discussion of the various types of magnetic and electric field combinations 
which have been developed by ingenious experimenters in order to achieve a 
maximum of resolution in mass spectrographs. A good deal of mathematics 
has been condensed into this chapter, which should prove valuable to readers 
interested otherwise in the deflection of charge particles in electric and magnetic 
fields ; it is made intelligible by many well-conceived and well-drawn diagrams. 
There follows a chapter on ion detection, general construction principles and 
auxiliary equipment. Almost one half of the book is given to the description of 
precision mass determinations (with many beautiful reproductions) and to a large 
number of applications of abundancy measurements to the study of nuclear 
transformations, geological problems, problems of ion formation, analysis of gas 
mixtures and the use of stable isotopes as tracers. 

Modern Mass Spectrometry by G. P. Barnard is on the whole a more down-to- 
earth kind of book. As the title indicates it is more limited to electronic methods 
for studying abundances of ionic species. Accordingly the theoretical chapter 
is simpler and less condensed, and more space is devoted to the discussion of 
practical details, sources of error and so on. Again nearly half the volume is 
devoted to the discussion of applications, in this case including a considerable 
bulk of applications to industrial analysis (as would be expected from a book in 
the series ‘ Physics in Industry ’). 

Both books are very well printed, having a good index and extensive lists of 
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Figure 1. Cloud chamber photograph of a 2:9 Mev 'N (y, p) event in which the proton 
stops in the chamber. ‘The path of the x-ray beam, which enters the chamber at the 
top of the picture, is shown by the background of electron tracks. 
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(6) 
A 'N (y, p) (or (y, d)) event which has been enlarged to show the detail of the 


Figure 2. 
recoil track. 
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Figure 3. Enlargements of 
(a) a 'N (y, 2x)*Li event, 
(6) a }4N (y, np) event. 
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The Two-body Problem in the Theory of the Quantized Gravitational 
Field + 


by E. CORINALDESL? 


Dublin Institute for Advanced Studies 


Communicated by L. Rosenfeld ; MS. received 7th June 1955 and in 
amended form 17th November 1955 


Abstract. The equations of the two-body problem of general relativity are 
derived by a Hamiltonian method based on an expansion of the general covariant 
Lagrangian in powers of the gravitational constant and by employing the 
techniques and the viewpoint of quantum field theory. It is found that, within 
the approximation in which they have so far been calculated, the equations 
could have been obtained identically from a linear theory of gravitation. 


§$ 1. INTRODUCTION 


HE equations of the two-body problem in general relativity were derived 

long ago by Einstein and his co-workers (Einstein et al. 1938, 1949) from 

the assumption that the bodies can be regarded as singularities of the 
gravitational field. ‘Though the work of these authors is a classic of completeness 
and mathematical rigour, it leads to equations containing only the first few terms 
of an expansion in powers of the gravitational constant and of the velocities of 
the bodies. It appears therefore conceivable that an alternative simplified 
derivation should be possible. 

A way of proceeding which suggests itself consists in starting from the general 
relativistic Lagrangian corresponding to the field equations R“’ — $ Rg” = — $x? T*”, 
where 7”” describes the bodies as spinless particles obeying general covariant 
equations. ‘lhe Lagrangian is then expanded in powers of the gravitational 
constant and is taken as the basis for a Hamiltonian derivation of the equations 
of motion, in analogy with a similar calculation performed thirty-five years ago 
by Darwin (1920) for the electromagnetic interaction between charged particles. 
This approach differs from that of Einstein, Hoffmann and Infeld in that the 
bodies have, so to speak, to be put into the equations at the outset, though in a 
way that satisfies the requirements of general covariance. In other words, we 
regard the energy-momentum tensor 7” as being responsible for the non- 
vanishing value of the left-hand term of the Einstein field equations, while 
Einstein and his co-workers tend rather to regard the left-hand term as a 
definition of T”’. 

A definite advantage of the method we propose to employ is its ease of manipula- 
tion and the insight it gives into the relationship between the equations of motion 
according to the general theory of relativity and those which would result from 


a linear theory of gravitation. 


+ A short account of this work has already appeared in the June 1955 number of the 


Italian journal I] Nuovo Cimento. 
t Now at Department of Natural Philosophy, The University, Glasgow. 
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In this work we have found it convenient to develop our approach along the 
lines afforded by the theory of the quantized gravitational field. 

It was Rosenfeld (1930) who first had the idea of quantizing the linearized 
Einstein equations. More recently Gupta (1952, 1954) was able to give a general 
treatment of the quantization of the complete gravitational field, which is 
amenable to actual calculations. His approach amounts to re-interpreting the 
general theory as an ordinary field theory in flat space with a Lagrangian 
consisting of an infinite number of terms. ‘Thus the linear part of the gravitational 
field is isolated and regarded as the free field, whose quanta are the gravitons, 
while the non-linearity is interpreted as an interaction among the gravitons, and 
between the gravitons and the various matter fields which are present. When 
formulated in this fashion, the theory of the gravitational field shows a very close 
similarity to quantum electrodynamics and meson theory. 

In these latter theories, the two-body problem has been the object of the 
greatest interest for many years. The first step was made by Breit (4929; 1932); 
who used the retarded Moller interaction between two electrons, derived from 
quantum electrodynamics, as a ‘potential’ in order to calculate the relativistic 
corrections to the energy levels of the helium atom. The Breit method will be 
sufficient for our purpose, and we shall not need to mention any of the more 
recent developments of the two-body problem in field theory. 

In the theory of the quantized gravitational field, it is easy to derive a velocity 
dependent interaction between two particles, which is the analogue of the 
Moller formula. Such an interaction is then inserted in a two-particle 
Hamiltonian of the type used by Breit, and by the help of this it is possible to 
evaluate the second time derivative of the operator representing the coordinate 
of one of the particles. Taking the average value of this for a wave function 
describing two wave packets for the two interacting particles, the Einstein, 
Infeld and Hoffmann equations have been found to hold. 

As pointed out before, the use of quantum-mechanical techniques has been 
suggested by reasons of convenience rather than necessity. Genuine quantum 
field theoretical features, such as the occurrence of divergencies, would only 
make their appearance in an approximation higher than that pursued here, so 
that it should not be difficult to translate our calculations into a completely 
classical language, should one incline towards a more traditional description of 
nature. 


§ 2. PRELIMINARIES 


We consider two fields 4“ and %° of scalar particles of mass m, and m, in 
the presence of the gravitational field. ‘The field equations 


oa, ce By, / api” 240 —0 ee 
/(—2) ax" RN 2) ae + NY = (CS ' ) Aoodod (1) 
can be derived from the Lagrangian 
Ly=tV(—8) > (6H, .H, 9 —mep™), aaa, (2) 
Gal 


Following Gupta we shall put g”"=«"—Ky"", where <“” is the Minkowskian 
tensor, and expand Lg in powers of «. Similarly the Lagrangian of the 
gravitational field can be taken over from Gupta’s- work in the form of an 
expansion. Reverting to the coordinates x,, x2, %3, x,=it, and therefore 
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neglecting the distinction between covariant and contravariant indices, we 
have the Lagrangian 


L= — Yu», 1¥uv,a— Vay, + >, (LO— hich, TO) + O08), eee. (3) 


iv 
v=1,2 


r = = pS thi 
W here v = Yu as a YVuv fia? ZY ys W hile 


dys i)\ 2 ie F 
LO = 1] ( oF ) (grad 4)? — ma | ro eer ene (4) 
tO AeA Ge oe DUE eM taser (5) 


In (3) O(«?) denotes terms of the second and higher order in«x, which would 
make a contribution to the final result lying outside the approximation pursued. 
Note that the linear approximation (3) ees to the field equations 
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From the Lagrangian it is easy to derive the interaction Hamiltonian in the 
interaction representation, 


Aint == 3Kh,,,T, py ts O(K? iE 


‘The element of the S-matrix 


S=1+(=i)[ Hig(s)de+ Mae de [” de’ PH (x) Hiy()} + 


for the scattering of a particle 1 by a particle 2 can be calculated by standard 
methods with the help of the equation 


{ Pth,,,(x)h,.(%')} 9 = (8,28 vp + Sup? va — Suvi )Dp' (x — x") «see (10) 
for the vacuum expectation value of the P-bracket of two gravitational field 


operators. Here 


D,'(x) = al (2 4+p2)-lexp(ikx)dk  (p>0)  ...... (11) 


Gry ye 
is Feynman’s singular function for the gravitational field. 
Denoting by p=(P,Po), p’=(p’, Po) the initial and final momenta of 


particle 1, and by g=(q,q) and q' =(q’, qo’) those of particle 2, the scattering 
matrix element is found to be 


ix? 1 OP. gp —¢) 1 fed y , 
So a agallon e's’) + (000) 

— (pb')(4q') — 117(9q') — m9"( pp’) — 2my*my"], «+++ (12) 
where 8(p) is a four-dimensional 6-function. It is convenient at this stage to 


make an expansion of the last two factors in powers of the velocities, which 
gives 


d sae / ‘ ¢ Is 
Fada aaasial I= appa, imam + tease”) + deni(p +P) 
0F0 10720 


—mm(pq+p’q’+pq’+p’q)]+.--- tenes (13) 


192 E. Corinaldest 


A velocity dependent potential is defined by Fourier transformation of the 
scattering matrix element, and results in 


D, 2 ¢ , ‘ / 
- | mtn? — 3m,?(Ay + Ag’) — $mg*(Ay + Ay’) 


(277)8m mz |. 
i 0) eed, 060 0 “| 
prt Or,or,  or,'or,/ or,0r,’ Or,’ Or, 


s | exp [7(pr, + qr.—p'r,’ —q'ry’)] 


(rir, [V |r,'r.')= — 


d(p+q—p'—q’) a 
CEC ya a 2 

with A, =(0/dr,)(d/dr,) etc. It is to be noted that this potential is not diagonal 
in the coordinate representation. Only the Newton potential enjoys this property, 
and it is obtained by neglecting all terms except m,?m,? in the square bracket 
(ie. neglecting the velocity dependent part), and also neglecting (q)— gq’)? in 
the denominator of the integral (i.e. neglecting retardation). Otherwise the 
full expression of the potential reads 


K 


(rr, | V | r,/ry')= — age | many? — $m,*(Ag+ Ag )— 9m (A, + A,’) 
Le 2, 


(5; 0 G0 Cao. qd —) | 
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(rr [NAR te); | eee (15) 


where 


1 


We 


(ryry|N | rr, )= 


O(ry— Fy )O(Fg— Fs) ees (16) 


and 


oy = Pe 

(ryPs | R | r,'r,’) a ny | ce ist exp [7(pr, a! Le va pr,’ oc q'r,’)] 
xd(p+q—p’'—q)dpdqdp’dq =  ——  ...... (17) 

is the retardation correction obtained by expanding the integrand in powers 

of Yo-Yo « 

It is important to notice that there is no contribution of the order of «® to 
the matrix element. ‘This is due to the fact that terms in x*® can only induce 
processes in which three emissions or absorptions of gravitons occur, while in 
the scattering process in question there must be an even number of such emissions 
and absorptions. 


§ 3. THE TWO-PARTICLE HAMILTONIAN 


Following Breit we now define the two-particle Hamiltonian 


He K2N Kae Ve 8 a ee (18) 
where 
. 1 
IK= 2 
2m, Pi 2Mo> Po eee (19) 
and 
AK= ah 2\2 1 2\9 
ote 8m, (Pp, ) * 8.2 (ps”)” Fe eer (20) 


is a relativistic correction to the classical kinetic energy. 
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Consider now the operator r,' representing the th coordinate of particle 1. 
Its time derivative is given by 


dis ; 
G ln: Ene (21) 
TE Vv did commute with r,' as is the case for the Newton potential, we would 
have simply dr,'/dt=p,'/m,—(p,2)p,'/2m3+.... But in the present instance a 


contribution from V is also to be added. We proceed now to evaluate the second 
time derivative of 7,', 


a! | 
ae 7 ee (22) 


and to express the resulting operator by means of its matrix element in the 
coordinate representation. We have 
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In this formula, we have neglected a correction, amounting to the replacement 
of K by K+AK in the first two terms. It would, in fact, give a contribution 
to the final result lying outside the approximation required. 

It could be objected that a contribution in «* to (22) might arise from the 
interplay of terms of H of the order of « and «3. We have however previously 
stressed that V is proportional to «? in the first approximation, the next term 
being of the order of «+, so that the above situation cannot arise. 


§ 4. AVERAGE VALUE OF d?7,'/dt? 
Consider now the wave function ‘’(r,,r,) representing two non-overlapping 

wave packets for the two particles. ‘To calculate the average value of d?r,'/dt” 

Sere face CE 

(=) = | WF(ry te) EV (ra) dry dey eae (24) 
for this wave function is a simple, if somewhat lengthy, matter. ‘The method 
to be used consists in performing a number of partial integrations, bearing in 
mind that (d?r,'/dt2) is sought in a form which shows at sight that it is the 
average value of a Hermitian operator. Denoting by [1]...[7] the terms in 
the right-hand member of equation (23), the following partial results are 
obtained. 
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Neglecting retardation: (r=r,—ry.) 
(1]+[2]+[3]+(4] 
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Retardation correction affecting only [3] and [4] in the approximation 
required : 
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Thus the terms from [1] to [6], including retardation, yield 
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where d=m,/r, $,=0¢/0r,', and v,°=(1/im,)d/or,s and v,°=(1/im,)0/ér.', 


wherever occurring, are supposed to operate on all the factors to their right. 

This expression is in agreement with the Einstein, Infeld and Hoffmann 
equations, but for two velocity independent terms of the order of Kase kts 
remarkable that two such terms do not arise from the radiative corrections to 
the potential, due to Feynman diagrams of a higher order of complexity than 
a single graviton exchange, but only from the term [7] of equation (23). ‘Though 


a superficial inspection might point to the contrary, actual calculation shows 
that [7] gives 


(eae | Y¥(r,, ty) ; o (= iB =) W(rir)dr,dr, ...... (28) 


where the contribution (— mz ;/7) arises from cross terms which are the product 
of the Newton part of the potential with the retardation correction, and the 
remainder from the velocity dependent part of the potential. 

Thus the Einstein, Infeld and Hoffmann equations are found to hold in their 
full form for the motion of wave packets, and therefore, in the classical limit 
of wave mechanics, also for the motion of macroscopic bodies. 


t+ The reader who has not access to the mathematical journals may find it useful to 
consult the paper by Bertotti (1954) on the subject. 
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It is clear that an attempt to extend the present calculation to an approximation 
higher than «+ would meet with difficulties. In fact, the next approximation for 
the potential would be affected by the usual divergences and the success of the 
renormalization method is doubtful. On the other hand, it is precisely in this 
higher approximation that the quantization of the gravitational field may be 
expected to yield results essentially different from those of the classical theory. 
This is, however, outside the scope of this study, from which one important 
physical result emerges; that is, the conclusion that even if the data on the 
motion of planets were known with greater accuracy than they are at the present 
time, so that effects in «*v? and «* were detectable, it would still be impossible 
to decide in favour of either the general theory of relativity or of a theory of 
gravitation based only on the linear interaction as in equation (3). 
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Communicated by E. H. S. Burhop; MS. received 29th August 1955 and in 
amended form 25th October 1955 


Abstract. An attempt has been made to check the validity of Mott’s theory 
of single scattering of electrons by heavy nuclei such as silver, platinum and 
uranium at various angles of scattering and thus to investigate whether there is 
any marked deviation from theory at large angles of scattering as observed by 
some previous workers in this field. An electron beam from the 4:5 Mev microtron 
at University College, London, was used for the experiment and the scattered 
electrons were detected in Ilford G5-50 micron emulsions. It has been found 
from these measurements that the scattering of 4:33 Mev electrons by the above 
mentioned nuclei agrees with Mott’s theory within the experimental accuracy 
of a few per cent for angles of scattering from 45° to 90°. Measurements made 
at angles of scattering of 120° and 135° were found to have been affected by the 
presence of spurious scattering from the walls of the apparatus so that no definite 
conclusions can be drawn regarding the scattering at these angles. 


§ 1. INTRODUCTION 


HE study of the elastic scattering of fast electrons by nuclei provides the 

| most direct method for determining the forces between electrons and 
nuclei at close distances of approach and much research work has been 
performed in this field. The scattering of relativistic electrons by atomic nuclei 
was investigated theoretically by Mott (1929, 1932) on the basis of Dirac’s theory 
of the electron. Early experimental investigators (Champion 1936, Zuber 1938, 
Sen Gupta 1939, Bleuler et al. 1942) in this field found values of the scattering 
cross sections differing widely from those predicted by Mott’s theory. Recently, 
however, further investigations have been carried out under improved experi- 
mental conditions. ‘The experimental results of Sigrist (1943), Randels e¢ al. 
(1945), Van de Graaff et al. (1946), Buechner ef al. (1947) and Champion and 
Roy (1948) agree with Mott’s theory within the limits of experimental error. 
However, insufficient work has been done to test the validity of Mott’s theory 
for nuclei of very high atomic number especially at large angles of scattering. 
Paul and Reich (1951) measured the elastic scattering of 2-2 Mev electrons for 
elements of atomic numbers up to 78 at angles of scattering of 60°, 90° and 120° 
and found that the scattering cross sections for heavy nuclei at angles above 60° 
were smaller than the values predicted by Mott’s theory. Kinzinger and Bothe 
(1952) and Kinzinger (1953) also have observed significant deviations from the 
theory for heavy nuclei at angles greater than 70°, using 245 kev electrons and 
found that the scattering for gold at 120° was about 25°% less than the theoretical 
predictions. ‘These observed deviations from theory in the case of heavy elements 


Tt Now Research Fellow at the Department of Physics, University of Birmingham. 
t Now at the G.E.C. Research Laboratories, Stanmore, Middlesex. 
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at large angles of scattering demand further investigation. Bayard and Yntema 
(1954, 1955) have reported good agreement with Mott’s theory in the large angle 
scattering of 0-6, 1-0, and 1-7 mev electrons for gold nuclei. 

In the present work relative cross sections at angles of scattering of 45°, 60° 
and 90° were measured for silver and platinum, and at 45° and 60° for uranium 
and aluminium. Measurements of absolute values of the cross sections were 
also made for uranium at 50°, 60°, 90° and 120° and for aluminium at 60° and 90°. 
The measurements on aluminium served as a check on the validity of the method 
of measurements because, in the case of light elements such as aluminium, 
previous workers have found that the scattering agrees with the theory. 


§ 2. APPARATUS AND PROCEDURE 


The scattering chamber used for the experiment was a brass cylinder 5in. in 
diameter and 24in. long. One end of the chamber was connected to the beam 
extractor of the microtron, the chamber resting horizontally on two supports. 
The other end of the chamber was removable, being bolted on and sealed by 
means of a rubber gasket. ‘The electron beam from the microtron was passed 
through aluminium and lead collimators as shown in figure 1 and emerged from 
the chamber through a 0-002 in. thick aluminium window. 


Aluminium Photographic Lead Aluminium 
Window Film Target Collimator Collimator 


\ 
Lead Shield Emulsion Lead Shield 


Figure 1. Arrangement of the apparatus for group (a) of exposures. 


The camera contained the target holder, plate holder and the lead shielding 
for the photographic plates. The target holder was fixed vertically on a brass 
platform of length 6}in. and breadth 4in. ‘The plane of the scattering foil 
mounted on the target holder was inclined at an angle of 30° to the direction 
of the incident beam. (The measurements could thus be made on the transmission 
side of the foil, minimizing the effect of double scattering.) ‘The holder for the 
emulsions was of brass and was mounted horizontally on the brass platform 
with its longer side parallel to the direction of the incident beam. For each 
exposure two plates each of size 3in. x lin. were used. The near side of the 
emulsion was at a distance of 2} in. from the vertical plane containing the incident 
beam. ‘The surface of the emulsion was 0-75in. below the horizontal plane 
containing the incident beam, except in the small-angle relative exposures with 
uranium and aluminium where this distance was increased to 1-lin. The 
camera was located reproducibly with respect to the scattering chamber and the 
beam position was found with photographic film. | | . 

Scattering foils of silver, platinum and aluminium of a high degree of purity 
were supplied by Johnson, Matthey Ltd. and were beaten to the required thickness 
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by Geo. M. Whiley Ltd. Scattering foils of uranium were prepared by evapo- 
rating uranium in high vacuum and depositing it on thin backing foils of aluminium 
(thickness 0-18 mgcem-2). The variation in thickness of the uranium foils was 
measured by counting the alpha and beta radiations from the various parts of 
the foils, using a Geiger-Miiller counter. The percentage purity of uranium 
in the scattering foils was determined by chemical analysis.f 

Exposures were made for (a) relative measurements of the scattering cross 
sections for silver, platinum, uranium and aluminium, (5) absolute measurements 
of the scattering cross sections for uranium and aluminium. (The method of 
absolute measurement was developed only after the group (a) measurements had 
been coinpleted.) 

In the relative measurements for silver and platinum the angular range 
45° to 120° was covered in each exposure. For platinum two exposures were 
made with foils of different thickness in order to confirm that the corrections 
applied for multiple scattering were not seriously inerror. The relative exposures 
for uranium and aluminium were divided into two groups, one for angles less 
than 90° and the other for angles from 90° to 135°. As mentioned above, the 
surface of the emulsions was lowered to 1-1in. below the plane of the incident 
beam for the small-angle group of these exposures. ‘This step was taken in 
order to maintain an angle of entry of the electrons into the emulsion greater 
than about 10°, for angles of scattering down to 30°, so that scattering of the 
electrons out of the surface of the emulsion could be neglected. 

Results have been obtained from these relative measurements for angles 
of scattering from 45° to 90°. At higher angles the measurements were found 
to be affected by the presence of spurious scattering from the wall of the apparatus 
(this is discussed further in §3) while at lower angles scanning was not attempted 
in view of the inconveniently high track densities involved. For silver and 
platinum higher exposures were used in order to obtain measurable scattering 
intensities up to 120°; for these exposures scanning was difficult even at 45° 
and it is possible that a small percentage of the tracks may have been missed at 
this angle cf scattering. 

For group (a) of exposures, the arrangement as shown in figure 1 was used. 
The camera was placed close to the beam entrance end of the scattering chamber 
and the position of the plates with respect to the target was varied according to 
the angular range to be investigated. ‘To obtain a measure of the intensity of 
the primary electron beam in each of these exposures an x-ray film mounted 
at right angles to the direction of the primary electron beam at a distance of about 
8in. from the target was exposed simultaneously with the emulsions. The 
relative intensities of the primary electron beams in these exposures were 
determined by scanning the exposed photographic film by means of a micro- 
photometer and by measuring the distribution of the density due to the electrons 
which struck the various points of the film. ‘Two types of photographic film 
were used, [ford Line film and Ilford fine grain ordinary film. These films were 
calibrated for sensitivity of fast electron detection using an ionization chamber. 
The maximum density on the film was in most cases less than 1-0 rising to 1:3 
in some cases. ‘The calibration is not very reliable at the higher densities but 
the accuracy achieved (to the order of 10°) was considered sufficient for estimation 
of the background correction for which exposures without target foil were made. 


il An account of the method of preparation, measurement of thickness and analysis of the 
uranium foils is to be published elsewhere. 
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For the group (4) of exposures which covered angles of scattering from 50° to 
120°, the camera was placed close to the removable end of the scattering chamber 
as shown in figure 2. The primary electron beam emerging from the target 
foil passed through the aluminium window at the end of the chamber and through 
an air-filled parallel plate ionization chamber. 'The ionization chamber was 


ionization Lead Aluminium 
Chamber Target Lead Shield Collimator Collimator 
\ f 


\ / as 


Aluminium Lead Emulsion Lead Shield 
Window Shield 


Figure 2. Arrangement of the apparatus for group (6) of exposures. 


built to a design in use by the Hammersmith Hospital M.R.C. Group. We are 
indebted to Dr. P. Howard-Flanders for drawing our attention to this design. 
The centres of the target foil, the aluminium window and the ionization chamber 
were adjusted to be in the same horizontal line. ‘The plates of the ionization 
chamber were 5cm in diameter and were held at a distance of 1-29mm apart 
by polystyrene insulators. One plate was connected to the Lindemann electro- 
meter in an integrating circuit with a standard condenser of capacity 
1-02 x 10-* microfarad and the other was held at a positive potential of 240 volts. 
The ionization current due to the electron beam was measured by a null method 
using the circuit shown in figure 3. 


siisagers Chamber Screened Cable Lindemann Electrometer 


3S! Standard Condenser 
s! 02x10 SuF 


Earth 
Figure 3. Circuit used for monitoring the electron beam in absolute measurements. 


The number of ion pairs produced by an electron per cm path in air under 
the conditions of the experiment was cemputed from the experimental results of 
Ovadia et al. (1952), making use of the Bethe—Bloch (1933) theory. According 


to this theory the ionization produced by a moving charged particle can be written 
as 
2 


_A elke ae eee 8 Oe 1 
S= Fil giK +log (an B (1) 
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where .S is the total number of ion pairs produced per cm path, f the ratio of the 
velocity of the ionizing particle to that of light and A and K are constants for the 
medium. Using the values of the total specific ionization in air for electrons of 
energies 17-5 Mev and 9 Mev measured by Ovadia et al. the constants in equation (1) 
have been determined and hence the number of ion pairs S per cm path in air at 
room temperature and pressure at the time of the experiment was estimated 
to be 56 for electrons of energy 4:33 Mev. 

The number of electrons Nj in the primary electron beam was determined 


by the relation 
N= CV Sde ee (2) 


where C is the capacity of the standard condenser, V the balancing voltage 
applied to nullify the electrometer deflection, d the effective separation between 
the two plates of the ionization chamber and e the electron charge. ‘The effect 
due to recombination of ions was estimated by a method due to Boag (1950) 
and found to be less than 1° under the conditions of the present measurements. 


Processing of the G5 Plates and Photographic Films. 


The developing solution used for processing the G5 plates consisted of one 
part of Johnson’s Azol developer, one part of 1°4, potassium bromide solution 
and 50 parts of water. ‘The emulsions were developed for 40 minutes at a 
temperature of 19°c. The plates were then transferred to a stop bath of $% 
solution of acetic acid for about 15 minutes. ‘They were then fixed in plain hypo 
solution until clear and were finally washed in running water for several hours. 

The photographic films used for relative intensity measurements, were 
developed for 53 minutes at 19°c in Kodak D19B developer, fixed in plain hypo 


solution and washed in running water. 


§ 3. DETAILS OF SCANNING THE EMULSIONS 


For the various groups of exposures, distances of the various points on the 
photographic plates from the scattering centre of the target were measured by 
means of a cathetometer. A high quality binocular research microscope (Cooke, 
‘Troughton and Simms, type M4005) was used to analyse the tracks of the scattered 
electrons in the emulsions. Narrow strips on the plates corresponding to the 
various angles of scattering were scanned and the number of tracks in each strip 
was counted.t Owing to the uncertainty in determining the direction of entry 
of the electrons at the surface of the emulsion, tracks within a fairly wide range of 
angles (+ 11° for the silver and platinum measurements, extended to + 14° for 
uranium and aluminium) on either side of the expected direction of arrival 
were recorded. Slow electrons (energies less than about 1-2 Mev, such as might 
be due to electron—electron scattering) which could easily be recognized by the 
excessive amount of multiple scattering were ignored. Some plates were 
exposed without any foil in position in order to estimate the effect of background. 


These were scanned in the same way and enabled the appropriate corrections to 
be applied. 


t These strips should have been parabolic to maintain a constant angle of scattering. 
Actually straight strips were used. The error made in so doing was less than 1% in all cases. 
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The relative measurements using silver and platinum foils were made first. 
A study of the apparent direction of arrival of tracks for these exposures showed 
that these directions are approximately normally distributed about the expected 
direction of incidence. Absolute measurements were made of the scattering 
from the uranium foil at 50°, 60° and 90° and for the aluminium foil at 60° and 90°. 
Measurements of the absolute cross section were also made for uranium at 120° 
and the results of these are also included below. When attempts were made 
to extend the relative measurements to 120° it was found that the apparent 
direction of arrival of the tracks was no longer normally distributed about the 
expected direction of incidence. ‘This indicated that at this angle of scattering 
an appreciable proportion of the electrons were arriving not from the foil, but 
from the wall of the scattering chamber. Some of these spurious tracks 
undoubtedly arose from electrons scattered directly from the foil on to the chamber 
wall. But part of the effect could be caused by scattering on to the chamber 
wall of electrons striking the end plate of the apparatus after being spread by 
small angle multiple scattering in the foil. At 120° the distortion of the distribu- 
tion in direction of arrival of tracks suggested an excess scattering from the wall 
of 25+ 10% for Pt and 40+ 15% for Ag. There is no evidence of such spurious 
scattering at angles of 90° and less and a rough estimate of its magnitude suggests 
that it would not exceed a few per cent at these angles. In the absolute measure- 
ments on uranium at 120° no marked distortion in the distribution of the tracks 
about the expected direction of entry into the emulsion was observed. This 
suggests that there was less spurious back scattering from the wall in this case. 
‘This could be associated with the different geometry used in these measurements. 
‘The camera was located close to the removable end of the chamber so that a much 
smaller proportion of the beam struck the end plate after undergoing small 
angle multiple scattering in the foil. Nevertheless it seems unlikely that wall 
scattering could have been entirely eliminated in these measurements so that the 
measured cross section for uranium at 120° could be too high by as much as 
EO 


§ 4. "THEORY 


The theoretical cross section for uranium has been computed by Yadav (1955) 
by numerical summation of the series expression given by Mott (1929, 1932). 
From his results the cross sections for electrons of energy 4:33 Mev have been 
computed. One of us (Curr 1955) has expanded the Mott cross section in powers 
of «= Z/137 up to «*.f Using this series the cross sections for aluminium, silver 
and platinum have been computed for electron energy 4:33 Mev. Results for 
uranium, computed from this series at this energy differ from Yadav’s more 
exact results by only about 1%. 

A small correction for the effect of the finite extent of the nucleus has been 
applied to the above results. This correction has been estimated by using 
Born approximation formulae given by Rose (1948). Corrections for the effect 
of multiple scattering on the scattering by a thin foil in the case of oblique 
incidence have been estimated by one of us (R. M. C. in course of publication) and 
corrections computed on the basis of this theory are given in the next section. 


+ The term (—)*+1[3q!/8k"]/k has been omitted from the expansion (7) of Dj, in this 
paper. The correct expression was used in the calculations however. 
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§ 5. RESULTS 
If N; is the number of electrons in the incident beam and N the number 
scattered into a small solid angle Q about the angle of scattering 6, then o the 
scattering cross section per unit solid angle, is given by 
N 

o= —— 

ntN;Q 
where m is the number of nuclei per unit volume of the scattering material and f 
the path length of the primary beam in the scattering foil. In the present 


experiment the scattering foil was inclined at an angle of 30° to the incident 
beam, so that ¢ is equal to twice the actual thickness of the foil. 


Table 1. Results of Relative Measurements (group (a) of exposures) 


(1) C2)" iB) A) I) 4G) 57) (8) (9) (10) (11) 
(a) (d) (a) (0) 

45 3925 94 186) 7 0 29-4 99-0 9:96 1-256 pe ieere 

Ag7:74. 60 985 25 10-5) 65.0 8-9 9-70) sini” 1-326 eee 
90 607 29 45 4 1 (1-89) 1:89 <(0,952).0.052) eae 

45: 2025-48) 110e) 97 103 152-162, 6 oe 

Pr3:83 60 1105 30 14:07 3° 38-7. 30:5.  4e7e- cet ae ees 
90. 1813 50 99:0 3.2 2. (70). 9-70) qieusyed-78 a) iS 

pega ede ie tome) ane 97 103 15329 1-62" Ges 
Ve Ol) i Sigel tn a (9-70) 9-70 (1-78) 1-78 a 
ee eens ee pee eat oI 150 1°78) © 1°70» Meccan, 
% 60-522 712 15-0. 85 4) © 96356) & 6376 OO 10 ate <3 
Mask to) foe ee 1-81 165 1:03 0-936 +9 6 
60 515 21 26:8 5 0 (0-509) 0-509 (0-839) 0-839 -— -— 


(1) Foil thickness (mg cm~*); (2) angle of scattering 0 (°); (3) observed number of 
tracks; (4) background tracks; (5) solid angle Q» 105 (sterad); (6) multiple scattering 
correction (%); (7) correction due to finite size of nucleus (%); (8) «X1024 (cm? 
sterad~') : (a) experiment, (4) theory; (9) R: (a) experiment, (6) theory; (10) deviation 
from theory (%); (11) probable error (%). 


The results obtained from the relative measurements (group (a) of exposures) 
are given in table 1, together with the values predicted by theory. The value of o 
is given, in addition to the ratio R to the Rutherford cross section 


2 \2 (1— p2 
Spun = Z2nt (saci) EF cosectt2 Sacer (4) 
where f is the ratio of the velocity of the electrons to the velocity of light and m 
the rest mass of the electron. The experimental cross sections have been fitted 
to the theoretical values at 90° except for the small angle uranium and aluminium 
measurements, where they were fitted at 60°. 

The results obtained from the absolute measurements of cross sections for 
uranium and aluminium are compared with the theoretical values in table 2. 

In tables 1 and 2 the values of the corrections applied for background scattering, 
multiple scattering and finite nuclear size are also given. 
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§ 6. Discussion 


At small angles of scattering sources of error are mainly statistical but for 
angles of scattering of 90° and above other effects may be important. The 
multiple scattering theory referred to above does not take into account double 
scattering of the type discussed by Goertzel and Cox (1943). The intensity at 
large angles of scattering may be increased by a few per cent by this effect. In 
calculating the theoretical cross sections radiative effects have not been taken 


into account. It is estimated, however, that the error due to neglecting radiative 
effects is at the most of the order of 1 or 2%. 


Table 2. Results of Absolute Measurements (group (b) of exposures) 


(1) (2) (3) (4 (5) ©) = (7) (8) (9} (10) (11) (12) 
(a) (5) (a) (b) 

50 462, 11 7544 0 101 «32109 «sed 484 
eae 2 sivioy 00 343 17 134-3 1 069 — 636 201 22-10 Aes 
oN OO 486 80 3855 4.9 -—418:0— 1844. 2300 5.4gn es 
120) 950" 22° 62-5 4 3 GSA S05 1890 
ae 60 542 37 476 5 0  0-497° -0:509. 0-822 0-839 —2 4 

f US 2:53.10? ¥ = : : 
ete a7 70 60 «OSE «53 104 = 3) 0-091» 0.0887 0-596 O79, es Uae 


(1) Foil thickness (mg cm~*); (2) incident electron intensity (Nj); (3) angle of scattering 
6 (°); (4) observed number of tracks; (5) background tracks; (6) solid angle © x 105 (sterad); 
(7) multiple scattering correction (°%,); (8) correction due to finite size of nucleus (%); (9) o x 104 
(cm* sterad~) : (a) experiment, (6) theory; (10) R: (a) experiment, (5) theory; (11) deviation 
from theory (%); (12) probable error (%). 


For angles of scattering of 90° and below, the results are in satisfactory 
agreement with the theory both in the relative and the absolute measurements. 
The only case in which there is a discrepancy appreciably greater than that 
expected from statistical considerations is the 45° scattering by the platinum 
foils which is 6—7°% low relative to the scattering at 90°. The high track density 
in these scans makes the reliability of these measurements less certain than at 
larger angles so that this deviation is probably not significant. 

The results of the absolute measurements on uranium at 120° also appear 
to agree with the theory although in assessing the significance of this agreement 
one should bear in mind the remarks made above about the importance of wall 
scattering. 
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-lbstract. A simple independent-particle model is used to treat the elastic and 
inelastic scattering of electrons by light nuclei at high energies, using the 
relativistic first Born approximation.. The matrix elements are calculated for 
a harmonic oscillator nucleus and a spherical box nucleus. Comparison is made 
with experiment for the scattering of 190 Mev electrons by °Be. 


§ 1. INTRODUCTION 


HE use of the electron as a nuclear probe for obtaining information about 

‘the charge distribution of the nucleus, and also for excitation of the nucleus 

has been demonstrated by the experimental work of Hofstadter and 
collaborators (Hofstadter et al. 1953, 1954, McIntyre et al. 1954). The theory 
of the elastic scattering of high-energy electrons by nuclear models with different 
charge distributions has been dealt with by several authors (Yennie et al. 1954, 
Brenner et al. 1954), and the theory of electron excitation of nuclei at energies 
less than about 50 Mev has been developed by considering the first term in the 
multipole expansion of the interaction between the electron and the nucleus 
(Sneddon and Touschek 1948, Thie et al. 1952). Schiff (1954) has developed 
a more general theory of electron excitation and has applied this to the collective 
model of the nucleus. The elastic and total inelastic scattering has been calculated 
by Amaldi et al. (1950 b) for the independent-particle model of the nucleus, using 
a harmonic oscillator potential, but their results are not directly applicable to the 
inelastic scattering of electrons with a single discrete energy loss. ‘This problem 
will be considered here for the independent-particle model. 

The transitions of a nucleon from one state to another in the nucleus can be 
divided into two types: inter-shell transitions where the nucleon jumps from 
one shell to another, and, since there will be several states in each shell corre- 
sponding to different couplings between the nucleons (Inglis 1953), intra-shell 
transitions between these states. ‘The theory developed here should be adequate 
for the inter-shell transitions, but because a crude independent-particle model 
is used neglecting all couplings between the spins and angular momenta of the 
nucleons, the cross sections obtained here for the intra-shell transitions must 
be regarded as only a very rough first approximation, as it would be expected 
that the coupling would affect the transition probabilities for these transitions 
(Lane and Radicati 1954). 

No method exists as yet for calculating the inelastic scattering accurately, 
but for light elements first order perturbation theory can be used with plane 
waves for the scattered electron, i.e. the Born approximation. The spin and 
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retardation are taken into account by using the Moller potentials (Moller 1931). 
It is assumed that the electrons interact only with the protons in the nucleus, 
and the effect of the finite size of the proton and the contribution due to the 
neutrons considered by Amaldi et a/. (1950 a, b) are neglected. 


§ 2. GENERAL THEORY for [NDEPENDENT-PARTICLE MODEL 


Using the theory of the retarded interaction of two charged Fermi particles 
developed by Moller (1931), the following expression can be derived for the 
differential cross section for electrons exciting the nuclear proton from the mth 
to the n’th state (Amaldi et al. 1950b),+ 


oy (O)/ dev = (4e4/c*)(p/Po)[| P— Po P— (Lo — E/T? 
XESS ofl Paw Peep + Po +p? + EEy] 
e 2K, Palla i, pL =i cJ nin: ~ PoZ]) 
a5 27PA((J n aa D P)(Sinn’ g Po)| Ls Siar 4 Jnwle?P -Po ae nei E,E}}, 


where 
Panr= | O(R)b,(R)p(R)dV, nee (2) 


Jnni= | O(R)Pa(R)oy a(R) a5 o>) (3) 

@(r) =exp (7K .r), K=Kk=k,, fences 

ky) =Po/t, k=p/h, and £), E are the initial and final wave vectors and energies 

respectively of the scattered electron. %,, 7, are the initial and final wave 

functions of the nuclear proton, and S, and S refer to summation over initial 

and final proton spin states. In equation (3) no account is taken of the anomalous 
magnetic moment of the proton and this effect will be considered later (§ 5). 

Accurate Dirac wave functions cannot be used for the nuclear protons (Plesset 

1932), but, since the energy of the protons in the nucleus is much smaller than 

their rest energy, the Darwin approximation can be used (Darwin 1928, 

Amaldi et al. 1950b). The proton wave function is written 


hg Ssh! Mi a ee ee (5) 


where ¢,, is the Schrodinger wave function, and ag is either of the two spin 
functions 
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where tm = h/Mc and Mis the rest mass of the proton. The Darwin approximation 
can be used only to terms of the order 7, in the charge and current density, as 
terms of order 7), in the charge density must be neglected for the orthogonality 
and normalization conditions to be satisfied. If the 7° terms in Pnv do not 
vanish, lPn» |? gives rise to terms of order 72 which are neglected; and thus 
since J, 18 of order rm, the |/,,,,|? terms in (1) must also be neglected. Thus, 

} The derivation of equation (1) is given by Amaldi et al. (1950 b), but the expression itself 


is stated incorrectly. Since they neglect the last two terms, this did not affect their results 


Their equation (26) is also incorrect, and would slightly modify their results for inelastic 
scattering. : 


Nuclear Scattering of High Energy Electrons 207 


for transitions where rp,° terms in p,,, do not vanish, equation (1) reduces to 
equation (20) of Amaldi et al. (1950b) 


dO yy dea = (4e4/c*)(p/Po)[| P— Po eC ONS Calor 

x alex n! Pcp *Po +p? oe EE | 

2H Boe elas Pe ne elareRelie  Wieeee (7) 
These transitions will be referred to as ‘allowed’ transitions and for the crude 
independent-particle model they are far more probable than transitions involving 
higher orders of 7, in the cross sections, which will be referred to as ‘ forbidden’ 
transitions. Since Amaldi et al. (1950b) are concerned only with the total 
inelastic scattering, they neglect the ‘forbidden’ transitions and deal only with 
the ‘allowed’ transitions. he ‘allowed’ transitions have selection rules As=0, 
Am=0, and are thus inter-shell transitions, e.g. 1s+2p, 2p-3d etc.; whereas 
the ‘forbidden’ transitions include the intra-shell transitions, e.g. 2p—>2p, 
which are more important in the theory of light nuclei (Inglis 1953). 

For ‘forbidden’ transitions, the 7° terms in p,,,, vanish, and the p,,,, terms 
in (1) contribute terms of order 7,3 and 7m‘. Thus, taking terms of order 7,2, 
we obtain for ‘forbidden’ transitions 
dot y-/dea =(4e4/e")(p/py)E] P— Py P— (Ey E?} 2 

x52 SSo(2CBA[(Inn™ +» Po)(Inn + P)] 

Satan lO PR. Pose aeolian Neel nasatece (8) 
Since the positions of the energy levels in the nucleus cannot be calculated 
accurately, we cannot determine the energy loss £,—F. However, for the 
scattering of electrons with energies of the order of 100 Mey, it can be safely 
assumed that this energy loss is small in comparison with the incident energy Ey. 
Thus, £, — E can be neglected except for scattering through small angles (Smith 
1954). Then k=), and K=2ksin 6/2, where @ is the angle of scattering. 

For convenience we take K as pointing along the z axis and k, and k in the 

xz plane. Also, in dealing with high-energy electrons, we take vjc=1, E=pe. 
Then equation (7) becomes 


do, jo = 4(e7/hcy*k-* cos" 40 cosec* $0 |p, (2, towne (9) 
Pan= | expGKa),*(R)b(R)AV. aes (10) 


For n=n’, this is the usual form of the first Born approximation for the elastic 
scattering by a charge distribution e|¢,, |? (Rose 1948). 
Equation (8) becomes 


AG »2|dw = (e*/c?) | Ap Re SSo(2p? [J Mw, 0 ? F lJ, vy ie | Ap [?/2}. OSO.6 G8 (1 1) 
For transitions involving change of orientation of the proton spin (As= + 1) 


ee Se a 
Faw, oP = Fnnyu P= [2irm | exp 0K) 5 (bn bu) dV oes (12) 


and for no spin change (As=0) 
T nn’, a= ttm | exp (Kz) bn *(8$,-/8x) aV, 


F nnty Hit | XP(CK2)b,*(Oby/Oy)dV. save (13) 
For elastic scattering, p,,, is summed over all protons in the nucleus, giving 
do,/dw = }(e2/fic)?k-* (cos? 30 cosec* 30) |F P. «sss (14) 
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| F |? is the nuclear form factor, the ratio to point charge scattering. We have 
F =X Pnn=2Pisis + Z2Papap t Cte., Pease (15) 


where =, is the number of protons in the first shell, etc. When the p,,,, given 
in §3, equations (17) and (18) for the harmonic oscillator model, and in §4, 
figure 1 for the spherical box model, are substituted in equation (15), the elastic 
scattering nuclear form factors are obtained for these models for nuclei up to 
Z=8,. 

For excitation of a particular nuclear transition, the inelastic cross section 
must be summed over all protons which can give rise to that particular transition, 
giving 


& 1 = 24/6 n:) ony |dw ee (16) 


TUN 


where £,, is the number of protons required to fill the »’th level. 


§ 3. HaRMONIC OscILLATOR MODEL 


The elastic and total inelastic scattering of high-energy fermions by a harmonic 
oscillator nucleus have been calculated by Amaldi et al. (1950 b) and Gatto (1953). 
The proton wave functions are separable in Cartesian coordinates : 


b,(R) =a (YZ e), ; 
ES ie | 

Pnn he NoNy NgNg ? Be a aie (17) 
1 RO | exp ((K2)Z,, *(2)Z,,(2) az. | 


The J,,,, are given by Amaldi et al. (1950a). ‘The harmonic oscillator energy 
levels are highly degenerate and this does not permit calculation of the scattering 
cross sections for different discrete energy losses. ‘This difficulty can be overcome 
by using the spherical box model as in $4. However, suitable linear combinations 
of the harmonic oscillator wave functions corresponding to particular values of / 
may be used, assuming some deviation from the harmonic oscillator potential 
which splits up these states without appreciably altering the wave functions. 
It is also assumed that the order of the states is the same as for the spherical box. 
In this manner, and using the J, ,,, of Amaldi et al. (1950 a), we obtain the 
following matrix elements (averaged over all values of the magnetic quantum 
number m) which are needed for treating nuclei with incomplete 2p shells. 


Lysis = Loo = XP (— 3%) | 
Tspop = 3441 + 3100 = exp (— 3x)(1 — 3x) 
eee P= | Zo1 |? =x exp (=x) 
|Zonsa ? = $l Zor te 3 [Tie ?] = 3x exp a) ler g(x — 2)?} ( 
| Lopes P= 4 [Lie ? = ox exp (—x)(@ — 2)? | 
[Lissa ? = ¥ | Loa P= $x? exp (— x) | 
[isos P= 3 [oa P= ba? exp (— 2), 
where x=}0*, O=Ka, a=(h?/Mw)'?. w is the energy interval between 


successive states of the harmonic oscillator; @ is then the parameter determining 
the size of the nucleus. i 


fn 1S) 


9 
a 


b 
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“ Forbidden’ Transitions. 


For proton wave functions separable in Cartesian coordinates, equation (11) 
becomes for transitions with spin change (As= + 1) 


AG 1, dew = 4(e?/he)?k-?(E/ Mc?)2(1 + sin? 30) cosec? 168 tae le etae el) 


since rmk=E Mc. The probability of spin change transitions is thus roughly 
(£932)? times that of ‘allowed’ transitions, where E is in Mev. This justifies 
the use of the term ‘forbidden’ unless the energy of the incident electron is 
comparable with 932Mev. This result will be modified by the effect of the 
anomalous magnetic moment of the proton (§5), and also by the coupling 
between nucleons. Equation (13) for no spin change (As=0), becomes 


ORL Sn, Ny 


r co 


yee | XH p cea) ms sr Oe a) Ce (20) 
For harmonic oscillator wave oe 
nee BPX, 
[~  X, FS de =al(dn’)!%,, ya — EM’ + DPS, ge) (21) 
thus giving for ‘forbidden’ transitions with As =0 
(don, dw). = z(e?/hc)*k * cosec* $6(1rm/2a)? 
* uae 5, el ae (1 aE 1) eee pene [es F ae (22a) 
(doy, dw)oy) = 4(€ he)? cosec? $6(7m/2a)? 
x Sn ny ote On, Ta 1. a 3(My" IE 1)6 No, meh Ps |? Tait oie (225) 


1m=h/Mc=2-11x10-“cm. Since a is of the order 10- cm, (7m/2a)* is of 
the order 10-* and thus the probability of these ‘forbidden’ transitions is very 
much smaller than that of the ‘allowed’ transitions. Using wave functions 
for particular values of /, both (22a) and (224) can contribute towards the same 
transition and their contributions must be added for these cases. 


§ 4. SPHERICAL Box NUCLEUS 
Since the probabilities of the ‘forbidden’ transitions are very much smaller 
than those of the ‘allowed’ transitions, only ‘allowed’ transitions will be 
considered for the spherical box nuclear model. Writing the proton wave 
functions in terms of spherical polar coordinates, it is seen from equation (10) 
that \m=0 is a selection rule for ‘allowed’ transitions. Using the expansion 
(Blatt and Weisskopf 1952) 


exp (7Kr cos @) = S7"(2 +1)j,(Kr)P,(cos@), we vee (23) 


y=( 


where 
j,(x) = (a7/2x)¥?J , 4170() 


is the spherical Bessel function, then 


Pav = >A (dU, m)B(njn',10), Be eS 


v=0 
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where 
y Gi te sey 
cae ( % (i+|m|)! 2 (l'+|m|)! 
-| 
x i"(2v +1) | P02) P"(2)Py (2) 2) ae eee (25) 
J --1 
B= E T(r kd (26) 
/ O 


where u,(r)/r is the radial part of the proton wave function. ‘The integral in .7, 
vanishes except for 

peel 21), |e 1s: 20. Pee 
and can be expressed in terms of a finite hypergeometric series (Gaunt 1929). 
The values of 7, obtained are tabulated below in table 1. 


‘Table 1 
/ ie m A, 
0) O 0 O 1 
0 1 0 1 1/3 
0) 2 0 Z —4/5 
1 | 0) O 1 
2 —2 
1 ) i 
2 1 
1 2 0) 1 i2»/ (3/5) 
3 =-134/ (3/5) 
i 2 1 1 14/(3/5) 
3) 13//5 


Taking the nucleus as a spherical box of radius @ the normalized proton 
wave functions are 


u,(r) =(2/a)!2{_s(aa)} Urjajiar), <a; 
==) 3 FSO ee eee (27) 
where « =(87?Me/h?)"? and has the value such that j,(aa)=0. Inserting these 
wave functions in equation (26), the following Z, were obtained: 
By (1s, Ws) =X) BS 
Bo(2p, 2p) = 3, Kji(K) + (28? — K*)X(B)/ KB sin 2B}/B*, ...... (28) 
where 
X(«) = Si(K.) —4$Si(2« + K)+4Si(2« — K). 

On averaging over m, B,(2p, 2p) is not required. 
B (ns, n'’p)=2{a sin K cosa sin B/2BK + («? — K? — 8?) Y(«, B)/88.K}/K sin B, 
B (np, n’d) = {9K} (K)/y? + 3(y? — 36") Kj,(K)/y? — (38? +-y*)jo( K) 

—3K%jo(K) + 3[(y? — B?)(y? + 3B?)/2K 

+ (y?+ 36") K —3.K3/2)Y(B, y)/2y? sin Bsin y}/4K By, 
B{np, n'd)=3{ —j,(K)[EK? + K(2B? + y?) + 5(3y? — B)(y? + 36?)/6K]/y? 
+ jo(K)[GK? + 3(38? + y?) + 5(B?— y?)?/6K?] 
+[K°+ (3B? + y")K + 3(y? — B?)(y? + 36?)/K 
+ 5(8?— y7)3/K3] Y(8, y)/8y2sin Bsiny}/4KBy,  —....8. (23) 


where 


Y(«, 8) = Si(a— 8+ K)+ Si(a+B—K)+Si(B+K—«)—Si(a+B+K), 
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where a 1s used as the unit of length, i.e. K is equivalent to Ka, and «, B, y are 
such that jo(~)=0, j,(8)=0, jo(y) =0. 
As K--0, equations (28) become 
By (ns, n'’p)=4KaB/3(p2—«2)?, 
77 B,'(np, n’d)=4K By/3(y2— B22, (30) 
B, is of order K*. Equation (30) is the usual electric dipole approximation 
for small K. 


A : : 
Pn and |p,,,|? are averaged over m for elastic and inelastic scattering 
respectively and the results so obtained are shown in figure 1. 
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Figure 1. Matrix elements for scattering by spherical box nucleus. a, Pisisi 9, Pepeps 
C, |Pisapl* 3 4, |Pepsal°- Broken line dipole approximation as given by equations (30). 


§ 5. EFFECT OF ANOMALOUS MAGNETIC MOMENT OF THE PROTON 


The anomalous magnetic moment of the proton can be considered by adding 
the term 


Cone 
Sy Sp 15, eran MiP) tenes (31) 


to the Dirac current charge four-vector (Pauli 1941). For small particle velocity 
this gives an additional term in the magnetic mement of the form —I(hc)"?. 
Thus f= — Fy — et heyt te, kettles (32) 
where y is the magnetic moment of the proton in units of eh/2Mc. 1 is of the 
first order in 7m, and on applying the Darwin approximation all terms in 
db'yzypb of the first or higher order in vm are neglected. The remaining terms 
occur only for transitions involving change of the proton spin, and the effect 
of these terms 1s the same as multiplying the right-hand sides of equations (12) 
and (19) by 7,7= 7-76. 

If the magnetic moment of the neutron is also described by such a term as (31), 
then the electrons could also excite neutrons in the nucleus, the cross sections 
being given by equation (19) multiplied by yp. 


§ 6. SCATTERING OF ELECTRONS BY *Be 


°*Be has a proton configuration (1s)?(2p)? and the elastic scattering is given 

by equation (14) with 
Pe) a Pe esa (33) 
The parameters ayo and ag), for the harmonic oscillator and spherical box model 
respectively can be determined by comparison with the experimental results 
of Hofstadter et al. (1953) for the elastic scattering of 125 Mev electrons by °Re. 
The values obtained are 
Ago=1:64x10-% cm; agg = 3-94. x 10-* cm: 


DAD Li Ff. Lassie 


The elastic and inelastic scattering was calculated for 190 Mev electrons by *Be, 
for which kay,,=1-58, kagy=3-8, and the results are shown in figure 2° The 
unit on the ordinate scale is }(e2/hc)?k-2= 1-43 x 10-81 cm?. The results have 
been summed over final values of m and averaged over initial values of m- 
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Figure 2. Scattering of 190 Mev electrons by *Be. d, elastic ; e, 1s+2p inelastic ; 
f, 2p-s3d inelastic; g, 2p2p, As—1, inelastic ; 2) 2p=2p, Am—1)) imelastie: 
Experimental results of McIntyre et al. (1954): a, elastic ; 6, inelastic, 2-54 Mev 
energy loss ; c, inelastic, 6°96 Mev energy loss. 


Equation (19) has been used for the ‘spin—flip’ transition, modified for the 
anomalous magnetic moment of the proton as in §5. The experimental results 
shown in these figures are those of McIntyre et al. (1954). Since no measure- 
ments of absolute scattering cross section were made, the experimental results 
can be translated up or down as a whole in figure 2. The experimental energy 
losses are 2-54 mev and 6:96 Mev. ‘The nuclear model used here gives no estimate 
of the energy loss for intra-shell transitions. For the inter-shell transitions the 
crude independent particle model gives the energy losses shown below. These 


figures would be altered considerably by the effect of the actual internucleon 
forces and by spin-orbit coupling. 


Table 2. Associated Energy Loss 
Harmonic oscillator Spherical box 

1s+2p 15-4 Mev 13-9 Mev 

2p—+3d 15-4 Mev 17:2 Mev 


The experimental transitions can hardly be identified with any of the inter- 
shell transitions, because of the large difference in the values of the energy loss. 
Also, the Is+2p and 2p->3d transitions involve a parity change, whereas Ribe 
and Seagrave (1954) have shown that the 2-43 Mev level has the same parity as 
the ground state. The scattered intensities predicted here for the intra-shell 
transitions are much smaller than the experimental intensities, but further 
refinements to the theory, such as including the coupling between angular 


momenta and spin of the nucleons, are necessary before any conclusion can be 
reached. 
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Experiments on the Inelastic Scattering of Neutrons by Uranium 


By R. BATCHELOR 


Atomic Energy Research Establishment, Harwell, Berks. 


Communicated by W. F. Whitehouse; MS. received 5th September 1955 
and in final form 7th November 1955 


Abstract. A helium 3 neutron spectrometer has been used to study the spectrum 
of neutrons inside a spherical uranium shell, 3 cm thick, when the latter is 
bombarded with monoenergetic neutrons of various energies between 500 kev 
and 1-0mev. ‘The spectra of neutrons scattered inelastically and also the cross 
sections for this process have been derived, and the results compared with those 
predicted by current nuclear theory. Evidence for the existence of the low-lying 
rotational levels of uranium 238 is presented, and at least one new level at 700 kev 
(and possibly more at higher energies) has been found. Qualitative confirmation 
has been obtained by measuring the spectrum of neutrons from a uranium shell, 
11-5 cm thick, with a neutron source in the centre. 


§ 1. INTRODUCTION 

LTHOUGH inelastic scattering of neutrons by nuclei has been reported 

by many observers, it is only in a few cases that the energy spectrum 

of the scattered neutrons has been observed. For example Poole (1952, 

1953) has studied inelastic scattering by several materials using a source of 
(d,d) neutrons and an anthracene scintillation counter as the neutron spectro- 
meter, and from the measured spectra has deduced the energies of levels of the 
bombarded nuclei. The recently developed helium 3 neutron spectrometer 
(Batchelor 1952, Batchelor, Aves and Skyrme 1955) is ideally suited to the 
measurement of neutron spectra below 1 Mev, a region for which no reliable 
technique has previously existed. It consists of a proportional counter 
containing helium 3 which measures the total energy released in the reaction 


on +$He> jH+7H+770 kev. 


The resolution, defined as the relative standard deviation of a peak produced 
by monoenergetic neutrons, is 3%. This communication describes experiments 
using this spectrometer on inelastic scattering by uranium, a material chosen 
primarily for its importance in reactor design. Experiments of the sphere 
transmission type, as discussed by Barschall (1952) have been made to establish 
the nature of the scattered neutron spectra and to obtain crude values of the 
inelastic scattering cross sections at various incident neutron energies. 

The only experimental information which exists on the uranium 238 level 
structure is that obtained from Coulomb excitation studies by Heydenburg and 
Temmer (1954) and Newton (1955, private communication). They find a 
level at 45 kev, a value which is in good agreement with that predicted by the 
Bohr—Mottelson nuclear model (1953) for a rotational state of spin 2. On this 
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model a heavy even-even nucleus should have low-lying levels at excitation 
energies E given by 
h 


2] 
NAC al) 2 Sane lems At (1) 


where / is the effective moment of inertia of the nucleus and J is the spin of 
the state, and the ratio h?/2/ for uranium is about 8 kev. 

In 1953, Flowers, in a private communication, pointed out that this level 
scheme would lead to a scattered neutron spectrum of different character from 
the Maxwellian distribution expected with the previous assumption that the 
density of contributing levels in a heavy nucleus rises exponentially with 
excitation energy. On the new model the level density at low excitation energy 
decreases with increasing energy and. the requirements of angular momentum 
conservation imply that only the first one or two levels can contribute to the 
inelastic scattering. Consequently a peak is expected in the scattered neutron 
spectrum at high energy. Assuming a ‘black’ nucleus, Flowers also made 
crude estimates of the inelastic scattering cross sections; from the threshold 
at 45 kev it rises to about $7R? at 250 kev, where R is the nuclear radius, and is 
then constant up to the energy where other levels begin to contribute to the 
process. It is then expected to rise again to a limiting value of 7R?. More 
recently Brink (1955) has calculated for various nuclei the inelastic cross section 
for a 0* to 2 rotational state transition using the ‘cloudy crystal ball’ model 
of the nucleus. The scattering is subdivided into two incoherent components, 
one resulting from the formation of a compound nucleus and one from direct 
interaction, each of cross section about | barn for uranium 238. ‘The two theories 
therefore predict roughly the same cross sections for this nucleus although widely 
different values are predicted for many other elements. 


§ 2. EXPERIMENTS WITH A THIN URANIUM SHELL 
2.1. Experimental Method 


Neutrons were produced by accelerating protons with the Harwell Van de 
Graaff machine on to either a lithium fluoride or zirconium tritide target. 
Although the former gave a greater yield, it is known that a less intense group 
of low energy neutrons is also emitted when the main group exceeds about 
700 kev (Willard and Preston 1951), and consequently the latter was used above 
this energy. The beam current was monitored with a current integrator. 
A spherical shell of uranium, 3 cm thick, 11} in. outside diameter was placed 
with its centre at a distance 25 in. in the forward direction from the target, 
and the helium 3 counter, completely surrounded with cadmium to eliminate 
thermal neutron disintegrations, was placed in the centre of the shell with its 
axis perpendicular to the direction of the incident neutrons. ‘The neutrons 
incident on the sphere were not truly monoenergetic due to target thickness 
and angular variation, but these effects were less than the resolution of the 
detector. 

A 30-channel kicksorter was used to measure the pulse height distributions 
from the helium 3 counter, with and without the uranium shell, at various 
bombarding energies. In addition a similar measurement at 500 kev was made 
with a 2 in. thick lead shell (for convenience a cube instead of a sphere was used) 
the purpose of which is mentioned in § 2.2. 


216 R. Batchelor 


The neutron spectrum inside the shell is composed of unmoderated neutrons 
and those which have been elastically or inelastically scattered. Unmoderated 
and elastically scattered neutrons will not be resolved by the helium 3 detector, 
but the inelastic spectrum should be clearly seen. It will be distorted by multiple 
collisions but since the shell thickness is only one neutron mean free path, the 
effect should be small. 

The inelastic cross section can be calculated from the observed transmission, 
which is taken to be the ratio of the unmoderated plus elastically scattered 
neutrons recorded. with the shell to the number of neutrons of incident energy 
recorded without the shell. Bethe, Beyster and Carter (1955) have recently 
derived transmission formulae which allow for multiple scattering effects and 
have also calculated the corrections to be applied for finite counter—source 
separation, angular asymmetry of the counter efficiency, absorption by the 
counter and finite counter size. In order to apply these formulae it is necessary 
to know the total and elastic transport cross sections. ‘The former are well 
known but values of the latter have only been reported for incident neutron 
energies of 0-5 and 1:0 Mev (Walt 1955). For intermediate energies inter- 
polated values have been used. 

Fission neutrons, which can arise from spontaneous fission, thermal fission 
of uranium 235 and fast fission of uranium 238 above the threshold (~920 kev) 
will produce backgrounds to the observed pulse distributions. Since a large 
proportion of the fission neutron spectrum lies above 1 Mev, helium 3 dis- 
integration pulses and recoil pulses from elastic collisions between neutrons and 
helium 3 will contribute to this background. 

Spontaneous fission was shown to be completely negligible by observing the 
background pulse distribution with the detector inside the shell. Fission of 
uranium 235 by thermal neutrons produced by wall scattering etc. was also 
shown to be negligible by making observations with and without a cadmium 
shield around the shell. The effect of fast fission of uranium 238, which is 
expected to increase with increasing neutron energy above threshold, cannot 
be separately measured. ‘The following crude argument shows, however, that 
it is not significant for bombarding energies less than 1 Mev. If fission does not 
occur the total number of neutrons recorded will be independent of the presence 
of the shell. Experimentally there was found to be no significant difference in 
the number of neutrons recorded with and without the shell for bombarding 
energies up to 1170 kev. Allowing a fair margin or error, results with bombarding 
energies up to | Mev only are considered reliable. 


2.2. Results 
2.2.1. The scattered neutron spectrum with 500 kev incident neutrons. 


Figure 1 shows the pulse height distributions obtained with uranium when 
bombarded with 500 kev neutrons. In figure 2, the ‘without shell’ distribution 
is normalized so that the high-energy side of the peak fits the corresponding 
section of the ‘with shell’ distribution. The difference between these two 
curves is interpreted as the combined effect of inelastically scattered neutrons 
and those which have lost a significant amount of energy by multiple elastic 
collisions. ‘That the latter effect is small is demonstrated by the distribution 
obtained with the lead shell which is also shown in figure 2. Inelastic scattering 
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Figure 1. Pulse height distributions Figure 2. 
with and without uranium shell at 
500 kev bombarding energy. 


section AB. 


by lead is known to be rather improbable (Walt and Barschall 1954); therefore 
it can be assumed that the difference between ‘without shell’ and ‘lead shell’ 
curves is due to multiple elastic scattering only. ‘This result can therefore be 
used as a rough correction for the small effect of multiple elastic scattering by 
uranium since the thicknesses of both shells are approximately equal to one 
neutron mean free path. ‘The inelastically scattered neutron spectrum has 
been calculated by making additional corrections for the variations of *He(n, p)?H 
cross section and counter wall effect with energy, and is shown in figure 3. 
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Figure 3. The spectrum of neutrons scattered inelastically by uranium at 500 kev 
bombarding energy. 


2.2.2. The scattered neutron spectra with higher incident energy neutrons. 

Figure 4 shows the inelastically scattered neutron spectra for various bom- 
barding energies between 800 kev and 1 Mev. First one group, and then possibly 
several unresolved groups of low-energy neutrons, which provide evidence for 


inelastic scattering to a level or a group of levels at 700 kev excitation energy, 
can be seen. 
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Pulse height distributions with 500 kev 
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scattered inelastically at various thick shell experiment. 


bombarding energies. 


DLide “OTOSS SCCLIONS. 

The total inelastic scattering cross section o, and the cross section for inelastic 
scattering with an energy loss less than 500 kev o,' are given in the table. 

The errors of measurement, which are estimated to be about +20°,, arise 
mainly from counting statistics and uncertainties in the corrections applied 
for the effects mentioned in § 2.1. 


Neutron energy (Mev) 0-5 0:8 0-85 0:9 0:95 1:0 
o; (barns) 0:8 ies} NESS 1:8 ilo} ils7/ 
o;, (barns) 0:85" 0-75 0-75 O85 0:8 0-6 


2.3. Conclusions 


The following conclusions can be drawn from this experiment: 

(a) Although the results give no information on the level structure, the shape 
of the inelastically scattered neutron spectrum at low incident neutron energy 
is in reasonable qualitative agreement with the Bohr—Mottelson level scheme. 

(5) With incident neutrons of higher energy, at least one level (at an 
excitation energy of 700 kev) and possibly more (at higher excitation energies) 
contribute to the inelastic scattering process. 

(c) The observed values of the inelastic scattering cross sections are in 


reasonable agreement with theoretical expectations and with other reported 
results (Walt 1955). 
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§ 3. EXPERIMENTS WITH Aa THICK URANIUM SHELL 


An important inference from the above results is that neutrons of energies 
less than approximately 700 kev can lose only small amounts of energy, whereas 
more energetic neutrons can suffer large energy losses in inelastic collisions 
with uranium. Qualitative confirmation of this has been obtained by measuring 
the spectrum of neutrons emerging from a spherical shell of uranium, 32 cm 
external diameter, 9cm internal diameter, with a neutron source placed at 
the centre. Since the thickness of this shell is approximately equal to four 
neutron mean free paths, the neutrons are expected to have suffered, on the 
average, several collisions before escaping. 

The geometrical arrangement used is shown in figure 5. The 7Li(p, n)’Be 
source of neutrons is neither monoenergetic nor isotropic in intensity. The 
most energetic neutrons are emitted in the forward direction, and, for the range 
of proton energies used, the intensity distribution is predominantly forward 
(Taschek and Hemmendinger 1948). Measurements were made with the 
spectrometer placed in the two positions shown in figure 5 (labelled 10° and 90° 
positions). Three different proton energies were used which correspond to the 


emission of neutrons in the forward direction with energies of 500, 700 and 
900 kev. 


90° Position 
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E= 500 kev 


Fy= 500 kev 
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Figure 6. Spectra of neutrons emerging from thick uranium shell with 
7Li(p, n) 7Be source placed at centre. 


The observed spectra are shown in figure 6, where £, refers to the energy 
of the neutrons emitted from the source in the forward direction. For 
FE, < 700 kev the peaks of the spectra at high energy are consistent with the energy 
loss in an inelastic collision being small. For Z)=900 kev, however, the shapes 
of the spectra have changed and the distributions quite clearly rise at low energy. 


This agrees with the assumption that collisions involving large energy losses 
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can take place at this energy. he rise at low energy is not as marked as would 
be expected from the previous results, but this can be understood in terms of 
the increasing probability of neutron capture in uranium with decreasing neutron 


energy. 
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Abstract. A magnetic spectrograph with photographic detection has been used 
to analyse the spectra of charged particles emitted from the bombardment of 
a thin teflon target by 8-9mev deuterons. Angular distribution measurements 
are also reported for several proton and deuteron groups produced in this 
bombardment. 

Two inelastically scattered deuteron groups corresponding to excited states 
in °F at 1-60 + 0-02 mev and 2-83 + 0-02 Mev have been observed. The angular 
distribution of the former group is compared with a theory proposed by Huby 
and Newns. A number of proton groups have been assigned to the !®F(d, p)?°F 
reaction. Eight new excited states in 2°F are observed at 5-04, 5-19, 5-27, 5-72, 
5-87, 5-95, 6:25 and 6-52 Mev, with errors of +0-02mev. The deuteron stripping 
theories have been applied to determine the /p-values as well as the reduced 
widths of 21 excited states in 2°F. The general behaviour of the energy levels 
of this nucleus is discussed. 

The angular distribution of a proton group associated with the transition to 
the 6:091 Mev level in #C is found to have /,=0. A possible configuration for 
this state is (1p,)!(2s,/.)!. 


§ 1. INTRODUCTION 


HE energy levels in °F have been investigated by several authors 

(Ajzenberg and Lauritsen 1955). Above an excitation energy of 6-63 Mev, 

the levels are derived from the resonance scattering of neutrons by F 
and below an excitation energy of 4:43Mev the reactions 'F(d, p)??F and 
22Ne(d,«)2°F are used. ‘To date, the mest accurate investigation of the low 
energy region has been reported by Watson and Buechner (1952). ‘These 
authors studied the (d,p) reaction on fluorine by using a 2 Mev electrostatic 
generator and analysing the proton spectrum at 90° by an annular magnetic 
spectrograph. They were able to identify, within their energy region, eighteen 
excited states in 2°F spaced in most cases by integral multiples of 165 kev. ‘This 
regular repetition of the spacing between the levels is of particular interest and 
suggests further search for such regularity among higher excitation levels. 

In the present work, a deuteron beam of energy 8-9 Mev was employed to 
investigate the energy spectra and the angular distributions of the proton and 
deuteron groups emitted from the bombardment of a teflon (CF) target. The 
particles were analysed by a magnetic spectrograph and detected by photographic 
plates. Up to date, no deuteron groups inelastically scattered by °F have been 
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reported. The angular distribution of the ground state protons has been 
measured with 14:3 Mev deuterons by Black (1953) and with 3-6 Mev deuterons 
by Bromley, Bruner and Fulbright (1953). Although the latter authors were 
able to fix the spin of ?°F ground state as 1+ their apparatus was inadequate to 
resolve the complex spectrum of ?°F. So far, no assignments of the spins and 
parities of the individual excited states have been reported. ‘The properties of 
these levels are of considerable interest as illustrating the competition between 
the 2s,/. and 1d,). shells of Mayer’s model. ‘These two shells are found to be 
nearly coincident in the case of 19F which has spin $+ (Ajzenberg and Lauritsen 
1955). Acalculation by Elliott and Flowers (1955) shows that the configuration 
of the "°F ground state is mainly (d?;/.s1,.) mixed with d3,,. and s%,j. 


§ 2. PROCEDURE 
2.1. Method 


A thin teflon target of 1mgcm™ surface density was prepared by cutting 
thin slices from a teflon block by a microtome. The target was mounted at an 
angle 60° to the collimated deuteron beam provided by the Liverpool 37 inch 
cyclotron. The collimation was achieved by a three-slit system and the cross 
section of the beam was defined to a rectangular area } mm wide and 3 mm 
high. ‘The energy spread of the incident beam is estimated to be less than 
30kev. The charged particles emitted at a certain angle were recorded by 
means of a heavy particle magnetic spectrograph. This instrument is described 
in detail by Green and Middleton (1956 a). In the present investigation seven 
plates were used, each corresponding to one of the following angles of observation: 
5°, 10°, 15°, 20°, 30°, 40° and 50°. The relative beam intensities at these different 
exposures were monitored by small photographic plates (1-2 cm x 5 cm) placed 
on one side of the target at an angle of 90° with respect to the incident beam. 
Rough monitoring to indicate the relative exposures during the performance of 


the experiment was done by a current integrator attached to an insulated slit 
just in front of the target. 


2.2. Measurements 


A Cooke, ‘Troughton and Simms binocular microscope with x 10 eyepieces 
and x 20 objective was used for scanning a strip of width 8 mm centred about 
the axis of the plate. For each scan (0-23 mm x 8mm) the number of protons 
and deuterons starting at the surface of the emulsion in the right direction were 
noted. Discrimination between protons, deuterons and other charged particles 
was made on the basis of differences in track length. In presenting the proton 
spectrum the number of tracks recorded in each pair of scans was plotted against 


the distance along the plate. In the case of the deuteron spectrum the number 
of tracks in four consecutive scans was used. 


2.3. Energy Calibration 


An oil immersion objective x45 was used for measuring the lengths of 
deuteron tracks which lay wholly in the emulsion. The energy of the incident 
deuteron beam was thus obtained from range measurements of the elastically 
scattered deuterons from carbon and fluorine at various angles of observation. 
After correcting for the emulsion shrinkage, the deuteron energy was calculated 
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using the range-energy relation of El Bedewi (1951). ‘The mean value for the 
energy of the deuteron beam at the centre of the target was found to be 
8-90 + 0:02 Mev. The loss of particle energy in escaping from the target was 
taken into consideration for accurate determination of the energy levels. 

Owing to the scattering of the beam by the edges of the defining slits, a 
general deuteron background was observed over the whole length of the plate. 
A preliminary calibration curve was plotted from range measurements of these 
deuterons. This curve showed that the energy—distance relation is linear for 
proton energies below 12Mev and the gradient dE/dx decreases gradually for 
higher energies. ‘The gradient of the linear portion of the calibration curve 
was more accurately determined as 11-68 kev/0-23 mm from the positions of the 
proton groups emitted from the “C(d,p)#®C reaction. The Q-values corres- 
ponding to these groups had been accurately measured by Sperduto, Buechner, 
Bockelman and Browne (1954). 


§ 3. MEASUREMENTS OF CROSS SECTIONS AND REDUCED WIDTHS 


The fact that a teflon molecule (CF) contains carbon and fluorine in the 
ratio of 1:2 suggests the possibility of measuring the absolute cross sections for 
the particles emitted from fluorine if those due to carbon are known. Rotblat 
(1951a, b) and Green and Middleton (1956b) have measured the angular 
distributions of the carbon proton groups in absolute units. ‘Their mean result 
for the ground state proton group was used for the present calibration. The 
angular distributions of the protons and the deuterons emitted from fluorine 
are all presented in the same arbitrary units. ‘They can be converted to 
millibarns per steradian by multiplying by 0-0085. ‘The error in this multiplication 
factor is estimated to be + 20%. 

The cross section for deuteron stripping can also provide a direct experimental 
measurement of the reduced level width yn which is proportional to the 
probability of finding the stripped-off nucleon at the surface of the residual 
nucleus (Huby 1953). The reduced width is generally denoted by #? when 
it is expressed in units of the sum rule limit 3/?/2m,R, where m, is the mass of 
the captured nucleon and R the nuclear radius. ‘The numerical value of 6? is 
regarded as a measure of the degree of purity of the state configuration. On the 
single-particle picture 6? is expected to be close to unity whereas it should be 
considerably smaller for levels of complicated structure formed by multiple 
excitation (Teichmann and Wigner 1952). 


§4, RESULTS AND DISCUSSION 


4.1. Deuterons 
(a) Spectrum. . 

The deuteron spectrum at an angle of observation of 40° is shown in figure 1(a). 
Groups denoted by F and C are due to elastically scattered deuterons from 
fluorine and carbon respectively. ‘The position of the arrow at O shows the 
possible contribution of oxygen contamination. he first level in 2C is known 
to be at 4-43 mev (Ajzenberg and Lauritsen 1955) and the inelastically scattered 
deuterons from this state are represented by the group C*. Groups denoted 
by A and B are thus due to inelastically scattered deuterons from fluorine. 

15-2 
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The O-values corresponding to these groups are calculated from range 
measurements at various angles of observation and the mean values are 


found to be —1-60+0-02mMev and —2-83+0-02mev. These results are in 
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Figure 1. (a) Spectrum of deuteron groups from the deuteron bombardment of teflon 
at an angle of observation of 40°. 
(6) Angular distribution of inelastically scattered deuterons from the 1:60 Mev 
level (A) in 9F. 


good agreement with those determined from the !F(p, p)'%F* reaction by 
Artbur, Allen, Bender, Hausman and McDole (1952). They observed few 
energy levels in °F and their data on the Q-values of groups corresponding 
to the present measurements are —1:59+0-03mMev and —2-82+0-03 Mev 
respectively. The corresponding levels from the !*O(d,n)!®F reaction are 
reported by Seale (1953) as 1:6+0-1mev and 2-75+0-1Mev respectively. 
Bullock and Sampson (1951) observed a level in 19F at 2-67+0-05 Mev from 
the O(«;p)!F reaction. 


(b) Angular distribution. 


The angular distribution of the inelastically scattered deuteron group A 
from the 1:60mev level is shown plotted in the centre-vf-mass system in 
figure 1(b). ‘The experimental errors are the statistical standard deviation. 
‘The maximum cross section is 1-6mbnsterad"! at 32° (centre-of-mass). The 
curve shown in this figure was calculated by Newns to represent the best fit 
according to the theory of Huby and Newns (1951). An angular momentum 
transfer /=2 and a radius of interaction R=7:0x 10-13 cm were used. This 
assignment suggests that this state has even parity and a half-integer spin of 
value between 1/2 and 7/2. A possible assignment of 3/2+ for this level is 
reported by Jones, Phil lips, Johnson and Wilkinson (1954) from the B-decay 
of OQ. ‘This value is in good agreement with that determined by Elliott and 
Flowers (1955) from a computation of the low-lying levels in 1°F. 
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It should be mentioned that the agreement between the experimental and 
theoretical curves is not yet satisfactory since the width of the latter is smaller 
than that of the experiment. This broadening in the experimental curve is 
found to be more serious in the case of the carbon inelastically scattered 
deuteron group C*. It shows similar behaviour to that group from F but 
its maximum cross section is about seven times greater. Similar distributions 
have been observed by Green and Middleton (1956 b). 

It is unfortunate that the inelastically scattered group B corresponding to 
the 2:83 Mev level in !°F is so weak that it could not be distinguished above 
the deuteron background for angles less than 30°. At an angle of observation 
of 40° it has a cross section of the order of 0-2 mbnsterad-!. The assignment 
of this level is of particular interest to check the theory of Elliott and Flowers 
which predicts a spin of 9/2+ for this level. If this value is correct an even 
angular momentum transfer of at least /=4 is required. 


4.2. Protons 
(a) Spectrum. 


A typical proton spectrum is shown in figure 2 (a) for an angle of observation 
of 15°. The width at half-height of a single proton group is found to be less 
than 60kev. ‘The position of a group is taken to be the weighted mean of the 
points defining it. Identification of each group is made by assuming a given 
reaction and calculating, at all angles of observation, the corresponding Q-value. 
The procedure of sorting out these groups is simplified by comparing the 
variation of the energy shift of each group with angle and then locating the 
groups belonging to carbon from their known Q-values (Sperduto et al. 1954). 
These groups are denoted in the figure by Cy, C,, C, and C3. 

In previous investigations of the '*F(d, p)?°F reaction, Burrows, Powell and 
Rotblat (1951) reported a level at 2-55 +0-05 Mev which agrees with the level 
observed at 2:52+0-04Mev by Allen and Rall (1951). This level was found 
neither by Shull (1951) nor by Watson and Buechner (1952). In the present 
investigation, the group denoted by O, at 10-65 Mev, if attributed to fluorine, 
gives an unsatisfactory set of Q-values calculated from the various angles of 
observation. ‘The mean value is found to be 2:-49mev. Another group QO, is 
also observed at 9:77 Mev which may correspond to a level in #°F at 3-36 Mev. 
The fact that this group has not been previously observed in spite of its 
significant intensity suggests that both groups may possibly belong to some 
oxygen contamination in the target. On that assumption, the mean Q-values 
are found to be 1-89 Mev and 1-05 Mev which agree with the values (1-915 + 0-01 Mev 
and 1-040 + 0-010 Mev) reported by Sperduto et al. (1954) for the ground and 
first excited states in !7O. Also, the angular momenta transferred by the captured 
neutron at these states are found to be /, = 2 and /, =0 respectively using Butler’s 
formula (1951) and a radius of interaction 5-0 x 107% cm. These results agree 
with those determined for !6O(d, p)!7O reaction by Burrows, Gibson and Rotblat 
(1950). Moreover, when a slightly thicker fresh target was used a large decrease 
in the intensity of these two groups was found as shown in figure 2(4). For these 
reasons it seems certain that these two groups are due to some oxygen contamina- 
tion and no evidence is thus found for a level at about 2-5 Mev in °F. Possible 
contributions from other levels in 17O are shown by the arrows at O,, O and O,, 
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Figure 2. Spectrum of proton groups from the deuteron bombardment of teflon. 


the positions of which are derived from their known Q-values (Ajzenberg and 
Lauritsen 1955). 

Within the energy region of the present work, two more groups are found 
belonging to different reactions. ‘The group at 8-52mev denoted by MC, is 
attributed to the ®C(d, p)C reaction leaving the residual nucleus in its first 
excited state. ‘The mean Q-value is found to be — 0-15 + 0-02 Mev which agrees 
well with the value —0-149+0-007 Mev reported by Sperduto ef al. (1954). 
The other group, denoted by H, at an energy of 7-35 Mev, is attributed, from 
its considerable energy shift with angle, to some hydrogen contamination in 
the target. ‘This elastically scattered proton group has been observed in all the 
targets investigated so far with the present arrangement. 

With regard to the proton groups emitted from the !F(d, p)?°F reaction 
thirty energy levels have been observed. ‘The well-separated group at 13-19 Mev 
is due to the ground state of ?°F and the mean Q-value of the reaction is calculated 
as 4:38 + 0-03 Mev which is in good agreement with the value 4-373 + 0-007 Mev 
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reported by Watson and Buechner (1952). It is found that the position of the 
group F, (0-652 Mev level) could be more accurately estimated at all angles of 
observation than that of Fj. The energy levels are thus calculated with respect 
to F, and then increased by 0-65 Mev. The position of the arrows shown at 
Fy, Fy, ..., Fy are derived from the results of Watson and Buechner and they 
are found to agree well with the intense groups observed in the present work. 
The group at 9:59 Mev corresponds to a level of mean energy of 3-51 + 0-02 Mev 
which is intermediate between F,, (3-491 Mev) and F,, (3-528mev). The 
symmetrical shape of this group suggests that if it is in fact a doublet both 
components have about the same intensity. 

Watson and Buechner (1952) reported also an uncertain level of energy 
5-062 + 0-011 Mev which corresponds to the group F,,. The associated level 
has an energy of 5-04+0-02Mmev. The groups denoted by Foo, Fy, ..., Faq were 
outside the range of Watson and Buechner’s measurements. The corresponding 
excited states im “°F are at 5°19, 5:27, 5°72; 5-87, 5-95, 6:25, 6:52; 6-63 00:81. 
6:98 and 7:20 Mev with errors of +0-02mev. The group denoted by Fo, is 
obscured by the elastically scattered proton group in the presented spectrum. 
It is observed at other angles and its position at an angle of observation of 10° 
is shown in figure 2(b). Above an excitation energy of 6-63 Mev the following 
levels are reported from the !%F(n, n)!9F reaction (Ajzenberg and Lauritsen 1955): 
6:63, 6°65, 6°70, 6:86, 6-92, 7-00, 7-08 and 7:17mMev. Some of these levels 
probably correspond to those observed in the present work. It is probable 
that some groups in this region could not be observed due to their low intensity. 


(5) Angular distributions. 


The reaction *C(d, p)C. ‘The angular momenta of the captured neutron for 
the transitions to the ground state and the three low-lying levels in C nucleus 
have been determined by Rotblat (1951a, b) and the corresponding level con- 
figurations are discussed by Holt and Marsham (1953). During the course of 
the present investigation, angular distribution measurements on these four 
groups lead to similar results. ‘The reduced width 6? for each level is calculated 
and the results are given in table 1. It is of interest to compare the reduced 
widths of the single-particle levels in !C with the values calculated, in the present 
work, for levels in 4C and °F. 


Table 1 
Energy level (Mev) y? (10-4 Mev cm) 62(%) Configuration 
0 0-8 7 rie 
3-090 2-4 21 D Sis 
3-684 0-3 2 
3-855 1-6 14 [dye 


The reaction ®C(d, p)“#C. The angular distribution of protons associated with 
the transition to the 6-091 Mev state in *C nucleus had been measured by Benson 
(1953) using 3-89 Mev deuterons to bombard an enriched carbon target. His 
experimental resolution was inadequate to separate this group from the protons 
associated with the first excited state in 8C which is known to have = 
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However, Benson suggested a value l,=0 for the level in *C. The angular 
distribution of this proton group determined in the present work is represented 
in figure 3. The Butler theoretical curve which gives the best fit has J; =0 and 
75= 40% 102 em. 
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Figure 3. 


Since the ground state of #8C is known to have /=4 and odd parity, the 
6-091 Mev state in *C must have odd parity and spin 0 or 1. The y-ray transition 
which has been observed from this state to the ground state (Thomas and Lauritsen 
1952) excludes spin 0 and accordingly this state must have J =1-. ‘This assignment 
is of interest for a comparison between levels of the same isotopic spin T= 1. 
The analogous level in '4N is known to be at 8-06 Mev, and according to Milne 
(1954) it has J=1-. 

To calculate the reduced width, the differential cross section has been 
converted to absolute units by making use of the isotopic abundance ratio 
98-9: 1-1 for #C and 13C and the known cross sections for ##C(d, p)!8C reaction. 
A multiplication factor 1:52 mbnsterad~! is used. ‘The maximum cross section 
is thus found to be 0-23 bn sterad~! at an angle 0°. The reduced width 6? is 32% 
of the sum rule limit which is much higher than those corresponding to single 
particle levels in 1?C nucleus. 

On the basis of the shell model, the ground state configuration of C is 
known to be Ip, . ‘The deuteron stripping reaction on °C shows that the J, 
value for the ground state of “C is equal to 1 (Benson 1953, Koudijs, Valckx 
and Endt 1953). ‘This state is known to have J=0* and its configuration is 
probably (1p,j.)?. ‘The fact that 7,=0 for the first excited state shows that the 
281). level is lower in “C than the 1d,,. shell. A possible configuration for this 
state is (1pyj)'(28;,2)' coupled together to give spin 1. This configuration can 
also lead to spin 0 which suggests the existence of a neighbouring state having 
that spin. 

The reaction '°F(d,p)°F. ‘The angular distributions of 21 proton groups 
associated with the transition to various excited states in the 2°F nucleus in the 
centre-of-mass system are shown in figure 4. The experimental errors are the 
statistical standard deviations. The theoretical curves are calculated from 
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Butler’s formula (1951) using a radius of interaction of 5-01 x 10-! cm and the 
value of the angular momentum /, transferred by the captured neutron is chosen 
to give the best fit. The results are consistent with those derived from the Born 
approximation stripping theory (Bhatia, Huang, Huby and Newns 1952) using 


a radius of about 6-0 x 10-1° cm. 


With regard to the low-lying levels Fy, Fy, F;...F; the proton intensity is 
quite low and measurement was carried out for all the tracks in the whole width 
of the plate and then normalized to the same scale. The relative intensities of 
the ground state group F, are not adequate to establish a definite shape for the 
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distribution. However the angular distribution for this group has previously 
been measured by Bromley et al. (1953) who found that the neutron is captured 
with a mixture of s and d waves. This may be expected from the mixed 
configuration of the ground state of °F as reported by Elliott and Flowers (1955). 
For the transitions to the (652 Mev (F,) and the 0-828 Mev (F2) states the angular 
momentum of the captured neutron is found in each case to be )=2. The 
groups F, and F, are not resolved and their combined angular distribution shows 
a mixture of j,—2 and 7,=0. From the relative intensities of these two groups 
at different angles (in particular 10°) one can definitely assign then =2 to the 
transition to the 0-988 = Mev state, and /,=0 to the transition to the 1-059 Mev 
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Figure 5. Energy level diagram for °F, 
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state. ‘he group F; (1-309 mev) is not represented in the figure since its angular 
distribution is found to be nearly isotropic with a mean cross section of 
0-9 x 10-78 cm? sterad-1, 

For the higher excited states angular distribution measurements were carried 
out only on groups of reasonable intensity. The value J,=2 is found for each 
of the transitions to the 2-048 mev state (F;) and the 2-195 mev state (Fs). 
A combined angular distribution for the groups F, and Fy) could be resolved 
into components having /J,=1 and J,=3. By analysing the positions of these 
levels in the different spectra, it is seen that the more intense group Fi at an 
angle 15° becomes weaker than the group Fy, at an angle 40°. This observation 
leads to the assignment /, =3 for the transition to the 2-870 Mev state and J, = 
for the transition to the 2-966 ev state. As previously mentioned (§4.2(a)) 


Table 2 
(1) (2) (3) (4) (5) (6) (7) (8) 
0 0-03(15°) 0-002 EOS) 
0 O even 1 
0-12(30°) 0-055 0-414 
1 0-652 2 even 1-3 2:6(30°) 1-06 8-0 
2 0-828 2, even 1-3 ()-2(30°) 0-07 0-5 
3 0-988 2) even 1-3 0-2(30°) 0-07 0-5 
~ 1-059 0 even 0,1 0-4(15°) 0-02 Ort 
5 1-309 isotropic O-1 
6 1-970 == 
7 2-048 2 even 1-3 2:9(30°) 1-07 8-1 
8 ZA95 2 even 1-3 1-0(30°) 0-36 2:8 
9 2-870 3 odd 2-4 0-5(30°) 0-75 oy 
10 2-966 1 odd Q-2 O29 G52) 0-08 0-6 
11 3-491 0) even Orn o 915") 0-94 Hos 
(2 3-528 0 even 0,1 OXI Sy) 0-94 Heil 
13 3-586 - 
14 3-681 - 
15 3-961 - 
16 4-079 0 even On al PANGS) 0:28 Pll 
177 4-275 - 
18 4-310 0 even Om BEO(Las) 0-47 3-6 
19 5-04 1 odd 0-2 Ds) 0-09 Oe, 
20 5:19 1 odd 0-2 ile 7G) 0-13 1-0 
21 SoH) 1 odd 0-2 SEO (Ss) 0-24 1:8 
D2 So = 
23 5:87 1 odd 0-2 6:8(15°) 0:58 4-4 
24 5ye)s) 1 odd 0-2 13-6(15°) fe 9 
Des) 6:25 = 
26 O25Z 1 odd 0-2 ales Sy) 2 9 
27 6:63 1 odd 0-2 SKS) 0-6 5 
28 6°81 1 odd 0-2 1O2OS2) 1-0 7 
29 6:98 - 
30 Tis 0) 1 odd 0-2 5:9(15°) (05) + 


(1) Group number ; (2) excitation energy (Mev) ; (3) /,-value ; (4) parity ; (5) 
possible spins of the final nucleus J; ; (6) absolute cross sections (mbn sterad~!) at the angle 
shown ; (7) reduced width y?(2 Jp+1) in units of 107'% Mev cm ; (8) reduced width 
62 (2.J¢+-1) in percentage of the sum rule limit. 
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the unresolved groups F,,(3-491 Mev) and F (3-528 Mev) may have nearly equal 
intensities characterized in both cases by J;=0. Each of the transitions to the 
4-079 mev (Fy,) and 4310 Mev (Fjs) states has l,=0. A p-wave neutron capture 
-s found for each of the remaining states. This applies as well to each component 
of the combined angular distributions of the groups Foo t+ Fe, and Foe + Foz 
since the relative intensity shown by the shape of their spectra is the same for 
all angles of observation. 


4.3. Nuclear Structure of °F 


The application of a magnetic analyser to the study of deuteron stripping 
reactions is proved to be a powerful technique in nuclear spectroscopy. In 
addition to reliable identification of energy levels in the residual nuclei, the 
use of the stripping theories can fix the parity, limit the spin and give information 
about the level capture probability or reduced width. 

An energy level diagram for the °F nucleus is shown in figure 5 and the 
results concerning these levels are summarized in table 2. From an analysis of 
the level structure of this nucleus one can point out the following striking features : 

1. Level spacing. Seven sets of nearly equal level spacings are shown beside 
the energy diagram. The energy separation of each set has a mean value equal 
to an integral multiple of «=0-165 Mev. These integers are 4, 5, 6, 8, 12.18 
and 24. It is rather surprising that starting from the ground state, levels 
corresponding to these sets are observed. 

2. Parity. Above an excitation energy of about 5 Mev only odd parity levels 
are observed. Below this excitation even parities predominate. The only two 
odd parity levels in this region appear at about 2-9 Mev. 

3. Group nature. The levels are found to appear in groups of the same 
parity separated from each other by an energy of about 0-6 Mev (~4x). It is 
interesting to note that each group contains a low-lying level of relatively high 
reduced width. 
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The Band Structure of Mixed Linear Lattices} 
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MS. received 11th July 1955, and in amended form 24th October 1955 


Abstract. A reformulation of Saxon and Hutner’s scattering matrix method 
for lattices is introduced, and a connection shown between the characteristic 
matrix for going across a cell in the lattice and proper Lorentz transformations. 
This provides a convenient geometrical model for analysing mixed lattices of 
A and B atoms. Luttinger’s proof of a theorem on the persistence of 
forbiddenness, in the mixed lattice, of energies forbidden in the pure component 
lattices is generalized. It is shown also that there are energy levels in mixed 
lattices whose forbidden or allowed character is invariant to any re-arrangement 
of lattice atoms, and that there are physically distinguishable lattices having 
identical band structures. The major problem of finding the probability that 
a given energy is allowed or forbidden in a random mixed lattice is taken up. 
A method for finding the moments of the relevant random variable is provided, 
and the complete analysis for the Poisson limit of a few B atoms sprinkled in 
a long A lattice is given, with quantitative conclusions as to the persistence of 
allowedness in mixed lattices, the effect of strong forbiddenness in the pure B 
lattice on the band structure of the mixed lattice, and the like. 


§ 1. INTRODUCTION 


HE problem of deducing the band structure of linear mixed lattices, in 

which groups of different species of atoms are connected in a chain of 

greater or lesser complexity, has been approached in a practical way by 
James and Ginzbarg (1953) and by Landauer and Helland (1954). ‘The question 
as to what properties of a mixed lattice can be inferred from a knowledge of the 
separate band structures of pure lattices has been answered to some extent by 
a theorem of Saxon and Hutner (1949) and Luttinger (1951). ‘This states that 
the common forbidden energies of two pure delta-function lattices A and B 
remain forbidden in any mixture of A and B. As has recently been shown 
(Kerner 1954), the theorem is peculiar to delta-functions and fails in less special 
cases. Luttinger’s proof really contains a general criterion (x >0 in his notation, 
which is always satisfied for delta functions) for the persistence of forbiddenness 
in the mixed lattice, but the restriction to symmetrical cells for A and B leaves 
something to be desired. 

The basic question, raised so clearly by Saxon and Hutner, as to what is the 
probability that a given energy is allowed or forbidden in a random mixed lattice, 
has remained largely unanswered. 

One of our principal aims here is to answer this question. After preliminaries, 
we shall show how to calculate the moments of the relevant stochastic variable 
describing a random lattice, and in the particular case of a sprinkling of a few 


+ A summary of the main results of this report was presented at the Toronto meeting of 
the American Physical Society, June 23, 1955. 
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B atoms in an otherwise pure A lattice shall find explicitly the probability that 
a given energy is allowed. One result of the latter calculation suggests another 
side to the Saxon—Hutner theorem, namely, that under some conditions a common 
allowed energy of A and B lattices remains allowed in any mixed lattice. 

We begin with a reformulation of Saxon—Hutner’s scattering matrix method 
that brings out its connection with more familiar methods of analysis, and that 
offers a useful geometric model for describing mixed lattices. In practical 
applications this can provide a perhaps simpler alternative to the node-counting 
or phase-advance techniques heretofore employed. Luttinger’s result will be 
somewhat broadened, and we shall show that whole blocs of atoms may sometimes 
be interchanged in a mixed lattice without affecting its band structure, i.e. that 
there are physically distinguishable lattices that yet are equivalent electronically. 
This conclusion is foreshadowed by Landauer’s numerical analysis, but is much 
less general than the result found by Landauer. It will also be pointed out that 
there are circumstances, rather special, in which certain energies (either forbidden 
or allowed) in a mixed lattice are invariant in position and character under any 
rearrangement whatever of atoms in the lattice. 


§ 2. GENERAL LATTICES 


For lattices of square wells, matrices of the form 
CAG 
He (cca [SLE | Sant ek Ra OP ere (1) 

were exhibited earlier (Kerner 1954) which give the connection between linear 
combinations of independent solutions of the wave equation at the ends of the 
cell that is repeated indefinitely in the lattice. These H-matrices, fundamental 
to the discussion of the band structure, will be seen later to form a group, iso- 
morphic to the group of Lorentz transformations in two space and one time 
dimensions, much as the group of 2x2 unitary matrices in the Cayley—Klein 
parameters is isomorphic to the group of ordinary space rotations. It is of interest 
to bring out the basic role of H-matrices for any kind of lattice before going on 
to mixed lattices. 

In the wave equation for the motion of an electron in the periodic potential 
V(x), having the period 4, let the zero of energy be selected sufficiently low that 
only energies F greater than zero need be considered, all energies less than Zero 
being forbidden. When we introduce a small interval of zero potential of width a 
(later to vanish) between the cells of size b we may represent the wave function ob 
in (0, a) as a superposition of right- and left-going plane waves with amplitudes, 
say, a, and by. In (a,a+4),% is a superposition of any real linearly independent 
solutions 4, , of Schrédinger’s equation for the potential V, p= au, + ous; 
the Wronskian W =u’ — uy'uz is different from zero. Again, in (a+, 2a +5), % 
is specified by plane wave amplitudes a,,5,. Using 


the matching of »s and y’ at aand a+6 may be summarized by writing 4, = T Ap, 
A,=T,4A,, Az=(T2T)Ay=fAo, with T-matrices similar to those used earlier, 
but containing the w’s and their derivatives rather than just exponential functions. 
Since ¢ is to be of the Floquet form, ¢ exp (?kx), with periodic d of period c=b+a, 
we must also have A, = S(c) exp (ikc)Ap, S being the diagonal matrix with elements 
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exp (Fiec), € being (2mE/h)!?. That is, calling H the matrix S”“7, we require 
HA, =exp (tke) Ay, from which a non-trivial A, exists only when (J being the 
unit matrix) 


| H —exp (ike) |=0=|H|—exp (tke) Tr H+ exp CAO es (2) 
The calculation of H gives, upon letting a tend to zero, the form in equation (1) 
with 
/ / 
L flu, uae Uiq U29 : Urq “20 1] 49’ t29'| \) 
a ip) , ’ / +t € care , , 
2W | Jit’ M20 Ujp Uap Uy, Uap €|Uyp Uap 
- (3) 
G Lf [uy en C70 2205 ies ( _ | “10 20 TJ ayo’ Ua’ )} 
a , / , a ’ / 
Tal Uy Moo Uyp Uap Ujp Uap €|Uyp Uap J 


Also, |H|=1 by direct computation, so that the characteristic equation (2) 
for the energy becomes coskb= 3 Tr H=AF, the well-known result of Kramers 
(1935). The values of F and G and the form of H are of course independent of 
the choice of basic solutions 2, Uy. 

What we have in effect done above by using the artifice of regions of zero 
potential is, as will be evident from Saxon and Hutner’s work, to calculate reflection 
and transmission coefficients for a cell in terms of any linearly independent 
solutions of the wave equation for the cell. This serves to connect the scattering- 
matrix viewpoint with the more conventional techniques (James 1949, Kramers 
1935); and it provides a means for computing practically the matrix elements of H 
(which has the same form for any sort of cell) in particular cases. 

The H-matrices have some properties akin to the Cayley-Klein unitary 
matrices. That they form a group will be evident after a moment’s inspection. 
Under a similarity transformation with H(F,G) as transformation matrix, 
matrices of the type H(it,x+zy) are form invariant, H(it,x+7y)>H(it', x’ +1’), 
and have an invariant determinant, #2—x2—y?=1/2—«'2—y’?. The H-matrices 
indeed are isomorphic to (x, y,t) Lorentz transformations (L3 transformations). 
This is a special case of van der Waerden’s (1944) representation of proper 
Lorentz transformations as linear groups. 

The connections between x’, y’, ¢’ and x, y, ¢ when written out in terms of and 
G and then in the usual way for L3 transformations (Moller 1952) provide the 
identification 


F'=cosh 35 exp (476), G =sinh dh exp {i(¢ — 36)}, 


where #,¢, 6 are the parameters of L3 given by coshy=(1—v*) 1”, v,=wvcos ¢, 
with c=1 and @ the angle of the purely spatial rotation of x, y axes with respect 
to x,y’ axes. ‘This representation of F and G by means of the Lorentz para- 
meters allows a description of the electron motion in terms of the relative motion 
of coplanar sets of cartesian axes; the electron motions are allowed or forbidden 
according as | cosh $y cos $0 | is less or greater than 1, i.e. according as the relative 
motion of axes is, roughly speaking, a low or high velocity motion of parallel 
axes, or a high or low velocity motion with axes anti-parallel. In short, we have 
a sort of physical isomorphism between the actual electronic motions and the 
rectilinear motions of coordinate frames in special relativity theory. 
Any H(i, 8,6) can be decomposed into 


H=R()R(—4)LoP)R)=ROLG Ys, seve (4) 
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with 


_ fexp(—#A) 0 sh} —zsinh bes 
l= ( 0 exp (22A) ) : Lilt) = ae iq cosh 3 us ) , 


Here R(@) represents the purely rotational part of H, and L represents a pure 
Lorentz transformation. Under the similarity transformation PHP-=H 
with P,.=72/2'?= — P,,, P,,=1/22=—P,y, which diagonalizes L, and which 
leaves Tr H unchanged, any rotational factor R(A) in H goes into a real planar 
rotation Ru=R, = cos 4A, As —R,,=sin4 ti, while Ly goes into a real 


distortion hie =exp (3%), Loss = exp (— $y), Wie = Lo2,;=9, which stretches the 
X-component of a vector X, Y and shrinks the Y-component by the same factor. 
This further isomorphism of H with products of simple rotations and distortions 
in a plane 1s without particular significance for a pure lattice but is of some interest 
in providing a geometrical model for studying mixed lattices. 


§ 3. MIxep LATTICES 

Consider first an arbitrary binary lattice of the form... [(7,A)(m.B)...(1),B)]}.. 
in which , A-cells of width d, are followed by n, B-cells of width 4,, etc., and then 
the whole configuration is repeated indefinitely. Following the earlier procedure 
and sandwiching small intervals a of zero potential between all cells, we can find 
the connection between the vectors A, and A, at the field-free regions to the left 
and right of any atom in the form (when a+0) 4,=g(F;, G,,«)A), where 7 is 
A or B for an A or B atom and z is the distance of the right end of the atom from 
the beginning of the chain. ‘The A-vectors at the beginnings of the second and 
first ,A...n);.B chains are then connected by a product M of g-matrices, one 
for each atom in the first chain. Through use of the property that 
g(%+x) = S(x)g(z)S-(x), S being the diagonal matrix introduced before, one 
may show that 

M = S(I)S(bp)Hyy""S1(bp) Hs"... S(Bp) Hy" SYBy) La", 
with 6) =43(6,—6,) and / the total chain length. Now the periodicity condition 
(x +1)=4(x) gives, in the same way as for equation (2), the eigenvalue equation 
Coghi= + 17S(6,)B "0. S(b))b Fo( = 0, )A t=) UE 52; eee (5) 
in which the characteristic pure-lattice H-matrices are specified always by 
equations (1) and (3). Here and in what follows we change the names of H,, Hj, 
to A, B. 

The effect of having different sizes for A and B cells is only to introduce 
extra ‘rotations’ S(b,) or S(—b,)) at the junctions of neighbouring groups of 
A’s and B’s. In the general case of a mixed lattice of many different species of 
atoms having arbitrary cell lengths, H, will always be a sequence of H-matrices 
similar in form to the atomic sequence, with appropriate junction rotations 
separating the H-groups. The junction rotations may be incorporated, using 
equation (4), into the ¢ parts of A or B: this does not affect Tr A or Tr B. We 
may therefore omit the junction rotations with impunity. 

To reduce any H” to a simpler form, the similarity transformation W used 
earlier (Kerner 1954) which diagonalizes H is useful. ‘The result is 


SP eee (6) 


sin B sin B 
cos B=3 TrH=ZF. 


Hr= 


PROC. PHYS. SOC. LXIX, 3—A 16 
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The representation of H in terms of the parameters of L3 may be used, though 
clumsily, to reduce H,. First, all the rotations in H, may be brought together, 
using the inversion rule R(#)L(¢, +) = L(¢ — 9, ~)R(0), so that H, is put in the form 
of a product of a rotation and a chain of pure L-matrices (pure Lorentz 
transformations). Grouping the latter in pairs, each pair may then be written 
as a rotation times a pure Lorentz transformation using the well-known rule for 
combining two such transformations. Then the rotations can be brought 
together again and the process repeated until H, is represented as a pure single 
rotation followed by a pure single Lorentz transformation. 

A much more convenient scheme, affording a simple geometrical or mechanical 
model for finding Tr H,, is to carry out a similarity transformation of H, with the 
transformation P. If we take two vectors (1, 0) and (0, 1) and allow #7, to transform 
them in a succession of rotations and deformations we shall have always 


naiwrr-Lin(8)],«[(t) 


A ruler and compass suffice for conducting the sequence of operations in H/. 
This motion of two points in the plane allows a description of a random lattice 
in terms of a pair of random walks, with the novel characteristic that the different 
permissible steps in the walks are non-commutative. 

We examine now some properties of H, without explicitly evaluating this 
matrix. 

First, it is worth noticing that for a binary lattice H, is insensible to the 
ordering of the sequence when, and only when, A and B commute (Kerner and 
Logan 1955). In this case, x, and gy being the total numbers of A and B atoms, 
the diatomic lattice ...(a,A)(npB)..., which is relatively easy to investigate, 
is a sort of fundamental mixed lattice from which some properties of the disordered 
lattice may be found. ‘The commutability of A and B requires that 
G.*Gp=G,Gp*, Gy4% Fp=Gp4F,. For square-wells of potential height V,, 
potential width w, and separation s between wells, we have 


2) Basso, 
€,-—€ 


F =exp (ies) ( cosh «,w—7z sinh €,w } 


2e1€ 


e?t+e . ; = 2m 
Dene sinh ew exp (tes), €y=(V,—E)!?, Fa = li 


and these conditions read for example 


G=1 


sin e(s;— Sy) =0 
€ 52 eee 


7 2 
1 2 2 

7, 008 €(S;— 52) ( sin eS, coth egw, — 5 COS €S5 ) 
1 AEE 


7 2 2 
ae g 2 &y aS. 
= — ( sin es, cothe,w, — COS €S, ) 


Eo 2e,€ 


For energy levels F satisfying these conditions for prescribed well parameters 
(or for well parameters satisfying these conditions for prescribed £), the value of 
‘Tr H, may be determined from that for the fundamental diatomic lattice, and the 
levels classified as ‘super-forbidden’ or ‘ super-allowed’ in view of the invariance 
of their character to the ordering of the sequence. The existence or non-existence 
of such super-levels would seem to imply the existence or non-existence of super- 
bands surrounding them which persist with greater or smaller width no matter 
how the lattice is arranged. 
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A simple special case that illuminates this result is that for which the 
commutability of 4 and B is assured through G, =0=Gy or, for square wells, 
sinh €,w,/e,=0=sinh e,2,/e,. ‘These can be satisfied only if E is greater than V, 
and V,, when they may be written E=V,+(N,z/w,)?, E=V,+ (No7/w,)?, 
NV, and N, being integers different from zero. All these levels are allowed levels 
for pure A and pure B lattices, and for appropriate well parameters some will 
be common allowed levels of the lattices. Such levels are also super-allowed, 
as a computation of H, shows. 

Next, we restate the Saxon—Hutner—Luttinger theorem without restrictions 
on the A and B atoms. 

Since only the magnitude, and not the sign, of cos 8 =! Tr H controls whether 
an energy is allowed or forbidden in a lattice, we may restrict B to the principal 
values 0 <f < }z for an allowed energy and § =7v (v real) for a forbidden energy ; 
this entails at most a change in sign of Z in equation (5) when, to conform to the 
use of principal values for 8, we must replace an H-matrix by its negative. 

In equation (6), because of the way m enters into the expanded form of AH” 
we may consider z to be continuously variable. Moreover, it is clear that Z is 
an analytic function of its arguments. Let us examine the Maclaurin expansion 
of Z. Using H-1=2cosfh—H, it is easy to show that H” may also be written 
in the form, similar to that introduced by Luttinger (1951), 

H”=cosnf + UisinnB = exp (inBU) 

needs ie 1 BSB Cos 

( G — on) ; 
where the fact that U?=J has been used in the second equality. We have now 
Z=Trexp (in,B,U,)...exp (in,8,U,)=TrH,, and Z(0)=2. The operations of 
differentiating H, with respect to the m, and taking the trace of H, are commutable. 
Since Tr U,=0 and U,?=1 we have that the origin-values (n;=0) of all odd-order 
derivatives of Z are zero. 

If there is a common forbidden energy for both the pure A and pure B lattices 
(£,=7v,, Bp=iv), then the even-order derivatives of Z at n,=0 involve taking the 
trace of a polynomial in U,U, whose numerical coefficients are positive numbers. 
Since U,U, is an H-matrix, it may be diagonalized to a form having diagonal 
elements exp(+zy). Hence, when Tr U,U,=2cosy 22, Tr(U, U,)" will be 
positive and Z will be Z=(2+positive terms) >2 for all n, That is, in any 
mixed lattice, a common forbidden energy of the component-atom lattices 
remains forbidden whenever 


A= Tr U,Uz= 


/- — 


> dZisinp 2sing 


RC Gy*~ IFIP, 


sinh v, sinhv, 
The angles ¢, and ¢, are unimportant for a discussion of the separate pure lattices, 
but, as may be seen by writing A in terms of the Lorentz parameters, are crucial 
in the mixed lattice. The quantity A will be seen presently to be of basic 
significance for random lattices. i = i . 
A final remark before taking up the random lattice. ‘This is that Z is insensitive 
to the interchange of whole A groups of atoms or of B groups of atoms whenever 
the lattice is the four-group one... (2,A)(n,B)(n,4)(14B) .... To verify this it is 
only necessary to write out H, explicitly using equation (7) for the separate groups 
of H-matrices, (or else to write out the Maciaurin expansion of Z) whence Z 


comes out to be symmetric under the interchange of n, and n, or of ny and ny. 
= 
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It follows that whenever some mixed lattice of A’s and B’s may be represented as 
(N,A)(N,B)(N3A)(NuB); where A and B are sub-lattices of the original lattice, 
comprising any grouping of A’s and B’s, we have a band structure invariant 
to the exchange of A groups or of B groups. It appears that the four-group 
lattice 1s the only one strictly having this symmetry property, though it is not 
ruled out that a more general kind of near-symmetry holds, at least for certain 
kinds of A and B atoms, as suggested by Landauer and Helland’s (1954) results. 


§ 4. RANDOM LATTICES 

Consider now a lattice of m-atoms'. ..(AqXe-2cX, se wRelew ae 
probability p an A-atom and with probability g= 1—paB-atom; the probabilities 
are independent of position in the lattice (i.e. of the index 7). We ask for the 
properties of such a random lattice. More particularly, the relevant question is, 
in what fraction of the ensemble of all possible chains of m atoms is a given energy 
allowed or forbidden (a chain having v A-atoms and ». B-atoms being assigned 
a statistical weight p’g"). This is a statistical question superimposed on the 
quantum-mechanical one asking for the band structure of any particular mixed 
lattice. Of special interest is the case that 7 1s large. 

We start with the stochastic matrix 

hy OO ass ile, 

where «, =¢,A +(1—«,)B, with e,=1 or 0 with probability p or g, and want to know, 
for a fixed energy, with what probability | T'r/,, | <2; this is the desired probability 
that the given energy is allowed. 

It is natural, therefore, to ask for the moments of the random variable 
Z,=Trh,. The first moment, or average trace, 1s simply 


M,=Z,,=Trh, =Trh, =Tr(pA +qB)”. 
For the higher moments the appropriate tool to use is the direct matrix product 
(Macduffee 1946) defined through [a.6],;=ab,;, where the square bracket 
designates a matrix of matrices. The two basic properties of the direct product 
that are useful to us are that Tra.b=(Tra)(Trd) and that ab.cd=(a.c)(b.d). 
The second moment of Z,, is 
My = (as hy = Trh, : h,, =Tr 4h (pao a (all 

aa ce (a4 Q Oy )\(Ry-1 a oe 1) od Be (a : 1 )(% - 9) , ee (a, a On) 

= r(pA,A+gBB) 
and for the Nth moment we find similarly 

My=Tr(pAy+ qBy)”, 

where A, is A. A....A to N direct factors, 


This result is also obtainable, in perhaps a more direct way, as follows. 
‘The matrix 


G=(pA+qB)"=p"A" + p™19¢(A" 1B + A”? BA + ae .)+ aac +9" B” 


generates all possible chains and gives them the correct statistical weight, so 
we have the earlier result M,='Tr G at once. For the second moment we have, 
from its definition, 


M,=p"(Tr A")? +... =p"TrA”.A*+... 
=p" Tr(A. A)"+... =Tr(pA. A+qB.B)*, 
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the terms beyond the leading one being easily condensed into the proper form 
by using the multiplication rule ab.cd=(a.c)(b.d); and similarly for the higher 
moments. 

The first moment is readily found and shows an important characteristic 
of Z,. If A4,Ay be the latent roots of p4+qB, M, is Ay"+A,”. When the roots 
are complex conjugates, for example, M, is of the form 2r” cos no, so that if r>1 
the first moment tends to no definite limit as » becomes infinite. This appears 
to be true for the higher moments too. The distribution of the random variable 
Z,, in short, apparently depends strictly on the chain length m and has no well- 
defined asymptotic form. This suggests the importance of introducing a grand 
ensemble of chains of different lengths and averaging M,(m) over the grand 
ensemble. 

A rough bound for the moments may be found as follows. For the absolute 
moments jz, of order N we have 


py=p"|TrAy"| +... +9"|Tr By | 
>2*(p" |cos*nB, | +4" |cos*nB, |) 


(A4y" is (A"), or (Ax)", which are equal). Hence, if an energy is forbidden 
in at least one of the pure lattices ...A... or... B... all absolute moments can 
diverge in the limit of large . 

The practical task of evaluating the moments, and an approximate distribution 
function, involves finding the latent roots of a 2% x 2" matrix (for the Nth moment). 
This problem we bypass for the present in favour of going to the Poisson limit 
where a full analytical discussion is possible. 

Suppose then that the chain length z is very large, but the number « of B atoms 
in the chain is small, so that g=«/n is a small number and p=1—a/n is nearly 
unity. The Nth moment may be written 


My=Tr | As + =(By- Ay) | 


To a sufficient approximation we can diagonalize the matrix in brackets, call 
it J, by diagonalizing A, and dropping the off-diagonal elements in the 
‘perturbation’ «(By—Ay)/n. If W is the similarity transformation matrix 
which diagonalizes A, then W, diagonalizes Ay, and we have 


Ww 


J’ = Wy J Wy =dy + —(Rx—4y)s 


where d is just 
exp(—iB,) 0 
0 exp(if,)/, 


and R stands for WBW~ with its off-diagonal terms placed equal to zero. ‘Then 


oe {ist | ce a ee oes : Ir | 
ies ( ts 0 ale exp tinB,) 3 ee te | ( ap “0 ae Ro» st — 1B) ), is ty | 


=e “Dy expaky, 


where D, E are abbreviations for the first and second matrices in the second line, 
and J, is the 2th order unit matrix. 
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Rather than calculate the moments explicitly me: us write them as the series 


My = its 26 las, 2 


= ety = 


Vy 


= 
a) ir DEA 
y! 
The reason for doing so is to make easy the calculation of the characteristic 
function f of the distribution: 


IU Ncciet iu oe’O® 
fag es any PRE 


N,v 


a” 
=e" > exp (uQ,) 4 
v i“ 


O,=Tr DE’. 
Writing f in this way presupposes that all moments exist, which will be the case 
if n, though large, is finite. The final series representing f(u) is absolutely 
convergent since Q, is always real. 
For the distribution function F(t) itself, giving the probability that Z, <t, 
we find now 


1 f° exp(— a 
27 is é iu 
a” (sin u(t— Q,) 
ai! i TU 
The last integral is Dirichlet’s ate ee the value 1/2, 0, —1/2 according 
as ¢ is greater than, equal to or less than Q.,. 

Finally, for the probability that |Z, |<2, i.e. the probability that a given 
energy is allowed in the random lattice, we obtain 


PE ma) = 2) — F(— 2)=4e° SC, = = 


FG f(u)du 


du. 


=e @ 


C,=2, [Or <2 
C.=1, 19,|=2 
C=O PORE 2. 


If, then, | QO, | S2 for all v the energy is certainly allowed or certainly forbidden 
in the A lattice infected with a few B atoms. 

To obtain the physical information contained in the preceding result we 
must examine Q, in detail. ‘This quantity is 


Q, = exp (—mB,){ Ri, exp (¢8,)}’ + exp (iB ,){ Roo exp (—78,)}’. 
By suitably arranging Win WBW~'=R an algebraic reduction yields 


RG,G,* — IF IF, 


R= cos By +2 =cos 8, —72A sin By 


sin B, 
AG {Gs — ie re 
Roe COs he 7 ——— 2 =cos 8, +7Asin p,, 
sin fp, 


A being the same quantity, }’T'r UU, used to prove the Saxon—Hutner theorem. 
Suppose now that we have an energy which is allowed in the pure A lattice. 
Then f, is real, R,, and Ry» are complex conjugates, say Rexp +p, and 


Q, = 2R’ cos (vB, —nB, + vp) 
R=(cos* Bo --A*sin* Bh 
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Hence, if this energy is also allowed in the pure B lattice (real 83), and if also 
JA | <1, |Q,| <2 for all » and P(E£,nqg)=1. One finds, however, from the 
Lorentz representation of A, that |A|>1; the equality can hold only if 
| sin 6,/sinh $4, | = |sin B,/sinh3y,|. In this case, QO, =2cos (vB, —nB, + vBs), 
and for | Q,, | to be always less than 2, it suffices that 8, and 8, be irrational multiples 
of 7. When they are rational multiples, some | Q, | will equal 2 and it is less than 
certain that the energy is allowed; ordinarily, however, P(E,,,,) will be close 
to 1. We may say, to characterize this too delicate distinction, that if |A | =1 
a common allowed energy of the pure lattices is almost certainly allowed in the 
Poisson mixed lattice. Since we may reverse the roles of 4 and B in this argument, 
it would appear that this result is valid for any mixed lattice (or at least for lengthy 
ones). ‘This would be the other face of the Saxon—Hutner theorem. If the 
energy is allowed in 4 but forbidden in B, the energy is never certainly allowed 
in the Poisson lattice. 

For an allowed energy in 4 and either simultaneous allowedness in B with 
JA | >1 or simultaneous forbiddenness in B with any A, R exceeds unity and 
oscillates beyond the range (+2, —2). Here we must consider that, as before 
remarked, the distribution of Z,, has no definite limit with increasing: QO, contains 
n even though has been taken to be large. If we fix v and watch Q, and then C,, as 
functions of x, it will be evident that C,(z) is a periodic step function with period 
7/6, and steps of height 2 and width 2 sin R ” (sin referring only to the principal 
value between 0 and 7/2). It is sensible now, for want of a definite value of 
C,(n), to take its average over a grand ensemble of chains of different length. 
For a uniform ensemble, in which the relative number of chains A(n)dn with 
length between n,x+ dn is simply a constant for m<n<n, and zero otherwise, 
one finds 


C9) = | C(n)h(n)dn = ives (eae 
: J TT 
This result depends insensitively on the exact choice of (x) within fairly wide 


limits. 
Now we calculate 


= ee 
P(E gua) = 3° 2D. oi C,(7). 
Using the power series expansion for the sin function gives 
D, 2 fees a 1 a 3 Sees i 
P(E,na)= =€ SP Go pe qo &*P pt: - 


When R > 1, i.e. for energies strongly forbidden in the B lattice (cosh v, large) 
or for energies close to a band edge in the A lattice (sin 6, small) or for 
RG,G.* —IF,FF» large, we have more simply, replacing sin'R~” by its 


argument, 
— 2 oA 
PET =e" (1 ssi E —exp R ] ) : 


If also RS« this is just exp(—«): the energy is practically forbidden for even 
a small total number « of B atoms strewn in the A lattice; while if «>R, 
P=(2/z) exp(—«)=0. 


In the case where R is small, R=1+<, o< 1, we get 


— ORF 
P(E,na) = re Siero oc. 
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Turning, in conclusion, to the case in which the energy is forbidden in the 
A lattice, let us write, for example, 8, =7v,, and thence 
QO, =exp {(n—v)v,}Ryy" + exp {—(n— vv} Roo”. 
Here, for any v when we go to large n we find Q,> 00 in general, so that the forbid- 
denness in the pure A lattice dominates and the energy is forbidden certainly 
in the Poisson lattice, irrespective of forbiddenness or allowedness in the B lattice. 
An exception occurs when R,, vanishes. ‘Then 


ae oC op” 
P(Eana) = pee 2 a eos 


y=] 
and for a moderate value of « the energy is practically allowed in the random 
lattice. This will occur at single, isolated energy levels. It is easy to show that 
this exceptional case never conflicts with the Saxon—Hutner theorem. 
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Abstract. ‘The molecular orbital method is used to calculate the intensities of 
the symmetry-forbidden bands of benzene. Both the bands at 2650 A and 2000 A 
derive intensity by interaction with the upper state of the 1800A band. The 
States of symmetry B,, and B,, are made accessible by ey, vibrations of the 
benzene framework at 606cm~! and 1595cm-!. The 606cm~! vibration is most 
important in making the transition to the B,,, state (at 2650 4) allowed, whereas 
that at 1595 cm™ is most important for the A,,>B,, transition. The alternative 
assignments B,, and E,, are considered for the 2000A band, but the calculated 
total intensities cannot differentiate between them. 


§$ 1. INTRODUCTION 

Oa first approximation, the intensity of an absorption band which arises 

from an electronic transition is proportional to the square of the transition 

electric dipole moment measured with the nuclei in their equilibrium 
configuration. If by virtue of the symmetry of the states involved this dipole 
moment is zero, the transition is said to be symmetry-forbidden. ‘That such 
transitions do often give rise to weak bands is primarily due to the effect of 
vibrations on the symmetry of the molecule, for in the course of a vibration 
there may be a non-zero instantaneous (but not average) transition dipole moment. 
The band which results usually has considerable vibrational fine structure. 

The general theory of the absolute intensity of these symmetry-forbidden 
bands (and the relative intensity of the vibrational components), was developed 
by Herzberg and Teller (1933). They outlined the principles that decide which 
normal vibrations make the transition allowed, and they showed how the absolute 
intensity of the resulting band could be calculated from a knowledge of the 
electronic wave functions of the molecule in its equilibrium nuclear configuration. 
At that time, however, so little was known quantitatively about the electronic 
wave functions of the excited states of molecules, that it was not possible to carry 
out any detailed calculations. Recent developments in the molecular orbital 
theory, and in other approximate methods for handling many electron wave 
functions, have made an extension of Herzberg and Teller’s work possible. 

Benzene is one of the simplest molecules for which there is accurate experi- 
mental data about symmetry-forbidden transitions. ‘There are three bands in 
the near ultra-violet region of the spectrum, at 2650, 2000 and 1800. Of these 
the 1800 A band is generally accepted to arise from a symmetry-allowed transition, 
with a transition moment in the plane of the molecule. Polarization measure- 
ments on crystals of hexamethylbenzene (Craig and Lyons 1952, Nelson and 
Simpson 1955), suggest that the other two transitions also have moments in 
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this plane, and being much weaker than the 18004 band are probably symmetry- 
forbidden. Extensive work has been carried out on the structure of the 2650 
band (Garforth and Ingold 1948), and there is general agreement for the 
assignment B,, to the upper state. ‘he symmetry of the upper state of the 
2000 A band, however, is still uncertain. 

The aim of this paper is to use the general features of the Herzberg—Teller 
method in conjunction with recent molecular orbital theories of excited states 
(Géppert-Mayer and Sklar 1938, Pariser and Parr 1953, Dewar and Longuet- 
Higgins 1954, Pople 1955) to calculate the intensities of these bands. Craig 
(1950) has examined the intensity of the longest wavelength band using the 
valence bond method. 


§ 2. GENERAL THEORY OF THE INTENSITY OF VIBRATIONALLY ALLOWED 
"TRANSITIONS 
To introduce the molecular orbital treatment of the intensities of symmetry- 
forbidden bands, we shall outline the relevant parts of the general theory of 
Herzberg and ‘Teller. 
The Born-Oppenheimer adiabatic approximation enables us to write the 
total wave function as a product of functions, 


YT l®, Q=O,(%,Q@nl@),  «=—«§ 3 ws (2.1) 
where ©,(x,q) is a solution of the electronic Schrodinger equation for a fixed 
nuclear configuration. x and g are collective symbols for the electronic and 
nuclear coordinates, and k, / are quantum numbers (or sets of quantum numbers) 
describing the electronic and vibration-rotation states respectively. ‘The nuclear 
coordinates will be taken as a set of normal coordinates q,, go, ..., together with 
a sct describing translation and rotation. 

For each nuclear configuration g, we may define a variable electronic transition 
moment 
M.4(¢) = | ©. («,g)M(@)O;(%, 9g) dq, eee (2.2) 
where M is the electronic dipole moment operator. The oscillator strength 
firswy Of a single component k/--k’'l’ of an electronic transition kk’ is then 
given by 
8ar?mc 


fisher = saw Ex yt 
J kl+k'l Zhre2 kl+k’'l 


. 2 
| Di (MM (DP (GQ) aq) > sees: (2.3) 
where F,),,., 18 the energy of the transition. 

An approximate expression for the total intensity of the whole band can be 
obtained if we suppose that only the lowest vibrational state ‘I’, 9 is populated. 
If we replace the energy Ex9,,7 by a mean value E,_,,, for the band as a whole, 
and sum over /’, we get 


8a2mc 


fisw= ye, frosky= Bye Ey M gg, sevens (2.4) 


where M,,,” is the mean square of the variable transition moment M,,;,(q) in 
the ground state. 

. ‘The transitions we are concerned with are those for which M,;,(q) vanishes 
in the equilibrium configuration (¢,=q,=...=0). Expanding M;,,(q) in powers 
of q1, g--- and neglecting all but the linear terms, we have 


ee oM oN 
Ve =: (FA) a re (2.5) 


a 
a 0) 


Symmetry-forbidden Bands 247 


(OM, 0q,)o being evaluated for the equilibrium configuration. ‘The individual 
terms in this sum measure the relative effects of the various normal vibrations 
in making the transition allowed. The mean square displacements q,” are 
easily calculated if the oscillations are assumed to be harmonic. For a system 
of nuclei all of mass ju, the ground vibrational state wave function gives 


ane, I Aes (2.6) 


where v, is the frequency of the normal vibration corresponding to q,. The 
coordinates q, are normalized so that the sum of the squares of the nuclear 
displacements is unity. 

It remains to find the change of transition moment during a vibration as 
given by (¢M,.;0q,)o. This can be done by a perturbation method, expanding 
the electronic wave functions of both states in terms of those for the equilibrium 
configuration. ‘Thus 


O,(x, q) = O,(x,0)+ > Azn(Q)O(%, 0) «2... (Ca 


and similarly for ©,,.° The coefficients \,,(q) and A,,.(q¢) show the amount of 
mixing between the electronic states produced by the vibration. The required 
derivative is then given by 


OM in \ ON K* co OX ns 
eee ), Mader 5 ( Ta) (Mids oe 


where (M,,..)) and (M,..), are evaluated for the equilibrium configuration. 
The coefficients 4;., can be evaluated by first order perturbation theory 


1 
ae a 


s 


| @,,*(«,0)H,0,(x,0)dx, saan (2.9) 


where H,, is the change in the Hamiltonian which occurs during the vibration q,. 
This change is manifest in the terms — Z,e?/r,, where Z, 1s the charge of nucleus o 
and 7,, the distance of electron 7 from this nucleus. ‘Then for small displace- 
ments 4, 


De >> = ae? Ze ee Ts : alae Ke (2.10) 


where r, is the position vector of nucleus o. It follows that 


(5), - a ea mal O,*(x,0)h,0,(x,0)dx, «ss. (2.11) 
where h,=(0H,/0q,)). The Hamiltonian h, is equivalent to the interaction 
energy of a set of dipoles eZ,(dr,/dq,) with the electrons 7. Since /, is a sum of 
identical one-electron operators, the integration can be carried out over all 
electrons but one, and the integral in (2.11) then reduces to the interaction 
energy of this set of dipoles and a single electron density 


pPHoN(@,*0,dx, | erm (2.12) 


where the integration dx’ is over N—1 of the N electrons. As we shall see in 
the next section, this transition density takes a simple form when molecular 
orbital wave functions are used and it then becomes possible to attempt quanti- 
tative estimates of the integral in (2.11) and consequently of the absolute intensity. 
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§ 3. APPLICATION TO THE SYMMETRY-FORBIDDEN BANDS OF BENZENE 
In molecular orbital theory, the lowest excited states of an aromatic hydro- 
carbon are attributed to the excitation of electrons in the delocalized molecular 
orbitals which have a node in the plane of the molecule. For benzene, in the 
usual LCAO approximation, the molecular orbitals have the form 
Og = V/ (ew, — wet Wg — Wg + Ws — 6) | 
0.= 4 3(20, — Wy — Ws + 204 — Ws — We) | 
04 = 3( — Wy + Wg — ws + We) \ (3.1) 
3 = 4(w. + ws — Ws — We) 
Oy = V/75(2e, + We — Wg — 204 — W5 + We) 


0,= V Ho, togt wz + w+ os 4+ We) 


where w,...w¢ are 2pz atomic orbitals for the carbon atoms. The pairs of 
orbitals 05, 0, and 64, 0; are degenerate. 

In the ground state the total wave function for the z-electron is written as 
a determinant 


i 2 
@,= lai leatilafai Lome (3.2) 


Following the method of Dewar and Longuet-Higgins (1954) and Pople (1955), 
the wave functions for the excited states are written as sums or differences of 
those for degenerate excited configurations x,’ in which one electron has been 
removed from the orbital 0, and placed in 6). 

The wave functions assigned to the upper states of the three lowest transitions 
in benzene by Goppert-Mayer and Sklar, Pariser and Parr (1953) and by Dewar 
and Longuet-Higgins (1954) are shown in table 1. There is still some uncertainty 


Table 1. Wave Functions for the Lowest Excited States of Benzene 
and Possible Assignment 


Symbol Configuration Symmetry Energy of band (cm~+) Obs Int. (f) 
Oh, A/ 4(X3°— X27) Boa 39400 (a-band) 0-00143 
e ‘4x37 oe Baa 49500 (p-band) 0-094? 
©), ! 5( 30+ 5) Ee 

B V 2X3 Xe E IO (p-be 1:88? 
Oy Vix! x2) Sf ii 54400 (S-band) 0-88 
0, ican \ E. 

0, Ve x3) a 
O>5 rig =i x25 ~ 
Os, ‘\ 1X3 2 Eee 


Klevens and Platt (1954). 
- Hammond and Price (1955). 


about the intermediate band at 49500 cm, however, and the alternative 
assignment E,, has been proposed. The wave functions for possible E,, states 
have been included in this table. b 

In applying the theory developed in §2 to the calculation of the intensities 
of the symmetry-forbidden bands we shall neglect the mixing of the ground 
state @,, of symmetry A,,, with any excited state. This is justified to some 
extent by the large difference in energy between the ground and excited states. 
It follows from (2.8) that the only electronic states @, which contribute to the 
intensity of the transition @,—-@,, are those of symmetry E,,. Furthermore, 
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for (0A;.,/0g,)) to be non-zero, the perturbing vibration must belong to the same 
representation of the symmetry group Dg, as the density function p,,. Detailed 
examination shows that B,, and B,,, states are made accessible by e,, vibrations, 
whilst transitions to E,, states are allowed by e,, vibrations. The intensities of 
the bands of table 1 will now be considered in detail. 


g-band. 


There are four pairs of e,, vibrations which contribute to the intensity of 
this band. ‘To simplify the calculations we will ignore those vibrations which 
arise mainly from the C-H bending and stretching. The two €, frequencies 
for a hexagonal framework arise from a superposition of the radial and tangential 
vibrations shown in figure 1. A complete set of normal coordinates has been 


Figure 1. 


given by Whitten (1955). For the two skeletal e,, vibrations he gives: frequency 
606cm~!, a=0-243, b=0-273; 1595cm4, a= —0-127, b=0-450. (The normal 
coordinates are normalized so that the sum of the squares of the displacements 
is unity.) ‘he two coordinates defined in this way are not strictly orthogonal 
because the complete vibrations involve some motion of the C-H bonds. ‘The 
Hamiltonian H, consists of the interaction of the z-electrons with dipoles eZ,r, 
where r, is the displacement of nucleus o given by these normalized coordinates. 
Z, will be taken as unity, it being supposed that each carbon core behaves bodily 
as a unit charge. 

By carrying out the partial integration of equation (2.12), it is easily shown 
that the transition density p,g is equal to 3(0,” + 0;"—@,”—0,”). If this is expanded 
in terms of atomic orbitals using (3.1) and if product terms w,w, (or), are 
omitted, then p,g can be represented schematically as in figure 2, each coefficient 
measuring a density —ew,? at position ¢. The interaction of this density function 
with the perturbing set of dipoles is conveniently estimated by replacing the 
distribution —xew,? by a point charge —xe at position o and evaluating its energy 


/ 


4 
Figure 2. 
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in the field of the dipoles. (There will be no interaction between the dipole at 
centre o and the charge distribution w,?.) The interaction energies are found 
to be 0:643e2/R2 and 0-493e?/R2 for the 606cm~! and 1595cm™! vibrations 
respectively, R being the bond length (1-39 A). There will be identical contributions 
due to mixing of the states ©, and @g. Substituting in the formulae of the last 
section, we have for the ratio of the oscillator strengths 

de IR pee | (0-043)5 (0-793) 

ie E22) aR 606. 1595 Fi eee 
One important result emerging from these figures is that the 606 cm? vibration 
is 4-5 times as effective in contributing to the intensity of the «-band as 1s the 
1595 cm! vibration. 


p-band (assignment B,,). 

The same procedure can be adopted as in the preceding section, the principal 
difference being in the form of the density function ppg. Terms of the type w,” 
all vanish in this case, but instead there are terms proportional to products of 
neighbouring atomic orbitals w,w,,, (mo such terms occur in pyg). Such a 
product will be replaced by a charge equal to the overlap integral 


S= | WE. AN | ee (3.4) 
placed at the centre of the bond. S will be taken to be 0-25 (approximately the 
value obtzined using Slater orbitals). ‘The diagram for the transition density ppg 
is then as figure 3. The intensity of the band is given by 

; E het S* ((2-283)7 (6829) 


fg EalEg—Ep)® 8 2R*| 606 1595 


p-band (assignment E,,). 

Here the appropriate vibration is e,, (frequency 1480cm +), see figure 4. 
The transition densities are of similar form to those described above and are 
represented in figure 5. ‘The complete results are collected in table 2. 


Figure 5, 
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Table 2. Comparison of Observed and Calculated Intensities 


Band and Calculated ratio f,/fg due to vibration Observed 
assignment 606 cm-! IOs; can Total Selfp 
x-band B,, 0-0110 0-0025 0-0135 0-0016 
p-band B,,, 0-103 0-349 0-452) 

Eoo(y) 0-066 $ 0-107 
Exe(9) 0-210 | 


§ 4. Discussion oF RESULTS 


Before attempting to draw any conclusions from the results we have obtained, 
it would be useful to list the approximations which have been made. 

(1) Only the mixing of the excited state with the lowest E,, state has been 
considered. In particular we have assumed that the ground state remains 
unchanged during the vibrations. There is little doubt, however, that we have 
taken the most important terms into account. 

(2) Benzene has been taken as a six-electron system. The remaining electrons 
are assumed to be rigidly attached to the carbon nuclei. 

(3) The transition density functions have been represented by point charges 
at the nuclei or at the centre of the bonds. It seems very likely that in the latter 
case this approximation will over-estimate the charge—dipole interaction. 

(4) We have ignored any contributions to the intensity arising from the 
C-H vibrations. 

The absolute intensity of the «-band which we calculate is considerably too 
large. ‘This may well be due to the first approximation we have listed. Limiting 
the number of terms in the expansion of the wave functions of the ground and 
excited states prevents complete readjustment of the electronic structure in 
the distorted molecule. The relative contributions of the two vibrations are 
supported by experimental work on the fine structure of the «-band (Garforth 
and Ingold 1948). They find no vibrational lines which can be attributed to the 
1595cm™ vibration. The conclusion that the 606cm™! vibration was the more 
important was reached by Craig (1950) using a valence-bond method. He found 
a much higher value for the ratio of contributions, but his method of obtaining 
matrix elements is not based on a direct evaluation of the interaction between 
the perturbing dipoles and the transition density. 

The calculated intensities are also too large for either assignment of the 
para band. The calculations do not, therefore, give any direct evidence in favour 
of one assignment or the other. The relative contributions of the two e,, vibrations 
on the B,, hypothesis are of some interest, however, ‘They show that, unlike 
the «-band, the 1595cm-! vibration makes the principal contribution to the 
intensity. ‘This is estimated to be 3-4 times as effective as the 606cm™! mode. 
Dunn and Ingold (1955) have recently used the non-appearance of a Boltzmann 
(1-0) vibrational band at high temperatures as an argument against the B,, 
assignment. The present calculations, however, suggest that such a band would 
only be expected to be weak. 
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Abstract. ‘The r-centroid 7,,,,, of a molecular band is defined by 


Jus ys yy | op wis yal 


and is an average internuclear separation which may be associated with the 
vv" transition. yw, and y,, are vibrational wave functions. The physical 
meaning of r-centroids is discussed and it is shown that the average internuclear 
separation? , in the level v’ may be represented by the weighted mean of r-centroids 
with respect to Franck—Condon factors q¢,,,.3 Le. Fy = Dy yyF yy Methods for 
evaluating arrays of r-centroids are developed and values are reported for ten band 
systems. The smooth relationship between r-centroid and wavelength is 
described and illustrated. A knowledge of r-centroids has been found very 
useful in the discussion of variation with internuclear separation of the electronic 
transition moment and it may reasonably be expected to have value in the study of 
other molecular properties. 


§ 1. INTRODUCTION 


HE internuclear separation 7 is an important quantity in terms of which 
to describe the structure and properties of diatomic molecules. ‘The 
range of internuclear separations which are encountered by a molecule 
in the emission or absorption of light is determined by the form of the potential 
functions of the upper and lower states of the transition and by the separation 
between their minima. These factors also determine which of the classical 
turning points of the vibrational levels in the two potentials occur at about the 
same internuclear separations and thus, by the application of the Franck—Condon 
principle (Condon 1928), which of the transitions between the vibrational levels 
have the highest probability of occurrence. 
It is well known (Herzberg 1950) that the probability of a v’+v" vibrational 
transition in emission is proportional to 


Evee | [POR Ob Arar cil apie ea eee (1) 


where E,,,,, is the energy involved in the transition, ,,(r) and %,,(r) are the vibra- 
tional wave functions and R,(7) is the electronic transition moment of the transition. 
Py» Which is defined by equation (1) is called the relative vibrational transition 
probability. If R,(r) is substantially independent of r, then the Franck—Condon 


factor 

duvr=| i by hy(rdre ee (2) 
will control the value of p,,,,.. On the other hand if R,(r) is not independent of r 
in the range of r encountered in the transition its effect will have to be taken into 


account. 
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Because of the part played by the internuclear separation r in the definition 
and description of such molecular parameters as R,(r), Gy.“ and p,,., it 18 of 
interest to consider whether one of a set of specific values of r, which extend 
across the whole range of 7 experienced by the molecule, may be assigned to 
each transition. In this way experimental observations upon discrete transitions 
may be associated with specific values of r and may be used to describe molecular 
properties as a function ofr. It is therefore the purpose of this paper (1) to discuss 
how an internuclear separation 7, (the r-centroid) may be assigned to each 
band of a transition and what physical meaning may be attached to it, (11) to review 
the methods which have so far been developed to calculate values of 7,,,, and to 
present values so far obtained, (iii) to discuss and explain the relationship which 
has been found between #,,,,, and wavelength. 

A further paper (Nicholls 1956, to be published) describes one applica- 
tion of r-centroids, namely, how they may be employed to find the variation 
of electronic transition moment with internuclear separation for a number of 
band systems for which intensity measurements are available. ; 


§ 2. "THE r-CENTROIDS 
It was originally noticed during the numerical evaluation of integrals of the 
form | bab dr, | bytes wr, | fb rbd, [ Wyte ar 
for bands of the First Positive system of N, that the following equations hold 
quite closely : 


| b 0b dr i br ,ar [ b ah dr 
| b rebar | ib ab dr i bap dr 


The middle ratio in equation (3) is an expression for the r-coordinate of 
acentroid. ‘The r-centroid of the v’—v” transition is thus defined by 


| pb rps dr 
© f heahedr 


Asa consequence of equation (3) an analytical investigation was made of the 
conditions under which equations (5), (6) and (7) would hold for molecular band 
systems in general (Fraser 1954 a) : 


eee (3) 


[ orp dr 
Pe ee se ett ==), rece (5) 
| byt eb dr 
| ber bard = (Foran) i elie We ck: (6) 
| bof ede =fFy) | ib ahs dr ay amas eee (7) 


It was found that these equations were valid provided that (1) #4w,.~104 
for the molecule under consideration; p, is the reduced mass of the 
molecule in atomic weight units and w, is the vibrational quantum in 
kaysers; (11) 0:01A<|7,,—7,.2| <0-25 A where r,, and r,, are the two equilibrium 
internuclear separations concerned in the transition ; (iii) v’ and v” do not exceed 
ae + (iv) if f(r) is a polynomial in r, the highest power of r should not exceed 
apout LU, 
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Equation (7) has a number of important applications one of which is found 
in equation (17) and another of which is discussed by Nicholls (1956). 

It is natural to enquire into what physical meaning may be attached to the 
r-centroid. From equation (4) it is seen to be a weighted average with respect to 
fb of the range of r values experienced by the molecule in both states of the 
vv" transition. It is also the r-coordinate of the centroid of the area represented 
by the overlap integral from which its suggested name is derived. A simple 
relationship between r-centroids and the average or expectation value of + 
experienced by a molecule in a spécific vibrational level v’ or v” may be developed 
as follows. 

The average value 7, of the internuclear separation in the level v’ is 


— | Ure) ae Deen (8) 
Now ¢,, may be expanded in an orthogonal series of y,,,, the coefficients of which 
may be easily shown, by using the orthogonality properties of %,,,f to be the 
overlap integrals (v’, v”) where 


(,0")= [buted a, (9) 
Thus [=e ee, ee Phere. (10) 


77 


From equations (8) and (10) | 
Py =D 0") | bet aa, (11) 


Also from equations (4) and (11) 
Py 7 >. (2, v") 3 (v’, 2 > qv yl yy ee (12) 


Similarly it may be shown that 


Tah a (13) 


Equations (12) and (13) clearly indicate that the average internuclear separation 
7, experienced by a molecule while in a vibrational level v’ or v” may be considered 
as a weighted average, with respect to the Franck—-Condon factors q,,,, of the 
r-centroids #,,,,, taken over all transitions which involve the level. It will be 
recalled that q,,,, is a measure of the relative probability that the v’+v” transition 
takes place. Thus q,,,7,,,. 1s the appropriate contribution from the v’+v” 
transition to each of 7,, and7,,.. 

An alternative form for 7,,,,, to equation (4) may be readily derived by expansion 
of ;,, in the numerator of this equation as an orthogonal series of #,,, as in equation 


(10). ‘Thus 


; S wv, w')(v" rw" 

yl yl = : Ti aoe EE I 14 

Liye (v’, y ) ( ) 
where (5, rw’) = | br yr. 5 0 OOO (15) 


The implications of equation (14) are discussed in the next section. 

An array of r-centroids for a band system is a set of discrete values of r over 
the range experienced by the molecule in all the levels of both potentials. It has 
been found that the 7-centroids vary slowly from band to band of a system 


following the extension in r of #,,2b,. 


+ Fraser (1954b) has discussed the application of equations (9) and (10) to the evaluation 


of Franck—Condon factors gy = (7 Cys. 
VWi=Z 
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§ 3. THE EVALUATION OF r-CENTROIDS 
The methods so far developed for the evaluation of r-centroids are: 1, direct 
methods, 2, mean-value method, 3, difference method. 


1. Direct Methods 

Direct application of equation (4) is the most obvious method of evaluation 
of an array of r-centroids. This presupposes knowledge of ,, and #,,, either in 
numerical form or in such an analytic form that the integrals may be evaluated. 
The numerical approach is very tedious although it was used originally. ‘The 
analytic approach is also possible by an approximate method (Fraser and Jarmain 
1953, Jarmain and Fraser 1953, Fraser 1954 c) which allows the evaluation of the 
integrals [ybrys,-dr and fys,2b,-dr for Morse potentials. "The methods described 
below, however, are easier to apply. 

The same analytic methods are available for evaluation of the integrals 
(v’, w”) and (v’, v”) in equation (14). Other methods (e.g. Fraser 1954 b) may 
be used to evaluate the integrals (v”, rw”) in this equation. No direct application 
of this equation has yet been made, however, as the methods described below have 
been entirely adequate for the band systems studied. Equation (14) would 
nevertheless probably afford a useful method for band systems whose Condon 
parabolae were sufficiently narrow that the major contribution in the sum over 
w” is vested in a few terms yet not so narrow that the condition |7,4—7.. | <0-01A 
is invalidated. 

2. The Mean Value Method 


The reduced one-dimensional Schrédinger equations which describe the 
molecule in levels v’ and wv” respectively lead readily to the relation 


(Ey Ey) | bebydr= [ belValr)— Val Medes. (16) 
where I’,(r) and l’,(r) are the potentials of the upper and lower states respectively 
and £,, and £.,, are the vibrational energies concerned. As V,(r)—V,(r) is 
a slowly and smoothly varying function of r over the significant range of integration 
it follows from equations (7) and (16) that 

Boj a a Vata), ee (17) 
If, as is often true, I’, and J’, may be adequately represented by Morse functions, 
equation (17) becomes 


Ey va Ey == D1 — exp ae (Fy = evi ls i? D4{1 — exp { RE Lo(F yy ee Teo) $1? 


( 


which may be solved for 7... In equation (18) 
Dee? Saline) f= w(v+$)— (o.¥,)(v “F ae Seren newer (19) 
The symbols have their conventional spectroscopic meanings (Herzberg 1950). 
Equation (18) is suiteble for evaluation of r-centroids in many cases. Two 
methods for its solution will be discussed. 
(2) The grephiccl method. ‘The right-hand side of equation (18) may be 
computed and plotted as a function of r over the significant range of r. Similarly 
the difference between E,, and E,,, on the left-hand side of the equation may be 
calculated for each band of the system. Values of #,,,. appropriate to these 
energy differences may then be read from the graph. It has been found that 


Fo) 18 usually slightly greater than (7. +1.) 2 for systems whose potentials are 
not very anharmonic, | 
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(d) The quadratic equation method. Equation (18) may be considered as 
a quadratic equation in v=exp(—2,,,.) after a simple approximation has been 
applied. This approximation is the replacement of «, and a, by a mean »& 
(preferably the arithmetic mean) together with equivalent adjustment of all 
x-dependent parameters. ‘Ihe same approximation has also been employed 
in methods for the analytical determination of Franck-Condon factors (Fraser 
and Jarmain 1953, Jarmain and Fraser 1953, Fraser 1954 c). The approximate 
form of equation (18) is then 


Ey a Ew = Dy {1 a exp i x(F ry” ai rea) tl? ma D,'{1 733 exp {= a(F yy” a ele 


Bes bret (20) 
where primed quantities have been adjusted with respect to «. 
Equation (20) is equivalent to 
Exe ZONA Se I ae RAT (21) 
where 
f= FD FD: F, = exp (7,1) 
O=F Dy —F,D3, Fy = exp (Feo) se eeee (22) 
Ry = Dy — DI -(E,' —E,’), x= exp (—aF 4”) | 


Equation (21) has two roots of which often one (x,) is positive and the other (x,) 
is negative. ‘Thus 


7 | 
yy = | a ae Piece (23) 


An array of r-centroids may be determined by solving equation (21) as a quadratic 
and interpreting each positive root according to equation (23). In cases where 
both roots are positive, the physically meaningful 7,,,,, is that which lies within 
the range 7.1, 7, or in the neighbourhood thereof. When both roots are negative 
or complex, the conditions under which equation (7) holds do not obtain. ‘Thus 
neither equation (20), nor its more general form, equation (17), follows from 
equation (16) and the quadratic equation method is not applicable. 

The difference between values of 7,,,,, derived from equations (18) and (20) 
is small (less than 1%) when Av =v’ — v" is less than about five, for a system where 
the use of a mean » is a small distortion, e.g. N, First Positive System. 


3. The Difference Method 

During the development of the above methods it was observed that nearly 
linear trends existed in#,,,,,, along sequences \v =constant. ‘I'he constant difference 
in r-centroids along a sequence suggested that a further method of obtaining arrays 
of 7,,,, would be to compute the value for the leading member of each sequence 
by, say, the quadratic equation method, and then. successively to apply the 
appropriate constant difference to build up the rest of the sequence. 

An expression for this approximately constant difference may be derived as 


follows: 
Let 7=7,., %=4(%,+%,) and let all «dependent quantities be adjusted 


suitably. Using the standard expressions for the vibrational energies of the 
v', v’, v +1, v’ +1 levels it is easily found that 


(Bq — Bas) — (By — By) = 00g <4" — 2Avw y= W, say. ete (24) 
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Now in Morse potentials 
Biya — Ey =D, [1 — Fy exp (—a7,)]?— D,|1 =F, exp (—a7 2 (25) 
Ey —E, =D,|1-—F, exp (—47)]?— D,|[1— Flrexp(—ar) ~~ -..... (26) 
where 7,)=7y41 »44- W 1s clearly the difference between right-hand members 
of equations (25) and (26). 

For most systems so far examined 7,—7~0-01A. This difference depends 
basically upon the width of the potential curves, as the change 7,—# in the 
v-centroid is determined by how much the wave functions are spread as quantum 
numbers are increased. 7,—F would exceed 0-014 only if the potentials were 
very wide. For cases where 7,—7 is not much greater than 0-01 a good approxi- 
mation is 


W = D,[2F xa(?, — 7) —2F?x?a(7, —7)] } 
=D [2 oxo(t 7) = 2h oF) 
This represents a first order approximation in 
exp {—a(7, —7)} and exp { — 2a(7, —7)}. 
W 


soae ae eT 2 
Thus fs a 2ax(O — Px) (28) 


P, Qand x are defined in equations (22) above. Equation (28) enables a constant 
difference in r-centroids to be obtained for each sequence Av=constant. Data 
for the complete sequence can then rapidly be built up once #,,, for one member, 
usually the leading member, is known. 


§ 4. RESULTS 
Tables 1-10 present arrays of 7,,,, and X,,, for the following band systems. 


1. CN Red A?[]>x2y)* (Difference) PAV 
Poa Nollgal: 
2. N, Second Positive Gi shy (Graphical) ie = 11482 
7 2s 
3. N,* First Negative BL, > xd," (Graphical) to, = L075 
TAG 
4. N, First Positive Bei each (Graphical) fo 23 
pe IOS) 
5. CN Violet Cex (Direct Numerical) ,,, = 1-1506 
See ETE Re 
6. C, Swan ATIT x81, (Quadratic) Vi oe? 2660 
re a Sis 
7. NOy A? > x21] (Quadratic) r., =1-0637 
hee =I L508 
8. OH Violet KOVUES cal (Difference) Peal O12 
1. = 0-9706 
9. O, Schumann—Runge Bex, >x*L, (Graphical) Vo, = 1-604 
Tea 2074. 
10. O, Herzberg A®X,, —>x8Z, (Graphical) te OZ 
ro = 1:20 74 


tT 'The value of r,, for the Herzberg system is that recommended by Pillow (1953), 


The above values of r, (Herzberg 1950) are in angstrém units and the method 
used in each case is indicated. 
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Tables 1 and 2 are each presented as a conventional v’—-v" array and, as 
illustrated in figures 1 and 2, are examples of the two forms of behaviour of 7.,.,,. 
with A, which are discussed more fully in the next section. 'To conserve 
space however, tables 3-10 inclusive are presented in an abbreviated form. Entries 
of 7,,. and X,,,, are made for each of the leading members of the sequences usually 
(0, v") or (v’, 0). The constant difference A? for each sequence (equation (28)) 
is also given where known so that the reader may rapidly construct a more complete 
table for himself. The third figure after the decimal point quoted for each 
Fy,” m these tables is, of course, only suggestive of trends. This implies that 
7,» 18 probably correct to one percent. The wavelengths were taken from the 
compilations of Pearse and Gaydon (1931) and Rosen (1952). These wave- 
lengths were usually of the band heads. However, for the CN Red and OH Violet 


Table 1. +-Centroids and Wavelengths: CN Red Band System 


x to) 1 2 3 ap 5 6 


0 1-204 
9140-5 
1 1-166 EMAIL 
7874 9393 
2 oils oily 
6927-6 8067 
3 1-099 1-138 LEAS 
OLSAET 7119 8272 
4 1-071 1-106 1-144 1-185 
5606-7 6332-2 7259 8485 
5 1-043 eis ley) Loney 
B29 7, 6478°7 7435 8708 
6 1-019 esl) 
4732-7 6631-6 
7 1-125 
6792-5 
8 IES 
6961 
9 
10 hentia 
6432-7 
Upper figure 7,,,”, lower figure A,/47. 
Table 2. r-Centroids and Wavelengths: N, Second Positive Band System 
go 0) 1 2 3 4 5 6 7 8 9 
0 1-182 148 1:116 1-086 1-058 


1 
3371-:3  3576:9 3804-9 4059-4 4344 
(e189 1-154 4-122) 4-092) 1065" 1-039) 1-014 
3159-3. 3339 3536-7 3755-4 3998-4 4269-7 4574 4916°8 
Dee 8 234 at 1950) 1160, 1-029 1-099) 072, 040. © 1021 
2976-8 3136 3309 3500-5 3710-5 3943 4200-°5 4490-2 4814-7 
e344 4-987 «(1-241 1-202, 1406 17135 1100 1:079 1-054 1-032 
9819-8 2962 3116-7 3285:3 3469 3671-9 3894-6 4141°8 4416-7 4723-3 
Arava (sie 1-204. 1047), P08 eat T1135 1-036 106! 
2814-3 2953-2 3104 3268:1 3446 3641-7 3857:9 4094-8 4355 
Upper figure 7,,”, lower figure Nea 
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Figure 1. Variation of r-centroid with wavelength for the CN Red(a?II-+x2)+) band 
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Figure 2. Variation of +-centroid with wavelength for the N, Second Positive 
(C°Il,+B*ll,) band system. 7.,.=1:1482 A, Repel PIDS 


systems wavelengths of R, branch heads are quoted and wavelengths of P, 
branch heads are quoted for the NO y bands. Fy and A, are both expressed 
in angstrém units. 

Comparison between the calculated values of Fy,” Of a band system and the 
ranges of r between the classical turning points for each of the levels v’ and ov” 
has shown that 7,,,, lies within, or close to, the region which is common to both 
ranges. 

It may be noted from equations (4) and (6) that an array of | fib,rpb,dr [?, 


or in general of | [yb,2%b,dr |? may readily be computed, if required, from arrays 
of gp and To. 
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Table 3. +-Centroids and Wavelengths: N,+ First Negative Band System 


Table 4. 


‘Table 


Table 6. 7r-Centroids and Wavelengths: C, Swan Band System 


Table 7. r-Centroids and Wavelengths: NO y Band System 


Band 
Ss (0) 
ORS 
222 
0-3 
10 
220 


r-Centroids and Wavelengths: 


5. r-Centroids and Wavelengths: 


Band 
O50 
OES i 
Qe 
1 +4 
5 +9 
1 -+0 
2) 
$) se (0) 
4.0 
5—= 0 
Band 
Giese} 
Os 
OrSs92 
he 
5 


Band 


0-0 
Onl 
ee 
Ws: 3 
(hes, 


Band 
OIG 
Oss il 
C= 
OSs 
0 — 4 
O25 
0==6 
Chas, Hf 
0+8 
{10 
LS 0 
20) 


rary” 
10387 
2 
14375 
LOS) 
16948 
8851 
7694 
6824 
6171 
5633 


A 


Tag 
vv 


3883-4 


4216 
4606-1 
3590-4 
3333 
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6191-2 
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3376 
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Dow, 
2047°5 
1956:1 
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LE OMS 
0-974 
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N, First Positive Band System 


Postal 
DIS) 
oD, 
SOG) 
os 
Ze 
O77 
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“403 
“469 
5) 


_—_ RR Re 


Tayy” 

1-166 
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Tol" 
iLoil(@7 
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0-968 
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1-165 
196 


Ay 
0-004 
0-004 
0-004 
0-006 
0-004 


Ar 
0-007 
0-007 
0-007 
0-007 
0-007 
0-007 
0-007 
0-007 
0:007 
0-008 


CN Violet Band System 


Ar 


0-010 
0-000 
0-016 
0-014 


Ar 


0-006 
0-005 
0-006 
0-007 
0-006 


Ar 
0-006 
0-005 
0-005 
0-005 
0-006 
0-005 
0-005 
0-006 
0-006 
0-005 
0-006 
0-005 
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Table 8. r-Centroids and Wavelengths: OH Violet Band System 


Band Avy” Typ Ay 
O=S0 3063-6 1-01 0-04 
O11 3428-1 il 227 0-03 


Table 9. r-Centroids and Wavelengths: O, Schumann—Runge Band System 


Band Avy" Fy'y? Band Vy” Fyyry? 
0 0 2026 le Si/i2 SO) 1845-8 e327 
== 1997-5 1-365 OE) 1830-1 16323 
i () 19714859 Oa) 1815-6 1-318 
30) 1946°7 legis! Mil =. @ 1803-1 1-314 
4.0 1923-5 1-348 en) 1792 1-310 
520 1901-9 1-343 13 = @ 1782-3 1-306 
6+0 tS Sil /mecO Se 14.0 1774-3 1S 2 
7 =U 1863 15882 1S 30) i tkosa> 7 1 DOS 


Table 10. r-Centroids and Wavelengths: O, Herzberg Band System 


Band Nye” Tuto” Ar 
0+>6 3840 1:448 0-008 
Qhass 7 4064 1:467 0-007 
0 +8 4309 1-486 — 
OS) 4577 1-506 — 
VS I@ 4880 ilesy27) = 
i 3542 1-422 0-007 
ll 22 3734 1:438 0-008 
2>4 3285 1-399 0-007 
5) 3453 1-414 0-007 
fs 2 298i 1:365 0-007 
So 8 3066 1:378 0-008 
O24; 3211 1-392 0-008 
4-2 2873 1-360 0-007 
Sas 2) 2820 MOB IS5) 0-008 
== DUIS flesysyil 0-007 
sl 2622 1233.6 - 
feS2 2734 1:347 — 


$5. RELATIONSHIP BETWEEN r-CENTROID AND WAVELENGTH 


As will be seen in tables 1-10, 7,,.y, varies systematically from band to band 
of a system following ihe extension in r of y,.b,,.. The band wavelengths also 
vary in a systematic way from band to band, and thus a relationship may be 
expected between wavelength and r-centroid. If r-centroids are plotted as 
a function of wavelength for the band systems cf tables 1-10, smooth curves 
are in fact obtained. In some of them #,,,,. is an increasing function of X,,,., 
while in others 7, is a decreasing function of 2,,,.. Examples of both types of 
behaviour are shown respectively in figures 1 and 2 for the CN Red and the Ng 
Second Positive systems. 

The dependence of 7,,,.. upon wavelength or wave number may be shown 
analytically as follows: It will be recalled that R,... is defined in equations (22) 
as D,’—D,'—-(E.,’—E.,'). "To a high degree of approximation 


AL eg iy / " 2 
Ey ~ Hy, = By =, pe ee (29) 
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FE, and E,” are the adjusted vibrational energies of the zeroth vibrational levels 
of the upper and lower states. v,,,., and vy) are the wave numbers of the v’>w” 
and 0-0 bands. 


Thus equation (21) may be written 
P= 200+ SS iNew ava ea (30) 


where S=D,'—D,'—E,'+E,)"’+1/Ag, and x=exp(—a,,,,). Equation (30) 
shows how the wavelength and r-centroid of a band are related. The two forms 
of variation of 7... with wavelength mentioned above are consistent with this 
equation. 7,,,.. increases or decreases as A increases according as 7,4 >1,9 oF 
V4<Teg. ‘This may be shown as follows. 

Equation (30) provides in general two sets of values of x corresponding to 


a known series of X,,,. one set arising from each limb of the parabola. The valid 
array of 7,,,.. arises from the limb which covers the range of r including 7, and 7». 
The variation of 7... with X,., will then be monotonic, and the sign of the slope 
of the appropriate limb of the curve will determine whether #,,,,, is an increasing 
or a decreasing function of A,,..__ From equation (30) the slope dv,,.,../dx is readily 
seen to be 2(Px—Q). From equations (22) 
P¥—O=D, exp(ensil—exp le(re—ra)]} os ws (3) 

where x= exp (—.7,,) for convenience. 

Thus dv,,,,,/dx is negative when 7,,;<7,. and is positive when 7,;>7,.9. The 
sign of dA ,,.,d7,,,, obviously obeys the same conditions. When x=exp(—27,») 


the same conclusions are drawn. 

For the band systems of tables 1-10, 7,,,,, increases with A,,,,, for the CN Red, 
OH Violet, O, Schumann—Runge and O, Herzberg systems, in all of which 
¥.1>>1.- For the other six systems 7,,,,, decreases as X,,,,, increases and 7,1 <7,9. 
Any small scatter about a smooth curve which is noted on large scale plots of 
Fy,» against A,,,,. made from tables 1-10 may possibly be attributed to 
the band-head wavelength (which has usually been employed) not being a 
comparable average for the band to the r-centroid. 

The smooth relationship between r-centroids and wavelengths should provide 
a useful bridge between experimental measurements, which are often expressed 
as a function of wavelength, and theoretical studies, which are often made in terms 
of internuclear separation. 


§ 6. CONCLUSIONS 


The concept of the r-centroid 7,,,,, of a band which has been introduced 
enables an average internuclear separation to be assigned to each band of a system. 

A variety of straightforward methods is available to determine the r-centroids. 
Knowledge of 7,,.,,, for a band enables measured molecular quantities (e.g. intensity, 
wavelength, transition probability) associated with the v’—~-v" transition also to be 
associated with a specific internuclear separation. In particular, Nicholls (1956) 
discusses one way in which the variation of electronic transition moment with 
internuclear separation may be studied by using r-centroids, intensities and 
transition probabilities of molecular bands. 
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The Cross Section and Angular Distributions of the D-D 
Reactions between 40 and 90 kev 


By D. L. BOOTH, G. PRESTON anp P.-F>D. SHAW 


The Clarendon Laboratory, Oxford 
MS. recetved 23rd September 1955 


Abstract. A thin gas target was used for measurements of the cross sections 
and angular distributions of the He and #H disintegration products at bombarding 
energies of 52 and 87 kev, two symmetrically placed proportional counters being 
used as detectors. ‘The angular range covered was from 18° to 150° in the 
laboratory coordinate frame. In addition, the ratio of the differential cross 
sections of the reactions was measured for a laboratory angle of 48° at bombarding 
energies of 39 and 65 kev. 

The results obtained are consistent with earlier measurements using the 
same technique, and show that the neutron-producing reaction has the greater 
anisotropy, and that the ratio of the total cross sections is energy dependent. 


§ 1. INTRODUCTION 


HE angular distributions of the neutron and proton reactions D(d,n)?He 
| and D(d,p)?H can be expressed in the form 


da(@) a da(7/2) (1+ Acos?0+Bcos!0+...} 
dw dw 


where do(@) dw is the differential cross section per steradian at the gravicentric 
angle. Below 200 kev terms of higher order than cos? @ have been assumed to be 
insignificant (see Preston, Shaw and Young 1954). 

Below 100 kev values for the asymmetry coefficient and cross section for the 
proton reaction have been obtained by Huntoon, Ellett, Bayley and Van Allen 
(1940), Bretscher, French and Seidl (1948), Moffatt, Roaf and Sanders (1952), 
Wenzel and Whaling (1952), and Davenport, Jeffries, Owen, Price and Roaf (1953). 

Measurements by Bartholdson (1951), Baker and Waltner (1952), Timm, 
Neuert and Elsner (1954), and Fuller and Ralph (1955) show that the asymmetry 
of the two reactions is similar, but Eliot, Roaf and Shaw (1953), and Preston 
(unpublished), using gas target techniques, found a greater anisotropy for the 
neutron reaction; their results for the proton reaction were consistent with the 
distributions of other authors. A similar disagreement has been found at higher 


energies (Preston et al. 1954). 
The present work was undertaken to provide results between those of the 


latter authors and of Eliot et al. (1953). 


§ 2. APPARATUS 


A transformer with a half-wave rectifying circuit supplied the accelerating 
voltage, which was measured by comparing it with the e.m.f. of a Weston cadmium 
cell, by means of a resistance chain, ‘The uncertainty in the calibration of this 
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voltmeter was estimated to be 0:25%. ‘The 50c/s ripple voltage varied between 
120 and 180v peak to peak, depending on the current taken from the generator. 
The accelerating voltage was controlled to within + 50 v of the mean value. 

The deuterium-ion beam from a radio-frequency ion source was analysed 
by an 11° magnetic analyser, and the D* ions were allowed to enter the gas target. 
This target, fully described in a previous paper (Preston et al. 1954), consisted 
of a cylindrical volume across a diameter of which the beam was accurately 
collimated. The target gas pressure was measured with a McLeod gauge and 
the beam current by the calorimetric method used previously. 

‘Two proportional counters were used to count disintegration products at 
angles symmetrical with respect to the beam direction, their plane of rotation 
containing the plane of magnetic deflection of the beam. In the plane normal 
to this, another similar proportional counter was placed at a fixed angle of 90° 
with respect to the beam, and used as a monitor. If the mean count of the two 
rotatable counters is normalized to a standard monitor count, this arrangement 
is insensitive to a first order to beam movement due to change of beam energy, 
but is sensitive to displacement towards the monitor counter. ‘To detect such 
displacements the calorimeter was modified; it was constructed with two slightly 
overlapping semi-circular copper heads which were supported on copper stems 
from a common water-cooled base. ‘The cross sectional areas of the stems were 
adjusted relative to their lengths so that the thermal resistance of the stems, and 
hence the sensitivities of the calorimeters, were equal. Constantan wires were 
soldered to the heads of the calorimeter and the e.m.f’s of the thermocouples so 
formed were opposed, so that any difference was detected by a sensitive galvano- 
meter. A 0-1mm movement of the beam towards the monitor counter, which 
would increase the counting rate by 0-35°%, would produce a 6° change in the 
ratio of the rate of production of heat in the calorimeter heads. During 
measurements, the maximum off-balance current observed corresponded to a 
change in the monitor counting rate of 0-05 °% at 87 kev and 0-17% at 52 kev. 

The voltage pulses from the proportional counters were fed through cathode 
followers and pulse-shaping circuits to linear amplifiers. Pulse height discri- 
minators with integral scalers and a single-channel pulse height analyser were 
used for the identification and separation of the output pulses due to ?He, 3H, 1H 
and scattered D particles in the counters. Thin foils in front of the counter 
windows were used to remove the more heavily ionizing *He and the low energy D 
particles from the counters when detecting *H particles. The counts due to the 
neutron flux through the counters were estimated by placing thick absorbers in 
front of the counter windows. 


§ 3. ANGULAR DISTRIBUTIONS 


The response of each proportional counter to *He particles had been previously 
investigated by taking a differential pulse height spectrum, with background 
subtracted, at 300 kev bombarding energy; it was shown that an integral bias 
could be chosen so that 99-9°% of the 3He pulses were greater than this bias. 
At each angle, the position of this bias was redetermined by using the single channel 
pulse height analyser; the accuracy of the redetermination was such that the 
errors in the number of *He and 3H counts were respectively + 0:2°% and + O30 

A beam was passed through the target containing deuterium gas at a pressure of 
about 150 microns of mercury, and with the integral biases set asabove, the number 
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of *He particles entering the rotating counters was recorded ; the number of counts 
obtained was normalized to the number of counts in the monitor counter. After 
a determination of the background, a count was made of the ?H particles, with 
the monitor running under the same conditions. 

Corrections were made to the recorded counts for the change of solid angle 
subtended by the counters at the beam when converting from laboratory to 
gravicentric coordinates, and also for the change in the length of the beam viewed 
by the counters through their collimating slits as their angle to the beam was 
altered. . 

The differential cross sections do(#)/dw were calculated after the calibration 
of the monitor counter described in the next section, a range of angles from 
18° to 150° to the beam in the laboratory system being covered. The asymmetry 
coefficient 4 for both reactions was found from a least squares fit to the formula 


da(@)/dw = do(7/2)/dw{1+ A cos? 6}. 
‘The differential cross sections as a function of cos? are shown in figures 1 and 2. 
Despite the large change of gravicentric solid angle subtended by the counters 
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Figure 1. The differential cross sections Figure 2. The differential cross sections 
at 87 kev as a function of cos? @. at 52 kev. 


at the beam, points in the forward and backward hemispheres show no systematic 
deviation from the curves. ‘This is a necessary consequence of the symmetry 
of the D—D reactions, and affords a valuable test of the apparatus. ‘The statistical 
errors of counting associated with the points shown in figures | and 2 are approxi- 
mately +1:5°%. Errors due to the standardization of the monitor counter, and 
hence the absolute differential cross section scale, will be discussed later. 

The errors for the asymmetry coefficients A in the table were calculated from 
the deviations of the individual points from the least squares fit. 


§ 4. Cross SECTIONS 
The total cross sections for the reactions were obtained from the differential 
cross sections measured at 48° to the beam. Over the energy range investigated, 
the total cross section is close to 47 times the differential cross section at this angle, 
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which was chosen so that the corrections for the asymmetry of the reaction were 
small. 

To obtain these differential cross sections, the beam current was measured 
by a previously calibrated calorimeter and the target gas pressure was reduced 
to 90, Hg. A sample of the gas was taken for mass spectrometric analysis. 

The data of Reynolds, Dunbar, Wenzel and Whaling (1953) was used to 
make allowance for the energy loss of the beam in reaching the effective target 
volume, and also to correct the beam energy at the calorimeter. ‘The currents 
used, which were about 120 and 200 ja at 87 and 52 kev respectively, were obtained 
from the observed heat dissipation in the calorimeter and the corrected beam 
energy. ‘Ihe gas temperature was taken to be that of the walls of the target 
chamber. 

Counts were made of the #He particles at 52kev and of the *H particles at 
87kev. In each case the gas pressure and temperature were recorded at 5 minute 
intervals and the calorimeter readings at 1 minute intervals, the duration of the 
experiments being approximately 1 hour. Meanwhile the monitor counter 
was run under its usual conditions, so enabling the counts taken during the 
measurement of the angular distributions to be converted to absolute differential 
cross section values. 

The results are given in the table. Errors in the total cross sections are due to 
measurement of the counter geometry (2°3°%), counting statistics and determina- 
tion of the discriminator bias (1:4°%), beam current (1-0%), and the number of 
target nuclei per cm? (1:0°); the total error was obtained by adding these 
quantities. The error in the accelerating voltage was less than 0-6%. 


Bombarding Energy (kev) 


38-7 S22 64-7 86:9 

Asymmetry coefficients 

(d, n) reaction — 0-654+ 0-023 — 0-931 + 0-026 

(d, p) reaction — 0-360 + 0-023 a OFS03-E0- O07; 
‘Total cross sections (mbn) 

(d, n) reaction == 4-644 0:27 -—— 11:85ez 0°83 

(d, p) reaction — 4:59+ 0:34 -— 11-41+ 0-65 
Branching ratios 
Total o,/o) 0-996 + 0-020 1:008+ 0-017 1-030+ 0-018 1-038+ 0-013 
dodo, at 90° = 0-926 + 0-014 ee 0-925+0-011 


Ratios of the total cross sections, and of the differential cross sections at 90° 
were obtained from the least squares fits to the angular distribution data at 87 and 
52 kev. 

The total branching ratio of the reactions was also determined at 65 and at 
39kev by measuring the relative yields at 48° to the beam. ‘The asymmetry 
coefficients used to convert the corrected counts to a ratio of total cross sections 
were obtained from the curves shown in figures 3 and 4. ‘The errors in the ratios 
of the total cross sections include those due to the statistics of counting 
(about 1:2%), and the assumed asymmetry coefficients (0:1%). 


§ 5. Discussion 
The results in the table and figures 1 and 2 show that both the asymmetry 
and the total cross sections of the two D—D reactions are different. ; 
‘The present results for the asymmetry coefficients, together with those of 
other authors, are shown in figures 3 and 4, The present data for the proton 
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(1952); BPS, present data. curve II is the same as shown in 


figure 3. 


reaction are consistent with other work, but the asymmetry found for the neutron 
reaction differs markedly from that observed by Bartholdson (1951), Baker and 
Waltner (1952), Fuller and Ralph (1955), and Timm et al. (1954); it agrees with 
earlier work done in this laboratory using a similar technique, and is consistent 
with the results of Preston et al. (1954) at higher energies. 

The only other results for the cross sections in this range are those of Arnold, 
Phillips, Sawyer, Stovall and Tuck (1954). ‘These authors measured the differen- 
tial cross section corresponding to 90° in the laboratory system and used the 
asymmetry coefficients found by Wenzel and Whaling to obtain the total cross 
sections. If allowance is made for this, it is found that their differential cross 
sections corresponding to 90° in the laboratory system are approximately 10%, 
greater than the corresponding quantities calculated from the present data. 
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Figure 5. The branching ratios g,/o) as a function of bombarding energy. A, Arnold 
et al. (1954); E, Eliot et al. (1953); P, Preston et al. (1954); BPS, present data. 
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The variation with bombarding energy of the ratios of the total cross sections 
and the differential cross sections at 90° is shown in figure 5. The results of 
Arnold et al. (1954) for the total branching ratio have been modified for the 
asymmetry of the reactions using the curves shown in figures 3 and 4. 

The disagreement between the distributions of the D(d, n)?He reaction 
measured by gas target and other techniques is not understood. 
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The Destruction of Metastable Helium Atoms by Collision-Induced 
Radiation 


By E. H. 8. BURHOP ann R. MARRIOTT 


Physics Department, University College, London 
MS. received 31st October 1955 


Abstract. A calculation has been made of the cross section for destruction of 
He(2'S) metastable atoms by collision-induced radiation in two-body collisions 
with neutral helium atoms. The four-electron wave functions used for the system 
were built up from unperturbed atomic orbitals. Assuming the form of 
interaction between normal and metastable atoms calculated by Buckingham 
and Dalgarno which exhibits a repulsive barrier of a height of 0-26 ev at separations 
greater than 2-1 x 10-Scm, the calculated cross section was 9x 10-2%cm? at a 
temperature of 300°K. However, even if no barrier was assumed the cross section 
increased only to 5 x 10°*2cm?, still much too small to account for the value of 
3 x 10-?°cm? measured by Phelps for the destruction cross section. 


§ 1. INTRODUCTION 


N some recent experiments using a very elegant optical absorption technique 
Phelps (1955) has studied the time variation of the concentration of helium 
metastable atoms in the afterglow of a discharge in helium. He has obtained 
striking evidence of the destruction of He(2?S) metastable atoms in three-body 
collisions which result in the formation of He,(2?%,,) molecules. Measurements of 
the destruction of He(2'S) metastable atomsare more difficult to make because these 
metastable atoms are rapidly converted to the 2°S state by super-elastic collisions 
with electrons in the afterglow. However, using afterglows with very low electron 
densities he has obtained data which seem to indicate that He(2'S) metastable 
atoms are destroyed mainly in two-body collisions with other helium atoms. 
Under the conditions of his experiment at a gas temperature of 300°k Phelps 
obtained for the average cross section of this destruction process a value of 
Bi L020 cm": i. 
Destruction processes of helium metastable atoms in collision with normal 
helium are also of importance in the understanding of the observed values of the 
energy per ion pair for alpha particles in pure helium and in helium slightly 
contaminated with other gases. In this case the metastable atoms are mainly 
in the 2'S state and Jesse and Sadauskis (1952) estimated the average cross section 
for their destruction in helium gas at a pressure of 850 mm Hg to be 1-5 x 10° ”° cm?. 
This value has been shown to be reasonably consistent with the cross section 
estimated for a three-body destruction process using a modified form of the 
Thomson recombination theory (Burhop 1954). But in the pressure range 
covered by Phelp’s experiments (up to 50mm Hg) the corresponding process 
would have across section at least an order of magnitude less than that he observed. 
It is of interest therefore to attempt to, calculate the cross section for the 
destruction of He(2'S) metastable atoms in two-body radiative collisions with 


normal helium. 
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§ 2. "THEORY 

The form of the interaction between He(2!S) metastable atoms and normal 
He atoms has been calculated by Buckingham and Dalgarno (1952). Molecule 
formation is possible in the 2!%, state. Radiative transitions are then possible 
from this state to the ground 1%, state. If then a calculation is made of the 
transition rate to the dissociating ground state at different stages of a two-body 
collision between He(2!S) and normal He, it is possible to estimate the average 
cross section for the destruction of such metastable atoms by collision-induced 
radiation. 

Buckingham and Dalgarno showed the existence of a potential barrier in the 
interaction curve which would have to be surmounted to enable a close approach 
of the two atoms. Unfortunately they were not able to estimate exactly either 
the height AE or the critical separation r, corresponding to the top of the potential 
barrier. ‘They give for the interaction energy 


UHL DLO eee (1) 


where V,(r) is the interaction given by the first-order calculation which they 
carry out completely and C/r® is a polarization term. ‘The value of the constant 
C, which is uncertain, has little effect on the separation 7, but a marked effect 
on the barrier height AF. The form of V’,(r) is shown in figure 1. 


Nuclear |Separation 7 
(units] of 29) 


Interaction Energy (units of e?/a,) 


Figure 1. Radial variation of the interaction energy between He*(2!S) and a normal He 
atom U*(r) and between two normal He atoms U(r). The form of U*(r) is that 
given by Buckingham and Dalgarno for the 2!%,, state and does not allow for 
polarization. It is called V’,(r) in the text. 


Account has to be taken of the actual path of the collision and the cross section 
obtained from a weighted average of the probability of transition during the 
impact averaged over all possible paths. This averaging was done using a method 
due to Bates (1951) who corrected an earlier calculation of Kramers and ter Haar 
(1946). 

Let U*(r) be the interaction energy between the metastable and normal 
helium atoms when the separation between their nuclei is r and U(r) the corres- 
ponding interaction energy between two normal helium atoms in the dissociating 


ground '&, state of Hey. We suppose further that both normal and metastable 
atoms have the same temperature 7. 
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Then assuming a Maxwellian distribution at temperature 7’ it may be shown 
that (Kramers and ter Haar 1946) 


32n%¢ ( M ; , 
38%! Slee r>(€(r))2L(r){U*(r) — U(r) dr. eee (2) 
where I(r)= is v exp (— Mz2/2k7) 
pre ie ge aU (rae 1/2 
: 1G V ) G ee = Pa?) hae. hee (3) 


M, the reduced mass of the system, is half the mass of a helium atom; v is the 
relative velocity of a normal and metastable atom, g is a statistical weighting factor. 
In this case g= 4 since the initial state is either 212, or 21X,; €(r) is the dipole 
moment corresponding to the transition to the y, ground state of the system 
when the separation is 7; pm is the maximum value of the impact parameter 
consistent with the chosen v andr; and y is defined by the equation 
dN* oe 
Fane —yNN 
where N is the number of ground state atoms cm? and N* the number of 
metastable atoms cm 3. It may easily be shown that the mean cross section for the 
destruction of He(2'S) metastables and the coefficient y are connected by the 


equation ME 
y=26e (=) assuming UNESINiee Wen aaet (4) 
Hence from (2) and (4) 
4ng M? ¢ 
= | MEMMONUM)— UEP. (5) 
For the interaction U*(r) two forms were used. Calculations were first 
carried out using U*(r)=V(r) wae EE Ve (6) 


i.e. neglecting the polarization term in the Buckingham and Dalgarno calculations. 
This certainly overestimates the height of the potential barrier. Calculations 
were also carried out using the following form for U*(r) 


UF GV <1, \ 

U7 \—=0), LH 
where 7, is the larger zero of V’,(r) (see figure 1). ‘This neglects the effect of the 
potential barrier altogether. ‘The magnitude of the mean cross section for an 
intermediate barrier height can then be estimated approximately by a suitable 
interpolation. 

The limit vmin of the integration in (3) was taken as the greater of (2AE/M)1? 
and (2U*(r)/M)1? for a value of r<r,. For r>r., Umin was taken as (2U*(r)/M)"?. 
Some care is needed in deciding the value to be chosen for pm the maximum 
impact parameter consistent with a given v andr. Since one obtains from the 
dynamics of the problem the relation 

dr 7 ie 2 pv? is 2U*(r)} 1/2 
dt ; Vin 
earlier writers took {re 2U*(2 ry?) (8) 


ine = Me Serene 
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which ensures that dr/df=0 at an internuclear separation r so that this should 
represent a perihelion point. ; 

Bates pointed out however that if p is known, the value of ry that makes dr/dt 
vanish is not uniquely determined, so that if for a given 7, Pm 1s determined from 
(8), the given value of r may actually be inaccessible owing to the fact that dr/dt 
vanishes also for a larger value of r. This will in fact be the case if U*(r) falls 
off more rapidly than 7. 

The value of pm to be taken in (3) can be seen by reference to figure 2 which 
shows, for a number of different values of v, a plot of r?{1— 2V,(r)/Mo"} against 
72, For a given value of v, if 72{1—2V,(r)/Mv?} passes through a minimum 
value (=C?) when r=d and if it again takes the value C? when 7=¢( <b) then, 
following Bates, we must take pm=C for a<r<b; Pm=1{1—2V,(r)/ Mv? }? 
for r<aandr>b. 


28 : 
V=00 
24 
v=0-00497 
20f— he 


V=0-00355 


| (atomic units) 
Seale 


y=0-00320 

= '=0.00284 
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2U*(r) 
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Figure 2. Plot of 7? 5 = | against ry? for different values of the velocity v. The 


following values of v (in 10~* atomic units) are appropriate to the respective 
curves: (i) 2:34 ; (i) 2-49 ; (ii) 2°84 ; Gv) 3:20; (v) 3:55 ; (vi) 4-97 ; (vii) ©. 


For the interaction energy U(r) between two helium atoms in their ground 
states the expression U(r) = 21-2(e?/ay)) exp (—2-°337/a)) due to Rosen (1950) was 
used. (e, a are the electronic charge and radius of lowest Bohr orbit respectively). 


§ 3, CALCULATION OF THE DIPOLE MOMENT 


The major part of the calculation lies in the evaluation of €(r). 
Let ®,, ®,, be the total wave functions of the initial and final states of the 


system and r,, (m=1, 2, 3, 4) the position vectors of the electrons of the two 
atoms. 


Then €(r) =eN, Nj | OF (ry dhe 34 FO. Go oe ae eee (9) 


where the integration has to be taken over the coordinates of all four electrons 
and the integral sign is taken to include also summation over their spin coordinates. 
Nj, N; are normalization factors for the initial and final states respectively. 


Destruction of Metastable Helium Atoms 275 


The notation used in this calculation can be understood by reference to figure 3, 
where A and B are taken to denote the two nuclei and 1, 2, 3, 4 the four electrons 
The separation between the two nuclei is written as 27. 


Figure 3. 


For the initial 1&,, state we write 


1 
= 373 FE Paw)Lt PisPos— Pas Poa Pru— Pos Wha(1s 2)bn(3, 4) 


where J is the identity operator, P,, a permutation operator that interchanges 
nuclei A and B, and P,,,,, a permutation operator that interchanges electrons 
m and n (m, n=1, 2, 3, 4). 

% (1, 2), dp(3, 4) are respectively the wave functions for a helium atom in 
a metastable 21S state and the ground I'S state. 

For the final "2, ground state of the system we write 


1 
O.= OE Pip Py3P 24 P,3 Poy Pu Pos)h (1, 2)62(3, 4). 
Lae (11) 


The molecular wave functions 5,(1, 2), dp(3, 4) were built up from unper- 
turbed atomic orbitals. 


Mhus$.(1, 2)= 5 uP Hab a%(1a*Q) 
ha(1, 2) = 4(04Ba —etgPy)(@4(1)04(2) + 2A(2)04(1)} | 


where a4(1), a4(1), 54(2), etc.... are functions given by Morse, Young and 
Haurwitz (1935), viz. 


373\ 1/2 > 
Be CA ertone.c : 
393\ 1/2 z 
a’(m)= (= ) Sel or) ID © a) (ob eter ee (13) 


wo m= (Lo) rma exP (= H6rma)— (“*)exp(—ebrma)} | 
and the functions a®(m), a®(m), b¥(m) are similarly defined. 
The constants appearing in (13) are given by 
pea=1-69/a, A= 0-59661 
pa=2-00/a, v=0-8866 cet i4) 
po=1-57ia, p=0:61/a, 
In calculating (9) above, having summed over the spins all the integrals may 
be evaluated by transforming to prolate spheroidal coordinates. 
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The component integrals are of the types 


ee d\" Tr, 
(ORD) | én exp (—propé)dé =(— puro) @ Ee ba P 


dp MY op 15 
ED SR ee ERE (15) 
4 an ( AN" (2 sinh erg) | 
(1,m,q)= | as nm exp (— pr9qn)dn = (— po) G [Lo] iy 


In terms of these integrals, writing 


(0, n, py, m, q) “4 (0, m, py, n, qy=(n, p,m, qe 
equation (9) then reduces to 
| b4(1, 2) (3, 4b.(3, HonC, 2)% 474, 2,3, 0 6 
€(r) = l6eNiN, neat pete AP RP) ee Be (16) 
~| $s, Ww (3, 6.43, Don (2, 42470, 2,9,0 
256eN:i Ny 


= Sayre Haha? ry [(0, 2, 2a) — 40, 0, 2a)] 
WY TA) aa 


rc 


x yroearl(0, 2, 2a) — $(0, 0, 2a)][r9(3, a+a, 1, a—a) 


x {(3, a+1, 0, a—1)+-(1, a+], 2, a—1)*} 
+7r(2, a+a, 0, a—a){(4, a+1, 1, a—1)+—(2, a+1, 3, a—1)+} 


— 262, a+b, 0, aD), a+4, 1, a— a +(2, a+4, 0, a— ay 
- 


3 1 A ae de 
de mo - 1 35 ) ibs SON 
x (3, a+b, 1, a—b) 3] 7 Ess am | ( a+a,1,a—a) 
= faa alt a+1,1,a—1)+—(2, a+1, 3, a—1)*] 
a) 
3n 
+ la+ay (3,a+5, 1, aby} ree (17) 
; 1/2 
ar Ni=| | [Para o,s, »| anes (18) 


has been calculated by Buckingham and Dalgarno (1952). 


1/2 
N= j | | P| dries. | 


= 2-411 — 4u8a®y,*[(0, 2, 2a) — 4(0, 0, 2a)]? 
He O4ye" Pal2y 121 (O52 2a) = (0.50622) 2) re (19) 
It is interesting to note that in (16) 


| $0, 2Wn3, Hb43, Dbn(2 42270, 2,5, 


is the dominant term. ‘This provides some justification of the use of the unper- 
turbed atomic orbitals in forming the molecular wave function since it indicates 
that the dipole moment arises essentially from the exchange of one electron between 
the two helium atoms. ‘The magnitude of €(r) is therefore determined chiefly 
by the inter-nuclear separation and would not be expected to depend critically 
on the finer details of the electron wave functions. 

The magnitude of the dipole moment €(r) as calculated from equations 


(16)-(19) is shown in figure 4. It is seen to decrease rapidly as the nuclear 
separation increases. 
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Dipole Moment G(r) (atomic units) 


| 2 3 4 5 6 
Nuclear Separation 1 (atomic units) 


Figure 4. Dipole moment for the transition 2’S,,->1 1X, for different nuclear separations r. 
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$4. CALCULATION OF THE MEAN Cross SECTION FOR COLLISION-INDUCED 
RADIATION 


The values of €(r) obtained in the calculation described above were substituted 
in (2) to obtain the mean cross section for the process considered. It is of interest 
to see how the contribution to the cross section comes from different values of the 
separation between the two helium nuclei. Figures 5(a) and 5(b) show the 
variation with r of the quantity [€(r)]2Z(r){U*(r) — U(r)}® which occurs in the 
integral of (2). ‘The contribution at small, falls off on account of the inaccessibility 
of this region of strong repulsion. At large r it falls off on account of the fall in 
€(r). 

For He+(2!S) metastable atoms in equilibrium with normal He atoms at room 
temperature (7'=300°K) the following values of the cross section are obtained : 

Case I; Assuming potential barrier of 0-26ev in the interaction energy, 


6=9 x 105% ems: 
Case Il: Assuming no potential barrier in the interaction, 
c= 5x10; cme, 


For this temperature the factor exp(—AEH/RT) comes to be 4:5 x 10° for 
AE=0-26ey, while the ratio of the two calculated cross sections (= 18 x 107°) 
is greater than this since, as is seen from figure 5, an appreciable contribution to 
the cross section comes from values of r greater than r,, the separation 
corresponding to the top of the potential barrier. 

The value of o for an intermediate barrier height can be estimated approxi- 
mately from these calculations. Figure 6 shows how a is expected to vary with 
AE. In order to explain the results of Jesse and Sadauskis (1952) in terms of 
a three-body recombination mechanism, it was suggested (Burhop 1954) that AE 
should be about 0-115ev. In this case the two-body cross section would be 
approximately 10 ?%cm?. Again comparing the estimated magnitudes of the 
cross sections for He metastable destruction at 77°K and 300°K, Phelps and 
Molnar (1953) pointed out that these results could be interpreted by taking 


AE=0-04ev. In this case the two-body cross section would be approximately 
L047. em?. 


§ 5. Discussion 

It is clear that these calculations cannot account for a two-body destruction 
process with a cross section comparable with that measured by Phelps. Even 
ignoring the existence of a potential barrier the cross section for collision-induced 
radiation 1s some 60 times too small while the presence of a potential barrier makes 
the agreement even worse. 

But the measurements of Phelps appear to indicate a two-body destruction 
process and in any case the cross section he obtained is much too large to enable 
it to be accounted for in terms of the same three-body process as has been invoked 
previously to explain the measurements of Jesse and Sadauskis at a much higher 
pressure. 

It should be remembered however, that in the calculations described in this 
paper the molecular wave functions have been formed from unperturbed atomic 
orbitals. If the perturbation of the orbitals had been taken into account another 
term would have appeared in (16) corresponding to the direct transition of the 
excited electron to the 1s state of motion about the same nucleus. Unfortunately 
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the labour involved in calculating this term is considerable and it appears unlikely 
that its contribution to the dipole moment €(r) would be of an order of magnitude 
different from the exchange effect calculated here. Nevertheless a calculation 


of the magnitude of the contribution from this ‘direct’ transition process is at 
present being carried out. 


It is concluded therefore that the two-body collision-induced radiation 
process discussed in this paper is not able to account for the measured cross 


sections for the destruction of 21S metastable atoms in collision with neutral 
helium atoms. 
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RESEARCH NOTE 
Energy Levels of m-mesic Atoms 
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Communicated by H. A. Bethe ; MS. received 30th November 1955 


atom has been studied by Brueckner ina recent paper (1955). He considers 

only the effect of an intermediate state in which there is no meson present 
and two nucleons have been excited. There is also an intermediate state in 
which there are two mesons in the orbit and two nucleons have been excited, 
and this contributes 


af HE effect of the nuclear absorption of a 7-meson on the 15 level of a 7-mesic 


| 5(9) Bee dp 
(Qn E—p)M 


to the energy, using Brueckner’s assumptions and notation. Adding this to 
his expression for the energy shift AF, gives 


| A (9) P p YP(p) | R(p) P2p?/M_ og 
AW i (27)3 P| (E2— p") M?) dp. 


In Brueckner’s expression there would be an energy shift if %(p) were a 
5-function, that is if the nucleons were not interacting, and so he had to subtract 
that part of the expression which he asserts is due to single-nucleon scattering. 
In the expression derived here, there is no effect from uncorrelated nucleons, 
which is as one would expect. Brueckner’s AZ,,* is only identical with this 
when | R(p) ?=R)+R,p?, and R,=R,/ME. Using the gaussian form assumed 
by Brueckner for ¢/(p), 


AE y|Ryyg=(145Ry + 0°71 MER,)|(Ry + MER)). 


The value of this expression does depend on the ratio of Ry and R,, contrary to 
Brueckner’s result. 

To find what effect the nuclear model chosen had on the result, %(p) was 
taken to be of the form assumed by Chew and Goldberger (1950) 


Lp) = N (02 + p?)* 


with «?//M=35 Mev, or a quarter of the meson energy E (Chew and Goldberger 
took «?/M=36mMev). This gave 


AE, / Ray, = (1-06R, + 0-28MER,)/(Ry + MER,) 


which is somewhat less than the value obtained with the gaussian distribution, 
particularly if MER,/R, is large. This is because the high-momentum part 
of ¢(p) gives a negative contribution to the energy, and the second distribution 
has a larger high-momentum part. 
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It is clear that the value of this effect cannot be predicted as precisely as 


Brueckner supposed, as it depends too much on the models used, but the order 
of magnitude is probably correct. 


The author wishes to than 


k Professor H. A. Bethe for several helpful 
discussions on this subject. 
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Nuclear Spins and Magnetic Moments of ‘Dy, '®Dy, ‘Yb and ‘Yb 


We have observed paramagiuetic resonance absorption in crystals of dysprosium 
acetate, ytterbium acetate, and in the same salts diluted with yttrium acetate. 
Working with the diluted salts at a wavelength of 3-1cm and a temperature of 
4-2°« we were able to observe the hyperfine structure due to the nuclear moments 
of the odd isotopes, and to determine their nuclear spins. 

These salts of the formula R(CH;COO);.4H,O, form triclinic crystals in 
which all the rare earth ions are magnetically equivalent. ‘The principal g-values 
are all different, and there is no approximation to axial symmetry. We have 
investigated the spectra with the magnetic field in the direction of maximum 
g-value. In this direction the intensity of absorption is low, but the hyperfine 
structure is particularly clear, since the lines are narrow, and quadrupole and 
higher order effects are small. ‘The spectrum of dysprosium acetate diluted 


Dy even | 


163Dy | | | | | | 


I61 Dy 


1: 150 with yttrium acetate is shown in the figure. (‘The oscillograph deflection 
is not accurately proportional to field; the fields at which absorption occurred 
were measured by proton magnetic resonance.) ‘The main line due to the 
isotopes of even mass number is flanked on each side by three lines due to 16'Dy 
and three due to !®Dy, corresponding to a spin of 5/2 for each of these nuclei. 
‘The innermost hyperfine lines are not fully resolved from the main line, but their 
presence is clearly indicated. 

The spin Hamiltonian may be written in the form (Bleaney 1951) 

H = BlgoHS.+8yHSy+8H,S,)+A Sale+ AySyl, + AS, 

Our measurements fit this Hamiltonian with 
£,=13:6040-06, *4,=0:038140-0005em 4, %4,—0-0540 40-0005 crm 
giving for the ratio of the nuclear magnetic moments 18/16 = 1-41+0-02. The 
signs of the moments are not determined by our experiments. ‘Their magnitudes 
can be estimated using the theory of Elliott and Stevens (1953) provided we 
assume that the ground state of Dy** in the acetate is spanned by the J = 15/2 
manifold. (The ground state of the free ion is ®Hj5/.) The value of 4,/g, is 
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then independent of the particular state, and is simply related to the nuclear 
magnetic moment. ‘This assumption is likely to be valid if the higher free ion 
states are well removed from the ground state. For example it holds for erbium 
(AE=8000cm~') and praseodymium (AE=2000cm™!) and very nearly for 
neodymium (AE=1800cm~!). The energy of the first excited state of the free 
Dy** ion is estimated at 3300cm™!. Using the values of <7) for the 4f orbits 
given by Bleaney (1955) we obtain 1" = 0-38 + 0-05 n.m. and 26, =0-53 + 0-05 n.m. 

From an examination of the hyperfine structure of the 3968 A line of the Dy II 
spectrum, Murakawa and Kamei (1953) concluded that the nuclear spin of each 
of these nuclei is probably 7/2. However, this conclusion was reached from an 
experiment made under difficult conditions in which the lines due to the two 
isotopes were not separately identified. 

The spectrum of ytterbium acetate diluted 1:100 with yttrium acetate 
consists of a main line due to the even isotopes, with one satellite on each side due 
to Yb, corresponding to a spin of 1/2 for this nucleus, and three on each side 
due to “Yb, corresponding to a spin of 5/2. These spins agree with the values 
found by Schiiler, Roig and Korsching (1938) from the hyperfine structure of 
lines of the YbI spectrum. We find g,=4-57+0-02, 144,=0-122+ 0-001 cm 1, 
34 ,.=0-0341+0-0003cm™'. The ratio of the nuclear magnetic moments is 
pen 2 — 1-39 0-01. The 2F,, ground staté of the free Yb** ion is 
separated by 10300 cm! from the first excited state, so that we may assume with 
confidence that the ground state in the crystal is spanned by the J = 7/2 manifold. 
We then obtain for the nuclear magnetic moments [#74] =0-43+0-05 and 
[273] =0-60+0-05, compared with 1%4=0-4, and 13.=—0-6, obtained by 
Schiiler and Korsching (1938). 
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Approximate Molecular Orbitals 
IV: The 3po, and 4fo,, states of H,* 


By A. DALGARNO anp J. T. LEWIS 


Department of Applied Mathematics, Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 10th November 1955 


Abstract. A variational method is used to obtain approximate wave functions 
for the 3po, and 4fo,, states of H,* and their accuracy is assessed by comparing 
various quantities computed using them with the exact values of these quantities. 
The dependence of the kinetic and potential energies on the nuclear separation 
is discussed. A brief summary of the conclusions of this series of papers is 
presented. 


§ 1. INTRODUCTION 


REVIOUS papers of this series have used the Rayleigh—Ritz variational 
principle to determine approximate molecular orbitals of H,* for the 
Iso, and 2po, states (Dalgarno and Poots 1954, to be referred to as I), 
the 2pz,, and 3dz, states (Moiseiwitsch and Stewart 1954, to be referred to as IT) 
and for the 2s, and 3da, states (Carson and Dalgarno 1955, to be referred to 
as III); the accuracy of these orbitals was assessed by using them to evaluate 
various molecular properties which had been or could be determined exactly. 
This paper deals in a similar way with the 3po,, and 4fo,, states.+ 
The procedure followed is closely analogous to that adopted for the investiga- 
tion of the 2sc, and 3do,, states (paper III) and only a very brief description will 
be given. 


§2. Wave FUNCTIONS AND METHOD 
Although there have been qualitative discussions of approximate wave 
functions of the 3poc, and 4fo, states (Morse and Stueckelberg 1929, 
Lennard-Jones 1929, Gilbert 1933), the only quantitative treatment appears 
to be that of Pritchard and Skinner (1951) who used the LcAo approximations 
to the wave functions 
ae se = a,{(1—7ra/2) exp(—7a/2) —(1—7,/2) exp (—7;/2)} 

+ @,{7q, COS Og exp (—71a/2)—7, cos, exp(—7,/2)} vee aes (1) 
where r, and r, are the position vectors of the electron relative to the nuclei 
A and B respectively and the ratios @, : 2, are determined by minimizing the energy 
px (v° ail. 2 ate =| Var / | Ee di) «bl sues. (2) 


Va Vy / 


| 


The function (1) has the correct form when the nuclear separation R is infinite ; 
it is however very inaccurate even at large values of R (cf. tables 3 and 4). 


+ In the separated-atoms notation these are both designated o* (2s, 2p,). 
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It has been shown in earlier papers that united atom wave functions of the 

form (paper I) 

b(3po) =(2xRA—a2R?A*)exp(—aAR)e ee eee (3) 

w(4fo) =ABRexp(—aAR)(Su?-3u) we eee (4) 
where A=(ra+7,)/R, He =(Ya—M)/R, are usually superior to the LCAO wave 
functions; further (3) and (4) may readily be improved by the introduction of 
a variable screening parameter and it then becomes desirable and in the case of (3) 
necessary to ensure their orthogonality to the lower 2po state (cf. paper ITT). 
Thus we choose 


V(3pe)=(3pe) + qt (2po) Re ie!) 
and for consistency 
¥(4fo)=p(4fo)+q'E(2po) eee (6) 
where g and q’ are determined by the conditions 
[ ‘Y*Gpe)'"(2po)dr = [ *(4fo)¥(2pa)dr =0 Pipes): 


and » and «’ are varied to obtain minimum energies. 


§ 3. DESCRIPTION OF CALCULATIONS 
The functions used were of the types (5) and (6) with 
(i) «= 43, g=0; a =4,q=0. 

(ii) «= 4, q determined by (7); «’=4, q’ determined by (7). 

(iii) « variable, g determined by (7); «’ variable, q’ determined by (7). 
The orbital ‘’(2pc) was taken as wave function (VI) of paper I, where it was 
shown to be very accurate at all values of R. 

Using the three functions (i), (ii) and (1ii) the 3po—1so and 4fo—1so transition 
integrals Q were computed, the wave functions for the 1so state being obtained 
from paper I. Both the dipole length and dipole velocity forms of Q were used: 


O,t= | yrx-dr (dipoletength): | 7) Jc: eeeas (8) 
2 fa 
Qyt= — AE | yiVxedr (dipole velocity), —  Siaa-e. (9) 


where y; and x; are the initial and final wave functions, AF is the photon energy 
of the radiation in rydbergs and t is some unit vector. ‘The exact values have 
been computed by Bates, Darling, Hawe and Stewart (1954). 

In addition, the potential energy of the electron in the field of the nuclei has 
been computed : 


v=-[we(242)4ar/ (vere (10) 
[ye(S+5 | af 7 igen 


Exact values of V have been calculated from the exact values of £ (Bates, Ledsham 
and Stewart 1953) using the quantal virial theorem (Slater 1933) and provide 
additional information on the differences between bonding and non-bonding 
orbitals. 


§ 3. RESULTS 


The values of «, «’, g and q’ obtained for (ii) and (iii) are given in table 1 for 
the 3po state and in table 2 for the 4fo state. The total and potential energies 
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corresponding to (i), (ii) and (iii) are compared with the exact values in tables 3, 4, 
5 and 6 respectively whilst in tables 7 and 8 are compared the 3po—lso and 
4fo—1so transition integrals Q,, and Oy computed using (i), (ii) and (iti) in (8) and 
(9) with the exact values. 

A comparison of the Lcao energies with the exact has previously been made 
by Bates et al. (1953). Their results and some additional values are included 
in tables 3 and 4. 


Figure 1. Figure 2. 


§ 5. Discussion 


The united-atom approximation introduced in paper I is again found to be 
extremely accurate. Indeed for the 4fo state the error in the predicted energy 
at R=5ay, is less than 2° even when orthogonality is ignored and no variation 
made in the screening parameter. It is necessary to make the 3po function 
orthogonal to the lower 2po orbital in order that the derived energies be not 
greater than the exact values and when this is done an accuracy of 98° is achieved. 
Energies predicted by the commonly used LCAO approximation are in error by 
a factor of over four for the 4fo state but by only a few per cent in the 3pc state, 
the accuracy in the latter case being probably fortuitous. 

Variation of the screening parameters and the imposing of orthogonality 
leads generally to a marked improvement in all quantities. ‘The accuracy is high 
especially in view of the sensitivity of the transition integrals to the detailed 
nature of the wave functions. For most but not all values of R the dipole velocity 
formula is to be preferred. 

The variations with R of the potential energy V’=V+2/R and the kinetic 
energy T of the 3po and 4fo states are illustrated in figures 1 and 2. ‘The curves 
are similar to those obtained earlier for the promoted 3do, 2psa and 3dz orbitals 
(papers III, I and II). It is not possible to say whether or not T does not pass 
through a minimum, as was the case for the antibonding 2po and 3dz states. 


§ 6. SUMMARY 


The most significant conclusion that may be drawn from the calculations 
reported in this series of papers is that excited orbitals are much more accurately 
represented by a united-atom type of approximation than by a separated-atoms 
type of approximation. The latter type, when written as is customary in the 

19-2 
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simple LCAo form, is indeed so seriously in error even for large nuclear separations 
that predictions based upon it may not possess even qualitative accuracy. 
Amongst the various possible forms of united-atom approximation the 

simplest appears to be obtained according to 

bal? 8) >b (AR/2, cos 2) =V(nl) say, 
where ¢,,(r, 9) is the atomic wave function at R=0 and x and / are respectively 
the principal and azimuthal quantum numbers. Most molecular quantities 
computed using it are simple rational functions of R and it has the property that 
at all R 

| V*(nl)AV(n'l'\dr—0. provided IAI; 
further it may usually be assumed without significant loss of accuracy that 


| P* (nl) V(n'l')dr = 0 provided /J<l’. 


When /=1', this is no longer true and for x >/+ 1 the united-atom approximation 
must be modified to ensure its orthogonality to those lower states of the same 
symmetry which correspond to the same value of /. 

Detailed results have been obtained for the 2sc,, 3po,, 3do, and 4fo,, states 
for ‘V(nl) both with and without a variable screening parameter. In general 
predictions based upon these approximate orbitals are extremely accurate over 
a wide range of R. ‘The exceptions involve those states which possess a node in 
\-space, some molecular quantities being rather sensitive to its position so that 
care is required in assessing the accuracy of any predictions. For the Iso,, 
2po,, 2pm, and 3dr, states, the united-atom approximation has been improved 
by mixing it with the LcAo approximation. Attention is drawn to the high 
accuracy of the simple representation of the Iso, orbital as 

(Ise) = exp {—2(ra-+74)/2} + plexp (=a) +exp(—an,)} 
x and p being variable parameters. 

The estimation of the accuracy of the calculation of any atomic or molecular 
quantity is a matter of considerable importance and although no criterion can 
be given which is generally applicable some progress can be made through a 
consideration of the expansion of the approximate orbital in terms of the complete 
set of exact wave functions y;. Suppose ‘’, and ‘I’, are approximations to the 
exact orbitals y, and xy, respectively. ‘Then we may write 


Fy = 4x1 + 2 QyiXi se = 1) ig) oe (11) 
‘F's = @aX2 + > agX: | a eee (12 


LFz 


The diagonal matrix element of any dynamical variable L is given by 

| PLY dr=a,7(1|L|1)+2e, Ss a1 |L|c)+ > > @,0,,(¢|L|7) ....(13) 
4 LL eal eat 

and the non-diagonal element by 


| WL dr = a,,4.(1 |b 2) on ~ ay,(1|L |z) 
< Fe 
+ Ago a L|2)+ SS Sy (tel |) ) rr re (14) 


ESE ES) 
Provided that a,; may be supposed small the approximations may be regarded as 
reasonably accurate and the double summations can be ignored. Expression (14) 
shows that if ‘V,— x1, @, is effectively equal to the departure from orthogonality 
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and emphasizes the importance of ensuring orthogonality to lower states for 
variational calculations of the energy. Unfortunately, for calculations of other 
quantities it may not be the lower states for which the matrix element is large 
so that a wave function which yields an accurate energy value may be grossly in 
error in predicting other quantities. 

The higher accuracy usually achieved in predicting energies than in predicting 
other quantities is explained by (13) for the single summation vanishes identically 
for the energy and for no other quantity (except by chance cancellation). This 
is of course only another way of expressing that the energy is stationary with 
respect to first-order variations in the wave function. 

In estimating the reliability of the calculation of any matrix element the possible 
magnitudes of the matrix elements connecting the states concerned with the other 
states must be considered. If those are not too large compared with the element 
required the approximate value should be reliable. Thus total potential and 
kinetic energies are fairly reliable (if orthogonality to all lower states is ensured) 
whereas quadruple moments and angular momenta must be very uncertain; 
these conclusions are supported by the calculations reported in this series 
(see also McCarroll and McDowell 1955). 

For certain quantities more than one formula is available and it is necessary 
to decide which is the most accurate. We shall discuss only the dipole length 
and dipole velocity forms of the transition integrals Q,,, say. Then from (14), 


L 
O19 '~ 4414 a9Q 19 + yy te Ay, + Agp ee a1,Q% 


ESE EE, 
6. leo Ors Pia > ee i Do, + Ago 2 ai =F = On 


It is clear that Q,," may equal Q,,° without being equal to their exact value 
Oj. and the agreement of the two approximate forms cannot be accepted as 
a reliable criterion for their accuracy (cf. 2po,—2so, transition at R=2ay 
(Bates, Darling, Hawe and Stewart 1954)). Though cancellation may occur. 
in the summations so that in any particular case no completely definite choice 
can be made, it appears that if the photon energy associated with the transition 
is larger than that associated with any other possible strong transition from either 
of the states then the dipole velocity form is to be preferred and if the photon 
energy is smaller then the dipole length is to be preferred. For example the 
2so-2pz transition has a small photon energy and Q, is much superior to Qy, 
the opposite being the case for the 1so—4fo transition where the photon energy is 
large. 


A. Dalgarno and fF. T. Lewis 


290) 


L8SLE-0  l6or97-0 
OSSLC:0 + L849C-0 
VAIL GAO) ‘StapeeYen0) 
VASILE). LOSE KGW 

OeGall 90€-1 


Oss O-+ 


FICLb-0 =CCO06F-0 
OVO9rF-0 ELP8r-0 
tL89r-0 O9T8+F-0 
WARES) GSSGrAt0 

b9t-0 O8+F:0 


O-S 


Aelorzy— GSS 
88¢:0 DG 


CLOE-8— C8ES°y= 
QS (0): 


O-+ 


g — 


0 


V 


LLLS@-0 6C€S7:0 80¢S7-0 9LTSc-0 S0Sc-0 
QLLST-0 8ZES7-0 807S7-0 9TTSZ-0 TS0SC-0 
GLLST-0 I7ES7-0 SO~S7-0 =STTSZ-0 1S0S-0 
9ELS7-0 ITEST:0 SO@S7-0 STISc-0 1S0S¢-0 

siete |! GG) Die | P| Cv0: I 


€LOST-0 OO00ST-0 jouxy 


€L0SZ-0 O000S7-0 (ttt) 

€T0SZ-0 O00S7:0 (11) 

CTOSZ-0 O000S7-0 (1) 
a ae (1) 


eS 
uv 


(Opt OY Oa) Gay 8-0 +0 0-0 
9181G "OFF oY} JO Y SalssoUuy MUOIIIY (RIOT, =“ AIBL 
9£€90S-0 €8O1S-0 O8EOS-0 ZL88br-0 SO89F-0 180870 rhbrh-0 FIRS | 
€OSOS-0 9F90S-0 +F166r-0 Ebb8t-O +4099F-0 TS0Sh-0 Fhrrr-0 (HII) 
6098r-0 60rLt-0 OLILF-0 7969F-0 STI9b-0 LOOS-0  thbrr-0 (i) 
F198t-0 TZO88b-0 66r8r-0 ST9Lb-O TLE9-0 OZOSh-0  Hrhrr-0 () 
S6r-0 = -00S-0—s HHO L9F-0 HE“ a = (1) 
aes 
O-€ 0-C ge} Gab 8-0 +-0 0-0 a 
aig “ode oy} jo FY SalssoUy DIUOIIITY [RIOT, “¢ IF"L, 
ZESE-1— OLOI-0— 7994-0 ErlO-L 1€59-0 z0zz-0 00000 PV iy uonoung 


09¢-0 SC-0 


€Sc:0 SEW tSc-0. O0SC-0"  0EC-0 eo: 


ZIEV-I— 67LI-0— I8bZ-0 0610-1 09$9:0 7cOzZ-0 0000-0 jb (i) YwoRouny 


OE 0-C eal Gal 8-0 


+0) 0-0 


gy 90uR ASIP 
Ieaponusoyu | 


SUOTJOUN YT IAB MA "O}p 94} fo SIOJOWUVIRY “CJ ak, 


SLET-0 0280-0 £$90-0  S$6r0-0 98£0-0 — LECO-0 9€Z0-0 = FE 10-0 0000-0 Db (a1) uonoun,y 
€4€-0 95-0 88E-0 +6£-0 £6£-0 I8¢-0 09€-0 Ire-0 BOC:On To 
Z8Z1-0 1890-0 8190:0— 8£90-0— 68Z1-0— 2660:0— 10S0-0— 6600-0— 0000-0 b (i) uonsuny 
ES O-+ O-€ 0-7 9-1 7-1 8-0 +0 0-0 Y 20uRISIp 
IvofonusoyUy] 


suojoun.f aay “ode ayy fo ssajoweieqd "Ta qe J, 


291 


IV 


Approximate Molecular Orbitals 


t-OT X $9-] 
1-OT X €9-] 
t-OT < 02-7 
z-OT X 02-6 
1-Ol X @@- 
z-Ol < 0S-6 
1-OL X 6S-T 
0:S 


6 


rd 
iL 


6 


OLX 9L-4 


-O1L X 66-2 
SIS Gile| 
—-O1 * 98-9 


619-0 
619-0 
87S-0 
85-0 


0-S 
SS8-0 
78:0) 
C6L-0 
COL: 0 


0x6. 


e-OLXT6-€ c-OLX 162 ¢-OLX10-+ e-OLX PLT y-OLX€8-S sOLXZO0-T 00-0 
e—OT SOE) S_OLX LSS G0 pons, e-OLX€S-T s-OLXST-b «OL X7%ZS 00-0 
z-OLX7O-b s-OLX€8-6 e-OLX9¢-4 e-OLX PST 5-OLXL6-€ c-OLXEE-+ 00-0 
e-OTX 88-2 s-OLX 128 2 O1XS6-¢ e-OLX 6-1 -OLXOT-+ «OL XZZ-S 00-0 
e-OLXPL-€ c-OLX4S-6 2-01 X 0Z-4 e-OLX CST +-OLX$6-€ «OLXEE-+ 00-0 
e-OLX 82°C e-01X 41-8 GOL x [z+ e-OLX 98-1 s-OLX 42-9 sOLX4FI-1 00-0 
e-OLX9E-€ s-OLXLE-6 OL X09-4 e-OLXOT-Z | +-OLXL6-9 +-OLX £1 00-0 
Ope 0-¢ Oop Gill 8-0 r-0 0-0 
sjeisaquy worse. y, "os[—“orp OUT, *g Sd AS he 
O17O0— £60-0—  g¢0-0 £60-0 Sr1-0 vLT-0 v9T-O 6+1-0 
c8lO0—= <80-0— 950-6 ITT-O EST-O LLV:0 99T-0 6+T-0 
v8r-0— OLE-0—  ¢40-0 FOT-O 6+ 1-0 621-0 LOT-0 6r1-0 
ESV-0— 10-0 650-0 £20-0 9TT-0 StL-0 ES|le@ 6r 1-0 
669-0—  ¢L0-0— 90-0 $90-0 AVeX0) 9ST-0 99T-0 6r1-0 
661-0— 0S0:0—  +60-0 VET-0 6ST-0 L9T-0 O9T-0 6F1-0 
8Cr0— = 190:0— +s ZET-0 S9T-0 9LT:0 I8T-0 OLT-O 6rl-0 
O-+ OS 0-€ Ol Gl 8-0 F-0 0-0 
sjetsaquy] uontsues y, ost—"ode¢ UL “ZL TqRy, 
S9S-() GES 0) EDS-0 80S-0 SOS-0 cOS-0 10S-0 OOS: 0 
SOG) GES) ETS-0 608-0 908-0 COS: 0) OOS: 0 O0S-0 
SIS: OLS-0 S0S-0 £OS-0 COS-0) TOS-0 OOS-0 OOS -0 
STS-0 OTS-O S0S:0 £0S-0 COS-0 TOS-0 OOS: 0 OOS: 0 
0-4 Oae Oa oT] Cal 8-0 +:0 0-0 
AIG "Off 9 JO 4 sarBr19uq [PHUI0g STUOMDaTy *g aIqe], 
6006-0 bL6-0 6£0: 1 1SO-] FEO: | 846-0 +16-0 688-0 
$S8-0 L86:0 690: 1 TLO-] 9E0- 1 886-0 CC6:0 688-0 
06L-0 O9L-0 CHL: 0 CCL:0 COL-0 S+8-0 188-0 688-0 
80L-0 £9L-0 cr8-0 498-0 F88-0 068-0 068-0 688-0 


O-+ 


O-€ 


0:7 


9-T 


vv fi 


O.n 


A 
ore 


ay el 
a 


AG=16 
JOBXY 
BO 


16 (11) 
AO 
76) 
- (1) 


Se 
Yr 


PRX] 
(11r) 
(11) 
(1) 


ee aq 
Y 


(1) 


292 A. Dalgarno and J. T. Lewts 


ACKNOWLEDGMENT 


‘The authors take pleasure in recording their thanks to Professor D. R. Bates 
for his interest and encouragement. 


REFERENCES 


Bates, D. R., Darvin, R. T. S., Hawe, S. C., and Stewart, A. L., 1954, Proc. Phys. Soc. 
ANO7525332 

Bates, D. R., LepsHam, K., and Stewart, A. L., 1953, Phil. Trans. Roy. Soc. A, 246, 245. 

Carson, T. R., and Datcarno, A., 1955, Proc. Phys. Soc. A, 68, 569. 

Datcarno, A., and Poots, G., 1954, Proc. Phys. Soc. A, 67, 343. 

Giveert, C., 1933, Pil. Mag, 16, 929: 

LENNARD-JONES, J. E., 1929, Trans. Faraday Soc., 25, 668. 

Morserwitscu, B. L., and Stewart, A. L., 1954, Proc. Phys. Soc. A, 67, 457. 

Morse, P. M., and STUECKELBERG, E. C. G., 1929, Phys. Rev., 33, 932. 

McCarrott, R. W., and McDowett, M. R. C., 1955, Proc. Phys. Soc. A, 68, 810. 

PritcuarD, H. O., and Skinner, H. A., 1951, 7. Chem. Soc., 2, 945. 

SiaTer, J. C., 1933, ¥. Chem. Phys., 1, 687. 


293 


On Neutron—Proton Pairing Interaction in Heavy Nuclei 
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Abstract. ‘The effect of neutron-proton pairing interaction between the last 
odd neutron and the last odd proton in the outermost neutron and proton shells 
of a nucleus has been demonstrated by the last neutron binding energy and the 
last proton binding energy plots in the heavy nuclei. The n—p pairing interaction 
has been estimated for nuclei in the region Z +82 and N>126 and it has been 
successfully used to explain the neutron and proton binding energy plots. The 
interaction energy seems to decrease with increase in the difference between 
neutron and proton numbers in the outermost neutron and proton. shells 
respectively for nuclei in the region of Z>82 and N>126. 


§ 1. INTRODUCTION 


HE effect of neutron—proton pairing interaction between an odd neutron 

and an odd proton in the outermost neutron and proton shells of a nucleus 

on the last nucleon binding energy in nuclei has been investigated by 
Feather (1953), Green and Edwards (1953) and Edmonds (1953). Feather has 
estimated the average value of the n—p pairing energy in the region of heavy 
nuclei (Z >82, N>126). 

The effect of n—p pairing interaction becomes very clear when the last neutron 
binding energy By for a system of nuclei with constant neutron number N (isotones) 
is plotted against the proton number Z. Similarly a plot of the last proton binding 
energy By for a system of nuclei with constant Z (isotopes) against N brings out 
this effect clearly. This can be easily seen if we write down the nuclear mass 
formula for various even—odd combinations of protons and neutrons. Assuming 
both Z and N to be even, we write, 


4/2 N/2 ) 
M(Z, N)=f(Z, N)-2 >. 7,;-2> (even—even) 
j I 
"app w/2 
M(Z+1, N)=f(Z+1, N)-2> 7,-2> (odd-even) 
; A 
: Ze se peel) 
M(Z, N+1)=f(Z, N+1)-2 > 7,-2 Dak (even—odd) 
kK 
"zp N/2 
M(Z+1, N+1)=f(7Z+1, N+1)-2 > 7;,—2 ve v;  (odd—odd) 
dg 7 
—(Z+1, N+1) J 


where f(Z, NV) expresses the functional dependence of nuclear mass on Z and N; 
7, and v;, are the pairing energies per nucleon of proton and neutron respectively, 
the suffixes j and k denoting respectively the different proton and neutron pairs. 
The sum of the pairing energies of all the proton and neutron pairs have been 
considered in the above equations. ‘The last odd proton or neutron does not 
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contribute to these pairing energy terms (Mayer 1950). In the case of the odd—odd 
nuclei, we have introduced a new term A to take into account the effect of the 
D-p pairing interaction between the ‘last’ odd neutron and the ‘last’ odd proton. 
It is the behaviour of A which has been investigated in the present work. A is 
positive, since it lowers the energy of the odd—odd nucleus. Equations (1) are 
slightly modified forms of the mass equation introduced by Kumar and Preston 
(1955) 

From equations (1) we may write, for a series of isotones containing even 
number of neutrons, 


Byee(Z, N)=Afi(GN)+ 2ra 0) ee ee eee (2a) 
By(Z +1, N)=Afa(Z + 1, N)+ 2p A ZF 1 Nl) ee (25) 
Bne(Z+2, N)=AfW(Z+2, N)+2yyj. = wn ws (2c) 

For the case of odd neutron zsotones, 
BZ, N=1)=ARl4 N=1) eo ee ee ee (3 a) 
B,(Z+ 1, N—1)=Afe(Z +1, N—1)4+AZ41, N-1) 2. (35) 
Brpe(Z+2, N=L=Afn(Z+ 2, N= Vj ieee (3c) 


Here Afn gives the contribution to the neutron binding energy from the differences 
between the various terms of f(Z, NV) in the mass equation between the nuclei 
(Z, N) and (Z, N—1) together with the neutron mass (Feather 1953). Afn is an 
almost linearly increasing function of Z (or NV) for constant NV (or Z) when f(Z, N) 
is calculated by taking the usual parameters in the Fermi—Weizsacker mass 
equation over small ranges of A. ‘These plots of Afn against Z for different N 
give a set of almost linearly increasing curves with nearly equal slopes. As has 
been shown by various workers, the ‘theoretically’ derived parameters in the 
Fermi—Weizsacker mass formula give mass values (or mass differences) which 
depart considerably from observed masses (or mass differences) (for references 
see Coryell 1953). A thorough investigation of the parameters which will 
give a better representation of the masses has been carried out by Suess and 
Jensen (1951), Coryell (1953), Ghoshal and Saxena (1955), Glass et al. (1955), 
Kumar and Preston (1955), and the values of the various parameters involved 
(e.g. Z,, B,, etc.) have been estimated accurately for different values of A in the 
different shell regions. If Afp is calculated using these new parameters, its 
variations with Z or N will also be more or less linear. Only the slopes and the 
absolute values will be different. ‘This is due to the fact that the modified 
parameter Z, (Coryell 1953) is a linear function of A in a particular shell region, 
while the other modified parameter B, is almost constant for heavy nuclei 
(Glass et al. 1955). 

While evaluating the contribution of neutron pairing energy to the binding 
energy of the last neutron, we have made the assumption that the shell configura- 
tion of the existing neutron pairs is not affected by the addition of an extra neutron 
to a given nucleus. ‘This assumption cancels out the contribution of the neutron 
pairing energy to the binding energy of the last neutron in the odd N nuclei 
(see equations (3)). 
| The neutron pairing energy terms in the equations (2) refer to the last 
i.e. the (}NV)th neutron pair in the nuclei involved. These should normally be 
the same for all the three nuclei considered, since the neutron number is constant 
and their shell assignments are expected to remain unaltered. However, there 
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may be variation of the neutron pairing energy terms due to the perturbation of the 
shell assignments of a constant number of neutrons owing to the presence of 
different proton numbers in different nuclei. 

Equations similar to (2) and (3) can be written for the binding energy of the 
last proton. 

For a series of isotopes containing even numbers of protons, 


Byp*(Z +2, N—2)=Af)(Z+2, N—2)+2mgin nn wee (4a) 
Byo(Z+2, N—1)=Af(Z+2, N31) + 2mz4oy2—-MZ+1,N—1)...... (4) 
Bye(Z+2, N)=Af(Z4+2, N)+2agasy s—<—~sts ew (4c) 

For the case of odd proton isotopes, 
Beet l, N= ZyeaniilZa ly N= 2) ae, (5a) 
By(Z+1, N—1)=Af,(Z+1, N—1)+A(Z+1,N-1) ...... (5d) 
Byp(Z+1, N)=Af(Z+1,N) aves @2) 


Behaviour of Afp is analogous to that of Afy. As in the case of neutron binding 
energies, we have assumed that the addition of an extra proton does not affect 
the shell configuration of the existing proton pairs. 

If we examine equations (2) we find that for a constant even value of N, the 
even—even and odd-even neutron binding energies should fall on a smooth curve 
(approximately linear), increasing with increasing proton number Z, if the n—p 
pairing energy term A were zero and the perturbing influence of the differing 
proton numbers on the neutron pairing energy terms can be neglected. Such 
perturbations in the shell assignments of a constant number of neutrons due to 
the variation of the number of protons in different nuclei are not very frequent 
(Klinkenberg 1952). In the region of heavy nuclei considered, very meagre 
data of shell assignments are available. Hence it is not possible to predict how 
and in which cases such perturbations will affect the neutron pairing energy 
terms, and we will neglect the effect of these perturbations in the present work. 
Presence of A will depress the o-e points below the line through the e-e points 
and a zig-zag line will result. ‘The amount of depression of the o-e points below 
the smooth curve is determined by the value of A. For smaller values of A 
departure from the smooth line will be small. 

A similar behaviour will be shown by the (Bn, Z) plot for a constant odd N. 
Here the o-o0 points will be raised by 4 above the line through the e-o points 
(see equations (3)). 

Similarly equations (4) show that for a constant Z, the last proton binding 
energies B, of the e-o nuclei will be lowered by 4 below the line through the e-e 
points. This will be true again if the perturbing influence of differing neutron 
numbers on the shell assignments of a constant number of protons in the different 
nuclei are neglected. Finally, the last proton binding energies By of the o—-o 
nuclei will be raised by \ above the line through the o-e points (see equations (5)). 


§ 2. ESTIMATION OF A 


In figures 1 and 2 we have plotted the known binding energies of the last 
neutron and proton, By and By, against Z (at constant NV) and N (at constant Z) 
respectively, for Z>82 and N>126. The binding energy values have been 
mostly taken from the compilations of Feather (1953) and Glass et al. (1955). 
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energies 8, plotted against the By, plotted against the neutron number 
proton number Z for constant N for constant proton numbers Z. 


neutron numbers N. 


In a few cases where the binding energies given in the two compilations do not 
agree, we have tried to check the binding energy values using the latest compila- 
tions of beta disintegration energies (King 1954), nuclear reaction Q values 
(Van Patter and Whaling 1954) and «-disintegration energies (Asaro and Perlman 
1954). In general the binding energies compiled by Glass et al. (1955) have 
been plotted. Where the binding energies compiled by Feather depart signi- 
ficantly from these values, the former have also been shown. 

In figure 1, where By has been plotted against Z for different values of N 
ranging from N=127 to 136, broken lines have been drawn through the e—o 
(for odd N) and e-e (for even V) points for the different values of N. Similarly, 
in figure 2, the o-e (for odd Z) and e-e (for even Z) points have been joined by 
broken lines in the (Bp, NV) plots for different constant Z values from Z= 83 
to 92. In figure 1, the By, curve for an odd N has been grouped with the By 
curve for the next higher even N. This has been done because A terms involved 
refer to the same odd-odd nuclei for definite (odd) Z values in both the curves 
(see equations (6) and(7)). Likewise, in figure 2, the Bp curves for a given odd Z 
and for the next /igher even Z have been grouped together for similar reasons 
(see equations (8) and (9)). 

From figure 1, the regularity in the neutron binding energies as predicted 
by the equations (2) and (3) in § 1 is well illustrated. The dashed lines through 
the e-o points (for the odd N case) and through the e-e points (for the even 
N case) increase nearly linearly up to the isotonic series 132. (‘The value of By 
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for Z=82, N= 131 is estimated by Glass et al. (1955) to be 3-9 Mey. However, 
the same binding energy computed from the data plotted by Edmonds (1953) 
is 3-6Mey. As can be seen from figure 1, the latter value would make the dashed 
line through the even Z points for N= 131 more nearly linear). Beyond N= 132, 
the trend in the dashed curve is to increase with increasing Z, but not very 
regularly. ‘This irregularity may be due to the errors in the estimation of the 
neutron binding energy in this region (Feather 1953) and also due to the differences 
in the neutron—neutron pairing energy term for the different neutron pairs in the 
same shell due to their being in different sub-shells (see discussions in § 1 following 
equations (2) and (3)). For the isotonic series 135 and 136, the points are quite 
irregular; only at Z=91 the effect of n—p pairing interaction is prominent. As 
we shall see in the next section, this is to be expected. 

Similarly, figure 2 illustrates the regularity in the proton binding energies 
as expected from the equations (4) and (5). ‘The dashed lines through the o-e 
points (for the odd Z case) and the e-e points (for the even Z case) vary almost 
linearly up to the isotopic series 88. A effect is pronounced for the isotopic series 89 
and 90 at N=133 and for the isotopic series 91 and 92 at N=135. As we shall 
see later, this is to be expected. At higher values of N, the irregularities in the 
observed Bp curves for the higher isotopic series may be due to the larger errors 
in the determination of Bp (Feather 1953), as also due to the differences in the 
p-—p pairing energy term for the different proton pairs in the same shell due to 
their being in different sub-shells. 

For still higher values of N and Z, little regularity in the By and By curves 
are observed. ‘The reasons are probably the same as those discussed above. 
These have not been, therefore, included in figures | and 2. 

The elevation or the depression of the By values at odd Z (or of the By values 
at odd NV) from the corresponding broken lines through the even Z (or even N 
in case of Bp) points gives A. This can be estimated in the following manner. 
From equations (2), 

Bnee(Z, N)+ Bnee(Z+ 2, N)—2Bn°*(Z + 1, N) 
== Afn(Z, N) + 2vyjo+ Afn(Z+2, N)+2ryjo 
— 2[Afa(Z +1, N)+2vy).—-A(Z +1, N—1)}. 
Assuming a linear increase in Afy with Z at constant N, we get 
A(Z+1, N—1)=3[Bn(Z, N)+ Bne(Z+2, N)—2Bn(Z+1, Nj}. ..--.. (6) 
Similarly from equations (3), 
XZ+1, N—1)= —}[Bne(Z, N—1)+ Bne(Z+2, N—1)—2Bp°(Z+ 1, N—1)]. 


Again from equations (4) and (5), 
NZ+1, N—1)=$3[Bp*(Z+ 2, N—2)+ Bpee(Z+ 2, N)—2Bpe(Z +2, N—1)] 


§ 3. Discussion 
Equations (6) to (9) give four independent evaluations of A as a function aA 
and N. It is not possible to decide whether these evaluations of A give pure 
n-p pairing energies and do not contain any contributions from the n—n and 


A (Mev) 
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p-p pairing energies, unless the shell assignments of the nucleon pairs of all the 
nuclei involved are known. Even if the precise shell assignments were known, 
it would be difficult to estimate the contributions from the n—n and p-p pairing 
energies because the errors in the estimations of A are quite large. Its evaluation 
involves three different binding energy values. ‘The errors in the binding energy 
values are included in the compilation of Feather (1953). However, in the 
present work, binding energies of a large number of nuclei, not included in this 
compilation, have been used for which the errors are not given. Hence the 
errors in the values could not be calculated for all the nuclei considered. ‘The 
lowest value of the error in 4 calculated from Feather’s compilation comes out 
to be about 10 per cent and that only in very few cases. In most of the cases, the 
errors are much higher. We have, therefore, taken the average value of A from 
these four independent evaluations. In figure 3, this average value of A has been 
plotted against N for different Z values. The curves are not smooth. However, 
the decreasing trend of A with increasing N is evident from the figure. In figure 4, 
we have plotted A as a function of Z for different N values. Here again 
the increasing trend of X with increasing Z is evident, except at N= 127 and 129. 
‘This general behaviour of the average values of A is discernible even in the various 
independent evaluations of A in spite of their large errors. 

From figures 3 and 4, it seems that A is dependent upon the differences between 
the proton and neutron numbers in the outermost proton and neutron shells 
(Z>82, N>126) respectively. ‘To demonstrate this more clearly, we have 
plotted A against the difference between the numbers of neutrons and protons 
n—xz in the outermost neutron and proton shells, for various values of the proton 
number z in the outermost proton shell in figure 5. Though the points are 
widely scattered, the decrease in A with increasing #—z is quite clear. 2 reaches 
the highest value when the numbers of neutrons and protons in the outermost shells 
are equal. 


| 
N Zz 
Figure 3. Plot of A against neutron number Figure 4. Plot of A against proton 
7 
N for constant proton numbers Z. number Z for constant neutron numbers N. 


This behaviour of A would explain its observed variations with N and Z at 
constant Z and N respectively, as shown in figures 3 and 4. For, at a definite 
value of Z, increasing N means an increase in the value of m—z. Hence A should 
decrease with increasing N for a constant value of Z. On the other hand, at 
a definite value of N, m— xz decreases with increase in Z, thus causing an increase 
in the value of A. The behaviour of the lines for N=127 and 129 in figure 4 
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needs explanation. In both these cases, \ decreases as Z increases from 83 to Sh 
instead of increasing with increasing Z, as is the case at all other N. This is to be 
expected in the case of N=127 where, at Z=83, the numbers of protons and 
neutrons in the outermost shells are each equal to unity, and hence A for this 
nucleus (?!°Bi) should be the maximum, for the line N=127. In the case of 
N= 129, the numbers of protons and neutrons in the outermost shells are equal 
at Z=85 (each being equal to three). So, A for this nucleus (?!4At) should have 
the highest value for the line N=129. However, in figure 4, \ for 22Bi (Z= 83, 
N= 129) is somewhat greater than that for 24At. This may be due to errors in 
the estimated value of A or due to the contributions of n—n or p—p pairing energies 
appearing in it, as discussed above. 
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Figure 5. Plot of A against n—2z, the difference between the number of neutrons in excess 


of the closed neutron shell at N= 126 and the number of protons in excess of the closed 
proton shell at Z=82. The solid line has no significance except that it shows the 
decreasing trend of A. 


The pronounced A effects in the otherwise irregular lines for the isotonic 
series 135 and 136 at Z=91, about which reference has been made earlier, can 
easily be seen to be due to the equality of numbers of neutrons and protons in 
the outermost shells at these points (z=z=9). Similarly, the prominent A 
effects in the otherwise irregular By, lines for the isotopic series 89 and 90 at 
N=133 and for the isotopic series 91 and 92 at N=135 are due to the equality 
of the z and z values at these points (x= z=7 in the first case, and n= z=9 in the 
second case). 

Edmonds (1953) has calculated the effect of pairing interaction between the 
last neutron and last proton on the last proton binding energies in heavy nuclei 
(Z>82, N>126) by making the simplified assumption that the last neutron and 
the last proton occupy the same sub-shell. His results indicate a constant value 
of X for different values of m— x, in contrast with the observed behaviour of > 
as reported above. If the pairing interaction between the last odd neutron and 
the last odd proton depends only upon their angular momenta, as in the case of 
n-—n or p-p pairing interaction (Mayer 1950), then the above result is difficult to 
understand. The above results seem to indicate that the n—p pairing interaction 
is influenced by the nature of the neutron and proton cores in the outermost 
shells. ; 

There are very few binding energy values available just below Z7=82 and 
N=126 s0 that it was not possible to investigate the behaviour of A at shell crossing. 
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However, the only one point (Z = 83 and N= 125) which is available in this regior 
seems to indicate a large increase in A when the neutron shell is crossed. 
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Abstract. ‘Techniques suggested by the results of calculation on the hydrogen 
molecule are used to calculate the properties of hydrogen fluoride. 'The most 
satisfactory results are obtained using an intra-atomic correlation correction 
theory. ‘This theory predicts a binding energy of 5-84 electron volts and a dipole 
moment of 2:33 Debye units, the experimental values of these quantities being 
6-08 electron volts and 1-91 Debye units respectively. 


$1. INTRODUCTION 

N recent years several ab mitio calculations on relatively complex diatomic 

molecules have been carried out. Typical of these calculations are those on 

N, by Scherr (1955), who uses the self-consistent molecular orbital method 
and on HF by Kastler (1953), who uses the valence bond method with sufficiently 
many valence structures to include the molecular orbital wave function as a special 
case and to allow for hybridization of the fluorine valence orbitals. The results 
of the calculations have been somewhat disappointing, especially in respect to 
the predicted binding energies. It is clear that much more accurate wave 
functions must be used in order to obtain useful estimates of these important 
quantities. Although wave functions of sufficient accuracy are not at present 
available, Mofhitt (1951) has suggested how such a calculation may be approximated 
using the results of atomic spectroscopy. 

Mofhitt’s technique, the method of atoms in molecules, and a related procedure 
employing an intra-atomic correlation correction, which was suggested by 
calculation on the hydrogen molecule (Hurley 1955, 1956), are here applied 
to Kastler’s calculation of the ground state of hydrogen fluoride. 


§ 2. ‘THE ORBITAL APPROXIMATION 
We consider the second of the orbital calculations of Kastler (1953), which is 
based on the orthonormal fluorine orbitals 


3\ 1/2 7} 
ise (=) exp (— ar) 
: | 
po \ U2 ; 
2s=N| (F) TED phy is| | 
3a 
pe\ 12 | 

2p () Exp ( p27) fo tetas (271) 
5\ 1/2 | 
2py= (<) y exp (— 17) | 
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with = 8:67, = 26 0 ee er (2.2) 
K = 3'2@-3245!2(2a)3(a + p)-* = 0-239 0105 
N={1+ K2—16(3)¥?Ka32u5!(a + p)-*}-¥? = 1-029 8481... (Zs3) 
and the normalized hydrogen orbital 
1\12 
(= (=) exp(—7'), nw we es (2.4) 


Here x, y, x are Cartesian axes centred on the fluorine nucleus with the z axis 
directed towards the hydrogen nucleus, r= (x? + y?+ 3)" and r’ is the distance 
from the hydrogen nucleus. The internuclear separation p is given the experi- 
mental equilibrium value of 1-733(154) atomic units. 

The following normalized Slater determinants are built up from the orbitals 


(231): 
YP =(10!)-12 det {1s(1), 1s(2), 2s(3), 2s(4), 2p,(5); 2p,(6), 
% p a B ie B 
2py(7) 2p,(8), 2p.(9), 2p.(10)} 
a f o 


or 10!) 12 
aS ( - det {1s(1), ts(2), 2s(3); 2s(4), 2p32(5); 2p 210), 
OL B od B OL B 


2p,(7); 2p,(8); 2p,(9), h(10); ! 


Te Neca. : 
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Vi= “pa det 1s(1), 1s(2), 2p.(3), 2p.(4) 2p.(5), 2p ..(6), 
a o a B 
2p,(7), 2P,(8), h(9), h(10);, 


B B 


together with ‘pg, Ws and Tis which are obtained from Cae. re, ae by inter- 
changing the symbols 2p, and h, 2s and h, 2s and 2p,, respectively. The symbols 
A and B are normalization constants. 


From these functions the normalized bond eigenfunctions 
Pp = [2+ Che | ce es. i Ppp) 
Fs= [21 + (sq | ¥sp)} 4 Fant Fog) 
and the unnormalized bond eigenfunction | 


¥ = 2710, + Pip) 


are constructed. 
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The resulting non-orthogonal wave functions will be denoted by the row 
; y. CoP NS ee 
VECLOE ee =(F ae ry ae pan dey sd pl arane  ae (2.6) 
In order to avoid the appearance of F multiple exchange integrals, a set of 


orthonormal wave functions y i°, Y ae 1 i° ee 0. Po, ry 9 is also considered. 


This set of wave functions is Sbeaned ‘fom the: eet (2. 6) by replacing the orbital 
h wherever it appears by the orbital 


e={1—(1s|h)?— (2s |h)?— (2p, |h)?}-1fh — (1s | h)1s — (2s | h)2s — (2p, | h)2p,} 
which is normalized and orthogonal to all the fluorine orbitals. We will denote 
this orthonormal set of wave functions by the row vector Po. 
Po (F 0, Fo Fo, Fo Go Fo (2.7) 
Kastler shows that the wave functions (2.7) are linear combinations of the 


wave functions (2.6) and gives explicit formulae for transforming from one set to 
the other. ‘This transformation may be written as the matrix equationt 


we Tae Pa: (2.8) 

where 

| 1, —0-5108, 0-1305, —0-8070, —0-2915, ao 

1-1229, —0-5736, Te 0-6408, 

oa ; sale 1 2850, 0 4642, 1 0370 | ae) 

| a oes > ae ; : eres | 

e ae ae ee 1-2242, : 

| e ; a aes me 1.3256 | 

Kastler also gives numerical values for the matrices of the Hamiltonian 4% 
and the quantity 10 


=>, 

which represents the sum of the z Rees of the ten electrons, with respect 

to the orthonormal wave functions. In the representation (2.7) these matrices 
are, in atomic units 

0-3855, —0-4566, 00340, 0-2562, —0-0388, 0-0277 

| 0-4541, —0-2886, 0-1420, 0-0892, 0-0267 

1:0968, 0-0047, —0-0324, 0-1994 


in| 13758, — 0-1945, 06-0324 | >? 
| 2:1605, —0-0324 
| 2.9022 | 
prdvie © age 0°3756,- 2 _,- 01600; ae ] 
| 19791, 0-3756, —0-5597, —0-1131, 
a 3-9583, Pe COS | ty 
5 19791, —0-2656,  0-1600 


329550; 027915 
| 3-9583 | 

+ The values in the fifth column of T differ from those given by Kastler (1953). His 
expression for ¥ ,’ (p. 565) is in error. Fortunately this error does not affect his results, 


except for the final expression of the wave function in the non- -orthogonal representation. 
29-2 
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both matrices being symmetrical about the leading diagonal. In equation 
(2.10) the origin of the energy scale is the energy at infinite nuclear separation 


given by the wave function Y. Since the functions Y'° form an orthonormal 
set, the overlap matrix in this representation is equal to the unit matrix 
i ——— a (2523 


The normalized wave function ®, binding energy E and dipole moment m of 
the ground state of HF are now given by the equations: 


b= PT, | 
det (H° = El) == 0); (lowest root) 
(H®—EI)P°=0, Nees (2.13) 
he 
=p —T%eye, 


where F° is a column vector with Hermitian conjugate [®. 
The corresponding equations in the non-orthogonal representation (2.6) 
are the following 


o="T, 
det (H — EM) ==/) (lowest root) | 
(H-EM)P = 0, ee (2.14) 
rMr =1, | 
=p allel 


where the matrices H, M and & are given in terms of the matrices (2.9), (2.10) 
and (2.11) by the equations 


H=S'HS, | 
MASS r waeeresee (2.15) 
E=Si205 J 


Viatelay oi = 


§ 3. ATomic ExcITATION ENERGIES 


In order to apply Moffitt’s correction and the intra-atomic correlation 
correction to the calculation of §2, we must consider the asymptotic behaviour 
of the basic wave functions (2.6). For large nuclear separations these wave 
functions yield the following valence states: 


+ F-(1s)(2s)(2p)'Vo+HtVy cae (3.1) 
W', F(1s)*(2s)*(2p,)°(2p,)°(2p,)V,+ H(1s)Vy ee (3.2) 
Fs +F+(1s)2(2s(2(2p,)°(2p,)°Vo+ H-(1s2Vy ewe (3.3) 
WV F(1s)?(2s)(2p)°V,+H(ls)Vy ee (3.4) 
Fi F+(1s)°(2s)(2p,)*(2p,)*(2p.)Vo + H-(1s)P2Vy sees. (3.5) 


> F+(1s)*(2p)’V, + H-(1s)?Vo. eee 
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The energies of the above fluorine valence states were calculated for the ortho- 
gonalized Slater functions (2.1) using Dirac’s vector tormula. Three sets of 
values were used for the screening constants @ and p: 


(1) The values a=8-67, « =2-6 of the orbital calculation (cf. equation (2.2)). 
(2) The values F+ a@=8-7, w=2-775, 
EE G=877, o=2:6; 
f- a= 8-7,. *w=2-425, 
given by Slater’s rules (Slater 1930). 
(3) Optimum values obtained by minimizing the total energy for each valence 
State. 


The results of these calculations are shown in table 1 together with the 
experimental values of Pritchard and Skinner (1953). The state 


Ps)*(2p..)*(2p,)(2p.) V1 


is taken as the origin of energy. Because of their very high excitation energies 
no experimental estimates are possible for the states F+(1s)?(2s)(2p)>V, and 
F*(1s)?(2p)*V 9. 


Table 1. Calculated and Experimental Excitation Energies (ev) 


State Calculated energies Experiment 
(1) (2) (3) 
F(sp®, V3) 26°83 26°83 26°70 20°95 
ENS eps -V%) 11-67 6:90 6:99 —3-65+ (0:10) 
Ft(s2p*, Vo) 16-01 5256 15-30 20°88 
F*(sp°, Vo) SIL 37-06 36:93 — 
F*(p®, Vo) 66:96 66°56 66°36 — 


From table 1 it is clear that all the wave functions considered are incapable 
of providing accurate estimates of atomic and ionic excitation energies. The 
errors in the calculated values of the electron affinity are particularly large. 
Consequently the results of a calculation by the method of atoms in molecules 
or one using the intra-atomic correlation correction will differ markedly from those 
of the simple orbital theory (§2). Furthermore, because of the difference of 
5 ev in the estimates which calculation (1) and calculations (2) and (3) provide 
for the electron affinity of fluorine the atoms in molecules and the intra-atomic 
correlation correction calculations will lead to significantly different results. 

On the other hand we see that the differences between calculations (2) and (3) 
are insignificant, especially in view of the uncertainty in the experimental value 
of the electron affinity. For practical purposes, Slater’s rules may be regarded 
as giving the optimum parameter values for each valence state. 


§ 4. THE Mopiriep ENERGY Matrix 


In a calculation by the method of atoms in molecules the basic functions 
(2.6) of the orbital theory are regarded as approximations to a more accurate set 


of functions 
Carp ue 


p? 3? 


aero ee (4.1) 
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which are constructed from exact wave functions for the valence states (3.1)- 
(3.6) (Moffitt 1951). The energy matrix H with respect to the functions (4.1) 


is estimated from the formula 
H=H+i{M(w—W)+(W—W)M], (AIM theory)...... (4.2) 


where H and M are the energy and overlap matrix of the orbital theory 
(equation (2.15)), Wis a diagonal matrix formed from the experimental energies 


of the valence states (3.1)... (3.6), and W is the asymptotic form of H for large 
nuclear separations. 


To evaluate the matrix W--W, cf. equation (4.2), we use the values given 
in table 1 (calculation (1) and experiment), the accurate value 0-75 ev for the 
electron affinity of the hydrogen atom (Chandrasekhar 1944), and the value 
— 3-40 ev predicted by the function (2.4). From these values we obtain the 
matrix 
W- W =diag { = 15-32, 0; 0°72, 5-88, (0-72), (0-72)} (ev) 

= diag { — 0-5632, 0, 0-0265, — 0-2161, (0-0265) (0-0265)} (a.u.) .... (4.3) 

Here the lowest energy valence state dissociation products (3.2) have been 
chosen as the origin of the energy scale. Because of the effects of spin orbit 
interaction this energy origin is very slightly (0-02 ev) above the energy of the 
dissociation products in their ground states (Pritchard and Skinner 1953). 

In constructing the matrix (4.3) we have assumed that the corrections for 
the unobservable states (3.5) and (3.6) are the same as that for the observed 
state (3.3) of the same ionicity. ‘These corrections for the unobservable states 
have been included for the sake of completeness. Because of their high excitation 
energies these states play a very minor role in the calculations and changes in their 
energies of up to 5 ev have a negligible effect on the results. 

For numerical purposes it is convenient to transform equation (4.2) into the 
orthogonal representation (2.7) by means of the matrix T of equation (2.9). 
In this representation we have 


H®=A°+3(W-W)+(W-W)"], | (AIMtheory) ...... (4.4) 
with (W-W/)=T-(W—-W)T. (ALMithéory) Sap ete (4.5) 
The normalized wave function ®, binding energy £, and dipole moment m of the 


ground state of HF according to the theory of atoms in molecules are now given 
by the equations 


O= Yolo 
det (H°— EI)=0 (lowest root) 
(HO EL) (+.6) 
Popo — 1 


m=p— porgopo, 

Detailed calculations on the hydrogen molecule (Pauncz 1954, Hurley 1955, 
1956) show that the basic equation (4.2) of the theory of atoms in molecules is 
quite inaccurate when applied to a calculation such as that of §2 which employs 
the same orbitals to approximate the neutral and ionic valence states (3.1)+(3.6). 
‘Two methods have been suggested for overcoming this difficulty. The first 
consists in using different screening constants for the ionic valence states in the 
orbital calculation. With this modification equation (4.2) provides an accurate 
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approximation. ‘This has been shown by Pauncz (1954) who has carried out 
a complete calculation on the H, molecule using the accurate wave functions of 
Hylleraas (1930) for the ion H~. The results of this calculation are in complete 
agreement with those of the atoms in molecules theory using different screening 
constants for H and H- (Hurley 1955). However there are two serious disadvan- 
tagesinthisapproach. Firstly the computational difficulties are greatly increased, 
and secondly it appears that, at least for the hydrogen molecule, the accurate 
atomic and ionic wave functions do not form a suitable basis for expanding the 
molecular wave function. 

The second method of eliminating the errors from equation (4.2) consists in 
re-interpreting the accurate wave functions (4.1). These are now taken to 
represent the best possible (lowest energy) wave functions for the valence states 
(3.1)-(3.6) subject to the restriction that the total charge density for each valence 
state shall be the same as that given by the wave functions of the orbital calculation 
§2. The energies corresponding to the wave functions (4.1) are now estimated 
by assuming that the correlation energy for each valence state wave function is 
independent of the screening constants. We are thus led to the approximation 


H=H+3[M(W-W)+(W-—W)M], (ICC theory) ...... (4.7) 


in place of equation (4.2) (Hurley 1955b). Here W’ is obtained from W by 
minimizing the energy of each valence state with respect to variations in the 
screening constants. From the results of §3 it is apparent that the tedious task 
of varying the screening constants for each valence state may be avoided, without 
introducing significant errors, by the use of Slater’s rules. We therefore base 
the calculation of the matrix W’ on column (2) of table 1 rather than on column (3). 
From these values and the electron affinity of the hydrogen atom predicted by 
optimum hydrogenic functions (— 0-74 ev) we obtain the matrix 


W— W’ =diag {— 10-55, 0, 3-83, — 5-88, (3-83), (3-83)} (ev), 
= diag {— 0-3876, 0, 0-1408, —0-2161, (0-1408), (0-1408)}, (a.v.) 


where as before the corrections for the unobservable states (3.5) and (3.6) have 
been assumed to be the same as that for the state (3.3). 
It is again convenient to transform to the orthogonal representation (2.7). 


Equations (4.4) and (4.5) now become 

W=H+4(W-W)+(W-W)"], (ICC theory) ...... (4.9) 
with (W- W')= TW WT. (IC Gxheory) ea (4.10) 
The ground state wave function, energy and dipole moment in the intra-atomic 


correlation correction theory are given by equations (4.6) with H® given by 


equation (4.9). 


§ 5. NUMERICAL RESULTS 


The values of the binding energy D, and dipole moment m of hydrogen 
fluoride predicted by various calculations are shown in table 2 together with the 
experimental values. ‘The table includes calculations using all SIX valence states 
(3.1)-(3.6) and simpler calculations based on the two most important states 
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(3.1) and (3.2). The results of the orbital calculations and Kastler’s modified 
calculation were taken from Kastler (1953). The experimental value of the 
binding energy D, was obtained from the now generally accepted value of 37-7 kcal 
for the heat of dissociation of F, (Doescher 1952), the heat of dissociation of Hg, 
the heat of formation of HF (Rossini 1947) and the zero point vibrational energy 
of HF (Herzberg 1950). ‘The experimental value of the dipole moment m was 
taken from Hannay and Smyth (1946). 


Table 2. Calculated and Experimental Properties of Hydrogen Fluoride 
Orbital = Orbital AIM KM KM ree ee 


(2 terms) (6 terms) (2 terms) (2 terms) (6 terms) (2 terms) (6 terms) DISR ENG 
D,(ev) 1-03 1:96 8-33 5-05 Sora 526, 5°84 6:08 
m (Debye) 1:13 0-93 3-01 3-03 ASHE 2°44 2°33 1-91 


AIM-=atoms in molecules; KM=Kastler’s modified theory; [CC =intra-atomic corre- 
lation correction, 

It is apparent from table 2 that the unmodified orbital calculation is much too 
crude to provide a useful estimate of either the binding energy or the dipole 
moment of hydrogen fluoride. It is also clear that the atoms in molecules theory 
based on equation (4.2) is not satisfactory, even though the results are a considerable 
improvement on those of the orbital theory. A calculation by this method, based 
on the first two wave functions of the set (4.1), leads to a binding energy 
considerably greater than the experimental value. Although such a result would 
not necessarily invalidate an orbital calculation based on approximate atomic 
functions, it is inconsistent with the basis (4.1) of the atoms in molecules theory, 
which includes the exact wave functions for the separated atoms. ‘The principal 
source of this error is clearly the same as in the case of the hydrogen molecule 
(Hurley 1956); the use of too large a value for the screening constant in the F- 
orbitals leads to a serious over-estimation of the interaction energy of the ions 
F~ and H*. Consequently, equation (4.2) introduces serious errors, and the 
atoms in molecules calculation is not a good approximation to an accurate 
calculation in terms of the basis (4.1). This is reflected in the large value of the 
calculated dipole moment, which indicates an over-estimation of the importance 
of the ionic structure H+F-. 

The modification employed by Kastler avoids the most serious error of the 
atoms in molecules theory by using the results of a self-consistent field calculation 
on F~ (Hartree 1933) to estimate the interaction energy of F- and H+. In as 
much as some of the interaction terms are estimated using a realistic approximation 
to the exact wave function for F~, Kastler’s modification may be regarded as 
a very incomplete version of a calculation by the atoms in molecules theory using 
different screening constants for atomic and ionic states. 

The results of the intra-atomic correlation correction theory appear 
satisfactory. Although some 20%, too high, the estimated dipole moment is 
considerably better than for any of the other calculations. The greater part of 
the error may well be due to neglect of the polarization of the non-bonding 2p, 
electrons of the fluorine atom. The binding energy given by the six-term 
intra-atomic correlation correction calculation is rather better than might be 
expected in view of the fact that the values of the screening constants for the 
fluorine and hydrogen orbitals have not been varied to minimize the total energy. 
It appears that such a variation is less important here than in the case of the 
hydrogen molecule (Altmann and Cohan 1954, Hurley 1956). 
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An Investigation of Deuteron Induced Reactions by Magnetic Analysis 
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Abstract. The energy spectra of the protons emitted from targets of natural 
neon and argon when bombarded by 8-5 Mev deuterons have been measured by 
magnetic analysis and in both cases several levels not previously reported 
have been observed. The angular distributions of nine proton groups from 
20Ne, two groups from ?2Ne and eight groups from *4°A have been measured. 
In most cases these have been fitted with theoretical stripping curves enabling 
the spin and parity assignments listed below to be made: 

21Ne ground state (isotropic) 0:35 Mev (3/2 or 5/2+), 2-78(1/2*), 4-58(3/2 or 5/27) 
4-81(1/2, 3/2-); 5-43(3/2, 5/2*), 5°63(3/2, 5/2*), 5:78(1/2; 3/2=)) 0: 723) 2 
*3Ne ground state (3/2, 5/27), 0-98(1/27). 

4A ground state (5/2, 7/2-), 0-57, 1°39, 2-46, 279, 3-01 2Gn os (all 1/2, 3/2). 


§ 1. INTRODUCTION 


HE apparatus and method of procedure described in papers I and II 
| (Green and Middleton 1956a,b) has been used to measure the proton 
energy spectra and the angular distributions of the prominent groups 
emitted by neon and argon when bombarded by 8-5 Mev deuterons. Attempts 
have been made to fit the angular distributions with theoretical curves calculated 
from the stripping theory of Bhatia, Huang, Huby and Newns (1952) enabling 
the parities and possible spins to be assigned to the states of the residual nuclei. 
Since ?°Ne and 7A have zero spin the ambiguity usually present in the spin 
assignment is restricted to /+ 4, where / is the orbital angular momentum of the 
absorbed neutron. 

Both exposures were made using the gas target chamber described in paper I 
filled respectively with spectroscopically pure neon and argon gas of normal 
isotopic abundance to a pressure of about 40cmHg. Due to the presence of 
about 9%, of **Ne in natural neon it was possible to identify and measure the 
angular distributions of two proton groups corresponding to states in ?8Ne. 

The energy levels of ?'Ne have previously been investigated below an excitation 
energy of about 3Mev by Sperduto (1951) and Ahnlund (1954a,b), magnetic 
analysis being used in both cases, and below 9 Mev by Middleton and Tai (1951 a). 
Middleton and ‘Tai (1951b) used a photographic plate scattering camera and 
were also able to measure the angular distributions of most proton groups. 
However, on account of the interference of elastically scattered deuterons at small 
angles of emission, the /-value assignments were uncertain except for the ground, 
first and third excited states. 


Now at the Atomic Energy Research Establishment, Harwell, Berks. 
{Now at the Atomic Weapons Research Establishment, Aldermaston, Berks. 
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The proton energy spectrum from the “°A(d, p)!"A reaction has previously 
been measured by Davison, Buchanan and Pollard (1949) below an excitation 
energy of about 4Mev using an absorption method. The angular distributions 
of the proton groups corresponding to the ground and an excited state of “A 
at 1-34Mev have also been measured by Gibson and Thomas (1952). These 
authors assigned /=3 for the transition to the ground state but were unable to 
make a unique assignment to the transition to the 1-34 Mev state. 


§ 2. RESULTS 
(a) Neon. 


A typical proton energy spectrum obtained at an angle of observation of 
15° is shown in figure 1. It may be noticed that the energy resolution is poorer 
than usually obtained from solid targets (paper Il). This is principally due to 
the increased size of the target, necessitated by intensity considerations, and the 
straggling of the incident deuterons and emitted protons in the gas outside the 
actual target volume. 


1 Pe ree | -p 
200+ (672) ky ns (2:78 
e 
t \ 
| 9 9 th , Ae 
150 - ai (d,p) 71Ne 
7) ~ 8-6 MeV 
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S 0 | 5) 1h f Ps if 
a — 
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é “ i i 4 19 iif 
2 a | it 
50+ 2 of r | Pi \ 1 P, 23Ne 
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Figure 1. Energy spectrum of protons emitted from the deuteron bombardment of a 
target of natural neon, obtained at an angle of observation of 15°. 


The energy of the incident deuteron beam was calculated from the Q-value 
of the first excited state reported by Ahnlund and found to be 8:60 Mev. ‘This 
state was used rather than the ground state since the corresponding proton 
group was considerably more intense, enabling a more accurate determination 
of its position on the plate and hence of its energy to be made. Since measure- 
ments of spectra were made over a limited angular range it was not possible to 
identify proton groups corresponding to the less abundant isotope **Ne by 
measuring their shift in position relative to groups definitely identified as 
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corresponding to 2°Ne. However, two groups were positively identified corre- 
sponding to transitions from *2Ne to the ground and an excited state at 0-98 Mev 
of 23Ne by calculating their positions on the plates at different angles from their 
known Q-values (Zucker and Watson 1950) and the previously determined 
beam energy. ‘These are marked in figure 1 by the symbol **Ne as distinct 
from groups due to 2°Ne which are marked Po, P;, Py, ete. Further evidence in 
favour of assigning these two groups due to the Ne(d, p)??Ne reaction was 
obtained from the measurement of their angular distributions but this will be 
discussed later. 

The remaining proton groups have all been assumed to be due to the more 
abundant isotope 2°Ne, though it is not possible to be completely certain of this, 
particularly in the cases of weak groups suchas P,,. The O-values of these groups 
have been calculated at different angles from their energies, determined from the 
position along the plate, and the calculated deuteron energy. It may be noted 
that any small error in the beam energy affects only the Q-values and has a negligible 
effect on the energy levels which are listed incolumn a of table 1. Also listed 


Vabled:, o?Ne(dip)* Ne 


Group Level Energy (Mev) if ae Gel ee 
a b c d 

lee 0 0) 0) 0) isotropic 
12, 0:35+ 0:10 Obs 0:349 = 0-343 2 BYRD, yea 128 
1 he SaeOeu 1-68 e735 
Ps DeTsyie OWS DS 2:788 2-852 0 as 68 
1, Seas 
PB; 458+ 0-05 \ 4-71 2 8/2, S12 50 
Pe 4-81+0-05 i WX, SI 98 
[Pre 5-43 + 0:06 5-44 2 Sy, SD 53 
P, 5-63 + 0-06 | 2 SP Oe 49 
1% Serra MAN i  He7et 1 U2 32 21 
Pao 5:89+ 0-08 | 
Ea 610+ 0-08 
Pie 6:72+ 0:06 6:66 2 Sy Sie 46 


a, present investigation ; b, Middleton and Tai (1951a); c, Ahnlund (1954a, b) ; 
d, Sperduto (1951). 


in columns b, ¢ and d are the energy levels reported by Middleton and Tai, 
Ahnlund and Sperduto, the last mentioned being determined from an investigation 
of the **Na(d, «)?*Ne reaction. Good agreement is obtained in the positions of 
the first, second and third excited states, but no group of significant intensity 
was observed corresponding to the level at 3-73 Mev reported by Middleton and 
Tai. ‘The levels at 4-71 and 5-74 Mev reported by the latter authors have been 
resolved into two and three groups respectively. A group P,, was also observed 
corresponding to a level at 6-10 Mev which has not previously been reported. 
However, as mentioned above, it is not possible to state with certainty if this is 
due to *°Ne. Group Py, was calculated to correspond to a level at 6:72 Mev 


which is in good agreement with the level at 6-66 Mev reported by Middleton 
and Tai. 
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The angular distributions of groups P,, Piteay Pee Pan bey by anders have 
been measured and are plotted in the centre-of-mass system in figure 2, the 
differential cross sections being in arbitrary units. Except in the case of group 
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Hasire 2. Angularidistributions of protom sroups Po, Py, Ps, Pe, Pe, Pr, Es, Po, and) Py. 
from the reaction ?°Ne(d, p)?!1Ne. The ordinate units being the same for all 
distributions. 


P, all distributions have been fitted with stripping curves calculated from the 
theory of Bhatia et al. and the /-value assignments are listed in table 1. Also 
shown in the figure are some alternative curves of different /-values. ‘These 
were drawn for groups P,, P, and P,, since they have small Q-values and the 
difference between the theoretical curves corresponding to various J/-values is 
minimum. For most groups a radius of interaction of 6-0 x10-13cm was used, 
which is equal to the Gamow radius plus 1 x 10-1! cm, this radius having been 
reported by Holt and Marsham (1953) as being the most satisfactory. Better 
fits were obtained from groups P,, P,and P,with radii of 7-0,6:5 and 6:5 x 10° cm 
respectively. Also listed in ‘able 1 are the parities and possible spins of the various 
states of ?4Ne obtained assuming ??Ne to have zero spin and even parity and the 
relative neutron capture probabilities A. 
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The angular distributions of the two groups assigned to the formation of Ne 
in the ground and an excited state at 0-98 Mev are shown in figure 3. "The former 
has been fitted with an 7=2 curve calculated using a radius of 6-1 x 10~ cm and 
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Figure 3. Angular distributions of two proton groups from the reaction 22Nie(d, p)?°Ne. 


the latter with J=0 and a slightly larger radius of 6:5 x10°-%cm. These 
assignments are consistent with the identification of these groups as corresponding 
to the ground and first excited states of ??Ne since the Meyer shell model predicts 
the ground state to be D,). and the first excited state probably Sj. In table 2 
are shown the results including the capture probabilities expressed in the same 
relative units as those for 24Ne and normalized to 100°% abundance of ??Ne. 


Table2) = Ne(d, p) Ne 


Cros Energy Level ] Spin and A 
(Mev) Parity (rel. units) 
a b 
Be 0 2 Sy, SPP 102 
Py, 0-98 0) 12 84 
1 lea 1-80 
12h 3-01 


a, Zucker and Watson (1950) ; b, Middleton and Tai (1951a). 


(b) Argon. 

In figure 4 is shown a proton energy spectrum obtained at an angle of 
observation of 20°. As in the case of neon, the energy of the incident deuteron 
beam was calculated from a known Q-value. For this purpose the Q-value of 
3-90 Mev reported by Gibson and Thomas for the transition to the ground state 
was used, which gave a beam energy of 8-39mev. Using this value and the 
energies of proton groups deduced according to their position along the plate 
the corresponding Q-values and energy levels were calculated. Since natural 
argon contains 99-6°% of #°A, all groups were assumed to be due to this isotope. 
The energy levels of 1A determined in this way are listed in table 3 together with 
those reported by Davison et al. and Gibson and ‘Thomas. As is evident from 
the table the positions of levels obtained during the present investigation are in 
moderately good agreement with those of Davison et al. except for groups P;, P, 
and! Pes 
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Figure 4. Proton energy spectrum at an angle of observation of 20° resulting from the 
deuteron bombardment of a target of natural argon. 


Table 3. #°A(d, p)#1A 
x F : : Spin and A 
Groups Level Energy (Mev) I Parity (rel. units) 
a b Cc 
Py 0 0 0) 3 5/2, WI - 130 
Py 0:57+0-05 0-66 0-50 1 2, B= 20 
IBS (ole Sie! 1°21 
[ee 1:39+0-05 1-34 1°34 1 2, B= 100 
125 1-934 0-1 1-94 
ee 2:46+ 0-05 ee, 1 WA, 32 19 
Ps 2:79+ 0:05 2-80 1 (V2, Bye= i7/ 
IPAS 3:01+0-05 3-29 il PX, Sis 18 
TEs 3:36+ 0-05 3-69 1 V2, Be 28 
1B 3:98+ 0:05 4-01 1 Se Die 
a, present investigation ; b, Davison, Buchanan and Pollard (1949) ; 


c, Gibson and Thomas (1952). 


The angular distributions of all groups, except P» and P, which were too 
weak, have been measured and are plotted in the centre-of-mass system 1n 
figure 5 together with the curves calculated from the stripping theory of Bhatia 
etal. Apart from the ground state which is known to correspond to an /= 3 curve, 
the remaining groups are all consistent with /= 1 transitions. The poor fit of the 
theoretical curve in the case of the ground state is not unusual for an /= 3 transition 
and is probably due to a relatively large percentage of the reaction proceeding 
via a compound nucleus stage. As for neon a radius of interaction equal to the 
Gamow radius plus 1 x 10~!%cm was used whenever possible in the calculation 
of the theoretical curves. However, better fits were obtained for groups Ps, 
iP.) Bg, Po, Ps, Py where a slightly smaller radius equal to 6-6 x 10-3. cm was used. 
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Listed in table 3 are the /-values, the parities and possible spins deduced on the 
assumption that #°A has zero spin and even parity and the neutron capture 
probabilities. 
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Angle (centre -of-mass system) (deg) 
Figure 5 Angular distributions of proton groups Po, P;, P3, Ps, Ps, P;, Ps and P, from the 
reaction *°A(d, p)*tA. 


§ 3. Discussion 
(a) Neon. 

The lack of stripping and the small differential cross section observed in the 
transition to the ground state of ?4Ne implies a small capture probability for the 
stripping process. ‘The cross section for the formation of this state is therefore 
almost entirely due to the formation and decay of a compound nucleus. A 
possible explanation would be that ?4Ne is a shell model anomaly similar to 3Na 
in having three nucleons in a sub-shell coupled to give a total spin of 3/2 instead 
of 5/2. The formation of this state by stripping would therefore involve a 
rearrangement of the parent nucleus and consequently imply a small capture 
probability. ‘The spin assignment of 3/2 to *4Ne is favoured by the direct 
determination of Koch and Rasmussen (1949), who report a most probable 
value of 3/2 but do not rule out the possibility of a larger value. An investigation 
of the reaction *'Ne(d, p)?*Ne would be of interest since if 22Ne is a normal shell 
model nucleus and *!Ne is as suggested above, then one would again expect little 
stripping occurring in the ground state transition. It is also of interest to note 
that the reaction **Na(d,n)**Mg has recently been investigated by Calvert, 
Jaffe, Litherland and Maslin (1955) who report that transition to the ground 
state of “4Mg to be very weak. 

An alternative explanation would arise if ?\Ne had a spin >7/2 in which 
case the stripping selection rules would not allow its formation by an /=2 
transition. However, this is unlikely since analysis of the levels of a neighbouring 
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nucleus '°F indicates that a 7/2 level would occur at a higher excitation energy 
than 1/2, 3/2 and 5/2 levels (Elliott and Flowers 1955). We rule out />3 
transitions since one would certainly not except f-wave neutrons to play any part 
in the formation of the ground states of elements in this region of the periodic 
table. 

The transition to the first excited state is consistent with /=2 and is observed 
to have a relatively large neutron capture probability. On this basis it appears 
to be a good single particle level and is probably the 1d,). level as predicted by the 
Mayer shell model for the ground state. Continuing to identify levels of large 
capture probabilities with single particle levels we suggest that groups P3, P; and 
P, have the configurations 2s), lds and 2ps. respectively. No group was 
observed corresponding to the If;, level, but this may be due to the low intensity 
usually associated with /= 3 transitions. No conclusions can at present be drawn 
from the spins, parities and capture probabilities assigned to the higher excited 
states. 

(6) Argon. 

Following the same procedure as applied to the discussion of the states of 
*1Ne, we have tried to pick out states of “'A which might be formed by single 
particle excitation. From table 3 it will be noted that P, and P, have considerably 
larger capture probabilities than the other groups. It seems therefore that the 
ground state transition corresponds to the capture of a neutron in the If), orbit 
as predicted by the Mayer shell model. Similarly P; may correspond to the 
capture of a neutron inthe 2ps,. orbit. ‘The large number of other /= 1 transitions 
with similar but smaller capture probabilities is difficult to understand. 
A possible explanation may be the rearrangement of the #°A core but this would 
result in a small stripping cross section. However, since these are /= | transitions 
(unlike the /=2 transition to the ground state of ?!Ne) they are considerably 
more intense than the background at small angles of emission and therefore 
retain their characteristic forward peaks. 
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Abstract. Using a relativistic Born approximation due to Bethe, an expression 
is derived for the collision cross section of relativistic electrons with an atomic 
shell in terms of Schrodinger wave functions. ‘Then, by comparison with 
Moller’s work for hydrogen, the stopping power and specific primary ionization 
are obtained as functions of a number of atomic parameters. These para- 
meters are calculated for the case of helium and the results compared with 
experiment. 


$ 1. INTRODUCTION 


HE original contributions to the theory of the extra-nuclear interaction 

of relativistic charged particles with matter were made over twenty years 

ago by Bethe (1932, 1933) and Moller (1932). And while the original 

non-relativistic theory has recently been improved by Brown (1950) and Walske 

(1952) no corresponding refinements have been made to the relativistic theory. 

That such improvements in the latter need to be initiated separately and cannot 

be obtained from improved lower energy theory may be seen from the following. 

Consider the mean ionization energy J, where / is defined as that parameter 
which allows the non-relativistic stopping power to be written 


— (dT /dx) = (47re4z®Z/ myv?) In (2myv?/T) 


irrespective of the order of approximation (and what follows is true of the para- 
meters in the specific primary ionization expression also). This parameter 
merely represents a convenient way of lumping together the terms in the stopping 
power expression which are dependent on the struck atom. Now Moller, 
modelling his relativistic calculations on Bethe’s non-relativistic work, made 
approximations radical enough to obtain an expression for J identical with 
Bethe’s. But obviously, this does not ensure that the J obtained non- 
relativistically to a higher order approximation than Bethe’s, for example 
Brown’s and Walske’s, can be substituted into Moller’s relativistic stopping 
power expression without impairing the order of the non-relativistic approxi- 
mation. 

We have therefore derived, ab initio, the relativistic differential cross section 
—and hence the relativistic stopping power and specific primary ionization— 
of a many-electron shell, examining the approximations made at each step. 
‘The formulae obtained are applied to helium. 
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§ 2. GENERAL THEORY 


2.1. Derivation of Relativistic Differential Cross Section 


The relativistic differential cross section for electron collisions with hydrogen 
was obtained by Moller (1932) using the method of variation of constants. 
Moller, by considering the interaction between incident electrons (specified by 
the Dirac wave functions for a free electron) and the atomic electrons as a time- 
independent perturbation applied to the total system ‘atom and non-interacting 
incident electron’, obtained the transition probability, and hence the differential 
cross section, in terms of the interaction matrix element which he derived in the 
following way. 

He calculated the interaction with the atomic electron of the electromagnetic 
field produced by the transition of the incident electron from initial to final state, 
by substituting the Dirac charge and current densities associated with this 
transition into the expressions of classical electromagnetic theory for the potentials 
due to these densities, and forming the Dirac interaction between the field defined 
by these potentials and the atomic electron. On symmetrizing, Moller obtained 
a plausible expression for the interaction matrix element. 

Bethe (1933) has extended this method to a many-electron atom and has 
given an explicit expression for the resultant differential cross section in terms 
of relativistic atomic wave functions and Dirac spin matrices. 

For inelastic collisions with an atomic shell containing Z electrons, Bethe’s 
expression reduces to 


d®,,,,(q) = 87e Ey Eph 4c (ky?) gl? — (mn®/2e)P* [6 Pdg .- +. (1) 


where 
- Z 
| C i? = | | eral Cen AOS) rz) {>ex p (7q b r;)[4 ns a e a] AIT IOS r,)dr les 
: j=l 


The symbols in (1) have the following connotations: ‘",,(ry,.-.,tz), 
W"(r,...,",) are the relativistic atomic wave functions for the initial and final 
states m and n respectively, before and after the collision; £,, and E,, are the 
energies of these states respectively; £,° and £,! are the energies of the initial 
and final states of the incident electron and w,°=EF,°/h, w,!=E,'/h; rv; is the 
position vector of the ith atomic electron relative to the nuclease) tae 
and k,! represent the propagation vector of the incident electron before 
and after collision; q, « and «,,, are defined by q=k,°—k,!, «=mge/h 
and &,,2=2m(E,—E,)/h? respectively; «?=2my|I|/h? where I is the first 
ionization energy of the shell; for continuous states, a= 0245R* >and 
E,,=E, + (h?/2my)k? where E; is the ground state energy of the singly ionized shell ; 
and A, @ are defined by A= N,1N,°a!*a°, A= N,1N,%a'*ao°, the a’s being the 
Dirac wave functions for a free electron and N the normalizing factor (Mott and 
Sneddon 1948); the components of the vector « are the Dirac matrices, the 
exponent 1 in brackets indicates they operate only on the incident electron. 

The general expression (1) has never been applied. ‘The work of Brown and 
Walske is based on a non-relativistic differential cross section. 

To proceed, we classify the collisions as distant or close according to whether 
k<n or k>n respectively where 7 satisfies the inequalities 


ii PRs ie (2) 
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An expression for the differential cross section for distant collisions is obtained 
as follows, it being observed that by virtue of conservation of energy and the 
restriction to distant collisions, the limits of q in (1) are given by 


Gmin=%», ice Gmiax==2k,°. RS (3) 


where y =(1—v?/c?)-1? and z is the velocity of the incident electron. 

We assume that to a first order approximation—which is sufficiently good 
for relativistic effects—the atomic electrons do not interact. 

Accordingly, the relativistic atomic wave functions can be represented by 


eer IO) rz) = (Zw Pe (= Weer TT eG) 
TF Piscess be) = (2) o (—1)PP” TT Ty ty)s ea (42) 


where the (r,) are relativistic hydrogenic wave functions. ‘The , and m; 
denote both the three spatial quantum numbers N, and WV, and the spin quantum 
numbers S,. and S,,, respectively. Also, »,=m, for i=1,2,...,Z—1 and 
nz~m,; while for all 7,7; m,Am,, and n,;An, if tA. 

For the relativistic hydrogenic wave functions, since the restriction to distant 
collisions precludes states other than those for which Ey <mpc?, good approxi- 


mations are given by (Mott and Sneddon 1948, p. 319 
g P 
aa ait) = bs vill)? nts) 
Fin (ty) = D small a )Pm,\€p)) | a ne eee (45) 


where ¢,,(r,) and ¢,,,(r,) are Schrodinger hydrogenic wave functions including 
spin. ‘The operators ),(r,) corresponding to the two opposite spin orientations 
are defined by Mott and Sneddon (1948, p. 319); callthem (4c). ‘The subscript v 
here implies they operate only on the coordinates of the vth electron. 

On account of the indistinguishability of different spins for a given energy, 
|¢ |? may be written as the sum over the different spin states, divided by the 


af. 2 7 fe = 
number of states, of the terms |€y gic |? where Cy 5 a10, 18 defined by 
yY fo ie rv oF % ay a -_ 
Qo = | #9 (ry 2 gig) Onset al Cea) a ee (3) 


where 
z . Z 4 yi 
Ons = > aioe! — SS exp (7q . P(A gigs ae ke We . on!) 
j=1 =, 


On substituting (44) into (5) and reducing the double summation, we find 
that 


I = >| ary (ET te MepOse 2 es elas ore (6) 


By virtue of orthogonality, all the terms in the summation in (6) vanish except 
the term involving the identity permutation. ‘The vanishing terms can there- 
fore be replaced by the terms 


(IP | TT 4,400 TT bn, te)er 


(where O,:,» is an operator which acts on the spatial coordinates and is defined 
later), since these all vanish also, except when P is the identity permutation. 
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For similar reasons, the term in (6) involving the identity permutation can be 
replaced by 


GaN Z 
2, TT #»,.%(r.)O - TT bm, Ca) )dt + | eas e t2)O ata” Ey (tg) ary 
| 
\ TT | Prag (Cu)Pm, ue } ‘ 


The first factor in the second term is easily evaluated if it is noted that by 
choice of coordinate system, k,°~(0, 0, k,°,). For then, by virtue of energy 
conservation and the restriction to distant collisions, it is found that O,.,./ vanishes 
unless o!=o° in which case 
iy Bice Fes Cae plastica e i (atest 

Wee (yt Dye ye JX Amgha,(y+ 1) 
Meee CA 

Hence, using (7), the operators (4c) (the magnitudes of the first and second 
matrix elements of which are small compared with those of the third and fourth 
(Mott and Sneddon 1948) and the fact that the wave functions vanish at infinity, 
we obtain 


| 4 ay WO ae imyltz)a7z = | bry *(z)Ocr0" Pm (tz )aTz, Feet ee (8 a) 
where Gs ,o) vanishes for ot!o° while for o1=o° it is defined by 


4 ig 2 2 2 a 
;_ Mol Y 1 ee" Ge I)K LY (i ~~ #)]} 
Oe 2 wy 0 Bio (7q- v5) | 9 {= 1 4(y + 1) yn? —@ : 2 yy y , 


g, being the component of q along k,°. 
Thus, on collecting the equivalents of the terms that constitute (7) and 
reversing the procedure leading from (5) to (6), it is evident that Cg y eq may be 


written F 
Cy Sato? = 2, OP OwrOvdr) ——- & “aes (9) 
where 0, =(Z)) pal = ye Fler, (r,,) 
Es 


and ©, is defined similarly. 

To obtain a better approximation, the wave functions © are replaced by 
products of the Schrodinger wave functions for the shell (which include electronic 
interactions) and the respective spin functions, the former being denoted by 
@,, and ®y where M, N henceforth signify the spatial quantum numbers 
(1; 49, Mo) and (n, J, m) respectively. By the orthogonality of the spin functions 


(9) becomes 


= IMS 


CSSmote? =D => jo LOCO Gi 4 an SB (10) 


Hence, with the help of (8 6) and ‘a 0), averaging |Cy 00 |” over the different 
spin states, substituting into (1) and summing over the different /, m corresponding 
to the same x leads to the result 


cy Ny ACD) = Sreth uv *(q? Pte se y *qdq > | S Jo n,l,m tee Op" 5) rz) 


l;m j=1 


Pe Ae aGeeeeag \ (2 1h 
| Bar ie) Hye Dye) \'as, 2% 
Pe (tees was fh ees, (11) 
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WhEFE Pyjn=Lngn2/2k- Equation (11) gives the differential cross section presented 
by a Z electron shell to electrons with relativistic energies. If g is considered 
negligible compared with x and if the wave functions ® are replaced by those for 
a single-electron system, it reduces to the expression given by Moller. 

For close collisions, Moller (1932) showed that in the case of hydrogen, 
the differential cross section becomes that for the collision between two free 
electrons where one is initially at rest and the other is incident with relative 
velocity wv. 

Extended to a Z electron shell, Moller’s expression for the total cross section 
for collisions in which one of the electrons loses an energy between Q and 0+ dQ 
may be written 


(O)dO = 2ne'Zmy wv 2O-2dO(1 — OT)? 
x{1—[3=(=y 1 - OT \OT alga) 
fae (12) 


where 7 is the kinetic energy of the incident electron. ‘The upper and lower 
limits of Q are given by Qmax=T7/2 and Qmin=7,,=h?n?/2m, respectively. 


2.2. Expressions for Stopping Power and Specific Primary Ionization for Electrons 
(to a first order approximation) 

We may now obtain first-order expressions for the stopping power and 
specific primary ionization of a Z electron shell for relativistic electrons as explicit 
functions of the wave function of the shell. The derivation is essentially similar 
to that of Moller for hydrogen, the only difference being that a higher degree of 
generality is maintained here. 

The total stopping power —(d7/dx) may be written 


aT dT dT 
(3)- (ze (z) see eee (13 a) 


Ee ( 7 ee, = > 000). nee (133) 


N=No+1 


with 


il Ae -Qmax 
~ N ( dx ie ou | OO(O)GG es (13 c) 


qmin 


where Q is the energy transferred by the incident electron; ©(Q) is the total 
cross section for a given Q; in (13 5), ®(Q) is the integral over g of equation (11;) 
in (13c), B(Q) is given by equation (12); N is the number of atoms per cm? at 
s.v.P.; and &”,_,,., denotes summation over all discrete states from x=, +1 
and integration over all continuous states to k=7. 

For convenience, equation (136) is separated into four expressions J,, J,, J, 
and J, in which the limits of the integration over g implicit in (13d) are (Gmin, 4); 
(qo, 9/2), (9/2, 2) and (27, gmax) respectively, gy being defined by the inequalities 
go <% and gy? t(a2/2x)? where 1500. ; 

In each of these ranges, the integrand, i.e. the expression (11) for d®, AQ) 
simplifies considerably. 

It is found (the derivation is substantially the same as that due to Moller) that 
for q<a 


AD nul Q) = Sette eG? — Pasa” — Psat VG = Png) G44 | Masts [Pos ve 20 (1+) 
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where 
Z 
Xing n ie Pee No; nlm le = 2 | = 3,0 hia Cates P ) 
for q>u a 
d® ee) > Seth *u*(q? ae p an) Gag | E unl) ie 
where 
VA 
| Haag) i =. *s [E: nim() [? = 2 he | exp (7q . r,)® nlm D RRL? cE 5 
po (145) 
for ¢ >2y aol) =e = ae eens: (14c) 


With the help of (14), —(1/N)(d7/dx), .,, eventually reduces to 
dif d ay | SECAN oH yale oe 
; WA de ee = ( nae )[m(= ) 5] ee (15 a) 
where J = 2Ja/b and 
k= 0 
Ina=(2mp, h?Z) S (iE Pole eels lia (Opean n |o oe), 


R=Ny+1 


Inb=(2m/h®Z) > i (En En) |Enyn(d) Pg 


N=Ny +1 ¥ 


Addition of —(1/N)(dT/dx),.,, enrre from equations (12) and (13), 
to (15a) finally yields the following first-order approximation for the stopping 
power of a Z electron shell for very fast electrons: 


dT : 2myy?v?T (y—1) 
LR sg ig MEE, at oY y 
ae 2re*NZmy 1 { In ( = ) + ee 


- (3-2 ina +1- 5}, ne (15) 


Y 


If S denotes the specific primary ionization and ®,, ©; and ®, denote the total 
cross sections for all collisions, all ionizing collisions and all excitation collisions 
respectively, then 

S=INO SIND) rag ee (16) 

To the order of approximation adopted here, ®, and the contribution to 
®, from distant collisions may be derived in atte the same way as was 
~(1/N)\(aT) dx),,-,, while the contribution to ®, from close collisions can be 


shown to be vanishingly small. 
Using (16) it is found the specific primary ionization of a Z electron shell for 


relativistic electrons 1s given by 


S = 2n1r.2mctZNa'I-v-211n (2mgv*y?/1) +b’ — ve}, ws ee (17) 
where a =(2m,l/Zn*)a,’, b’ = 2(b,' +b,’ +b3')/ay’, 
a af | [,,,n Pak, 
k=0 
“1 r2n 


by = | | [E.,.2(9) 2g 3dqdk + ay’ In (qox*), 
k=0 4 g=7/2 


n a 
b,' a Fe | ae | Nok ? In (eo ia); 


-2n 
oa i | [E,,n() Pa Pdqdk, (To = €*/ mig”). 
k=0 ¥ q=n/2 
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2.3. Extension to Incident Particles other than Electrons 


The previous results for electrons can be easily modified to apply to any 
incident charged particle of arbitrary mass M, and charge +2ze which obeys 
Dirac’s equation (if M)> mp, call such particles ‘heavy electrons’) since the 
differential cross section (11) for distant collisions (apart from the charge factor 
=”) is exactly the same for all such particles. , 

Hence, since the total cross section for close collisions is negligible compared 
with that for distant collisions, it is apparent that the specific primary ionization 
for electrons, positrons and ‘heavy electrons’ is given by (17) (apart from the 
additional factor z?). 

But though the stopping power for distant collisions remains the same as 
(15a) (but for the factor z?) for Dirac particles of different masses, the stopping 
powers for close collisions—and these cannot be neglected—will be different in 
so far as the cross sections for close collisions differ. 

The relevant close collision cross sections have been calculated by Bhabha 
(1938). With their help, the following expressions are obtained for the stopping 
power: 

For ‘heavy electrons’ : 


dT : Am,*v*y4* uv 
—( — } =27etz?Z Nm, 1v-? —2—- |}- 5}, «2... 18 
( ae ) metz*Z Nm, \e {In ( 7 ) 3 : (18) 


For positrons : 
aT 2,2 Oe 
_ (Sz ) = JreZNing 2 { In ( we) = = 


dx | P 
7 1334 — 36y3 + 330y? 4+ 236y — 3 (19) 
= aS eee 1) So Mee 


where the 7 in both (18) and (19) is defined by (15 a). 

Now by comparing the cross sections for free electron collisions with heavy 
particles of the same arbitrary mass M,>m, but with different spin quantum 
numbers it is seen (Rossi 1952) that for collisions of the energy type considered 
here, these close collisions are independent of the spin of the independent particle. 
Thus in effect, the results obtained here for ‘ heavy electrons’ are valid for protons, 
alpha particles and mesons. 


§ 3. THE STopPING PowER AND SPECIFIC PRiMaRY IONIZATION OF HELIUM 


The stopping power and specific primary ionization for the particular case 
of helium may now be obtained by computing the atomic parameters /, a’ and b’ 
using helium wave functions. 


3.1. The Form of the Helium Wave Functions 


‘To an approximation sufficient for most of the atomic parameters involved, 
the initial and final helium wave functions (only singlet states are considered) 
can be represented respectively by 


Cans =$(4' | r1)bo(Z' | r.), Zi == 1368/52) l= | Pee eee - (20 a) 
D,1m — 2A Zi | ri) BCA. | ry) ae d( 2” | r)Pnim(Z | ri)j> Cpe ee he ee: (206) 


where Z’=1, Z’’’=2 for both discrete and continuous states, except S states, 
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and ¢,,,,(Z|r,) denotes the wave function of the 7th electron (the two orbital 
electrons being distinguished by suffixes 1, 2) in the state , J, m in the Coulomb 
field due to a charge Z. For discrete states, the ¢’s are merely hydrogenic wave 
functions with the effective nuclear charges indicated. We call these (21a). 
For S states, wave functions of the type (206) are not orthogonal to the ground 
state wave function (20a). Suitable wave functions for S states have been 
devised by Vinti (1932). ‘These are used here. 

The continuous wave functions ¢,(Z’|r), which are the solutions of the 
Schrodinger equation 

Ves Rom) V inti 0 S80 leet. (21’) 
where | =2Z"e?/r, are given by Schrédinger (1926) and, in a different form, by 
Wentzel (1929). We call these (216) and (21 c) respectively. 

Now as suggested, these wave functions suffice for most of the parameters. 
But @ and a’, upon which the stopping power and specific primary ionization 
depend fairly critically, are themselves rather sensitive to the type of wave function 
employed (cf. figure 1). For this reason a and a! are also calculated from more 
accurate wave functions ¢, and ¢,, namely the Hartree wave function for an 
electron in the ground state in the field due to a normal singly ionized helium 
atom (Lindsay 1935) and the continuous wave function obtained by numerical 
integration of equation (21’) with V given by 

V=—er[1+(1+42ra.“) exp (—4ra,1)], 
this being the Hartree potential for an electron in the field of a normal singly 
ionized helium atom. We call these wave functions (22 a) and (225) respectively. 


0 | 2 3 
ka, for ejected electron 


Figure 1. Illustrating the dependence of the dipole matrix elements on the type of wave 
functions used. 
(1) The ratio of | x, |? calculated from the wave functions (26') to | x4, |? calculated 
from the wave functions (26). 
(2) The ratio of | x4 |? calculated using a 6 parameter Hylleraas wave function in (26) 
to | x, |2 calculated from the wave functions (26). 


The normalization of both (21 4) and (224) is given by the condition 
| REVI (ia nets (a). a ae (23 a) 


but to effect the practical normalization of the wave functions (22 4) it is necessary 
to determine the asymptotic form of the radial functions R implied by the 
condition (23a). It is found (Fues 1926, Hargreaves 1929) that (23) 1s equivalent 


to taking 
R= (tkayy 77 eos (hry). a ae ha (23 b) 
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3.2. Evaluation of the Matrix Elements 


On substituting (20a) and (206) into equation (144), we see, by virtue of 
symmetry, orthogonality and the choice of the z axis of the coordinate system 
along q (this excludes all transitions in m), that the generalized matrix elements 
for transitions to all states, discrete and continuous (except 5S states) are of the form 


IEC P=CD Lf exp a-r\bno™(Z" [rbo(Z’ [edz By eee (24) 
i 
where C= 1-956. ie ; 

For transitions to continuous states, we find, by modifying Wentzel’s work 
(in which Z’ = Z") and using a contour integration due to Bethe (1930) that the 
expressions (24), (21 a) and (21c) finally lead to the result 

E Mos C28c Pasq?h{h (ao? + R*) + [(% +%9)q? + (a1 — Ho )(R® +04") | 201g) 7} 
aD ES TG BE oF — B+ FU — exp (—2ra Fk] 
x exp {— 20,k-1 arctan |2ko,(q7—R*--o,-)|}, eee eee (25) 
where ¢,=Z | d¢,.%o— 7 aq: 
For g> «1, g>%, (25) reduces to 
[E1i(g) P=(8C/37)ay[(q—k)P + ar7t>, 
the right-hand side of which, as Moller points out, behaves like the Dirac delta 
function. 

Putting 

N8(q—k) = (8C/377)x,°[(g — Rk)? + a7)-3, 
it is found that 
N= (8C/37)a° | — [(q—k)? +a,2}2dk=C, 


a6) 


so that [Eg Colg—k). |) eens (25°) 

It is noted that equation (25) for | E,,(q) |? includes, in effect, a summation 
over s states, as it is implicitly assumed in the derivation of (25) that the wave 
functions (20d) are valid for these also. But since the jo9(Z” |r) are not ortho- 
gonal to ¢o(Z’ |r) for Z” ~Z’, an error is introduced into (25), though it is probably 
smaller than those due to the approximations made hitherto. 

Also it is evident that | x,;, |? cannot be obtained by expanding the exponential 
in| E,,(q)|?, dividing by q? and letting g tend to zero, since the lack of orthogonality 
referred to would make the result diverge. Hence |x, j49|? (selection rules 
prohibit other / transitions) is obtained, ab initio, from (24), (21a) and (21 b). 
The required integration has been accomplished by Vinti (1934), and separately 
by Wheeler (1933), and the result, suitably modified, is 

bee 2°Co.9(2a4 — %y)?a47(%y? + k*)k exp [ —4a,k-l are tan (ko,4)] 
ue (a1? + R?)§[1 — exp (— 27a,k7})] ‘ 
ont (26) 

The matrix elements for discrete state transitions are calculated separately 
for a number of different transitions, this being more convenient than using 
a modified form of the general expression derived by Massey and Mohr (1931). 

The corresponding |, ,,19 |? are derived from these by means of the relation 


| vy, nim = ue me | E, nim(Q) ie 2 So Reus (27) 


A more accurate version of (26), the use of which is to be preferred in the 
calculation of a and a’ can be obtained from the improved wave functions (22) 
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by numerical integration. We call such matrix elements (26’). Figure 1 
provides a comparison between (26), (26’) and matrix elements due to Wheeler 
(1933) which make use of Hylleraas’ six-parameter function for ¢) and the wave 
function (21 c) for 4;, over the relevant range of k. 


3.3. The Calculation of T, a’ and b' 

The calculation of the contributions to a and 6 from the transitions to the 
continuum, for helium, may be effected without difficulty by substituting the 
matrix elements (26) or (26’), and (25’) into (15 a) and integrating numerically. 
Addition of the respective discrete contributions (their calculation is trivial: 
in the case of 4 it is negligible) yields @ and b and hence J. 

The following are the results finally obtained : 

Approximate (analytical) wave functions: [=49ev. 
Accurate (numerical) wave functions: T=40ev. 

Similarly, evaluation of the parameters a’ and 4,’ is accomplished with the 
help of (26), or (26’) in the case of a’, by numerical integration of the relevant 
expressions in (17). Also the integration of (25’) in 6,’ indicates that the latter 
term is negligible compared with d,’. 

The parameter 4,’ is obtained with the aid of the summation theorem (for 


helium) 
k=o 


2+ | [exp @q-(r,—re)} + exp {7q.(r2— 11) }]@o*Dod7 = | E1.(q) P. 
_ n=1 
eer (28) 
The discrete matrix elements |E,,(q)|? are calculated separately and the 
difference of their sum from the integrated right-hand side of (28) is substituted 
into the expression for 5,’ in (17). The resultant rational fractions are integrated 
over g by resolving into partial fractions. 
The values of a’ and 0’ thus obtained are quoted in the table. 


Comparison between Theoretical and Experimental Values of the 
Specific Primary fonization Atomic Parameters for Helium 


Parameter a b A Cc 

Exptl. value (McClure) 0-42 + 0-04 4-0 
Theoretical value 0-46 0-41 0:26 ) 
Theor. value for impure Het 0-64 0-06 0-36 3-8 


+These theoretical values are calculated using the matrix elements (26). 


§ 4. Discussion OF RESULTS 

The most recent stopping power experiments (Reynolds ef al. 1953), for 
protons suggest, by extrapolation, a mean ionization energy of 36ev for protons 
with energies greater than | MeV. 

The energy dependence of / exhibited in these results does not appear in the 
present approximation, but would undoubtedly do so in a higher approximation, 
just as it appears in the 7 obtained by recasting the non-relativistic results of 
Brown and Walske. 

But disregarding this effect, which is fairly small, we see that while the better 
of the values obtained here (/ = 40 ev) is too large by some 10°, compared with 
experiment, it coincides exactly with the value calculated by Halpern and Hall 
(1948) using an entirely different procedure. 
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It appears therefore that the best theoretical results hitherto differ from the 
best experimental data by about 10%. In the present work, an error of this 
magnitude could arise from the approximations utilized in the derivation of the 
stopping power expression (15) from a differential cross section (11). And 
although this discrepancy is small for stopping power computations, since [ 
occurs in the log term, it does indicate the need for more refined approximations. 
Another point of interest emerging from the present calculations is the high 
sensitivity of J to the accuracy of the wave functions employed. 

The most recent and reliable specific primary ionization measurements 
are those of McClure (1953) for electrons with energies in the neighbourhood 
of 1 Mev (at such incident velocities, the approximations used in the calculations 
here are particularly justified). 

McClure expresses his results in the following way: For equation (17) 
by means of the substitution v?/c? =(p/Myc)*[(p/ Moc)? + 1] 1, where p is the 
momentum of the incident particle and M, its rest mass, he obtains the expression 


S = A{(p/ Myc)” In (p/ Mgc)"[( p/ Moc)” + 1] — 1} + C(p/ Moe) *1(p/ Moc)’ + 1], 
where the lumped constants A and C are defined by 
A =2nr,?mec*N2z*Za'/I, C= Alb’ + In (2myc?/I)]. 


From his experimental results McClure determined A and C empirically 
by least square fits. His values for helium together with the values obtained here 
for A and C (using the calculated values of @’ and b’) are givenin the table. Since 
a’, unlike a, is largely unaffected by the use of more accurate wave functions, 
to the order of accuracy of the present calculations (the internal error is less than 
5%) here) it is immaterial which value is used for the purpose of comparison with 
experiment. 

Comparison of theoretical and experimental parameters suggests that 
Streor=9°7S.4,- But this result is not disquieting in the light of the recent 
experiments by Jesse and Sadauskis (1952), who observed that the addition in 
minute quantities of certain contaminating gases to helium depresses the value of 
the energy per ion pair very considerably. Moreover the energy per ion pair 
continues to decrease with increase in concentration of contaminant until a 
saturation value is reached. 

‘To account for this effect, they suppose that collisions between excited helium 
atoms and atoms of the contaminating gas (the ionization energy of which is 
smaller than the least excitation energy of helium) lead to the production of ion 
pairs and that, eventually, every excited helium atom is de-activized in this 
manner. Hence, in the presence of a saturation concentration of contaminant, 
every excited helium atom can be counted as an ion pair. This hypothesis is 
borne out by recent calculations due to Erskine (1954). 

It is likely, therefore, that because of admitted impurities, McClure’s experi- 
ment furnishes the total cross section for all collisions rather than the specific 
primary ionization of helium. 

The total cross section for all collisions has been calculated here. ‘lhe 
corresponding atomic parameters are quoted in the table. Comparing these 
results with McClure’s data, it is seen that the calculated specific primary 
ionization parameters (modified in the light of the Jesse and Sadauskis hypothesis) 
agrees to within 10°, with the experimental values (see figure 2). 
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It is hoped to extend the work initiated here by deriving stopping power 
and specific primary ionization expressions from the differential cross section (11) 
akin to the Brown—Walske non-relativistic theory in degree of refinement, and 
applying the results obtained to other light elements. 


—— S experimental 
— — S theoretical 
S (He + Impurity) 


theoretical 


lons/em at STP 


p/ Mec 


Figure 2. Comparison between experimental and theoretical values of the specific primary 
ionization for helium for different energies of the incident electrons. 
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Abstract. A direct measurement of the average number of neutrons per fission 
from uranium and bismuth excited by 147 Mev protons has been made by a 
coincidence method. ‘Taking the figure for the average number of neutrons 
per thermal neutron fission of 35U to be 2:5+0-1, the results obtained are 
13-1 + 1-6 for uranium and 10-0 + 2-7 for bismuth. 


§ 1. INTRODUCTION 


HE yields of fission and spallation products obtained in radiochemical 

studies of fission induced by high-energy particles can be explained by 

assuming that the emission of a large number of neutrons accompanies this 
process. [he most simply interpreted evidence on this subject is that of 
Goeckermann and Perlman (1949), who obtained a yield curve from the fission 
of bismuth bombarded with 190Mev deuterons which is symmetrical about 
mass number 100. Since the compound nucleus formed in this process is 7!!Po, 
each fission should be accompanied by the emission of an average number of 
11-12 neutrons. Similar measurements by Biller (1953), who bombarded 
bismuth with 340 Mev protons, would lead one to expect the emission of about 
18 neutrons. With uranium the evidence is not quite so clear, but the measure- 
ments of O’Connor and Seaborg (1948) using 380 Mev «-particles, and of Folger 
et al. (1955) using 340 Mev protons, suggest that the emission of 20 neutrons per 
fission may occur. 

These results, however, only give an indirect measure of the average number 
emitted, and up to the present no direct measurement of this quantity has been 
reported. ‘The present experiment was therefore undertaken to obtain direct 
information about the emission of neutrons. 


§ 2, EXPERIMENTAL ARRANGEMENT 


Fission was induced in thin films of uranium and bismuth by the 147 Mev 
external proton beam from the Harwell cyclotron. The films formed a coating 
on the electrodes of an electron-collection ionization chamber. A second electron- 
collection ionization chamber, made in the form of an annulus surrounding the 
first, detected the neutrons by means of the recoil protons which they ejected 
from a 10 mgcm * polyethylene foil. The pulses produced by the two chambers, 
after amplification, were fed via discriminators to a coincidence unit having 
a resolving time of 4x 10-7 second. Thus only neutrons were recorded which 
were coincident with a fission event. 
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A diagram of the general arrangement is shown in figure 1. The external 
proton beam was passed down a 3 in. diameter evacuated tube located in a 12 ft 
concrete wall which shielded the ionization chambers from radiation from the 
cyclotron tank. ‘The beam was collimated by means of a brass block 5 cm thick 
having a hole 1 cm square at its centre, placed about 5 metres from the fission 
chamber. A second block with a slightly larger hole, placed 4 metres from the 
first, absorbed protons scattered from it. An ionization chamber for monitoring 
the proton beam was installed between the end of the evacuated tube and the 


fission chamber. 


Proton Beam 


| 


cm 


General arrangement: a, shielding wall; b, second aperture of collimator; 


Figure 1. 
c, proton monitor; d, fission chamber; e, neutron chamber. 


The ionization chambers are shown in detail in figures 2 and 3. The fission 
chambers had ten electrodes of 0-001in. aluminium foil, which were spaced 
5mm apart and connected alternately, one set to a potential of — 1000 volts, and 
the other to the amplifier. Excepting the end electrodes, the foils were coated 
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Figure 2. Fission chamber, diagram- Figure 3. Neutron chamber, diagrammatic 
matic section: a, 0-001 in. section: a, 10mgcm~ polyethylene 
duralumin windows; b, 0-001 in. foil; b, collector electrode; c, polytetra- 
aluminium foils coated with fissile fluorethylene insulators. 
material; c, polytetrafluorethylene 
insulators. 
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on both sides with uranium oxide by the Zapon painting technique, or with 
bismuth by electroplating, over a central area 3cm in diameter, the thickness 
of the deposit being 2mgcm~* in both cases. The filling was a mixture of 95% 
argon and 5% CO,, the total pressure being 50cmHg. This filling, and the 
dimensions of the chamber, were chosen because it was necessary to discriminate 
between pulses due to fission fragments on the one hand, and on the other hand 
pulses due to «-particles (in the case of uranium) and to the passage of the proton 
beam through the chamber. For the same reason the time constant of the 
amplifier was made short (3-2 x 107% sec). 

The neutron chamber was made in the form of an annulus so that the solid 
angle it subtended at the fissile material could be as large as possible 
(0-4 x 47 steradians). The chamber was filled to a pressure of 1 atmosphere 
with a mixture of 95°% argon and 5°% COx,, and the collecting electrode was 
held at a potential of +2000 volts. A thin mica window allowed an external 
xz-particle source to be used to set and maintain the correct discriminator level. 

Preliminary experiments indicated that besides neutrons, some protons 
were detected in coincidence with the fission events. A copper absorber of 
thickness 2-8 gcm™~? was therefore placed between the fission chamber and the 
neutron chamber in the final arrangement. In spite of the shielding and 
collimation, a large background counting rate in the neutron counter was recorded. 
‘The random coincidence rate was determined in separate measurements with 
a delay line of 1-2 :sec connected between the neutron counter and the coincidence 
unit. 


§ 3. CALIBRATION 


‘The average number of neutrons per fission v is given by the ratio of the 
genuine coincidence and fission counting rates, divided by the average efficiency 
of the neutron counter. ‘The latter was calculated from the results of a separate 
experiment in which a thermal neutron beam from the Harwell pile induced 
fission in the **°U present in the uranium fission chamber; for this process, 
v=2:5+0-1 (Atomic Energy Commission 1951). Such a calibration would be 
strictly correct only if the average efficiency of the counter was independent of 
the energy spectrum of the neutrons detected. ‘This condition was realized 
approximately in the design of the neutron detector, and is illustrated by the two 
values below of its average efficiency, calculated on the basis of the measured 
n-p scattering cross section (AECU 2040, 1952), and assuming that the range of 
protons in polyethylene and argon is proportional to the 3/2 power of their 
energy. ‘I’he two cases considered are (i) the thermal neutron fission spectrum 
of °°U (Watt 1952), and (i1) the spectrum of neutrons from tungsten bombarded 
with 147Mev protons (Skyrme and Williams 1951). The calculated average 
efficiency of the neutron counters in the two cases were: (i) 3-11 x 10-4, 
(11) 2:99 x 10-4. The small difference between these two values shows that con- 
siderable variation in the neutron energy spectrum is possible without invalidating 
the calibration. 

In view of the assumptions made in the efficiency calculations, an attempt 
was made to verify them by measuring the efficiency of the neutron counter in 
two energy regions: (a) using coincident emission of neutrons and y-rays from 
Po—Be (Harding 1955); the neutrons have all energies between zero and 6 Mey 
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with maximum intensity at about 4 Mev; (4) using neutrons of energy 0-5—0-8 Mev 
from the reaction ‘Li(p, n)‘Be. ‘The results obtained were sufficiently close to 
the calculated values to give confidence in the calculations, although the experi- 
mental errors were large. 


$4. PRELIMINARY ‘TEsTs 
4.1. Evaporation Protons 


In the first measurements with uranium, particles evaporated from the 
fissile material had to traverse the walls of both ionization chambers 
(4; in. Al+ j;in. brass) before being detected. ‘The surprisingly large result 
obtained (y~25) suggested that protons evaporated with energy greater than 
about 30 Mev were contributing to the coincidence rate in this way. The 
measurements were therefore repeated with a ‘blank’ chamber, similar to the 
neutron chamber but without the polyethylene foil. ‘The ratio of coincidence to 
fission counting rates was then about one half of the first value, showing that 
evaporated protons were detected with a higher efficiency than neutrons. The 
copper absorber mentioned above was then inserted between the chambers. 
The value for v obtained by subtracting the result with the ‘blank’ chamber 
from the result without the absorber (v = 13-1 + 3-0) agrees with the result obtained 
with the absorber. 

4.2. Non-fission Events 

Using a chamber similar to the fission chambers except that the electrodes 
were not coated, the operating conditions of the fission chamber and its amplifier 
were set so that only pulses due to fission fragments were recorded. ‘Thus the 
recording of neutrons from events other than fission was avoided. 


§ 5. RESULTS 


The genuine and random coincidence rates divided by the fission rate and the 
resulting values for v are given in the table. ‘The error shown in the fourth 
column is the standard deviation calculated from the number of coincidences 
recorded. The total error shown in the last column includes the calibration 
error, apart from that introduced by the assumption made about the energy 
spectrum of the neutrons. 


Fissile Time Fission Coincidences/Fission 

material (min.) rate (sec™?) genuine random v 
wy 460 2:56 11:-6+1-4 ile7) iseleees 
Bi 587 2°58 8°85+4 2:2 8:8 10-0+ 2:7 


These results have been calculated with the assumption that the direction 
of emission of neutrons is not correlated with the direction of the 147 Mev proton 
beam. If the neutrons are emitted isotropically from the fissile nucleus after 
it has been struck by a proton but before it undergoes fission, there will be a 
slightly higher probability of emission in the forward hemisphere due to the 
motion of the heavy nucleus. Since the present measurement was made at 90° 
to the direction of the proton beam, where this will have the least effect, the error 
introduced by assuming an isotropic distribution is negligible. ‘The value 
obtained for v, however, does not include any very energetic ‘knock-on’ neutrons 


PID) 
ae 


PROC. PHYS. SOC. LXIX, 4——A 


334 G. N. Harding 


emitted at a small angle to the proton beam. On the other hand, a correlation 
between the directions of emission of fission fragments and neutrons would not 
invalidate these results, since the fission fragments were not collimated in any 
particular direction. 
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Abstract. The ?Mg(p, y)?®Al reaction has been studied at six resonances in 
the region of 675 kev to 960 kev. New levels have been located at 2-32 mev, 
3-16 Mev, 3-76 Mev and 4-55 Mev, and the level at 2:09 Mev is shown to be a close 
doublet. Spins and parities have been assigned on the basis of angular distribu- 
tion measurements. ‘The resonances are shown to be reasonably pure isotopic 
spin states with the main transitions being E 1 transitions satisfying the isotopic 
spin selection rules. 


§ 1. INTRODUCTION 


HE nucleus 76Al is one of the series of nuclei of mass A=4n+2 which 

form isobaric triplets, the centre member of each possessing states with 

isotopic spin 7=0or1. In work on the reaction >Mg(p, y)?6Al, Kluyver, 
van der Leun and Endt (1954) have observed a level at 230 kev above the ground 
state which was not observed by Browne (1954) in a study of the reaction 
>8Si(d, «)?®Al. Only T=0 states can be formed in this latter reaction and hence, 
as was pointed out by Browne, this 230 kev state is the analogue of the ground 
state of 2°Mg. This 230 kev state is the short lived 8* emitter which decays to 
the ground state of *®Mg. Kluyver et al. have also ascribed spins and parities 
to levels of energy up to 2 Mev in *®Al on the basis of transition strengths in the 
reaction Mg(p, y)?®Al, but recent work by Elliott and Flowers (1955) has shown 
this procedure to be of doubtful validity due to the very mixed configurations 
which occur. 

The present work was undertaken to extend the range of resonances in this 
reaction in the hope of extending the level scheme to high energies, elucidating 
the decay of some of the low-lying levels and assigning spins and parities on the 
basis of angular distribution measurements. 


§ 2. EXPERIMENTAL PROCEDURE 


A 604 beam of protons bombarded a target of electromagnetically separated 
25M which had been evaporated on to a 0-01 in. thick copper backing. ‘The 
y-rays were detected in a cylinder of NaI 2 in. in diameter by 2 in. high mounted 
on a Dumont 6292 photomultiplier. The pulses produced were shaped and 
amplified and then analysed by a Hutchinson and Scarrott type pulse analyser. 

The y-ray spectra were observed in the forward direction and also, in some 
cases, at 90° to the proton beam direction. ‘The spectra were analysed and the 
intensity measurements made in the same manner as described in a previous 
paper (Green, Singh and Willmott 1955). . From these energy and intensity 
measurements a decay scheme was drawn up for each resonance and coincidence 


work undertaken to verify the cascades. 
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For the coincidence work the 2 in. x 2 in. crystal was placed at 90° to the 
beam direction on one side of the target and a Nal crystal 1} in. in diameter by 
1 in. thick was placed on the opposite side of the target. ‘The target was set 
at 45° to the beam in a } in. diameter tube so that the crystals could be placed 
as close to the target as possible. Figure 1 shows in diagrammatic form the 
electronic system used. A single channel pulse analyser was set to straddle 
a particular peak in the spectrum given by the 1} in. x 1 in. crystal and coincid- 
ences between these pulses and those from the 2 in. x 2 in. crystal were used to 
open the gate of the multichannel pulse analyser. In this way the spectrum 
of pulses in coincidence with the pulses occurring within the range of the single 
channel analyser was obtained. Naturally any particular peak was superimposed 
on the continuous Compton spectrum due to the higher energy y-rays. ‘This 
means that the coincidence spectrum for any particular peak in the y-ray spectrum 
will include contributions from higher energy y-rays through these Compton 
distributions. It is thus necessary to know which y-rays are in coincidence with 
higher energy y-rays before a particular coincidence spectrum can be interpreted. 
Hence it was necessary to take coincidence spectra with the single channel 
analyser set across the various peaks in descending order of energy. 
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For the angular distribution measurements the 2 in. x 2 in. crystal was 
mounted on a movable arm approximately 6in. from the target. The 
15 in. x lin. crystal was used as a monitor at 135° to the beam, and the spectra 
were taken at six different angles between 0° and 90° in a random order. Angular 
distribution measurements were only taken on the higher energy y-rays owing 
to the complexity of the spectra at the lower energies. ; 


§ 3. RESULTS 
3.1. Energy Levels 


Resonances were observed and spectra taken at 675 kev, 720 kev, 777 kev 
$20 kev, 940 kev and 960 kev. The results are summarized in table 1 where he 
y-ray energies observed are shown together with the relative intensities and the 
transitions to which they have been ascribed. This table contains all the y-rays 
observed at all the resonances except at the 960 kev resonance where y-rays of 
3:27 Mev and 2:07 Mev also occurred which could not be fitted into the scheme. 
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These discrepancies are discussed later. In addition annihilation radiation 
was observed at all the resonances. The level scheme deduced is shown in 
figure 2 together with the decay schemes of the resonance levels. 


Table 1 
‘Transition Relative Intensity} 
y-ray energy Initial Final 675 720 Ty x40) 940 960) 
(Mev) level level kev kev kev kev kev kev 
6°73—7-00 Resonance il 70 -= 
6:54-6:81 2 BES 4-3 Sr il 8:7 — _— 
5-20-5-47 4 43 - 
4-87-5-14 6&7 — 50 37 50 3305 80 
4:64-4:91 8 fi — 12 
4-42-4-69 9 — 7 _ 17 — iS 
3-80—4:-07 10 -- <4 60 
329-356 116 17 8 
3-20-3-47 12 it _ 6 21 — it 
2:41-2:68 dis = 36 = 
4-14 13 2 = 16 
3-50 13 3 = 16 
2°74 10 2 — eS) 37) 
2-54 9 0 — =< — 10 — 5 
eS? 8 0 ~2 = 20 — = ae 
2-12 9 2 — 2 os 9 — it 
2-09 10 3 — t 18 
1:88 12 5 y — 6 23 — 2°5 
5 0) D — 6 23 — 2°5 
1-66 6 2 — 15 12 28 7 80 
1-60 11 Wf 21 t 
1-40 10 4 — <5 8 
1-34 4 2, 42 <e5 8 
1:07 10 7 — —= 5 
1-02 i 3 15 42 20 15 24 4 
0-840 3 1 iS) 62 33 7) 24 4 
0-420 2 0 85 44 Sil 30 8 87 


+The intensities have been normalized so that the sum of the intensities of y-rays 
originating at each resonance level is approximately 100. These y-rays are to be found in 


the top half of the table. 
t In these cases the y-ray in question is not observed due to its proximity to another 


intense y-ray, but other members of the cascade to which it belongs are observed at the 


resonance. 


For the purposes of discussion the levels of ?°Al can be divided into three 
groups: (i) The levels up to 2-08 Mev, except for the level at 1:86 Mev. ‘These 
are the levels already found by Browne, plus the level at 0-230 Mev which has 
been observed by Kluyver, van der Leun and Endt. The level at 1:86 Mev 
was completely resolved by Browne at only one bombarding energy and, therefore, 
could not be ascribed with certainty to 2°Al. (ii) Those of the remaining levels 
which are fed from more than one resonance level. In this case the slight shift 
in y-ray energy at the different resonances identifies a particular y-ray as a primary 
y-ray which may be used to determine an energy level value. ‘These include 
the levels at 2:32 Mev, 2:54 Mev, 3:67 Mev, and 3-76 Mev. Strictly this also 
includes the level at 2-09 mev, but as the y-ray feeding this level was not separable 
in energy from the y-ray feeding the 2-08 Mev level this requires special discussion. 
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(iii) The remaining levels, namely, those at 1-86 Mev, 2:09 Mev, 3-16 Mev and 
4-55 Mev. 
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The 1-86 mev level. 

At four of the six resonances a rather broad peak was observed corresponding 
to a y-ray of mean energy 1-88 Mev, and at the 820 kev resonance it was stronger 
than any other low energy y-ray. Coincidence measurements with the single 
channel analyser set on this peak showed that the only y-rays in coincidence 
with it were the 3-34 Mev y-ray which feeds the 3:76 mev level, and the 1-88 mev 
y-ray itself. ‘The total intensity of the 1-88 mev y-ray was quite closely twice 
that of the 3-34 Mev y-ray, so if the assumption is made that the 3-76 Mev level 
decays by a double cascade to the ground state, both y-rays being close to 1-88 Mev 
in energy, the intensity and coincidence measurements are both satisfied. 
Because of Browne’s measurements, we have placed the lower level at 1:86 Mev. 


The 2-09 mev level. 


The y-rays leading to the level at 2:09 mev are not separable in energy from 
the transitions to the 2-08 mev level, but proof that this is a doublet comes from 
the cascades which follow the high energy y-rays to these states; these are a 
1-66 Mev y-ray and a 0-420 mev y-ray in cascade, ending at the ground state, 
and a 1-02 Mev y-ray and 0-84 mev y-ray in cascade ending at the 0-230 mev level. 
The ratio of these two modes of decay varies from resonance to resonance. The 
mean energy of the level determined from the cascade 2-08 mev level-0-420 Mev 
levelground state is 10 kev lower than that determined from the cascade, 
2:09 Mev level—1-07 Mev level--0-230 mev level. So we associate the cascade 
through the 1-07 and 0-230 mev levels with the upper member of the doublet. 
The resolution of the spectrometer in this energy region is approximately 7° 
but the energy of a peak can be fixed to slightly better than 10 key. Although 
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the absolute accuracy of the spectrometer may not be as good as 10 kev, on a 
particular spectrum relative energies can probably be determined to this accuracy. 
These results are in agreement with the recent work of Kavanagh, Mills and 
Sherr (1955), who suggest that levels exist at 2-064 Mev and 2-074 Mev. ‘The 
results of Browne on the ?8Si(d, «)?Al reaction using a high resolution magnetic 
spectrometer show only one level at 2-06 Mev. ‘This reaction leads only to 
T =0 states, and hence the second of these levels must be a T'= 1 level. 


The 3-16 Mev level. 


A transition from a resonance level to the 3-16 Mev level occurs with certainty 
only at the 777 kev resonance where the 3-89 Mev y-ray is by far the strongest. 
Coincidence measurements showed the 3-89 Mev, 2:74 Mev and 0-420 Mev 
y-rays to be in cascade, and the 3-89 Mey, 2:09 Mev and 0-84 Mev y-rays to be in 
cascade. The intensities of the 2:74 Mev y-ray and the 2:09 Mev y-ray are 
together approximately equal to the intensity of the 3-89 Mev y-ray, so presumably 
the 3-89 mev y-ray is the primary y-ray, feeding a level at 3-16 Mev and this level 
then decays by branching, mainly to the 1-07 Mev level and the 0-420 Mev level. 
Other much weaker y-rays branch from this level and these will be discussed 
later. Confirmation that a level is to be expected at about this excitation is 
provided by the fact that the second excited state in **Mg occurs at 2:97 Mev, 
which would correspond to a level in ?*Al at 3-2 Mev. Presumably, then, the 
3:16 Mev level is the third T= 1 state. 


The 4-55 Mev level. 

The level at 4:55 Mev occurs only at the 720 kev resonance. Its existence 
is necessary to explain the fact that the strong 2-46 Mev y-ray is in coincidence 
with the 4:14 mev and 3-50 mev y-rays found at this resonance, and with the 
0-840 mrev and 0-420 Mev y-rays. A level at 4:55 Mev decaying in equal propor- 
tions to the 0-420 mev level, and the 1-07 mev level satisfies these measurements. 
An alternative explanation requires levels at 2-86 Mev and 3-50 Mev. Apart 
from the first explanation invoking fewer new levels, support for a level at 4-55 Mev 
comes from the existence of a level in 2*Mg at 4-35 Mev suggesting that a T=1 
level should exist in 2°Al at about 4-6 Mev. 


3.2. The Cascade Scheme 


The 4-55 mev level decays in equal proportions to the 1-07 Mev level and 
the 0-420 mev level. The evidence is presented in the previous section. 

The 3-76 Mev level decays to the 1-86 mev level and the evidence is presented 
in the section above on the 1-86 mev level. 

The 3-67 Mev level decays to the 2:09 ev level giving a y-ray of measured 
energy 1-60 Mev. ‘This is indicated by the intensity measurements at the 675 kev 
resonance, where the 1-60 Mev y-ray has approximately the same intensity as 
the 3-28 mev y-ray from the resonance level to the 3:67 Mev level. Coincidence 
measurements with the single channel analyser set on the 3-28 Mev y-ray showed 
the 1-60 mev y-ray and the 1-02 mev and 0:84 Mev y-rays to be in coincidence 
with the 3-28 mev y-ray, verifying the above conclusion. At the 960 kev resonance 
the 1:60 Mev y-ray was lost under the very strong 1:66 Mev y-ray, but the high 
energy spectrum in coincidence with this latter y-ray was found to contain the 
3-56 Mev y-ray leading to the 3-67 Mev level. 
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The 3-16 mev level. As discussed above, in the section on its existence, this 
level decays mainly to the 0-420 mev level and the 1:07 Mev level. It also decays 
partially to the 1-76 mev level giving a y-ray of 1-40 Mev. Atthe 777 kev resonance 
at which this level occurs strongly, there is a weak 1-07 Mev y-ray indicating, 
possibly, a partial decay to the 2:09 mev doublet. ‘This is confirmed by the 
intensity of the cascade from the 2-09 Mev level, which is too great unless it 1s 
also fed from the 3-16 Mev level. 

The 2:54 Mev level. y-rays leading to this level are observed at three 
resonances, the strongest occurring at the 820 kev resonance. At the 820 kev 
resonance a 2:54 Mev y-ray is observed of approximately half the strength of the 
4-56 Mev y-ray leading to this state, so approximately half of the transitions from 
this level are to the ground state. A 2-12 Mev y-ray of almost the same strength 
shows that the remainder of the transitions are to the 0-420 Mev level. At the 
960 kev resonance there is a serious discrepancy involving this cascade. Instead 
of observing a 2-12 Mev y-ray, we observe a 2:07 Mev y-ray of approximately 
four times the correct intensity. Coincidence measurements with the single 
channel analyser set on the 2:07 Mev peak showed y-rays of 4:68 Mev, 3-27 Mev 
and possibly 1-86 Mev in coincidence with this peak. The last y-ray is so very 
weak that no reliable measurements can be made on it. The 4:68 Mev y-ray is 
to be expected due to the 2:12 Mev y-ray which is presumably lying partially 
underneath the 2-07 Mev y-ray. The 3-27 Mev y-ray, as mentioned earlier, 
does not fit into our level scheme; it is approximately half the strength of the 
2:07 Mev y-ray. ‘These y-rays must involve a level not observed at the other 
resonances. 

The 2-32 Mev level. ‘This appears to decay directly to the ground state, but 
there are some uncertainties. The y-rays involved appear fairly strongly at 
the 777 kev resonance, but rather weakly at the 675 kev resonance. Coincidence 
measurements at the 777 kev resonance show the 2:32 Mev y-ray to be in coinci- 
dence with the spectrum between 4-04 Mev and 5-02 Mev, and there is a high 
energy y-ray of 4-72 Mev giving the correct total excitation energy. The intensity 
measurements, however, give poor agreement, particularly at the 675 kev 
resonance. ‘I’his may be due, in the latter case, to a weak 4:87 Mev y-ray, in 
which case the 4-65 Mev y-ray would have an appreciably lower intensity than 
is recorded in table 1. 

The 2-09 Mev level decays to the 1-07 Mev level and is discussed in the section 
above on its existence. 

The 2:08 Mev level decays to the 0-420 mev level as is shown clearly at the 
960 kev resonance by intensity and coincidence measurements. 

The 1-86 mev level decays to the ground state and is discussed in the section 
on the existence of this level. 

The 1-76 mev level decays to the 0-420 mev level giving a y-ray of 1-34 mey. 
This is shown by the intensities of the 5-15 Mev and 1:34 Mey y-rays at the 675 kev 
resonance and was checked by coincidence measurements. 

The 1-07 mev level decays to the 0-230 mev level, the corresponding y-ray 
being observed at all the resonances. 

Lhe 0-420 Mev level decays directly to the ground state, the corresponding 
y-rays being observed at all the resonances. 

The (0-230 mev level. This decays by B+ emission to the ground state of 
*6M[g, as discussed by Endt, Kluyver and van der Leun (1954). 
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§ 4. ‘THE ANGULAR DISTRIBUTIONS 


Angular distribution measurements were made on the two most energetic 
y-rays at each of the resonances at 675 kev, 720 kev, 777 kev and 940 kev, and 
on the single, strong high energy y-ray occurring at the 960 kev resonance. 
At the 720 kev resonance the angular distribution of the transition to the 4-55 Mev 
level was also measured. 

Table 2 gives the theoretical distributions required for the discussion of these 
results, together with the experimental distributions. One of these angular 
distributions is shown in figure 3. — 


Table 2. 
Theoretical Angular Distributions 
‘Transition Channel Spin 2 Channel Spin 3 

BaZa 1—0-35 P, {1 SE@sil lee. 
Dean 1-0-1 Ps 103) IPs 
2-=+4+ 1—0-14 P, 1--0-04 P, 
SSO 1—0-24 P, i= =(0)23) 12 
SS One 1+-0°3 P, 1—0°375 P. 
ese 1—0-1 P, 1-+-0-125 P, 
4-47 ae 1+0-275 P, 


Experimental Angular Distributions 
Angular Distribution 


Resonance y-ray Final State (by least squares) 
675 kev 6°52 Mev 0-420 Mev level 1—(0-10+ 0-02) P, 
5-15 Mev 1:76 mev level 1+(0:10+ 0-02) P, 
720 kev 6:60 Mev 0-420 mev level 1+(0-08+ 0-02) P, 
4-93 Mev 2:09 mev doublet 1—(0-:05+ 0-02) P, 
2:45 Mev 4-55 mev level 1—(0-:03+ 0:03) Ps 
777 kev 6:64 Mev 0:420 mev level 1—(0-01+ 0:02) P, 
4-97 Mev 2:09 mev doublet 1+(0:03+ 0-02) P, 
940 kev 6:96 Mev 0-230 mev level 1—(0-21+ 0-02) P, 
5:11 mev 2:09 mev doublet 1—(0:05+ 0-03) P, 
960 kev 5:11 Mev 2:09 mev doublet 1—(0:24+ 0:02) P. 


The 940 kev resonance is the simplest case to consider, since it is the’ only 
resonance at which the 7'= 1 level at 230 kev is formed by a direct transition from 
the resonance level, and this transition is very strong, the only other y-ray of 
comparable strength going to the state at 2:09 Mev. Consequently it is almost 
certain that these transitions are E1 transitions, and that it is the upper level 
of the doublet at 2:09 mev, which decays via the 1-07 Mev level to the 0-230 Mev 
level, which is the 7=1 state. If this is so, and the 3-16 Mev level and 4:55 Mev 
level are identified as 7’=1 levels by comparison with the level scheme of **Mg, 
then the transitions from the resonance levels go either predominantly to T= 1 
levels or T=O levels. Table 3 gives the relative intensities at the various 
resonances. It seems clear from these arguments that the resonance levels 


Table 3 
Resonance 675 kev 720 kev 777 kev 
Transitions 100% to T=0 Toto 4 80% to T=1 
Resonance 820 kev 940 kev 960 kev 


Transitions $59,,tou —0 95% to T=1 95% to T=0 
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have Tas a fairly good quantum number and that the strong transitions from 
these states are E1 transitions satisfying the isotopic spin selection rule for 
selfconjugate nuclei AT=+1. As the 0-230 Mev state is the analogue of the 
ground state of 2*Mg, and therefore has spin and parity 0*, we can assign I~ as 
the spin and parity of the 940 kev resonance level. ‘The 2-09 mev level is Pie 
or 3+ as the analogue level at 1-83 Mev in 2*Mg is known to be 2* or 3+ (Holt and 
Marsham 1953) and since this state is also presumably formed by an E 1 transition, 
it must be 2+. 


940 kev 6:96 Mev 7-ray 
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The angular distribution for the transition from the 940 kev resonance level 
to the 0-230 Mev level cannot be fitted by assuming ingoing p-waves. Only one 
channel spin occurs in this case, and a unique solution of 1—0-14 cos? 6 is found, 
compared with the experimental result of 1—0-28 cos? 6. Hence it is necessary 
to consider f-waves. At 940 kev the barrier penetrability of f-waves is only 
0-4%, of that of p-waves, so the main contribution is to be expected from the 
interference term. A calculation was carried out using the phase factors for 
the components of the ingoing waves calculated from the formulae given by 
Blatt and Biedenharn (1952). In order to fit the experimental results the f-wave 
intensity was required to be 6-3°%, of the p-wave intensity, i.e. 16 times the ratio 
given by penetrability alone, suggesting that this resonance has a strong f-wave 
character. The angular distribution of the transition to the 2:09 mev doublet 
agreed with that calculated, under these conditions, for a transition to a 2* state. 

At the 720 kev resonance the two most energetic y-rays are the transitions 
to the 0-420 mev level and the 2-09 mev doublet. The transition to the 0-420 mev 
level has a very different angular distribution from that to the 2-09 mev doublet, 
75% of which is to the 2+, T=1 level, as is shown by the decay of the 2-09 Mev 
doublet. The 0-420 level is not, therefore, 2+. As it decays to the ground state, 
which is 5+, it is 3+, or possibly 4+. The resonance level decays strongly to 
the 4:55 mev level which is the analogue of the 4:35 Mev level in 26g, which is 
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known to be 2* or 3+, and, of course, 7=1. The angular distribution of the 
transition to this level was also measured. Such a strong decay to a highly 
excited state would not be likely to take place unless it were an electric dipole 
transition satisfying the isotopic spin selection rule. This consideration, 
together with the strong transition to the 2+, T7=1 state at 2:09 Mev, and the 
absence of any transition to the 0+, 7 =1 state fixes the resonance level as 2- 
or 3-. Hence the transitions to the 0-420 Mev level are 2~ or 3- to 3+ or 4+ and 
the transitions to the 4:55 Mev level are 2~ or 3- to 2+ or 3+. oo fit the angular 
distributions with a unique value of the channel spin mixing ratio it is necessary 
to assume that the resonance level is 3-, the 0-420 Mev level is 3+ and the 4:55 Mev 
level is 2>. ‘The observed angular distribution for the transition to the 2:09 Mev 
doublet is, within the limit of error, that calculated for a 3- to 2+ angular distribu- 
tion using this channel spin ratio. 75% of the y-ray to the 2-09 mev doublet 
is due to a transition to the 2+ T=1 state and 25% tothe T=0 state. It follows 
that the angular distribution for the transition to the T7=0 state cannot be very 
different from that for the T=1 state. The transition 3~ to 4+ is also a very weak 
angular distribution so that the spin of the T=0 state is either 2+ or 4+. 47% is 
less likely due to the fact that the T7=0 state decays to the 0-420 Mev level which 
has been shown to be 3+, and not at all to the ground state which is 5*, though it 
cannot be ruled out on these grounds. 

At the 960 kev resonance almost the entire strength of the resonance is 
concentrated to the T=0 member of the 2:09 mev doublet and hence on the 
same grounds as before we assume this to be an E11 transition. If the level at 
2-08 mev is assumed to be 2+ the observed angular distribution can be accounted 
for by assuming the resonance level is either 2~ or 3-._ If we assume the 2-08 Mev 
level is 4* it is not possible to fit the observed angular distribution for any value 
of the spin of the resonance level even if ingoing f-waves are included in the 
calculation. Thus the 2-08 mev level is also 2°. 

If we assume that the main transitions at the 777 kev resonance are E 1 then 
the resonance may be fixed as 2~ or 3-._ Both these assignments for the resonance 
level can lead to angular distributions for the transitions to the 0-420 Mev level 
and the 2:09 mey level which are in agreement with the observed angular distribu- 
tions within the experimental error. 

The 675 kev resonance decays exclusively to T=0 states. It is, however, 
a strong resonance and its radiation width is in no way smaller than for any other 
resonance and hence the main transitions should thus be electric dipole transitions. 
The strong transition to the 3+ state at 0-420 Mev fixes the resonance level at 
2-, 3- or 4 and of these only 3~ can fit the observed angular distribution of the 
y-ray to this level. The channel spin ratio required for this gives the correct 
angular distribution for the transition to the 1-76 Mev level if this is assumed 
to be 2+, thus fixing the spin of this level. 


§ 5. RADIATION WIDTHS 


From the thick target yield of y-rays from the resonance level the corresponding 
radiation width multiplied by 2.J +1 can be calculated if the detection efficiency 
of the crystal is known. ‘Table 4 gives the radiation width I’, calculated f rom 
the results at each resonance. ‘These are approximately two orders of magnit ude 
smaller than the single particle level widths. 
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Table 4 
Resonance (kev) 675 720 WHS 820 940 960 
(2J + 1)T,, (ev) 3°5 2°8 1-9 ilo 1<5 3°38 
J 3 3 2 — 1 Des 
T, (ev) 0:5 0-4 0-4 — 0-5 0-6 
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N measurements of the lifetimes of excited states of nuclei using recoil methods, 
it is frequently necessary to know the range velocity relationships for recoil 
nuclei passing through solid materials (see for example Devons et al. 1955): 

The present note describes measurements of the relationship for 7Liions. This 
information has been used in the estimate of the lifetime of the first excited state 
in ‘Li (Bunbury et al. 1956). The only data available on the stopping of ions 
in solids in the velocity region of interest (V< 10®°cmsec~!) is for hydrogen and 
helium ions and is summarized in the review article by Allison and Warshaw 
(1953). At these low velocities the slowing down of an ion in matter is a very 
complex process. ‘Theoretical or semi-theoretical estimates of the stopping 
cross section entail many approximations, and are not sufficiently reliable. 

The ‘Li ions were produced in the nuclear reaction *Be(d, «)’Li at a deuteron 
energy of lMev. ‘The velocity Vy of the 7Li ions recoiling in a direction making 
an angle of 90° with the direction of motion of the incident particles is 
8-6 x 10°cmsec"'. The velocity of the recoil ions was measured using a magnetic 
analyser with a deflection of 40°. The analyser was calibrated against particle 
groups of known energy. Absorbing foils of various thicknesses could be placed 
in the path of the recoil ions. The apparatus is shown schematically in figure 1. 
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Figure 1. Apparatus. 


Various particles other than ‘Li recoil ions emerge at the exit of the analyser, 
in particular the alpha particles produced in the reaction *Be(d, «)’Li, which, if 
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emitted in the same direction as the recoil ions, i.e. 90° to the incident beam, 
have approximately the same momentum. In order to obtain a spectrum of 
recoil ions only, the following coincidence method was used. An alpha particle 
detector was placed at the correct angle to receive all the alpha particles corre- 
sponding to 7Li recoils which entered the analyser. ‘The alpha particles traversed 
the thin target backing (aluminium equivalent to 1-5mm air). An absorbing 
foil of sufficient thickness to absorb the scattered deuterons and recoil ions was 
placed in front of the alpha particle detector. Pulses from the alpha particle 
detector and the analyser detector were fed to a coincidence unit of resolving 
time one microsecond. Owing to the unique angle between the alpha particle 
and ‘Li recoil ion, together with the coincidence discrimination, the pulses 
appearing at the output of the coincidence unit were due only to the detection 
of “Li recoil ions. Both recoil ion and alpha particle detectors consisted of an 
activated zinc sulphide screen with an E.M.I. photomultiplier. ‘The advantage 
of this coincidence technique lies in the fact that it introduces little reduction 
in the essential counting rate, whilst making the recoil spectrum much easier to 
interpret. lhe velocity of the recoil ions was measured after traversing foils 
of aluminium, copper and gold of various thicknesses up to one milligramme 
per square centimetre. ‘The thickness of the absorbers was measured by observing 
with the analyser the loss in energy of protons scattered from a thin layer of gold, 
due to their passage through the foils, and using the stopping data for protons 
given by Allison and Warshaw (1953). 

The results are shown in figure 2. The initial slopes of the curves are in the 
ratio Aul:Cu2:5:Al4. This is the ratio of stopping powers (permgcm ”) 
at the velocity Vy which is 8-6 x 10®cmsec+. For protons of this velocity, from 
the data given by Allison and Warshaw, the stopping powers of gold, copper and 
aluminium are in the ratio Aul:Cu2-3:A13-3. Over the limited range of 
velocities used, the range—velocity relationship does not deviate very much from 
the linear one which has been assumed in some nuclear lifetime measurements. 
The broken curve represents a square law velocity relation (R —x= $V?) having 
the same slope at V=V, as that measured for “Li ions in copper, and with 


O 02) Os0nOsn TOue a0a at? 
Thickness of Absorber x (mgcm *) 


Figure 2. Results. “Li ions. V )=8:6x108 cm sec—. 
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B=2:65 x 10°" cm'sec?. Reduction in counting rate due to straggling and 
scattering in the absorbing foils prevented the further extension of the curves 
using recoil ions from the reaction °Be(d, «)’Li. 

Some information was obtained about the charge state of the “Li ions but this 
was limited to the Li3* and Li?* ions since the spectrometer was not large enough 
to focus the Li* ions properly. Also for low recoil energies measurements were 
limited by the presence of a large background of scattered particles. For recoil 
ions leaving the target directly, with a mean energy of 2:74 Mev, the relative number 
of Li?* to Li’*+ was 0-65+0-05. The relative number of Li* ions was probably 
less than 0-3. The Be target thickness was 25 ».g cm * so that it cannot be asserted 
that charge equilibrium was reached. After passage through either gold or copper 
foils sufficient to reduce their energy to 2:4 Mev (V/V, =0-94), the ratio Li?+/Li3+ 
was increased to 0-83 +0-07, and it is very probable that for these foils charge 
equilibrium has been reached. 

We intend to extend these measurements to lower velocities and to obtain 
data for the stopping of other ions 1n solids using this technique. 


ACKNOWLEDGMENT 


One of us (J.H.T.) is indebted to the Department of Scientific and Industrial 
Research for a maintenance grant. 


REFERENCES 
ALLISON, S. K., and Warsuaw, S. D., 1953, Rev. Mod. Phys., 25, 779. 
Bunpury, D. St. P., Devons, S., MANNING, G., and Tow1e, J. H., 1956, Proc. Phys. 
SOG. As09,) 165: ¥ 
Devons, S., MANNING, G., and Bunsury, D. St. P., 1955, Proc. Phys. Soc. A, 68, 18. 


Angular Distributions of Some Inelastically Scattered 
Deuteron Groups from 7’Al 


By S. HINDS anp R. MIDDLETONfT 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner; MS. received 9th November 1955 


HE similarity between the angular distributions of inelastically scattered 

deuterons (Holt and Young 1949, Middleton and Tai 1952) and those 

obtained from (d, p) and (d,n) reactions together with the large cross 
sections reported, led to the development by Huby and Newns (1951 a) of a theory 
of inelastic scattering similar to that of the successful stripping theories (Butler 
1951, Bhatia, Huang, Huby and Newns 1952). ‘This theory of inelastic scattering 
predicts characteristic peaks at small angles of emission similar to those of the 
stripping theories and consequently to test its validity it is most important to 
measure this region of the angular distributions. Experimentally this is difficult 
owing to the high intensity of elastically scattered deuterons at small angles. 
However, this difficulty can be overcome to a large extent by using magnetic 
analysis, so separating the considerably less intense inelastically scattered deuterons 
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from those elastically scattered. In this communication results are reported 
obtained from the bombardment of 2’Al with 9 Mev deuterons, using the magnetic 
spectrograph described by Green and Middleton (1956 a). 

A deuteron spectrum is shown in figure 1 obtained at an angle of observation 
of 45°. Groups have been identified corresponding to the ground and excited 
states of 2“Al at 0-84, 1-01, 2:23, 2:75 and 3-04 Mev, which are the mean values 
obtained from many investigations reported by Endt and Kluyver (1954). 
Elastically scattered deuteron groups due to oxygen and carbon have been 
identified and also an inelastic group corresponding to the 4-43 Mev level of C. 
Inelastic deuteron groups from ?’Al have previously been observed by Greenlees, 
Kempton and Rhoderick (1949), Holt and Young (1949), Boyer (1950) and 
Keller (1951); none of these investigators resolved the doublet corresponding 
to the states at 0-84 and 1:01 Mev, also the group due to the transition to the 
2:75 Mev level has not previously been observed. No groups of significant 
intensity were observed corresponding to excited states in ?Al between 3-04 Mev 
and about 6 Mev. 
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Angular distributions are shown in figure 2 for groups corresponding to the 
2-23, 2-75 and 3-04 mev levels together with the appropriate theoretical curves 
calculated from the theory of Huby and Newns. It may be noticed that although 
a magnetic spectrograph was used it was not possible to make measurements 
at angles less than 10° due to a background of deuterons extending along the 
length of the plate but tailing off in intensity towards the low energy end. This 
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background almost certainly arises from edge effects of the beam collimating 
slit and it is hoped that it may be reduced in the future by using an improved slit. 
The extremely high intensity of the background at the high energy end of the 
plate made it impossible to measure the angular distributions of the two most 
energetic deuteron groups. 

The parameter @ occurring in the theory is the affective radius of interaction 
and for ‘Al a reasonable value is 7-0 x 10° cm (Huby and Newns 1951a). ‘The 
value of the orbital angular momentum / which the nucleus receives during the 
interaction has been chosen so that the peaks of the theoretical and experimental 
distributions approximately coincide. ‘The agreement obtained is very poor 
compared with that usually found in stripping reactions. However, the agreement 
is even worse for the inelastically scattered deuterons exciting the 2-429 Mev 
state of *Be and the 4-43 Mey state of ®C (Green and Middleton 1956 b), though 
for the 1-38 Mey state of **Mg (Huby and Newns 1951 a) the agreement is good. 
It is to be noticed that the background in inelastic deuteron angular distributions 
is much larger than is usual in normal stripping reactions. One possible 
explanation is that the approximation introduced by the use of plane waves in 
this theory has much more serious consequences than in the stripping theory. 
Certainly some modification of the theory is required to explain these results. 

Another possibility is that the inelastic scattering may be due to electrical 
excitation of the nucleus (Huby and Newns 1951b). This has previously been 
ruled out since it predicts cross sections which were thought to be too small, 
but if the ratios of the inelastic to elastically scattered deuteron groups from 
27 A] and #2C are compared (see figure 1) the ratio for ?’Al is considerably smaller 
than that for #2C. Therefore it appears possible that the inelastic cross section 
for 27Al may be of the same order of magnitude as that predicted by the theory. 
Unfortunately a more detailed comparison is not possible since the angular 
distributions at these energies have only been calculated using the Born approxi- 
mation which is not adequate for the electric interaction. 
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Excitation Curve for the Reaction '°B (p, «)’Be 


By H. R. ALLAN, M. GOVINDJEE anp N. SARMA 


Department of Physics, Imperial College, London 
MS. received 16th December 1955 


HE yield of «-particles from the reaction '°B(p, ~)’Be, has been investigated 

at an angle of 46° to the incident proton beam at bombarding energies of 

from 800kev to 1:8mev. The target material was pure B, 20ugcm? 
thick, deposited on a gold-plated copper foil. A double focusing magnetic 
spectrometer was used to separate the alpha particles from the scattered protons. 
The spectrometer had an angle of deviation of 37°, a resolving power of about 
5% in energy, and a collection efficiency of about 1 in 2x 104. A proportional 
counter was used as detector; it also served to discriminate between the alpha 
particles and the small number of protons which entered the counter after being 
scattered in the analyser. It was not possible to make reliable measurements 
on the short range group of alpha particles leading to the excited state of ‘Be, 
because at the appropriate energy setting a very large number of protons entered 
the counter causing pile-up. 
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The results are shown in figure 1 together with the excitation curves obtained 
by Brown et al. (1951) for the alpha particles at an angle of 138°. Penetrability 
factors for the incident protons and the emergent alpha particles were calculated 
using the graphs of Coulomb functions given by Sharp ef al. (1953). Figure 2 
gives the form of the excitation curves obtained after correction for penetrabilities. 
Both the corrected excitation curves show resonances at about 1-1 mev (I >300 kev) 
and 1-5mev (I’~200kev). These resonances are asymmetric about their 
maximum ; this is especially evident at 1-1mev. Moreover, the positions of the 
maxima show a shift in energy at the two angles of observation which is character- 
istic of interference between levels of the compound nucleus 'C. 


Research Notes Spill 


The table shows possible assignments of spins and parities of the levels in the 
compound nucleus for the two resonances and the background, made on the basis 
of the values of the penetrabilities P,P, and the observed widths. The fact 
that the short range alpha particles leading to the excited state 7Be* were not 
observed by Brown et ai., except at the 1-5 Mev resonance, is consistent with 
these assignments. 


(1) (2) (3) (4) (5) (6) (7) 


Ey Si lt Je Ss; rp PpXP, 
1) b’gnd 5/2 1 3/2- 3/2 0 0-013 
(2) 1-4 5/2 0 5/2+ 3/2 i 0-037 
(3) ( 5/2 1 Pe 3/2 2 0-003 
—— 
(4) 7/2 0 7/2+ 3/2 3 0-001 


Columns : (1), Zp (Mev) incident proton resonance energy in centre-of-mass coordinates ; 
(2), Sj incident channel spin; (3), J; incident proton orbital angular momentum; (4), J, 
spin and parity of level in the compound nucleus; (5), Sr final channel spin; (6), /p orbital 
angular momentum of emergent qa-particle; (7), Py < Py product of proton and a-particle 
penetrabilities. 


Comparison of the yields of the two curves may be effected by adjusting the 
scales of the ordinates so that at the upper and lower limits of observation the 
yields indicated are about the same; this has been done in figure 2. The reason 
for this procedure is that the angles of observation are symmetric about 90°, 
and interference effects should be small away from the resonance peaks. 

The shift of the 1-5 Mev resonance by about 100kev, and the very different 
amplitudes obtained at the two angles of observation indicate that this level 
interferes with the background, or with the 1-1 mev resonance, or with both. 
Thus an assignment of 5/2~ for the relevant level in the compound nucleus, as 
in row 3 of the table, is more probable than the 7/2+ assignment of row 4. Brown 
et al. (1951), while suggesting both these possibilities, were unable to make 
a choice between them. 
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Note added in proof. Further measurements have been reported by J. W. Cronin, 
Phys. Rev., 1956, 101, 298. 
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The Ionization of Fast Neutral Deuterium Atoms 


It hes been shown (Fremlin and Spiers 1955) that a cyclotron gives rise to 
numbers of fast-moving neutral atoms. ‘The majority of these are produced 
by the break-up of accelerated molecular ions, such as H,*, or of negative ions, 
such as D-, by residual gas. 

The energy of the molecular ion H,* or of the negative ion D~ will be 
identical with the known energy of the simple positive ion D* at the same radius. 
The neutral atoms obtained are not deflected appreciably by the collisions 
producing them, and hence travel along tangents to the orbits in which they 
were moving at the instant of collision. At any point in the cyclotron, therefore, 
the energies of the neutral atoms arriving depend in a calculable way on the 
direction from which they come. 

A small camera was constructed in which two 0-1 mm slits, parallel to the 
lines of magnetic field and 1 cm apart, defined an approximately mono-energetic 
beam of neutral deutertum atoms. When the camera was placed in the cyclotron, 
on the axis of the dee gap, at a radius of 70 cm (beyond the reach of the charged 
beam) and with the camera’s own axis at an angle of 45° to the axis of the dee 
gap, deuterium atoms of energy about 10 Mev were accepted. About 4cm 
behind the slit system, the beam struck a C2 nuclear plate, held at an angle of 
about 20° to the beam and perpendicular to the median plane of the cyclotron. 
The camera slit nearest to the plate was covered along part of its length by 
a Formvar film prepared as described by Revell and Agar (1955). Uncharged 
atoms thus passed through the camera in a straight line and struck the plate 
along a well-defined strip about 1-5 mm wide. Atoms which were ionized by 
their passage through the foil, however, were deflected by the magnetic field 
and gave a similar, almost equally well-defined strip displaced by about 4mm 
along the plate. 

Hence, behind the open part of the slit system, a single strip of tracks due 
to the undeflected beam was observed, while behind the part covered by the 
Formvar two strips were found. One of these, less densely covered by tracks, 
was in line with the single strip due to the untouched beam and was due to 
atoms which had traversed the Formvar without ionization. The second and 
denser area was due to ions formed by electron loss during this traversal. 
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In the figure is shown the average number w of deuteron tracks per unit 
area as a function of distance d across the plate, (a) in the open and (6) in the 
Formvar-covered area. It can be seen that the background (due to particles 
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scattered from the slit edges) is small and that the proportion traversing the 
film un-ionized can be determined with good accuracy. 

In our first experiment this proportion was 0-35 + 0-03, the deuteron energy 
being 9-7 + 0-3 Mev and the Formvar ‘thickness’ being 1-2+ 0:25 ugem-?. This 
gives a mean free path before an ionizing collision of 0-88+0:2ugem-2. To this 
accuracy we may probably consider the Formvar film as being equivalent to 
a carbon film of similar weight per unit area and hence we find a cross section 
for ionization of 10 Mev deuterium atoms by carbon to be 2:4+0-4 x 10-1? cm?. 
In other words, the average deuterium atom manages to traverse the surprising 
number of 30 carbon atoms before its electron is removed. 


Department of Physics, L. P. CHALKLIN. 
The University, J. H. Fremuin. 
Birmingham 15. 
22nd November 1955, 
and in final form 4th January 1956. 
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Nuclear Spins and Magnetic Moments of Cobalt 56 and 57 


The earlier paramagnetic resonance experiments on radioactive cobalt 
(Baker, Bleaney, Bowers, Shaw and Trenam 1953) have been repeated using 
apparatus of higher sensitivity, and crystals of lower specific activity, which 
give better resolution because of reduced line width. The nuclear spin J/=7/2 
for *’Co is confirmed, and the magnetic moment is found to be 4-65 + 0-05 n.m. 
For °®Co the values /=4 and p = 3-848 + 0-015 n.m. are determined in agreement 
with the result of Jeffries (unpublished) of which we were informed while these 
experiments were in progress. This lies just outside the range 2:8+0-9n.m., 
obtained from nuclear alignment experiments by Gallaher, Whittle, Beun, 
Diddens, Gorter and Steenland (1955). 

The radioactive cobalt was prepared by (d, n) and (d, 2n) reactions on an 
iron target in the Birmingham cyclotron, and the preparation of crystals of 
ZnK,(SO,)..6D,O containing the cobalt was similar to that in the previous 
work. If the specific activity of the solution from which the crystals are grown 
is too high, the paramagnetic resonance lines are abnormally broad, presumably 
owing to defects in the crystal structure which distort the crystal field acting on the 
cobalt ions. A good compromise between the desiderata of small line width 
(8 gauss) and good signal/noise ratio was obtained from a 40mg crystal with 
0-2mc and 0-1 mc activity due to **Co and *’Co respectively (corresponding to 
about 6x 10-° g of the former isotope and 10-*g of the latter). The paramag- 
netic resonance spectrum was observed at 3cm wavelength and 20°K in a system 
where the magnetic field was modulated at 115kc/s (to reduce excess rectifier 
noise); the output from a phase-sensitive detector (time constant | sec) was 
traced on a recording milliammeter. Lines due to **Co were about 10 times 
greater than noise and fell inside a pattern’of eight lines whose intensity was 
about 20-25 times greater. These lines are principally due to *°Co, which has 
the same spin and whose moment is the same within 5°% as °’Co (Baker et al.). 
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The relative intensities of the outermost and innermost of these lines were found 
to be 1:00+0-02; hence the separation of components due to *’Co and *°Co in 
the outermost line must be less than 4 gauss, and the moments must be equal to 
within +1%. 

Seven well-resolved lines were obtained from °*Co and from their spacing 
it was apparent that two other lines were masked by the much stronger *%Co 
spectrum. A careful search showed no indication of a further line at the place 
where it should appear if the nuclear spin were 5; hence the value /= 4 is assigned 
to this isotope. From measurements of the position of the outermost lines in the 
°6Co spectrum relative to the nearest lines in the ®®Co spectrum, the ratio of the 
moments is found to be 0-828 + 0-003 : 1, after allowing for small deviations from 
equal spacing of the lines. ‘Taking the nuclear moment of *°Co as 4:648 n.m. 
(with diamagnetic correction), we obtain the values given above for the other 
moments. 


Our thanks are due to the Nufheld cyclotron team of Birmingham University 
who carried out the irradiation, and to Dr. M. A. Grace and Mr. R. T. Taylor, 
who made measurements of the activity. We are also indebted to Professor 
C. D. Jeffries of the University of California, Berkeley, for advance information 
of his results. 


Clarendon Laboratory, J. M. Baker. 
Oxford. B. BLEANEY. 
8th December 1955. P. M. LLEWELLYN. 
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An Examination of Observed Regularities in Nuclear Energy Levels 


Grant (1952) surveyed the known excitation energy levels of atomic nuclei, 
and concluded that they obeyed a simple numerical relation. If y denotes an 
observed energy level, Grant’s hypothesis is that 


y=2rd+e 


where r is a positive integer, 25 the basic energy level or quantum appropriate 
to the nucleus observed and « the error of observation. The value of the 
quantum 26 was deduced from examination of the available measurements. 
Whether Grant’s data are strong evidence in favour of his hypothesis or 
whether the data are consistent with some other distribution of energy levels 
are questions which require statistical examination. Grant himself concluded 
that if his observations had been randomly distributed the probability of his 
observed integral sequences was approximately 10-°°. The calculation of this 
figure does not appear to take into account the fact that Grant chose the various 
quanta 26 after inspecting the data. In other words the data used to test the 
hypothesis had also suggested the constants asserted in the hypothesis. A simple 
analogy will help to make the position clear. I toss an unbiased coin 100 
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times and observe the sequence say HHT... I then calculate the a priori 
probability of obtaining just the sequence HHT... and find it is 2~!° (which 
approximately equals 10~°°). I cannot then assert the coin is biased in some 
way because it has just produced a sequence which is a priori so very unlikely. 

Suppose we wish to test whether data support a quantum hypothesis and 
the quantum proposed in the hypothesis has been deduced from the data to be 
used in the test. Then we must compare the agreement between data and 
hypothesis with the agreement between observations drawn from some other 
distribution (such as the rectangular distribution) and a quantum law chosen 
after examining these observations. It is only this comparison which can 
assure us that, for example, a rectangular parent distribution is not as reasonable 
as a quantum law. 

In some experiments recently completed at the National Physical Laboratory 
samples were drawn from rectangular distributions and then ‘ quanta’ were 
fitted to the observations. For example the following sample of 20 observations 
was obtained, and is compared with integer multiples of 0-02497 : 

Exp. 0-025 0-048 0-054 0-108 0-177 0-178 0:205 0-268 0:321 0-356 
Gales 0-025 90-05080- 050501005 021755 017550200 10-2750 232 550-350 


Exp. 0-402 0-458 0-673 0-690 0-747 0-776 0-996 0-998 1-000 1-000 
Cale. 0-400 0-449 0-674 0-699 0-749 0-774 0-999 0-999 0-999 0-999 


The agreement appears good but is of course entirely spurious. 

These sampling experiments suggest that the agreement which Grant 
obtained between experimental and calculated values can equally well be 
explained by the hypothesis that nuclear energy levels are randomly distributed. 
Further, the discrepancy between Grant’s calculated values and those observed 
is frequently greater than the experimental accuracy reported. These con- 
clusions do not of course disprove the hypothesis proposed; they are merely a 
warning that a simpler explanation is possible. 

A general examination of quantum hypotheses has appeared in Biometrika 
(Broadbent 1955) and in the same journal the National Physical Laboratory 
sampling experiments and a detailed study of Grant’s data are to be reported. 


British Coal Utilisation Research Association, 5S. R. BROADBENTT, 
Leatherhead. 
18th October 1955. 
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On a Supposed Predissociation in the Spectrum of AlO 


The best-known feature in the spectrum of AlO is a band system in the 
visible region which arises from a ?—» transition. Rotational analyses of 
some bands of this system have been carried out by Pomeroy (1927) and by 
Sen (1937). Dehalu (1937) extended the analysis of the 0,0 band to higher 
rotational quantum numbers, and reported anomalous intensities in lines of the 
P-branch. She found that although the intensities of the P lines were normal 
as far as P(128), at higher K-values the P lines appeared to be unexpectedly 
weak. This observation was supported by the reproduction of a microphoto- 
meter trace. The effect was believed to arise from a predissociation. 

In later work, Rosen (1944, 1945, 1946) maintained the view that the lower 
2») state is predissociated. From the variation of apparent intensity in the 
spectrum, without rotational analysis, he concluded that the predissociation 
starts at K=60 inv” =6, at K=44 in v”=7 and at K=18 inv” =8: bands with 
v” >9 were said to be absent. He considered that the apparent predissociation 
at K = 129 inv” =0 probably belongs to the same limiting curve of predissociation. 

It is, however, only possible to decide with certainty if the lower state of 
AlO is predissociated or not by carrying out a rotational analysis. We have, 
to this end, photographed the spectrum in a Bausch and Lomb plane grating 
(dispersion about 3-3 mm A-1, resolving power ~300 000) and a Wood concave 
grating (dispersion about 0-8 mm A~!, resolving power ~100 000). 

Examination of the 0,0 band shows that there is no predissociation here. 
We have studied the variation of intensity among the P lines. ‘The temperature 
of the aluminium arc was estimated to be 4000°k, using the method of Knauss 
and McCay (1937). ‘This value agrees well with those of Brinkman (1937) 
and of Coheur and Coheur (1946). Microphotometric measurements of the 
relative intensities of the P lines are in complete harmony with a Boltzmann 
distribution for an equilibrium temperature of 4000°K. 

If however, microphotometer traces are taken with a wide slit of the spectra 
photographed with the lower resolution instrument, we obtain results which 
approach those of Dehalu (see figure). We conclude that the supposed 


(b) i | 


Reproductions of microphotometer traces of part of the 0, 0 band of AlO 
(a) from concave grating (resolving power ~ 100 000) 
(6) from echelle grating (resolving power ~ 300 000). 
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predissociation is in fact an instrumental effect arising from the use of inadequate 
resolving power. 

There is thus no evidence that the 0,0 band is predissociated. It may 
well be that the other predissociations reported by Rosen in v”=6, 7, 8 and 9 
are equally illusory. We shall return to a study of this point later. 


+ Physics Department, t A. LAGERQVIST. 
University of Stockholm. | 7 N. E. Lennart NILsson. 
+ Physical Chemistry Laboratory, ¢ R. F. Barrow 


University of Oxford. 
13th January 1956. 
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REVIEWS OF BOOKS 


Mesons and Fields, Vol. 11, Mesons, by H. A. BeTHE and F. DE HOFFMANN. 
Pp. xiii+ 446. (Evanston, Ill. : Row, Peterson & Co., 19552)) “65s. 


The two volumes of this book have been eagerly awaited by nuclear physicists, 
whose appetities have been sharpened by frequent references in the current 
literature to pre-publication texts. The first volume, which is not yet available 
here, deals with field theory. The second volume, now published, is primarily 
concerned with the survey and analysis of the present experimental situation 
in ‘low energy’ pion physics. As such it is particularly well timed, for the last 
year or so has seen the completion of a preliminary experimental survey of nearly 
the whole field. Experimental data are now available on most of the possible 
processes involving pions, nucleons, and y-rays at energies up to about 400 Mev. 
Most of this work is not very precise, but nearly all the data can be collated, 
with a minimum of arbitrary constants, by a simple phenomenological theory 
based on charge independence, and to a lesser extent on the dominance of the 
Pi state of the pion—nucleon interaction. 

In this book the experimental data are collected carefully, systematically 
and thoroughly. ‘The phenomenological interpretation provided is sometimes 
of the same standard, but there are some uneven patches. For example, the 
deduction of zero spin for the neutral pion from the existence of the 7y—>2y 
process is set out clearly and at length, but the short argument which leads to 
zero spin for the charged pions is not given in detail. ‘The chapter on production 
of pions in nucleon-nucleon collisions is excellent, whereas the various photo- 
production cross sections are not so well discussed. Possibly this uneven 
quality of presentation arises from last minute revisions, which have certainly 
resulted in the inclusion of nearly all the information available. 

As might be expected from these authors, the physics is rarely at fault. 
One of the few criticisms is that too much weight is put on the use of pion mesic 
atom spectral shifts to derive the difference between the T=} and T=3 
S wave phase-shifts in pion—nucleon scattering. It seems very dubious to assume 
that the effects of the several protons and neutrons in the nucleus are merely 
additive, especially since the analysis of nuclear emulsion stars seems to show 
a strong interaction between pions and pairs of nucleons in the nucleus. 

On the other hand, the authors have little experimental evidence to go on 
when they argue against the existence of D wave interaction in pion—nucleon 
scattering up to 200 Mev, and very recent experimental results seem to be showing 
that they are quite right. 

The properties of pions, and related topics such as nuclear forces, are also 
discussed in terms of field theory. The discussion assumes a knowledge of 
basic field theory, for example of the technique of second quantization, which 
is usually lacking in experimental physicists in this country. There is not very 
much provided here to help readers of this kind, and it is to be hoped that 
Volume I of the set will put this right. A clear explanation of the ground work 
would make this part of Volume II very valuable to experimenters. Fermi, 
in his well-known short book on elementary particles, showed how much can 
be done quite simply to convey to the non-specialist reader the spirit of field 
theory calculations. 
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The book is completed by chapters on very high energy collisions, on muon 
physics, admittedly very briefly surveyed, and on the more recently discovered 
heavy mesons and hyperons. ‘This last field is still rapidly expanding and a 
survey in book form is necessarily obsolescent almost as soon as published. 
However, the authors make the point that these particles probably have little 
relevance to the problem of nuclear forces because their Compton wavelengths 
are shorter than the radius of the very short range repulsive core in the nucleon— 
nucleon interaction. Sucha core is predicted by the strong-coupling field theory 
of pions, and has probably been observed in high energy nucleon-nucleon 
scattering. 

The book is attractively printed and produced, and the price is not 
unreasonably high in these inflated days. It is as up to date as a book can possibly 
be, and no meson physicist should be without his own copy. J. M. CASSELS. 


Molecular Beams, by K. F. SMiru. Pp.x+133. (London: Methuen’s Mono- 
graphs on Physical Subjects.) 8s. 6d. 

Dr. Smith’s monograph replaces the earlier volume in this series by 
Dr. Fraser, published in 1937. Few subjects can have developed so rapidly in 
the interval. The introduction of radio-frequency resonance methods, by 
which very small multiplet intervals are measured directly, has transformed the 
technique, and has enabled measurements of nuclear magnetic moments to be 
made with an extraordinary precision. 

The book covers a very wide field of work, from the use of molecular beams 
as sources for optical spectroscopy to the most refined of the resonance experi- 
ments. The author is to be congratulated on dealing with all this material with- 
out losing touch with the needs of students, for whom this series is primarily 
intended. The long section on magnetic deflection, with its detailed consider- 
ation of effective magnetic moments in low and high fields, is especially useful in 
clearing up many points that students find difficult. ‘The book is well produced, 


and with 133 pages, including 37 figures and 12 tables, is commendably cheap. 
A. H. COOKE. 


Foundations of Quantum Theory, by A. LANbDE. Pp. vilit 106. (New Haven: 
Yale University Press; London: Cumberlege, 1955.) 32s. 


The purpose of this book is to deduce the basic principles and laws of 
quantum mechanics from classical thermodynamics. ‘The author dislikes the 
usual approach to quantum theory based on experiments with atoms, electrons 
and photons ; he prefers to use what he calls the fundamental axiom of entropy 
continuity. This axiom is put forward to avoid a paradox, due to Gibbs, which 
appears in discussing the entropy of mixing of two gases. Suppose a vessel is 
divided into two equal parts by a wall, one part containing 1 mols of a perfect 
gas A and the other containing m mols of a perfect gas B. On removing the wall 
the gases diffuse, and if the diffusion is isothermal the work done by the gases is 
2nRT log 2; the molecules of A have to be different, or in a different state, 
from those of B._ If A and B are identical there is no work done, and no entropy 
change. Dr. Landé states the paradox in the form that if the molecules of A and 
B are spheres of radii a and } respectively, there is a change of entropy on mixing 
which is independent of the size of a—b provided a“b ; when a=b there is no 
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change of entropy. ‘The author suggests that the entropy discontinuity is the 
result of applying the narrow alternative * either like or unlike ’ to states of a gas, 
and he proposes to make the entropy change continuous by making it a con- 
tinuous function of the ‘ degree of likeness ’ between the two states A and B of 
the gas. The ‘ degree of likeness ’ is defined to be the fraction of the number of 
molecules in state B which passes through a filter designed to select state A; this 
connects the degrees of likeness to the coefficients of the superposition relation 
which, for example, express a photon state of arbitrary polarization in terms of 
states with polarization in two given orthogonal directions. Arguments along 
these lines are used to set up what is in effect a complete set of commuting 
dynamical variables for a physical system, and the author claims that the require- 
ment of entropy continuity also leads to the indistinguishability of individual 
particles. # has to be introduced by assuming the usual commutation rule for 
coordinate and momentum. 

The reviewer prefers to base quantum theory on inferences from atomic 
phenomena rather than inferences from macroscopic phenomena. ‘The closer 
the region of usefulness of the theory to the phenomena on which the theory is 
based, the less likely are we to make mistakes in our derivation of the theory. It 
is also difficult to see why the concepts of classical mechanics and classical thermo- 
dynamics are regarded as being fundamentally easier to understand than those of 
quantum mechanics. 

The Gibbs paradox is very much a product of classical concepts. No one 
could have invented the paradox once it was realized that atoms and molecules 
have discrete, rather than continuously varying, properties. If we do not have 
continuously varying properties, then there is no paradox to be explained away, 
and it is hard to see why thermodynamics suggests that ‘ either like or unlike ’ 
must be replaced by ‘ degrees of likeness ’. J. HAMILTON. 


Classical Electricity and Magnetism, by W. K. H. PaNorsky and M. PuHrLuips. 
Pp. xi+400. (Cambridge Mass. : Addison-Wesley, 1955.) $8.50 


The student of electromagnetism has at his disposal textbooks of rare 
excellence : Becker’s revision of the old classic ‘ Abraham—Féppl ’, Sommerfeld’s 
inspiring lectures and, in a more formalistic vein, the recent treatise by Landau 
and Lifshitz. In a domain so thoroughly and authoritatively worked out it 
would be hard to innovate. Indeed, one wonders whether there is any real need 
for yet another textbook of comparable scope. 

The book under review appears to respond to some specific require- 
ment of the American University curriculum, and makes no ambitious claims to 
originality. It follows in an eclectic way the well-established lines, with 
judicious emphasis on the more modern aspects. Besides the fundamental laws 
comprehended in Maxwell’s equations, it covers the special theory of relativity, 
the theory of waveguides, the radiation field of accelerated charges, the elementary 
theory of scattering and dispersion, and the treatment of electromagnetic inter- 
actions from the Hamiltonian point of view. It thus brings together in a clear, 
logical disposition a most felicitous selection of topics, which is perhaps not 
found so nicely balanced in the other treatises. An excellent feature is the list, 
at the end of each chapter, of books recommended for further reading, with 
brief indications of what is to be looked for in them. The examples are made 
interesting by being often taken from ‘actual life’, i.e. from problems met with 
in the discussion of experiments in atomic and nuclear physics. 
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The treatment is throughout clear and concise, but surprisingly abstract, in 
the sense that the physical aspect of the problems is only just evoked in laconic 
sentences rather than properly explained.+ It seems that the authors have in 
mind an audience who has already been taught the basic facts without mathe- 
matics, and has only to be shown how to translate them into the mathematical 
language. From the latter point of view, they again presuppose a rather solid 
knowledge of vector analysis in the Gibbsian notation, which is used from the 
beginning without explanation. ‘The book is therefore not self-contained, but 
for the student who has the required physical and mathematical preparation, it 
may be recommended as a reliable and practical introduction. It has good 
diagrams and the printing of text and formulae is of exquisite neatness. ; 

L. ROSENFELD. 


Multipole Fields, by M. E. Rose. Wiley’s Structure of Matter Series. Pp. 
viiit+99. (New York: John Wiley; London: Chapman and_ Hall, 
{RSet ee I 

This useful little monograph sets out in an elegant manner the angular 
momentum and parity properties of the electromagnetic field, applying to their 
discussion some of the recent developments in the algebra of irreducible tensors. 
After setting out Maxwell’s equations of the electromagnetic field in a time- 
independent form and discussing the properties of angular momentum operators, 
the author goes on to construct the potentials of a 2” pole field in terms of 
irreducible tensors of rank ZL and to a study of the properties of these 
multipole fields. 

The final two chapters discuss the application of the theory to the problems of 
the emission of gamma radiation from nuclei and to its internal conversion. 

The presentation is lucid, unnecessary formalism is avoided and very little 
previous knowledge of group theory is assumed. The book will be found to 
fill a very real need of those interested in questions of the emission and absorp- 
tion of electromagnetic radiation, beta decay, angular correlations of nuclear 
radiations and similar fields. 

E. H. S. BURHOP. 


Introduction to Stochastic Processes, with special reference to Methods and Applic- 
ations, by M. S. Bartietr. Pp. xiv+312. (Cambridge: University 
Press, 1955:)- 35s. 


This book is intended for ‘applied mathematicians’ and statisticians. However, 
it can be recommended to engineers and physicists interested in fluctuations, 
communication theory, or one of the many other processes changing with time 
and containing a random element which, in turn, influences what happens next. 
(This is a rough definition of a stochastic process.) For the mathematics is 
presented as a tool for solving problems. This is in contrast to much published 
work on stochastic processes by mathematicians for mathematicians—only. 
There is a similar contrast in papers on quantum theory, as many physicists know 
to their cost. 


+ For some reason, the authors make an exception in favour of Michelson’s experiment, 
of which they give a detailed and interesting account. 
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Until recently theoretical physicists have been more active in advancing 
fluctuation theory than statisticians, but neither group can escape the many 
formulae. ‘The reader who knows some statistics (and not statistical mechanics 
only) may then vaguely feel that he has seen some of them before, with different 
notation, and that it could all be simplified. Has it been mentioned anywhere, 
for example, after nearly 30 years, that the uncertainty principle is about the 
product of two standard deviations ? Of course it is not as simple as this and 
more than notation is involved. In the older problems the number of indepen- 
dent units varying at random is so large that the probability arguments are simple 
and besides this it can often be assumed that the process is continuous. ‘The 
statistician can hardly ever do this. So although he can learn from the physicist 
it is not surprising that he should have developed different methods. Professor 
Bartlett is a leading mathematical statistician and those he gives, including some 
of his own, succeed where older methods would fail. He describes his exposition 
as (relatively) elementary; in fact the mathematics is about as advanced and 
difficult as in, say, Mott and Sneddon’s Wave Mechanics: it does not go beyond 
Laplace transforms or matrices. 

Choosing which parts of the subject to include must have been difficult. 
About two thirds of them come under probability theory and the rest can be 
classed as statistics. ‘These proportions are more nearly reversed in almost every 
other recent book by a statistician, and this shows how new the subject is. The 
statistical sections outline modern methods of estimation, inference and goodness 
of fit tests, and then deal with autoregressive series and periodogram analysis. 
The new techniques often succeed in describing a time series simply when this 
looks as if it has cycles, better than by Fourier analysis which may be wholly 
misleading in geophysics and in economics. Probability problems considered 
are the random walk, Markoff chains and continuous processes. Two more 
general chapters on limiting stochastic operations and stationary processes are 
followed by an introduction to prediction and communication theory. 

Applications discussed include turbulence, queues, growth of bacteria, 
epidemics, and first passage times. ‘The random walk of a point in a sampling 
inspection diagram is omitted, since sequential analysis is becoming a subject 
on its own with an extensive literature. Chemical reactions, the growth of 
polymers, co-operative phenomena and order—disorder are not mentioned in 
either the text or the reference list, nor are some recent papers on Brownian 
motion. ‘This list may have been confined as far as possible to papers illustrating 
modern statistical methods, but it still gives nearly 300 titles. Professor Bartlett 
also points out that a systematic discussion of stochastic processes in physics 
would require another volume, which he hopes J. E. Moyal will write. 

Even without this discussion the book contains a great deal for its size and 
price. ‘The prose style is often condensed and some passages contain too many 
abstract nouns and too many afterthoughts to make pleasurable reading. 
Improving all these might lengthen the book. As it is, much of it seems more 
like notes. But if so these notes are excellently arranged, co-ordinated and 
indexed. In short this is a good book for anyone with problems to solve in this 
wide field of research. 


M. E. WISE. 
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Nuclear Physics, by I. Kaptan. Pp. xi+609. (Cambridge, Mass. : Addison— 
Wesley Publishing Co., 1955.) $10.00 


The author of this book sets out as his aim, in the preface, to provide a book 
that will be useful ‘‘ in an advanced undergraduate course in nuclear physics, to 
engineers interested in the large-scale applications of nuclear physics... and 
anyone else with the indicated preparation who might be interested in nuclear 
physics”. In this preparation “‘ the reader is assumed to have had no previous 
exposure to atomic and nuclear physics ”’ 

In order to fulfil this aim, Dr. Kaplan devotes the first quarter of the book 
to a rapid survey of atomic physics which includes chapters on the electron, 
quantum theory, and the special theory of relativity, as well as those dealing 
with atomic structure and spectra. Naturally such a treatment has to be 
greatly compressed, and it is, to the reviewer, doubtful whether they are suffi- 
ciently thorough to provide an adequate basis for the extensive account of 
nuclear physics which comprises the remainder of the book. 

The chapters on nuclear physics cover such topics as isotopes, «- and £-radio- 
activity, y-radiation, nuclear reactions, nuclear forces and structure, fission, 
reactors and accelerators. ‘The treatment is mainly descriptive, but the author 
has made a definite attempt to indicate “‘ the physical ideas contained in the 
results ’’ of quantum-mechanical theories even though the theories are beyond 
the scope of the book. It is hard to believe that the meaning of these physical 
ideas will always be intelligible to a reader who has met atomic physics for the 
first time in the first part of the book. ‘The steps from, say, Avogadro’s number 
to the theory of B-decay are far too many and substantial to be covered in 250 
pages of even the most lucid exposition, and the student who meets the term 
‘matrix-element’ for the first time in the theory of B-decay will, surely, not derive 
much enlightenment from it. The attempt to provide an elementary treatment 
of nuclear physics which goes beyond a recital of facts or description of experi- 
mental methods is surely to be encouraged, but to do so successfully in a book 
of reasonable size (and price) must assume at the outset a more thorough prepara- 
tion of the background physics. There are many excellent textbooks that 
already cover the material in the first part of Dr. Kaplan’s book, and had this 
been omitted more space could have been devoted to the overcompressed 
elementary interpretations of the nuclear phenomena described. 

Most of the chapters are followed by a collection of elementary problems and 
a large collection of references. ‘The latter include textbooks, review articles, 
original papers of historical interest, and other papers containing detailed 
accounts of theory and experiment. Again it is hard to believe that many of 
the detailed references would be suitable for the reader of this book. ‘The gap 
between them and the elementary standard of the book is far too great. 

The choice and arrangement of subject matter may reflect the style of under- 
graduate teaching in the United States, which differs, no doubt, from the 
general pattern in this country. For undergraduates here, the value of the book 
would be enhanced if the author had taken more for granted from the reader at 
the beginning and less towards the end. S. DEVONS. 
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Calculations with the Optical Model of the Nucleus 


By C. B. O. MOHR anp B. A. ROBSON 


Physics Department, University of Melbourne 


Communicated by L. H. Martin ; MS. received 5th December 1955 


Abstract. ‘The optical model of the nucleus has been used with the phase shift 
method to calculate the scattering of 340 Mev neutrons and protons in carbon 
and lead, and of 4, 14, 36 and 100 Mey neutrons in nitrogen, for different forms of 
potential well and with different amounts of nuclear absorption. The results 
are used to establish the range of validity of the approximations of Born, of 
Montroll and Greenberg, and of Fernbach, Serber and Taylor. The latter gives 
remarkably accurate values over a wide energy range for the total elastic and 
absorption cross sections and forward elastic scattering. It is the only approxi- 
mation which gives a satisfactory account of the effect of absorption. 
Unfortunately it does not give the angular distribution simply, and the most 
accurate approximation which does so, that of Montroll and Greenberg, has 
a very limited range of validity. Comparison with the experimental angular 
distributions of 340 Mev protons in carbon and lead leads to limited conclusions 
about the nuclear potential. An approximate calculation of the angular distribu- 
tion of the scattering of 22 Mev x-particles in silver and lead indicates that the 
optical model can account for the observed results in terms of a rounded-oft 
potential well. 


$1. INTRODUCTION 


HILE the theory of the compound nucleus has been widely successful, 

there is evidence that a particle entering a nucleus does not always 

share its energy among the nucleons composing it. Studies of the 
form of the energy distributions of disintegration particles indicate that the 
incident particle interacts strongly with surface nucleons, and in stripping and 
pick-up reactions the interaction is with individual nucleons. 

Particles may traverse a nucleus without losing energy to any of the component 
nucleons, and be observed as elastically scattered particles. Here the nucleus 
may be treated as a homogeneous sphere refracting the incident particle-wave ; 
and the possibility of energy loss in the nucleus is taken into account by using 
a complex refractive index whose imaginary component corresponds to absorption. 
In terms of wave mechanical theory the nucleus is represented by a potential 
well with complex depth. Since experimental evidence indicates that the radius 
R of a nucleus is proportional to A’, the nuclear density—and hence the real 
component of the well depth—is the same for all nuclei. In a more sophisticated 
theory of the nucleus, the real well depth will change with the incident energy 
(e.g. Brueckner 1955). The imaginary well depth depends on the absorption 
coefficient in nuclear matter, and varies with the energy of the incident particle, 
since the target area presented by the separate particles in the struck nucleus 
varies with energy. 
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This model has been used for a considerable number of calculations of elastic 
scattering by nuclei, mostly for energies below 30 Mev. While the general form 
of the angular distribution of the scattering is accounted for broadly by a 
rectangular potential well of radius proportional to 4°, a few attempts at more 
precise fitting of the experimental curves have required a potential well rounded 
off near the edge. However a calculation of the scattering of 340 Mev protons 
by light nuclei, based on the Born approximation, suggested an approximately 
exponential potential (Gatha ef al. 1954). 

It seemed of interest to examine this discrepancy and to extend the calculations 
for 340 mev protons to heavy nuclei; also to consider the scattering of «-particles. 
Both these problems have been tackled (Izumo 1954, Kawaguchi et al. 1954) 
with the aid of the Montroll and Greenberg approximation, whose accuracy is 
at least open to doubt. Systematic calculations were therefore carried out with 
the phase shift method for neutrons and protons over a wide energy range, to 
test the accuracy of existing approximations as well as to gain information about 
nuclear potentials. 


§ 2, METHOD OF CALCULATION 


For incident neutrons of velocity v, 27 times the wave number outside the 
nucleus is k=ymv/h, and inside K= K,+7K, where 


K2=k?+2ymhV(r)\1+2¢), with y=(1—v*/c?) 2, 


V,(r) being the nuclear potential. The absorption coefficient in nuclear matter 
is 2K,. he differential cross section for elastic scattering o,,(@), and the total 
cross sections for elastic scattering and absorption o,, and o,,, respectively, 
are given by the usual expressions (Mott and Massey 1949a) but with the 
relativistic mass ym, in terms of phase shifts which are now complex instead of 
real. 

For a uniform nucleus, V) was taken constant for 7 less than 1:45 x 10-8 A¥3 cm, 
and the phase shifts were found by fitting the interior and exterior wave functions 
at the nuclear boundary. ‘The radial wave functions involve Bessel functions 
of complex argument, which were calculated by expansion in a Taylor series 
of powers of KR. 

For other forms of nuclear potential, the phase shifts were calculated at the 
lower energies by numerical integration of the radial wave equation; and at the 
higher energies by use of the WKB and Born approximations for the low and 
high order phases respectively, after the accuracy of these approximations had 
been tested for the case of the rectangular well. The Born phases for the 
rectangular well were obtained from the zero order phase by a recurrence relation, 
and for other forms of well by numerical integration using the extensive tables 
available of Bessel functions of large order (Harvard University 1951). 

For charged particles, the potential outside the nucleus V,=Zze2/r, and 
inside V=V)+(3Kk?—1*)Zze?/2R? for a uniform nucleus. At high energies 
the lower order phases x, due to V alone were obtained by the WKB Method, 
taking the difference of two integrands of the usual form containing V+ V, ou 
V,, respectively. ‘The difference between corresponding phases for protons and 
neutrons, which is relatively small, was extrapolated to large / and added on to the 
Born phases for neutrons to give the higher order phases for protons. The 
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total phase shift 7, is then €,+«,, where , is the phase shift produced by the 
Coulomb field alone, and o,,(0) is then calculated in terms of the n, and €, (Mott 
and Massey 1949 b). 

For charged particles of low energy, the tedious joining of wave functions of 
complex argument to Coulomb wave functions is necessary in general, but 
a simpler and reasonably accurate procedure was adopted for the calculations on 
22 MeV «-particles on heavy nuclei. Here the strong Coulomb repulsion prevents 
the «-particles from penetrating far below the nuclear surface, so that the wave 
function is small where the nuclear potential becomes large (for a rounded-off 
potential well), and one may use the Born approximation for the phases «, Without 
too great error. ‘The required values of the Coulomb wave functions of large 
argument are given by asymptotic expressions (Biedenharn e¢ al. 1955) for certain 
values of r, and were obtained for other values of r by numerical integration of 
the wave function inwards and outwards. 


§ 3. APPROXIMATE METHODS 

The phase shift method is lengthy in application, especially at high energies 
and for large nuclei. It is therefore worth while determining the region of 
validity of the available approximate methods viz. the well-known Born approxi- 
mation (Mott and Massey 1949c), the variational method of Montroll and 
Greenberg (1952), and the semi-classical impact parameter method of Fernbach, 
Serber and Taylor (1949). 

The FST method gives convenient closed formulae for o,., o,,, and o,,(0); 
but o,,(7) is approximated merely by replacing the numerical summation of the 
phase shift formula by a numerical integration, and using an approximate form 
of the WKB formula for the phase shifts, and the reduction of numerical work 
is not great. The Born and the MG approximations have the advantage of 
giving closed formulae for o,, and o,.(@) when one of the usual analytic forms 
is adopted for V(r), but they are incapable of giving a value for o,,,, in the optical 
model. 

For charged particles the MG method may be used, but not the Born or FST 
unless the Coulomb scattering is small compared with the nuclear force scattering, 
as at high enough energies and sufficiently large angles. 

The results given by the three approximations are easily shown to approach 
each other as the energy increases, provided there is no absorption. Each may 
therefore be expected to become inadequate below a certain energy depending 
on the size of the nucleus. 


§ 4. ACCURACY OF THE APPROXIMATIONS FOR o,., 0, (0) AND 


Sap, FOR NEUTRONS 


The regions of applicability of these approximate methods and their accuracy 
in these regions are indicated by the table. Let us discuss first the case of no 
absorption (V real). Below 100 Mev in nitrogen the approximations become 
increasingly unsatisfactory. The Born approximation gives values many times 
too large, the FST a few times too small for o,,(0) though less in error for o,,, 
while the MG method gives values correct ‘to within a factor of 2. The 
disagreement is always greater for o,,(0) than for o,,—the angular distribution 
is a more severe test of the theory than the integrated scattering. At 340 Mev the 
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Born approximation is still poor, particularly for the largest nucleus, and the 
FST is now best. 


Neutron Cross Sections for a Rectangular Well 


sc sc (0) 4 Cabs : 
E V Exact FST MG _ Born Exact FST MG Born Exact FST 
a; Ye F 0) 
Cie 0-43 0-38 0-41 0-51 61 46 1 9:0 0 Cue 
35471 0-36 0-34 0-43 0-53 51 ASS 8-4 9-4  O-113 0-123 
U5) =-COp == WeXs 00 ee) = Sell ee) ee) = > 
x x x = 5 5. 5 4 0 
42 0-58 0°55 0:54 0-72 7°9 7-0 Iles 13-0 () . > 
42-427 0:32 0:30 0:65 1:44 4-8 4-1 13-8 26-0 0-34 6 a 
42 —co7 —. 0:35 © oO — Soil OO 8) — 0°35 
Pb 340 42 6765 6-9 7:4 32 535 590 850 3530 1) - 0 4 
42 —8-47 4:0 4-0 Tix BB} 382 406 900 3670 1 39 1 67 
42--427 2°35 2:34 45 64 Dif. 285 5120 7060 2-3, 2-27) 
42+ 01 — 231 © oe) — 262 ee) ee) —= | 273 
N_ 100 43 jodtges (O)CKS ale eysy iho) Se, Bey Tl 9-3 0 0) 
36 43 1:69 1:16 1:18 5-4 Si POS) 4-2 8:3 0) O 
14 43 1:41 0:87 1:03 14-0 1:59 0:34 e7a Ue 0) 0 
+ 43 0:93 0:57 0:60 49 0:21 0-041 0-48 Tod. () 6) 


Comparison of values of age and oabs the elastic scattering and absorption cross sections, and osc (0) the 
forward scattering cross section, as given by the exact phase shift calculation, and by the approximations 
of Fernbach, Serber and Taylor, of Montroll and Greenberg, and of Born. Fis the energy of the incident 
neutrons in Mev and V’ the depth of the potential well in Mev. The cross sections are in barns. The 
radius of the well R=1:454!? x 10-% cm. 


With increasing absorption (increasing V,) the FS'T values decrease by about 
the same amount as the ‘exact’ values, for the approximation includes a coefh- 
cient of absorption for the neutron waves. ‘The MG and Born values, however, 
increase indefinitely with increasing V,, for in both approximations the scattering 
is given by the square of the modulus of an integral containing V=V.+¢V;; 
and this feature makes the methods completely unsatisfactory for dealing with the 
effect of absorption. Increasing absorption causes o,, to decrease and a,,,. to 
increase asymptotically towards the same ultimate value of 7R?, the geometrical 
cross section. 


§ 5. ACCURACY OF THE APPROXIMATIONS FOR o,,(8) FOR NEUTRONS 


The FST method does not give a closed formula for o,,(@), and the MG and 
Born approximations are unsatisfactory for complex V. Angular distributions 
given by these two approximations for real V are shown in figure 1 for neutrons 
in nitrogen. Comparing them with the curves obtained with the phase shift 
method, we see that both approximations are entirely unsatisfactory for energies 
as low as 4Mev. At 14mev the MG approximation gives a reasonable fit, both 
for a rectangular potential well and for an exponential well; but the Born 
approximation is unsatisfactory even at 36 Mev. 

At 340Mev in carbon (figure 2) the approximations give much _ better 
predictions, though the logarithmic scale used in this figure greatly emphasizes 
differences near the low minimum which occurs for a rectangular well. The 
MG approximation is little improvement on the Born: both give curves of similar 
form, the main differences being in absolute magnitude and in the position of the 
minima. ‘The fit of the Born curve is best for the most slowly varying potential. 
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Figure 1. Angular distribution of scattering of 4, 14 and 36 Mev neutrons by nitrogen 
nuclei, calculated by the exact phase shift method, and by the approximations of 
Born, and Montroll and Greenberg. The inset diagrams show the form of nuclear 
potential used (V)= —42 Mev, R=3-49 « 10- cm, a=1-:16 x10-"% cm.) The points 
for 14 Mey neutrons are experimental values (relative magnitude only). 


In the phase shift calculation for the rectangular well, the ratio of the scattered 
intensity at small angles for V,= —42 ev to that for V)= —35 Mev is approxi- 
mately proportional to the ratio of the squares of these well depths; in the MG 
and Born formulae the proportionality is exact. In the phase shift calculation, 
absorption reduces the scattering in approximately the same ratio at all angles of 
scattering. 

For the larger nucleus, lead, at 340 Mev (figure 3) the Born approximation 
is less satisfactory, even for the rounded-off rectangular well. It may be more 
satisfactory for an exponential well, but one would not expect the interior of 
a large nucleus to depart so strongly from uniformity. ‘The MG approximation 
gives more nearly correct values at the small angles which contribute most to a,,, 
but is little better than the Born approximation at larger angles. Rounding off 
the potential well produces a much greater reduction in the large angle scattering 
for lead than for carbon, though the thickness of the nuclear ‘rim’ is taken the 


same for both nuclei. 
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Figure 2. Angular distribution of scattering of 340 Mev (lab.) neutrons and protons by 
carbon nuclei, calculated by the exact phase shift method, and by the approximations 
of Born, and Montroll and Greenberg. The inset diagrams show the form of nuclear 
potential used. Well depths arein Mev. R= R,y=3-32 x 10-" cm, a=1-16 « 10-! cm. 


$6. COMPARISON OF o,, (0) WITH EXPERIMENT FOR 340 Mev PROTONS 


6.1. Carbon 


For 340 Mev protons on carbon the nuclear force scattering greatly exceeds 
the Coulomb scattering beyond 5°, and then the scattered intensity is nearly the 
same as for neutrons (figure 2). We may therefore compare the experimental 
values of Richardson et al. (1952) for protons with the calculated values 
for neutrons. ‘The experimental points show no sign of the convexity below 13°, 
terminating in a kink, which is present in the theoretical curve for a rounded-off 
well, but fit fairly satisfactorily the theoretical curve for a suitably chosen 
exponential well. 

Other potentials than those shown in figure 2 were tried. A repulsive core 
of radius 0-6 x 10° cm was added to the rounded-off rectangular well to take 
account, in an ad hoc manner, of the repulsion between protons at small 
separations ; for 340 Mev protons have a wavelength comparable with the dimen- 
sions of the individual nuclear protons, and can ‘see’ them as separate particles. 
‘This modification is seen to increase the scattering beyond 15°, but not to smooth 
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Figure 3. Angular distribution of scattering of 340 Mev neutrons (top two diagrams) and 
protons (bottom two diagrams) by lead nuclei, calculated by the exact phase shift 
method, and by the approximations of Born, and Montroll and Greenberg. The 
inset diagrams show the form of nuclear potential used. ‘The well depths are in 
Mev, and radii in 10 -*cm. ‘The points for protons are experimental values. 


out the kink. A potential also tried was V constant out to y=6 and then falling 
exponentially, and this gave a curve without noticeable convexity only when 
6 was appreciably less than the nuclear radius. 

Spin-orbit coupling slightly reduces the depth of the minimum in the curve 
for a rounded-off potential well, and may smooth it out completely for a parabolic 
well (Sternheimer 1955), but it hardly affects the convexity at smaller angles. 
There seems to be no way of avoiding the conclusion that the well for carbon is 
approximately exponential. 

A similar conclusion was previously arrived at by Gatha et al. (1954) using 
the Born approximation with a complex V. They obtained best fit with experi- 
ment for V equal to the sum of three gaussians, the resultant being approximately 
exponential in form. We note in this connection that the sensitivity of the 
angular distribution to the form of V is spuriously high in the Born approximation. 
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This concentration of nucleons near the centre of the nucleus is surprising, 
and in fact a rectangular well with a tail or a Woods and Saxon (1954) well has 
become the customary form to use in calculations at low energies. But experi- 
mental values for the scattering of 14 Mev neutrons in nitrogen (Smith 1954) 
are seen in figure 1 to fit approximately the calculated curve for an exponential 
well. However absorption was ignored, and exhaustive trials of other forms of 
potential with different parameters are necessary before a flat-bottomed well 
is ruled out as the form of potential effective in low energy scattering. 


6.2. Lead 

For lead the nuclear force scattering is comparable with the Coulomb 
scattering over the experimental (Richardson et al. 1952) angular range, and the 
scattered intensity will no longer be the same for neutrons and protons. ‘The 
calculated values (figure 3) for a real /—tried with two different mean nuclear 
radii—is too large beyond 10° by an order of magnitude. The addition of an 
equal amount of imaginary potential reduces the scattering by about the required 
amount, but the curve oscillates too violently, largely through interference 
between nuclear force and Coulomb scattering. 

A slightly thicker nuclear ‘rim’, possibly too thick to be realistic, and an 
imaginary well depth equal to half the real depth is seen to give somewhat better 
results. Finding well parameters to give a satisfactory fit does not seem feasible 
without the aid of an electronic calculator. But the indications are that a value 
of V7, of 20-40 Mev may be required. 

Such a value is in accord with the evidence, both theoretical and experimental 
(Lane and Wandel 1955), for an increase in V, with energy at low energies. The 
mean free path of nucleons, 1/2K;, decreases to about one third between 
0 and 20 mev, but increases again at much higher energies, so that it reaches 
a minimum in between. A value of V,=25 Mev at 340 Mev corresponds to the 
same mean free path as the value V,= 10 Mev at 20 Mev. 


§ 7. COMPARISON OF o,, (8) WITH EXPERIMENT FOR 22 MeV %-PARTICLES 


Experiments on the scattering of 22 Mev «-particles in silver, gold and lead 
have recently been carried out by Wall e¢ al. (1955). Using a simplified model 
of the nucleus, in which the first few order waves are assumed to be completely 
absorbed, they obtain reasonable agreement with experiment for lead, less 
satisfactory agreement for gold, and no agreement at all at large angles for silver 
(figure 4). Izumo (1954) has used the MG method to calculate the variation 
of scattering with energy at 60° and 95° for 20-40 Mev a-particles in gold. To 
agree with experiment he finds it necessary to use different values of V;, at the 
twoangles. ‘This inconsistency may arise from the inaccuracy of the MG method 
(see § 5) and its inadequacy in dealing with the effect of absorption (see § 4). 

In using the optical model, the nuclear well depth for «-particles is uncertain : 
it will be greater than for protons, since the nuclear attraction acts on four times 
as many particles, but to take it four times greater may be unrealistic; for before 
the «-particle can reach the region of maximum V it may be broken up into its 
constituents. It has, in any case, a quite small probability of reaching this region 
in nuclei of high atomic number because of the strong Coulomb repulsion. 

The perturbation method used to compute the phases (see §2) gives values 
which, for a given form of potential, are proportional to its absolute magnitude. 


0) 60° 


Figure +. Angular distribution of the scattering of 22 Mev «-particles in lead and in silver, 
expressed as the ratio to Coulomb scattering. The broken curves are theoretical 
curves obtained by Wall, Rees and Ford with their * fuzzy model’. ‘The points are 
experimental values. 


This circumstance made it easier to find well parameters giving an approximate 
fit with the experimental curves (figure 4). The case of lead was found not to be 
critical to the choice of well parameters, and the general form of the experimental 
curve was obtained with a rectangular well of purely imaginary depth 
V,= —62imev, and radius 9-1 x 10° cm, which is slightly larger than the value 
of 1-45 x 10-12.418 by an amount which may be attributed to the finite size of the 
a-particle. A better fit may be obtained with somewhat different well parameters ; 
and a proportion of real potential may be added without spoiling the fit. 

The case of silver was more critical, and a reasonable fit could not be obtained 
without using a rounded-off well. A Woods and Saxon (1954) potential was 
adopted, with a maximum depth Vy of —62 ev as for lead, and a mean radius of 
7.4.x 10-3 em, which is again slightly larger than 1-45 x 10-13.413cm. Most of 
the experimental points lie between the curves for V,=—62imMev and 
V.= — 62 — 627 Mev. 

For neither lead nor silver could satisfactory results be obtained for V;<V,, 
and this implies a much smaller mean free path for «-particles in nuclear matter 
than for nucleons, as is to be expected, since the z-particle may break up before 
penetrating far into the nucleus. The implication that V, is less than 62 Mev, 
say, may be avoided by using a larger value of V, and a larger radius for the 
imaginary well than for the real well. 
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Abstract. ‘The photoelectrically measured intensities and depolarization ratios 
of the Raman lines of liquid benzene, hexadeuterobenzene and sym.-trideutero- 
benzene are interpreted in terms of the normal coordinates and the polarizability 
gradients. Preferred choices are indicated, where sign ambiguities lead to 
alternative solutions, and the polarizability gradients are: 


OQ 2/O9,= + 6-7A?, 8%,,/09, = + 1-9A*, OX, g/003= +4 7A", 
da,,/05,= +0-3A?, Ohe nO %ca= +L 1OA?, 00 OOeg= + UL Ae, 
Oe nr/OSeg= —1:14A?, Bopp /ASgg= +0°25A%, dot gegx/OX 49g = + 0:050A?. 
Tables show the agreement between experiment and calculation. Bond polariza- 


bility gradients are deduced and the reasons for incomplete agreement are 
discussed. 


§ 1. INTRODUCTION 


recorded values for the relative intensities of the Raman lines of liquid 

C,H,, C.D, and sym.-C,H,D3. They discussed the Aj, class intensities 
in terms of the normal coordinates of Lord and Teller (1937) and obtained partial 
agreement between observed and calculated intensities and depolarization ratios. 
More complete normal coordinates, including the E,, and E,, classes, are now 
known (Whiffen 1955, Kovner 1954) and the present contribution examines 
the interpretation of the experimental results of Allen and Bernstein using the 
coordinates of Whiffen (1955). The general treatment and the symbols follow 
this paper. 


I: a recent paper, Allen and Bernstein (1955) have presented photoelectrically 


Sew ieec ASS 


It is preferable to consider first the E,, symmetry class since from it the scale 
factor may be determined and since the class contains only one frequency each 
for C,H, and C,D,, and as a result there is no sign ambiguity of importance. 
The vibration involved is the degenerate Raman-active out-of-plane C—H 
deformation. Lord and Teller (1937) have pointed out that the rotation in this 
class affects the Raman intensities. The intensity S of the Raman line as defined 
by Allen and Bernstein (1955) is given by 


0 ed 2 
S2=1KYy*=210K| Fg eS pe (Coe xe) | io dapsneteroe (1) 
104 


x*, y*, s* are coordinates bound to the median carbon plane as defined earlier 
(Whiffen 1955), S19,’ is the derivative of the symmetry coordinate with respect 
to the normal coordinate and w, is the rotation in radians of the median plane in 
space. The factor v appears by virtue of the normalization to hv/2, K is the scale 
constant which depends on the intensity of the CCl, (458 cm) reference line, 
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and the expression is equated to S/2, rather than S, to allow for the two-fold 
degeneracy. The equilibrium molecular polarizabilities have been given by 
Stuart and Volkmann (1933) a8.0.¢= 12-3 As and Ge ‘There remain 
two unknowns, K and ce ,+,«/0S49,, and these may be chosen to give the correct 
experimental values for both C,H, and C,D,. The values required | are 
K=0-0326 « 10% if vis in cma, and.co.,,./¢S,,9— 4-0-0004 The positive 
sign of the latter quantity is opposite to that obtained previously (Whiffen L953) 
with more approximate intensity measurements and the new sign agrees with the 
expectation that the C-H bonds should be more polarizable along their length 
than in the perpendicular direction. ‘The intensities of the E . class of 
svm.-C,.H,D, may now be predicted and the agreement between experiment and 
calculation is given in table 1. Formally there is a second solution to the C,Hy 
and C,D, intensity equations, but this predicts the 713 cm~! shift of sym.-CeH3D, 
to be easily the weakest of the three E” frequencies and the second solution is 
therefore quite unacceptable. 


Table 1. Raman Line Intensities for the E,, and Related Classes 


Observed Calculated 

v iS v 1S 

CsH,g (Eq,) 849 0-105 yall @eikOs 
CeDg (Ex) 661 0-204 661 0-204 
CasaDys (13,4) 374 0-013 Sia) (OF 013; 
710 0-101 Fils OPiS 


= == 939 0-083 


$3. 2Aga Crass 
‘The totally symmetric class, A,,, contains a C-C stretching motion described 
by the symmetry coordinate S, and a C-H stretching motion described by S5. 
In this class the intensities and the depolarization ratios are related to the normal 
coordinates by 


SA 450 Bay A (2) 
pe Oy 45a sy) (3) 
€ Pai) =" OO wx Cle al ys Cn. Ob 1) Af a (4) 
i (25g? + Se) Si+ Se + 2) sy] OP (4) 
yn. Oem Ole P Obi | TRON, , |? i 
alee sg) V+ (352 — am) SYP ee ©) 


In order to introduce the experimental values and solve for the four quantities in 
round brackets, it is necessary to know the signs of the square roots of both S$ 
and p for each of the two vibrations in the class. 'These are unknown, but by 
taking all permutations it would be possible to obtain four distinct solutions to 
fit the C,H, results exactly: the observed and calculated intensities for Cie 
and sym.-CgH;D, would then be compared and the most satisfactory solution 
chosen, since the isotopic intensities give sufficient extra quantities, in principle, 
for selecting the relative signs. In practice, the experimental values and the 
normal coordinates are hardly accurate enough for this to be done. It therefore 
seemed preferable to spread the errors by calculating the polarizability derivatives 
to fit exactly the sums of (S/v)¥? and p'” for the corresponding vibrations of 
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C,H, and C,D,. The resulting agreement for the four distinct solutions iS 
shown in table 2. It can be seen that solutions 2 and 3 give unsatisfactory 
depolarization ratios and that solutions 2 and 4 give unsatisfactory intensities 
and so solution 1 must be strongly preferred. This solution is 


Owns 1 Uae: ; Oe loan 

giton , Mee _ 15.2042 q Mon | Che _ 49.7542 

as ae eee 
Chr, Ohp, faled falea 
2 CE ene 4-81 42 CO we 38 42 
aSuaues: os 


where in each line the upper or the lower sign must be taken consistently. 


Table 2. Raman Line Intensities and Depolarization Ratios 
for the A,, and Related Classes 


Observed Calculated 
Solution 1 Solution 2 Solution 3 Solution + 
Vv SS. p Vv Ss p iS Pp S p Sy p 
C,H, 992 4:406 0-11 992 4:19 O-11 4-64 0-10 4-29 0-13 4:74 0:12 
(Aq,_) 3061 16°505 0-21 2073 17-80 0-20 13-80 0:26 16°91 0:17. 12-90 0:22 
C,D, 945 4-041 0:12 943 4-29 0:12 3:88 0-13 4-20 0-10 3:78 0-12 
(Ajo) 2292 7-702 0-21 2286 6:98 0:22 9:66 0-16 7:55 0:27 10:14 0:20 
€,H3D;955 2-785 0°12 OS i 22920212 
(A,’) 1003 0-804 0-11 1004 1°34 O-11 
2283 2-422 0-22 2285 3:44 0:22 
3054. — — 3070 8:89 0-20 
(A, 3054 7-730 0°36 10:93 0:36 
_F’) 


The natures of the remaining sign choices are such that they cannot be 
determined by isotopic intensity measurements but they can be inferred in the 
following manner. S, corresponds to an expansion of the carbon skeleton and 
S, to the stretching of C-H bonds and, since polarizability normally increases 
with size, it is very probable that both dx »,/05, and dx,,,/dS_ are positive. It is 
also probable that bond stretching changes the polarizability along the bond 
more than that in the perpendicular directions and so probably 

00. [OS > | Ax%,,/9S,| and 06 » »/OSg > | Aez,/0S2 |. 
All these expectations are simultaneously true if positive signs are taken throughout, 
but the other sign arrangements lead to at least two false expectations. In the 
favoured case 0a,,/05,= +67A", 0a,,/05, = +1:9A2, du,,/0S,= +4:7A* and 
Ox,,/0S,= +0-3A?. 
§ 4. E,, CLAss 

The symmetry coordinates of the E,, class, Sy, S;, S, and Sy, refer to the 
ring angle deformation, the C-H stretching, the C-C stretching, and the C-H 
in-plane deformation respectively and the additional subscript a indicates that 
component of the degenerate motions which is symmetrical with respect to 
the yz plane. For this class the intensity of the shifts is given by 

Cae OW an 


clea Ot : 
i eds Zz eae aes LL ! ae 6 ‘ — aig iene Sih 
SiS TvK y 2p) IS ee ae ae OSo. S74 =F OSe Sga aE OSon Sa ) (6) 
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Again numerical values of the polarizability gradients have been taken to fit 
exactly the sum of (S/v)'? for the corresponding vibrations of C,H, and C,Dg. 
There are eight distinct sign permutations and there is no solution which can 
unambiguously be stated to be the most satisfactory though solutions numbered 
1, 3 and 8 were superior to the other five, and the intensities calculated with 
these solutions are indicated in table 3. At the foot of table 3 are given the 
corresponding polarizability gradients for which the upper or lower signs must 
be taken consistently in each column. 


Table 3. Raman Line Intensities for the E,, and Related Classes 


Observed Calculated for Solution No, 
1 3 8 

Vv Ss v Sy S iS) 

Galals 606 0-181 610 Mervil 0-20 0-14 
(Egg) 1178 0-584 1179 0-45 0:58 0-62 
1584, 1606 1-084 1599 0-98 ios 1-07 
3045 4-608 3044 4-76 3-66 a, 

Gy 577 0-146 574 0-12 0-13 0-19 
(Eng) 867 0-305 868 0-40 0-31 0-28 
7 1560 0-979 1545 1:09 0-92 0-99 
2264 2-470 2275 DES Biel) Mila 

CasiiD. 594 0-180 590 0:16 0:16 0-17 
(GB) 832 0-133 841 0-18 0-12 0-09 
1102 0-169 1087 0:29 0-24 0-28 

1396 0-049 1427 0-04 0-12 0-05 

1576 0-925 1574 1-44 1-03 1:13 

2273 0-523 2282 23 1-64 1a] 72 

5054 3062 2-34 2-04 25 A 

80» /OS¢q (units of A?) aOR + 1:16 + 0:26 
00» ”/OS7q (units of A?) + 1-68 ae iboily £1-90 
CO» _/OSgq (units of A?) apa ogy) set +0-05 
00» »/OSgq (units of A?) + 0-66 025 £0-91 


Of these three solutions, 1 is not very satisfactory for the C,H, shift at 1178 cm-! 
or the C.D, shift at 867 cm— and is especially poor for the ratio of these two 
intensities. Solution 3 is poor for the frequencies above 2000 cm— and solution 8 
erroneously predicts the 606 cm-! shift in C,H, to be weaker than that at 577 cm— 
in C,D,. The author prefers solution 3. Firstly, because the frequencies 
above 2000cm~ are overlapped by the adjacent, stronger, A,, lines and are 
consequently liable to greater experimental error. Secondly, the force field is 
less satisfactory for the hydrogen stretching frequencies and no interaction 
constants involving hydrogen stretching coordinates were included in the deter- 
mination of the normal modes. And thirdly, if bond stretching increases the 
polarizability along the bond direction more than in the perpendicular direction, 
which is probable, then 0%,,,/0S;, ought to be positive and da,,,/dS2, ought to 
be negative: this is only true if solution 3 with the upper sign is adopted. 


§ 5. Bonp PoLarization DERIVATIVES 


The polarizability derivatives in terms of the Symmetry coordinates are 
difficult to visualize, and it may be clearer to evaluate bond polarizabilities and 
their derivatives (Long 1953), even though it is difficult to define a bond satis- 


factorily and to apportion the unshared electrons. For benzene the assumption 
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of cylindrical bond symmetry would not be valid and the bond polarizabilities 
are not determinable from the data available. But it is possible to compute the 
polarizability derivatives with respect to the stretching of individual bonds. 

If r is the C-H bond length, the d%/dAr are defined for the stretching motion 
in which only one H atom moves. If R is the C-C bond length then d/@AR will 
depend on the way in which the ring angles are allowed to readjust themselves. 
The equations below refer to the motion for which S, remains zero ; this is 
necessarily true if the ring angles at C, and C, remain 120° when stretching of 
the bond C,—C, is considered. If , is written for the polarizability parallel to 
the bond which stretches, x, for that perpendicular to the bond in the plane of 
the ring and x, for the polarizability perpendicular to the ring, then for the 


C-—C bonds 


4 =6 um (Ses - 210 =) Se Lene (7) 

oa = 6-12 (se +210) SoA 7 a2 (8) 

— = 60 = 08Ae cane (9) 
and fer the C-H bonds 

ol =0502 (3 Lit a) Se OA ee (10) 

ae = 60 ( Se" pia oes) euieoae © - ieee (11) 

= 2 nae Soi Swe (12) 


The most favoured solutions have been introduced to obtain the numerical 
values. It must be emphasized that the changes of « are strictly those of the 
whole molecular polarizability and it is uncertain to what extent the changes can 
be considered as localized in the bond whose length is varying, as implied by the 
term ‘bond polarizability derivatives’. 


§ 6. DISCUSSION 

The overall agreement between calculation and prediction in tables 1-3 is 
only moderate. The reasons for the discrepancies include 

(i) Experimental errors. ‘These are largest for the overlapping A,, and 
E,, C-H stretching modes. The agreement between the sum of the intensities 
for the two shifts is much better. For C,H, near 3050cm™, Soares 
(observed) and 21-46 (calculated) and for C,D, near 2280cm™, Sioa) = 10-172 
(observed) and 10-13 (calculated). It may be that the intensity distribution 
between the two lines is in error in each case. 

(ii) Errors in the normal coordinates arising from errors in the force field. 
If this were the only trouble the intensity sum rules would be valid and a better 
agreement than that of Allen and Bernstein (1955) would be expected. 

(iii) Neglect of cubic and higher terms in the force field. ‘This neglect means 
that Fermi resonance is neglected; its inclusion would be expected to vitiate 
the sum rules for fundamentals. With a near degeneracy, intensity may be 


380 D. H. Whiffen 


exchanged between a fundamental and an overtone Raman shift. ‘There are 
many places, especially in sym.-C,H;D3, where this may be occurring. In the 
absence of experimental knowledge of the overtone or combination tone intensities 
and in ignorance of the higher order force constants, a detailed discussion is not 
feasible. 

In conclusion it may be said that there are many points where some doubt 
remains, but that the agreement is close enough to indicate that the chosen 
polarizability gradients are probably essentially correct. 
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Abstract. When measuring elastic scattering of gamma rays, the secondary 
radiation from the scatterer, such as bremsstrahlung from photo- and Compton 
electrons and annihilation radiation, must be considered. It is shown that this 
secondary radiation is predominant in.many experiments reported on elastic 
scattering of gamma rays. 

A measurement of the large angle scattering of 1-33 Mev gamma rays by lead 
is described. It is found that the elastic scattering cross sections at 90° and 120° 
are, without corrections, 1-7 x 10-28 cm? sterad-! and 1-6 x 10-28cm?2sterad-! 
respectively. 

The first result is already below the combined effect of Rayleigh and Thomson 
scattering as calculated by Bethe, and both must contain contributions from 
bremsstrahlung etc. that can be estimated only roughly but are appreciable. The 
present experiments therefore support the destructive interference of Delbriick 
scattering with the Rayleigh and Thomson components. 


§ 1. INTRODUCTION 


HE development of scintillation counters has made it possible to measure 

the Rayleigh scattering of gamma rays with some confidence, at least for 

energies below 1Mev (Moon 1950, Storruste 1950), but the Thomson 
scattering by the nuclear charge and the Delbriick scattering by virtual pair forma- 
tion in the potential field of the nucleus remain to be experimentally proved. 
Since these processes are elastic and therefore inseparable by measurement of the 
energy of the scattered photons their disentanglement requires reliable theories 
and reliable measurements of intensities, angular distribution, variation with 
energy and atomic number, etc. 

The main experimental difficulties result from hard rays created by secondary 
processes; they will be dealt with later in this paper. 

Since the Rayleigh scattering is usually much larger than the others, it is 
important that it should be precisely calculated. ‘The calculations of Franz 
(1935) are non-relativistic and based on the Thomas-Fermi approximation to 
the electron distribution in the atom. According to Wilson (1953), Bethe has 
made similar calculations, but using relativistic wave functions for the K-electrons. 
His calculations predict a lower cross section at large angles than the one obtained 
by the theory of Franz, and show that the scattering may be proportional toZ* or 
Z9 in the energy region of 1:3 Mev, while the theory of Franz predicts a Z* depen- 
dence. The calculation of the Thomson component is extremely simple. 

An exact calculation of Delbriick scattering has been made only for zero 
angle of scatter by Rohrlich and Gluckstern (1952) who predict a value of 
0-6 x 10-27 cm? sterad-! for 1:33 Mev gamma rays scattered by lead. ‘The cross 
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section is proportional to Z* and the scattering is mainly at small angles 
(Bethe and Rohrlich 1952). While Rayleigh and Thomson scattering should 
interfere constructively (Moon 1950) they should both interfere destructively with 
the Delbriick scattering. 


§ 2. Previous INVESTIGATIONS 


A thorough analysis of some ten papers dealing with the search for elastic 
scattering of energetic gamma rays has been made (Storruste 1951), the results 
stated by the authors being recalculated using the latest information regarding 
counter efficiencies etc. Some of the results are shown in table 1. 


‘Table 1: 
(1) (2) (3) (4) (5) 
Meitner and KG6sters (1933) Thorium 3 90 90 
Gray and Tarrant (1934) Thorium 16 90-150 10 
Ketelaar (1936) Radium 7 120 10 
Pollard and Alburger (1948) 42g 4 135 9 


(1) Author ; (2) source ; (3) thickness of lead filter (cm) ; (4) scattering angle (°) ; 
(5) ratio of experiment to theory. 


The results indicate insufficient suppression of inelastic components, such as 
bremsstrahlung created by photo- and Compton electrons, hard annihilation 
radiations created by positrons in flight and, for relatively small angles, double 
Compton scattered rays. 

The relative intensity of the disturbing components in the scattered radiation 
depends very much on the primary energies and on the atomic number of the 
atoms in the scatterer. Thus, for 0-41 mev gamma rays scattered by lead at large 
angles, not more than 5% of the scattered radiation behind a filter of 10gcm™ 
is bremsstrahlung created by photoelectrons, the other processes being even 
less disturbing. Measurements of Rayleigh scattering can, therefore, be per- 
formed with comparative ease for gamma rays of this energy. 

Much better energy discrimination can be obtained with a scintillation 
spectrometer and such measurements have now been reported in the energy 
region above 1 Mev, where Delbriick scattering might be expected to become 
prominent. 

Wilson (1953) has measured elastic scattering by lead at various angles for 
1-33 mev and 2-6Mev gamma rays, while Strickler (1953) has measured elastic 
scattering at 135° by lead, tin, copper and aluminium at an energy of 1-33 Mev. 
Davey (1953) has measured elastic scattering by lead for gamma rays at 1-33 Mev 
at scattering angles between 40° and 120°. Before discussing the various results 


obtained by this method, a similar experiment performed by the present authors 
is described in § 3. 


§ 3, ELastic SCATTERING OF 1:33 Mev Gamma Rays 


The general arrangement of the apparatus is shown in the figure. 

The whole apparatus was suspended by wires, first in the middle of a large 
room and later out of doors. ‘The ®°Co source, having a strength of about 100 mc, 
was placed in a glass tube which could be drawn up to the ceiling or lowered to 
fit accurately into an outer glass tube fastened to the suspension system, the joint 
between the tubes being a ground cone. <A cone of lead prevented the direct 
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beam from reaching the phosphor, the distance from the top of the cone to the 
phosphor being 25cm. The scatterers were made of 0-25cm thick sheets of 
lead formed into appropriate figures of revolution about the line joining the 
source and the phosphor, so as to give mean scattering angles of 90° and 120°. 
The weight of the scatterers was 4800 g and 8800 g respectively, 


Diagram of the apparatus to measure the elastic scattering. 


The scintillation spectrometer consisted of a Nal(T1) crystal, 14 inches in 
diameter and height, mounted directly on an EMI 6260 photomultiplier tube in 
conjunction with a cathode follower. ‘The detector was placed in a drilled hole 
5-5cm diameter in the middle of the lead cone. ‘The lead around the phosphor, 
being 2cm thick, served both as a light-tight box and as an energy filter pre- 
venting the Compton scattered rays and much of the low energy bremsstrahlung 
from reaching the counter. 

The pulses were fed through an amplifier to a single channel sweep type 
discriminator. For 1-2 Mev gamma rays the ratio of half width to pulse height 
for the photo-peak was about 0-08 without lead around the phosphor. With the 
lead cone in place the ratio increased to about 0-12. 

Before measuring the scattering, it was necessary to determine the pulse— 
height distribution using the direct radiation from a small ®Co source. The 
bias and width of the channel were then set up to record rays in the energy inter- 
vals 0-95—1-10 mev, 1-10—1-25 mev and 1-25—1-40 Mev respectively. To eliminate 
fatigue effects, the observations were taken in the following sequence: (a) The 
source at a fixed large distance, (6) source in place but scatterer still removed, (c) 
scatterer in place, (d) scatterer removed and (e) source at the large distance. 
With this method it was not necessary to know the absolute strength of the source 
or the efficiency of the detector, because the scattering cross section could be 
calculated from the relative counting rates and the geometry of the arrangement. 
In order to find the numerical value of the cross section, the scatterer was divided 
into zones ds where ds is an element of the arc measured from A to B (see figure). 
Thus, a zone ds represents a ring. From the geometry of the arrangement the 

‘scattered intensity due to the ring could be found and corrected for absorption 
inthe scatterer. The absorption in the lead around the phosphor of rays scattered 
by different rings ds varied with s, and had to be compared with the absorption 
of the primary rays from the source when placed at the fixed large distance. 
Corrections for this variation were measured directly with a small source placed. 
at different angles with the line through the source and the phosphor. 

25-2 
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After applying these corrections, the contributions from the zones ds could be 
integrated. In this way a relation between the scattering cross section and 
the counting rates was obtained. 

The most difficult problem was to find corrections for the counting rates due 
to the disturbing components in the scattered radiation. ‘These difficulties are 


discussed in the next paragraph. 


§ 4. THE Harp COMPONENTS IN THE SCATTERED RADIATION 


At the bias setting used to record the elastic scattered rays, there was a certain 
chance of counting some of the high energy disturbing radiation. Therefore 
the intensity of this radiation needed a more careful study. 

If it is assumed that four fifths of the photoelectric effect was due to K-electrons 
and one fifth was due to L-electrons, the photoelectrons created in the lead 
scatterer by the 1-33 Mev and the 1:17 Mev gamma rays had average energies of 
1-26 mev and 1-10mev respectively. The maximum energies of the Compton 
electrons created by the two rays were 1-12 Mev and 0:96mev. Usually the Born 
approximation used by Bethe and Heitler (1934) is applied when calculating the 
bremsstrahlung created by electrons of these energies. At the high energy limit, 
a more exact calculation by Jaeger (1937) gives somewhat higher results, and 
Guth (1941) has given a correction to the Born approximation. Here, values 
“accordance with Guth and Jaeger were used at the high energy limit, while at 
lower energies of the emitted quanta, the formula given by Heitler (1949, eqn (16), 
p. 165) was used. A numerical calculation showed that the bremsstrahlung from 
the photoelectrons was by far the most troublesome component in the scattered 
radiation. The result of the calculations for the various contributions to the 
counting rate is shown in table DAS.s 

Another process which had to be considered was annihilation of positrons 
created by pair production in the scatterer, although the cross section for pair 
production for 1-33 Mev gamma rays is small, being for lead 1-8 < 10-*8cm® sterad~! 
(Dayton 1953). Of interest here were the two-quantum and one-quantum 
annihilations of the positrons in flight, because these processes give rise to harder 
quanta than the ordinary 0-51 Mev annihilation radiation. The probability for 
annihilation in flight depends on the energy. Owing to the small primary gamma 
energy and the large atomic weight, there will be a rather big asymmetry in the 
energy distribution of the positron spectrum. By taking this into account and 
using the formula given by Bethe (1935), the probability for two-quantum and 
one-quantum annihilation in flight was estimated to be respectively 8 x 10-% and 
5x 10-! for the positrons created by the 1:33 Mev gamma rays. The intensity 
of the harder quantum from the two-quantum process, having an energy of 
(0-66 Mev on the average, corresponded to an over-all cross section of 1-5 x 10-78 cm?, 
while the one-quantum process corresponded to a cross section of 0-9 x 10>? cm 
with an average energy of 1-18 Mev. 

The result of the calculation was that the rays created by the two-quantum 
process having an energy above, for example, 0-8 Mev were so few in number 
that they could be neglected. By the one-quantum process a few rays were 
produced with energies between the primaries of 1-17 Mev and 1-33 Mev. ‘Thes¢ 
could, if recorded, have contributed about 0-5 x 10-?°cm? to the cross section 

Through multiple Compton scattering a few quanta with higher energy thar 
the single scattered ones could reach the phosphor. A rough estimation of th 


eal 
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double Compton process gave for the 90° arrangement the following result: The 
double scattered rays, having energies of 0-1 Mev or more in excess of the single 
scattered rays, had an average energy of 0-5 Mev (maximum energy of 0-514 Mev) 
and in number amounted to about 5°, of the single scattered ones. ‘They were 
effectively ruled out by the scintillation spectrometer. 


§ 5. RESULTS 


The contributions to the counting rate from the various processes in the 
scatterer were calculated for each of the three channels used in the arrangement. 
There were, however, so many uncertainties that good agreement could not be 
expected between calculated and observed values. For example, the theories 
for the creation of bremsstrahlung and, the numerical integrations were only 
approximate. Also, the exact variation of the counter efficiency with energy 
for each of the three channels was difficult to find theoretically, especially because 
double processes in such a large phosphor contributed so much to the photo-peak. 

On the other hand, the observed effects can easily be reconciled with the 
calculated data. The large increase in counting rate from channel I to channel IIT 
was clearly caused by bremsstrahlung. When the resolving power of the spec- 
trometer was reduced, the 1:33 mev photo-peak was flattened, and relatively 
more high energy bremsstrahlung were counted at the highest bias setting. This 
explains the effect observed that the measured elastic scattering decreased with 
increasing resolving power of the spectrometer. 

Some calculated and measured relative counting rates due to the various 
processes are shown in table 2. 


Table 2. Relative Counting Rates 


Process in the scatterer II] I] I 
Pair production 0-05 0-05 0-01 
Compton scattering 0-5 0-05 0 
Photoeffect 8 ey O-1 
Sum of above 8-6 1:8 O-1 
Total observed 19 a5) 1-68 
Small ®°Co source Deon 1-96 1:50 
Fitted value for the intruding components 17 $305) 0-2 


III, Channel III, 0:95-1:10 mev ; II, channel IT, 1:10-1:25 mev ; I, Channel I, 
1 -25-1-40 Mev. 


Table 2 shows that the observed counting rate due to the total scattered 
radiation increased by a large factor from channel I to III. This increase was 
even more pronounced for the calculated counting rate due to the bremsstrahlung. 
On the other hand, the counting rate due to the primary gamma rays from a small 
60Co source, placed on the scatterer, increased very slowly from channel I to ITI. 
The counts produced in channel III by the scattered radiation were, therefore, 
chiefly due to bremsstrahlung. ‘The decrease from channel III to channel I 
found by calculation was assumed to be qualitatively correct, and then the small 
correction to be applied in channel I due to the disturbing components could be 
found by fitting calculated and observed rates in channel III. This gave in 
channel I a total reduction of about 10% of the observed counting rate to get the 
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counting rate due to elastic scattered rays. When multiplied by 10-** cm?, the 
figure so obtained gives the corresponding scattering cross section. ‘Thus, the 
true cross section for elastic scattering of 1-33 Mev gamma rays by lead should be 
about 1-5 x 10-28 cm? sterad~! at an angle of 90°. 

In channel II the intruding components had roughly the same intensity as 
the elastically scattered ray. Therefore, nothing can be said about the elastic 
scattering of 1-17 Mev rays, except that the counting rate indicated an elastic 
scattering cross section which is lower than the value predicted by the theory of 
Franz. 

The present measurement at 90° gives a lower value than previous experi- 
ments for the elastic scattering cross section, and does not agree with the theo- 
retical values for Rayleigh and Thomson scattering. At an angle of 90° the theory 
of Franz gives an elastic cross section of 5-2 x 10-*cm? sterad for 1-33 Mev, 
according to Wilson (1953) the calculation of Bethe predicts a cross section of 
3 x 10-28 cm? sterad-, while the present result is 1:5 x 10-*%cm? sterad“!. At 
120° our uncorrected results of 1-6 x 10-?8cm? sterad“ is in agreement with the 
curve of Bethe given in Wilson’s paper. ‘The experimental error in the measure- 
ment at 120° was higher than the one at 90°. 

Wilson also found values which were lower than theoretically predicted ones. 
While earlier experiments always gave far higher cross sections than the theory, 
the situation now seems to be the opposite. The reason for this is that all the 
intruding components tend to make the measured cross section too high, and an 
increase in resolving power reduces their relative importance. ‘This was experi- 
enced in the present measurements as various improvements of the spectrometer 
always resulted in a lower cross section. 

If one adopts the present experimental result, there are two possibilities : 
(i) the theory of Bethe gives too large values for the Rayleigh scattering, but is 
more correct than the theory of Franz, (ii) in addition to the Rayleigh and Thomson 
scattering there is an additional elastic scattering which interferes destructively 
with the former. 

The measurement by Strickler (1953) at 135° showed a rather good agree- 
ment with the theory of Bethe for the Rayleigh scattering. An additional des- 
tructive component, therefore, has to be assumed negligible at large angles. 
This is just the case for the postulated potential (Delbriick) scattering. The 
best explanation of the low value found in the present experiment, therefore, 
seems to be that the amplitude for the potential scattering at 90° of 1:33 Mev 
gamma rays by lead is so large that it has a measurable influence on the total 
scattered wave. ‘The proper cross section for pure potential scattering to fit the 
present experiment with the curve of Bethe would be 2:5 x 10-?9cm®? sterad-!. 
But one must remember that errors in experiment and theory may cause relatively 
bigger variations in the above value for the cross section for the potential scattering. 
‘The statistical error for the experiment is rather small, but the probable error is, 
of course, difficult to estimate due to the many other uncertainties. 
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Abstract. Inthe augmented plane wave method, and in an earlier related method, 
both due to Slater, the wave functions in a crystal are expressed in terms of spherical 
harmonics and radial functions around each atom, and of plane waves between 
the atoms. Convergence in these two methods with respect to the addition of / 
values near the atoms is discussed in the light of a variation principle which 
involves an arbitrary parameter. It is shown that this convergence is likely 
to be improved by calculating the matrix elements in a way slightly different 
from that given by Slater. This is illustrated by a simple example. A new 
method, of the same general kind, is suggested, which has some advantages over 
the other two methods. 


§ 1. INTRODUCTION 


HE problem we shall be concerned with in this paper is that of finding 
the one-electron energy levels and wave functions for a given electrostatic 
potential which has the periodicity of a crystal lattice. We shall confine 
ourselves to the case of a single atom in the unit cell. The generalization of the 
discussion to the case where there is more than one atom in the unit cell, or to 
the case of an ordered alloy, is straightforward. Slater (1937, 1953) and Saffren 
and Slater (1953) have introduced methods for the solution of this problem 
which are designed to combine the advantages of the plane wave expansion and 
cellular methods. Crystal space is regarded as being partitioned by non- 
overlapping translationally equivalent spheres, each of which has a nucleus 
at its centre, and within which the potential is assumed spherically symmetrical. 
In the region between the spheres, each basis function for the expansion of the 
wave function is taken to be a single plane wave, as in the plane wave expansion 
method. Inside a sphere, it is taken to be a solution of the wave equation for some 
value of the energy, expressed as a series of products of radial wave functions and 
spherical harmonics as in the cellular method. It is supposed that infinitely 
many terms of this series are taken, and the coefficients are chosen to make the 
sum continuous with the plane wave everywhere on the surface of the sphere. 
The gradient of each basis function is, however, discontinuous over this surface. 
‘The eigenvalue problem may be solved by applying the usual variation principle 
for the energy to an arbitrary linear combination of these basis functions, provided 
the contribution to the kinetic energy from the discontinuity in gradient is taken 
into account. ‘This contribution may be evaluated by a limiting process. 
In practice, it is possible to take into account only a finite number of values of J, 
the azimuthal quantum number. In Slater’s treatment this appears only as 
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a truncation of summations over / in the elements of the secular determinant. 
In this paper, the standpoint is adopted of using basis functions which contain 
explicitly only a finite number of terms in the spherical harmonic series. Such 
functions are discontinuous on the surface of the sphere as well as having a 
discontinuous gradient. The evaluation of the kinetic energy bya limiting process 
then fails, and a new variation principle is required. ‘This is set up lies 2, patie, 
as might be expected, found to be not unique. Arbitrariness in the variation 
principle leads to arbitrariness in the eigenvalue found using a given finite set of 
basis functions. Particular attention is given to the effect of the choice of variation 
principle on the convergence of the eigenvalue as more values of / are taken into 
account. A simple numerical example of the points discussed is given in an 
appendix. 

Slater’s two methods are particular cases of a general type of method, in which 
each kasis function consists of a single plane wave in the region between the 
spheres, and of a series of products of spherical harmonics and radial functions 
inside a sphere. One other method of this type is suggested, which has some 
advantages over Slater’s methods. 


§ 2. A VARIATION PRINCIPLE 


In this section we set up a variation principle appropriate to trial functions 
u(r) which may be discontinuous and have a discontinuous gradient on the 
surfaces of the spheres of Slater’s methods, but are otherwise smooth and satisfy 
the Bloch condition 

ere) ee (1) 
for some value of k, where R denotes any translation vector of the crystal. For 
the purposes of this section the potential need not be spherically symmetrical 
inside a sphere, but we do assume that it is symmetric with respect to inversion 
‘nanucleus. This is usually but not necessarily so when there is only one atom 
inthe unit cell. As shown in Appendix I, it is then always possible to choose the 
eigenfunctions so that their real parts are even and their imaginary parts odd with 
respect to inversion in a nucleus. We may therefore restrict ourselves to trial 
functions of this form, and this considerably simplifies the form of the variation 
principle. 

Since the trial functions satisfy the Bloch condition, it is necessary to consider 
their values only within a single atomic cell. A variation principle may be derived 
in a way exactly parallel to that followed by Kohn (1952) in setting up a variation 
principle for the cellular method. The surface of the atomic cell is replaced 
by the inner and outer surfaces of the sphere. We find that the first variation 
of the functional K[,/], defined by the equation 


Kpl= | et([-V8+ Vin) — Wr) 


": ee [wre i Wr’) — Ce’) eur) | AS Ueeea (2) 


vanishes if « and 7(r) are equal to an associated eigenvalue and eigenfunction for 
some value of k. The value of K itself in that case is also zero. The first term 
on the right-hand side of equation (2) denotes a volume integral extending over 
the atomic cell. Points on the surface of the sphere, where the integrand is not 
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defined, are excluded from the integration. V(r) denotes the potential. ‘The 
second term denotes a surface integral taken over the surface of the sphere. 
0 or denotes differentiation radially outwards on this surface, and the appearance 
of r’ or r” as the argument of a function denotes that the limiting value of the 
function as r approaches the surface on its inner or outer side respectively is to be 
taken. ‘he units of length and energy in equation (2), and throughout this 
paper, are the radius of the first Bohr orbit and the rydberg respectively. The 
parity properties of the trial functions enter into the derivation of this variation 
principle, and into what follows, by ensuring the reality of all the integrals. 

We now notice that we can set up other variation principles for our problem 
by adding to the functional K any integral over the surface of the sphere whose 
first variation vanishes for variations of ;/(r) from a smooth function. Examples 
of such integrals are 
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where f(r) denotes an arbitrary function having the same parity properties as 
the trial functions on the surface of the sphere, and g(r) and A(r) denote arbitrary 
real functions, symmetric with respect to inversion in the nucleus. These three 
integrals are zero if (r) is a smooth function. The vanishing of the first variation 
of the sum of K and such integrals, for all possible variations of (r) of the 
prescribed type, is sufficient to ensure that ¢(r) satisfies the wave equation for 
energy « and is smooth at the surface of the sphere. The variation principle 
reduces to that set up by Slater, in which a limiting process was used to evaluate 
the kinetic energy, only if the surface integrals added to K vanish for b(n’) =d(r"). 

Arbitrariness in the variation principle implies arbitrariness in the value of ¢ 
derived from a given trial function by equating the functional to zero. Differences 
between the values of « so obtained are of the second order in differences between 
the trial function and the corresponding eigenfunction, but may be large for a bad 
trial function. The application of different variation principles will also lead 
to different values of any disposable parameters in a trial function. As the 
flexibility of the trial function is increased, the variation principle ensures that 
all wave functions and energies converge to eigenfunctions and eigenvalues. 
The choice of the arbitrary functions in the variation principle affects only the 
rate of this convergence. Different choices correspond to assigning different 
importance to the continuity of the wave function or its gradient at various parts 
of the surface of the sphere. 

For the remainder of this paper we shall discuss only the particular functional 
K’[s| defined by 
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which contains the single arbitrary real constant x. We now examine how 
the choice of « affects the weighting of the boundary conditions on the surface 


sphere 
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of the sphere. The first variation of K’ for variations of ¢(r) from any function, 
not necessarily an eigenfunction, and for any value of ¢, is given by the equation 
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We are interested in the case when the trial function :j(r) is an arbitrary linear 
combination of basis functions of the general type described at the end of $1. 
Suppose that inside the sphere each basis function includes all spherical harmonics 
of order up to and including L, but none of order greater than L. Suppose 
further that the coefficients of the terms included are chosen so that there is 
continuity on the surface of the sphere with the corresponding terms in the 
expansion of the plane wave in spherical harmonics. Let f(r) denote the sum 
of the terms corresponding to values of / less than or equal to L in the infinite 
expansion of «J(r) in spherical harmonics in the region outside the sphere, and let 
2(r) denote the sum of the remaining terms. Using the orthogonality property 
of spherical harmonics, we find that the surface terms in dK’ reduce to 
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The first of these terms tends to secure continuity in the contribution to the 
normal gradient of (r) from terms in its expansion in spherical harmonics 
for which 1<L. ‘The second and third terms tend to secure continuity of the 
contributions to /(r) and its normal gradient respectively from terms for which 
1~L. In§4we shall see that the omission of terms for which /> L, in summations 
over 1 in the elements of the secular determinants given by Slater, is equivalent 
to achoice of x equalto —1. This choice removes altogether from 5K’ the second 
of the above terms. In $4 it is shown that choosing « equal to zero, which 
includes both the second and third terms with comparable weight, may be expected 
to lead to better convergence with respect to increasing L. 


§ 3, Basis FUNCTIONS 

In this section and the next we consider only the case in which the potential 
is spherically symmetrical inside a sphere. ‘The removal of this restriction 1s 
discussed briefly in§5. Wenow introduce, for a given value of k, three alternative 
sets of basis functions which have the following features in common. ‘The 
functions are labelled by the reciprocal lattice points, and in the region between 
the spheres the one belonging to the reciprocal lattice vector h, is identical with 
the plane wave exp (zk,.1r), k, denoting the vector k +h,. Inside a sphere each 
function consists of a series of products of spherical harmonics and radial functions, 
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all harmonics for which /< JZ being included, but none for which />L. The 
coefhcients in this series are chosen to give continuity with the corresponding 
terms in the expansion of the plane wave. Each function thus has the parity 
properties specified for trial functions in § 2, and so coefficients of all basis functions 
are to be taken real. 

In the first set of basis functions, which we denote by 4(k,, ¢, r), the energy 
in the radial wave equations is made equal to the energy « which appears explicitly 
in the variation principle. It is thus left as a variable parameter, as in the cellular 
method. ‘T’his set is the same as that used by Slater (1937), except for the explicit 
omission of harmonics of order higher than L inside the sphere. Let the radial 
wave functions be denoted by R((e, 7), and let j,(x) denote regular spherical 
Bessel functions normalized so that they behave as x!/1.3.5...(27+1) for small x. 
Let w denote the direction of r, and Y,,,(w) complex spherical harmonics 
normalized to 47 over the surface of a unit sphere. Inside the sphere 4(k,, ¢, r) 
is then equal to 

eae a +1 
> i Ju(Foro) Ri(e, r) > Vim (On) X tel @); 
1=0 Ri(€,7o) m=—I 
where k, and w, denote respectively the magnitude and direction of kang a 
denotes the radius of the sphere. 

In the second set of basis functions, radial functions belonging to fixed energy 
values E(k,) are used. These values, which vary from function to function 
but are the same for all values of /in a given function, are chosen by applying the 
variation principle to each ¢(k,, E(k,), r) alone, with E(k,) as a variable parameter. 
‘This procedure gives an infinite set of E(k,) for each k,. The A(k,, E(k,), r) are 
the same as the augmented plane waves of Saffren and Slater (1953), except for 
the explicit limitation on the number of / values inside the sphere. 

The method of choosing the coefficients of the terms inside the sphere in each 
basis function may, in both sets of functions so far described, lead to unduly 
large or small amplitudes for some of these terms in certain cases. If jaro) 
vanishes for any / and n, all terms for that value of J are omitted altogether inside 
the sphere in the corresponding function. The occurrence of such an anomaly 
for a low value of /in a leading term in the expansion of the wave function is likely 
to have an adverse effect on convergence. 

The thid set of basis functions seeks to avoid this by associating with each 
spherical harmonic inside the sphere in a given basis function two radial functions 
of different energy and different logarithmic derivative at r=1y, the coefficients 
being chosen to give at r=r, a smooth join with continuous slope to the corres- 
ponding term in the expansion of the plane wave. Let EMk,) and E(k.) 
denote the energies of the two radial functions used with the /th harmonic in the 
basis function associated with k,. The E(%(k,) may take different values for 
different /and the same k,. As with the second set of functions, any number 
of functions may be built up for one value of k,. A limiting form of this method 
is to use those values of £/%(k,) for which the radial functions have the same 
logarithmic derivative at r=T1 as j(Ryr). Only one radial function need then be 
associated with each spherical harmonic. This set of radial functions is discussed 
by Slater (1953). 

It is of interest, in principle, to enquire whether the above sets of functions 
provide, in the limit of infinite L, a complete basis for the representation of a 
wave function belonging to the given value of k. It is possible to establish this 
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easily for the first set of functions, but not for the other two. However, effective 
convergence after a few terms is the only property of practical value, and in the 
case of the second and third sets of functions this may depend on the judicious 
choice of the E(k,) or the £/(k,), having regard to such matters as the numbers 
of nodes inside the sphere. 


§ 4. APPLICATION OF THE VARIATION PRINCIPLE 


Use of the variation principle of §2, with any of the sets of basis functions 
of $3, follows through in the usual way as regards variation of the coefficients of 
the basis functions. K’ is a quadratic form in these coefficients, which are real, 
and a set of linear homogeneous equations for them is obtained, the eliminant 
of which, set equal to zero, gives a secular equation for «. By an application of 
Green’s theorem to the region lying between the surfaces of the atomic cell and 
of the sphere, it is possible to throw K’ into a form in which, in the notation of § 2, 
values of J2(r) and its gradient on the surface of the sphere do not appear. We 
find that 
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Let A(h) denote the integral of exp (ih.r), where h is a reciprocal lattice 
vector, over that part of the atomic cell which lies outside the sphere, and v(h) 
denote the integral of V(r) exp (zh. r) over the same region, then 
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where © denotes the atomic volume, and 6, takes the value unity if h =(000) and 
is zero otherwise. Let the symbol B,(k,, k,,) be defined by 
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Finally, let Fi(e) denote the value of [1/R,(«, r)]dR(«,7)/dr for r=7, and 
G,(k?) the value of [k/jn(x)]di(x)/dx for «=kro. We then have that the general 
element M(k,, k,,) of the matrix of the set of linear equations is, for the first set 
of basis functions, equal to 


A(k, = k, 150 i: %)(R_” sy ky”) “3 ak, 0 ky ia €| sis v(k, - ky) 
L 
+ J Bika: ky) File) — 31 + )LGRn*) + G(ky*) |}. 
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There is no term here from inside the sphere, because with this set of functions 
the wave equation is satisfied there for energy «. Whatever the value of «, 
if L is taken indefinitely large, M(k,, k.,) becomes equal to the matrix element 
given by Slater (1937), except for the presence of o(k, — k”), ~Lhis term does 
not appear, because Slater takes V(r) to be zero outside the sphere. The choice 
of the value of « affects the rate of convergence of M(k,, ky) with increasing 
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L to its value for infinite ZL. A choice of « equal to —1 corresponds to using 
Slater’s matrix element with the summation over / carried only as far as L. 
Because of the dominating effect of the term /(/+ 1)/r? in the radial wave equation, 
the values of logarithmic derivatives of radial wave functions at a given value of 7, 
although becoming larger as / increases, become, for sufficiently large /, increas- 
ingly insensitive to differences of potential or energy. This suggests that a value 
of « which is likely to lead to good convergence of the M(k,, k,,), and thus of 
and (r), with respect to L, is zero. Some results are given in Appendix II 
for a potential which is a negative delta function at each lattice point, and zero 
everywhere else. « is taken equal to both —1 and zero, and it is found, in this 
simplified case, that the latter choice does give considerably better convergence. 

In the case of the second set of basis functions, the E(k,) have first to be 
determined. Putting #(r) equal to the single function ¢(k,, #, r), where the 
radial wave function energy £ is independent of «, and using expression (4) for 
dK’ together with the reduced form of the surface terms, we find that 
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The vanishing of 0K’/d# is thus achieved by taking E equal to «. The E(k,) 
are then given by the vanishing of K’, which, with E equal to ¢, is just the diagonal 
matrix element M(k,, k,) for the first set of functions. With «= —1 we obtain 
the equation of Saffren and Slater (1953) for E(k,), with the summation over / 
taken only as far as L. Additional values of E for which 0K’/@E vanishes are 
those for which the normalization integral over the sphere is stationary. There 
is no necessity, however, to make use of these values of E. Once the E(k,) are 
determined the matrix elements between the ¢(k,, E(k,), r) may be set up. 
We shall not give these here; they are given by Howarth (1955) in a form corres- 
ponding tox= —1. Comments made previously on the choice of « apply equally 
here, of course, both to these matrix elements and to the M(k,, k,) in determining 
the E(k,). The possibility of using M(k,, k,) in the form corresponding to 
% =() is indicated by Saffren and Slater, but not discussed. 

We give now the matrix elements for K’ with the third set of basis functions. 
Let 
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If the typical matrix element is equal to 
P(k,, k,,) —«A(k, ky), 


then 
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In this case, no term is required to allow for discontinuity of the normal gradient 
of u(r) on the surface of the sphere for values of /< L in its spherical harmonic 
expansion. There is, however, as with the ¢(k,, E(k,), r), a contribution due 
to the fact that the wave equation is not satisfied by the basis functions inside the 
sphere. The terms with y,(k,, k,) and 3,(k,, ky) arise from this. cause, A 
choice of « =0 may again be expected to favour convergence. 


§ 5. DISCUSSION 

Arbitrariness in a variation principle, such as is discussed in § 2, is not peculiar 
to the present problem. For example, Kohn’s variation principle for the cellular 
method admits of a similar generalization, as does any variation principle for an 
eigenvalue problem where trial functions are allowed which are discontinuous 
or have discontinuous gradient over some surface, or do not satisfy the appropriate 
boundary conditions. The existence of several different variation principles 
for scattering problems is well known. These are compared by, for example, 
Kohn (1948), Kato (1950) and ‘Turner and Makinson (1953). The arbitrary 
generalization of variation principles for boundary value problems in partial 
differential equations, such as that of potential theory, is discussed by Courant 
(1922, 1943) in connection with the convergence of higher derivatives of the 
solutions obtained. In the present paper we have been interested in arbitrariness 
in a variation principle as it affects convergence of eigenvalues and eigenfunctions. 

In §3 and §4 we assumed for simplicity that the potential is spherically 
symmetrical inside the sphere. Slater (1953) has pointed out that, though this 
restriction is necessary if the determination of the £(k,) of augmented plane waves 
by the preliminary application of the variation principle to each one separately 
is to be done simply, it need not be retained when evaluating matrix elements 
between these functions. Similarly, the third set of basis functions of §3 may 
be used with a potential which is not spherically symmetrical inside the sphere, 
but some spherically symmetrical potential is necessary, of course, to generate 
the radial functions. This latter potential, and that used in setting up the second 
set of functions, may or may not be identical with the first term in the expansion 
of the full potential in spherical harmonics. To secure rapid convergence, 
however, it must presumably be nearly so in the region where the latter is varying 
rapidly. The radial functions in the third set of basis functions could, for example, 
be those for the free atom in some stage of ionization, if these had previously 
been obtained for some other purpose. The first set of functions can, of course, 
be used only with a spherically symmetrical potential inside the sphere. 

We have not so far discussed the value to be given to 7, the radius of the spheres. 
In the general case evisaged in the preceding paragraph, or if the potential is 
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spherically symmetrical inside the inscribed sphere of the atomic polyhedron, 
the value of 7, no longer implies an assumption about the potential, . If the varia- 
tion principle were generalized so as to take account of discontinuities over any 
surface within the atomic polyhedron, ry could be regarded as an additional 
parameter in the trial function. However, since there is no correct value ey Pat 
for a true eigenfunction, no variation principle could possibly determine the 
‘best’ value of 7) for a given finite set of basis functions and a given value of Le 
In practice, the value of 77 may be chosen so as to balance the value of L against 
the size of the secular determinant. ‘The value of L necessary to achieve adequate 
convergence may be decreased by making 7) smaller, but this may increase the 
number of basis functions required. ‘The most suitable value of 7, depends on 
the state being considered, and, if it is desired to avoid high values of L, may be 
expected to decrease as the eigenvalue increases. 

‘The second and third sets of basis functions, together with any other similar 
sets which use radial functions of fixed energy, have the advantage over the 
first set that matrix elements do not depend implicitly on « through the F,(c). 
The second set of functions attempts in addition to make off-diagonal matrix 
elements smaller through the solution of a preliminary variation problem for 
each basis function separately. The additional labour involved would seem 
to be justified only if adequate convergence is achieved with a smaller number 
of basis functions. Howarth (1955) has applied the augmented plane wave 
method to copper. It is proposed to employ the third set of functions in an 
investigation of states in the conduction band of copper, using the same two 
potentials as are used by Howarth, and compare convergence in the two methods. 

It is proposed also to duplicate the copper calculations, using the first set of 
basis functions of $3. Very good convergence has been obtained with this set 
in the calculations with a 6-function potential quoted in Appendix II. If, in the 
application to a real metal, the convergence is found to be at least as good as in 
the other two methods, it may be, for potentials which are spherically symmetrical 
inside the sphere, that the first set of functions has something to commend it 
on the grounds of simplicity. An application of Slater’s 1937 method to copper 
has in fact been made by Chodorow (1939), though unfortunately very few details 
have been published. Slater (1953) has referred to difficulties in his earlier 
method, arising from the occurrence of large secular determinants the elements 
of which depend implicitly on the energy, as one reason for setting up the 
augmented plane wave method. In connection with the occurrence of large 
secular determinants, it is interesting to notice that in the 5-function potential 
example it has been found that misleadingly low convergence with respect to the 
addition of basis functions may result from including too few / values. The 
number of / values necessary to avoid this is decreased in some cases if the 1937 
method is modified as suggested inthis paper. In his application of the augmented 
plane wave method, Howarth has apparently worked throughout with sufficient 
/ values to achieve adequate convergence of the matrix elements. 

‘The ultimate aim in the solution of crystal eigenvalue problems is to obtain 
not only accurate energies but also accurate wave functions. The great advantage 
of methods of the augmented plane wave type is that they offer the hope of being 
able to secure an accurate representation of a wave function with a number of 
basis functions which is much smaller than the number of plane waves which 
would be required, and with fewer values of / than would be needed in the cellular 
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method. Judicious choice of variation principle may cause the matrix elements, 
and so the approximate eigenvalue and basis function coefhcients for a given 
finite set of basis functions, to converge adequately with even fewer values of J, 
but is unlikely to affect the number necessary for a good wave function. Rapid 
convergence of the matrix elements with increasing / is still, however, of great 
practical use. 
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APPENDIX I 


Parity PROPERTIES OF THE WAVE FUNCTIONS 


The one-electron eigenfunctions for a crystal with one atom in the unit cell, 
and with a periodic electrostatic potential which is symmetric with respect to 
inversion in a nucleus, may always be chosen so that their real parts are even 
and their imaginary parts odd with respect to this inversion. ‘This may be shown 
as follows. 

Let J denote the operation of inversion in a nucleus, and % an eigenfunction 
belonging to some value of k. Since the Hamiltonian is real and commutes 
with the operation -/, it follows that J;* is an eigenfunction with the same energy 
as. It is also easy to show that J/* belongs to the same value of kas. If 
is not degenerate with any other eigenfunction belonging to the same value of k, 
then Jis* must be equal to multiplied by some complex constant. Since 
J(Jis*)* =, the modulus of this constant must be unity. If Jp*=e'%, then 
the function #’ =e! has the desired parity properties, since Jip’* =y". 

If, by virtue of rotation symmetries of the potential, is degenerate with one 
or more other eigenfunctions belonging to the same value of k, it is necessary 
to show only that one eigenfunction with the desired parity properties may be 
constructed. Other eigenfunctions of the multiplet, generated from this one 
by operations in the group of k, automatically have the same parity properties 
because, for this simple type of crystal, J commutes with all such operations. 
If Jys* is linearly dependent on %, we may proceed as before. If it is not, then 
the function 7 +J* is a suitable one. 

It is easy to show that these results are not affected by the occurrence of 
accidental degeneracy between eigenfunctions belonging to the same value 
of k but to different symmetry types. 
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APPENDIX II 


SoME RESULTS FOR A 5-FUNCTION POTENTIAL 


The first set of basis functions of §3 has been used in an investigation of two 
states of high symmetry in a face-centred cubic lattice with a potential which is 
a negative 5-function at each lattice point and zero everywhere else. In this case 
F(c) = G,(e) for 140, and 

F e y— vfetan (79 ve) 1 

(= Tey]ve)tan (7 Ve) 7” 
where y is equal to the limiting value of [1/7R)(e, 7)]d[rRo(e, 7)]/dr in the zero 
potential region as 7 tends to zero, and is independent of «. As y ranges from 
+ co to — 0, each eigenvalue changes continuously from one value of k,? to the 
next lowest value, or to — © if there is no lower value. ‘The only exception to 
this is if an eigenfunction belongs to a symmetry type which has one or more 
nodal planes passing through a nucleus, in which case, of course, the eigenvalue 
remains fixed at a free electron value whatever the value of y. 

The two states investigated are those denoted I’, and X, by Howarth (1953), 
and correspond to k=(000) and k=(0, 0, 27/2) respectively, where a denotes the 
lattice constant. ‘They are the states which have the full symmetry of the appro- 
priate group of k in each case, and are the only states for these values of k whose 
energy depends on y. From each group of basis functions with the same value 
of k,”, one linear combination may be constructed which has the required 
symmetry. Let these latter be labelled by v=0, 1, 2,... in order of increasing 
k,*. All combinations with v<vmax have been included in the trial function. 
For both I, and X,, only even values of / occur, and in addition /=2 does not 
occur for I. 

Table 1 shows a selection of the results obtained with 7) equal to the radius 
of the inscribed sphere of the atomic polyhedron. Results are given for the two 
lowest states of I, type and the lowest state of X, type, for two values of y, and 
for two values of the parameter « in the variation principle. ‘The unit of energy 
is (27/a)’, which is of the order of 10 ev for typical values of a. The values of 
k,” in the same units are 0, 3, 4, 8 for v=0, 1, 2, 3 respectively in the case of I, 
and 1, 2,5 forv=0, 1, 2in the case of X,. The eigenvalues for the I’, states with 
Vmax = 9 and L=4 are necessarily identical with those obtained with vmax =0 and 
L=0, because there is no term with / greater then zero in the matrix element. 
For the same reason, this matrix element, and eigenvalues obtained from it, 
are independent of «. 

If the true eigenvalues were of interest, it would be necessary to include higher 
values of v and of / than has been done here. The present results serve, however, 
to illustrate the effect of using the two different values of x. In the case of the 
lowest [, state for ya= +20, continuity of the wave functions with L =0 must 
be so good that the value of « is immaterial, for the number of figures quoted. 
In all other cases, the convergence with respect to L is better with « =0 than with 
a=—1. Convergence of the matrix elements with respect to L is better with 
Oo 0 than with « = — 1 in the great majority of cases. ‘To quote a typical example, 
in the case of the state X,, and with ya= +2 and «=0-480 (27/a)?, the diagonal 
matrix elements corresponding to v=0 are proportional to —0-0292, +0-0681 
+0-0689 for L=0, 2, 4 respectively with « =0, and — 0-3289, +0-0560, + 0-0689 
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with x= —1. It should be said that it is possible that the good convergence with 
respect to L obtained with x =0 in the 6-function potential results may be due in 
part to the fact that there is no phase shift for / greater than zero. 

Table 2 gives one set of results obtained with 7) equal to half the radius of the 
inscribed sphere of the atomic polyhedron. ‘These results show the expected 
increase in the number of basis functions required, due to the larger volume over 
which the wave function has to be built up from plane waves. 


Table 2. Eigenvalues obtained with ry equal to half the value used in table 1 
Wii — =A) n=O 
Vmax 0 


IP 0) —(0)-048 O20 50) —()-051 = 
4 (—0-048) == (050 —()-051 —0-051 
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Abstract. A method for calculating the x-ray emission intensity from thick 
targets as a function of the target atomic number, accelerating voltage and angle 
of emission has been devised, and applied to the emission of the radiation from 
Ag, Cu, Cr and Al. These calculations have involved a discussion of the 
penetration of electrons into metals and a convenient expression for the range 
of low energy electrons has been obtained. The theoretical emission of Cu Ka 
radiation has been compared with some experimental observations on emission 
at small angles to the target surface, with results which are satisfactory within 
certain limits. The bearing of these results on the design of X-ray sources, 
particularly for low-angle diffraction apparatus is discussed. 


§ 1. INTRODUCTION 

HE only known relation between the intensity of emission of characteristic 

x-radiation from a thick target and the energy of the incident electrons 1s 

the empirical formula J « (_V—V)** where V is the electron accelerating 
voltage, V, the critical voltage for excitation of the characteristic radiation and 
I the intensity of emission. This formula is valid only if V does not exceed AV, 
and it was shown experimentally by Webster et al. (1933 b) that in the case of 
silver radiation the law was correct only for emission at large angles to the target 
surface. At small angles the intensities fell well below those calculated from the 
empirical formula and showed maxima for optimum voltages depending upon 
the angle of emission. 

In general the intensity of characteristic X-ray emission is a function of the 
electron acceleration voltage V, the atomic number Z of the target material, and 
the angle ¢ between the direction of emission and the anode surface. Apart 
from the intrinsic interest of the problem of determining this function, a know- 
ledge of the dependence of x-ray intensities upon the factors mentioned is of 
great importance in the design of x-ray diffraction apparatus, particularly in the 
case of low-angle diffraction equipment where very long exposure times may 
be involved. Although it has not been possible to obtain an explicit expression 
for the intensity of emission a method has been devised for the numerical calculation 
of intensities. These calculations are easily carried out and yield all the necessary 
information concerning the dependence of intensities on voltages, angles and 


target materials. 
§ 2. "THEORETICAL 


2.1. Introductory 


The problem to be considered is that of, calculating the number of quanta 
of Kz x-rays emitted in a direction making an angle ¢ with the surface of a target 
of atomic number Z bombarded with electrons accelerated by a potential Vy. 
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Consider a layer of the target between x and x + 6x below the surface (figure 1) 
in which the number of K-shell ionizations produced per electron is 6n. 


‘ aT 
Ow 
‘ Be 
x+62L 
ar Ek 
Figure 1. 


If, for the moment, it is assumed that each ionization results in the emission 
of one quantum of radiation, the number of quanta radiated into the small solid 
angle dw in the direction making an angle ¢ with the anode surface is (Sw/47)é. 
This radiation traverses a path of length xcosec ¢ in a material of density p and 
mass absorption coefficient ~ and therefore the number of quanta produced 
between x and «+6x emerging in the solid angle dw is 


_ bu 


dn exp (—ppx cosec ¢). 
4a 


ovy 

If xg is the depth of penetration at which the electron energy is reduced to 

the K-shell excitation energy, then the total number of quanta emerging per 
electron is 

(a3) le 


) on 
ores : exp (— px cosec $) ay dx. 


However, this expression requires modification because the observed intensity 
of emission of K« radiation is related to the number of primary ionizations 
produced, by a factor k which allows for the effects of (a) indirect production of 
Ka quanta by photo-excitation of K-shells by the continuous radiation, 
(6) fluorescence yield, (c) ratio of the number of K« quanta to the total number 
of K quanta produced, (d) electron rediffusion. These effects and the factor k 
were discussed by Compton and Allison (1935) and more recently by Kirkpatrick 
and Baez (1947) who gave numerical values for k. 

Thus the number of K« quanta emitted from the target in the direction ¢ for 
each incident electron is correctly given by 


Ones 
Vy — a,Ns eee eee (1) 
where Nz=k | “exp (—ppx cosec ¢) a dx. ey 
6 hs 


Now on/dx= NO where N is the number of atoms per unit volume in the target 
and Q is the total cross section for K-shell ionization. O will be discussed in 
some detail below. Here it is sufficient to note that O is a function of electron 
kinetic energy and consequently the evaluation of the integral (2) requires a 
relation between kinetic energy T and depth of penetration x. This problem is 


closely connected with the calculation of the range of electrons in the target and 
this is now taken up. 
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2.2. The Penetration of Electrons into the Target 


This discussion is based on Bethe’s (1930) non-relativistic expression for 
electron stopping power which may be written (Mott and Massey 1949) 
el  27e*NZ , 27 
= a = <n. In SF 
in which T is the electron kinetic energy at depth x, e the electronic charge, 
N the number of atoms per unit volume, Z the atomic number of the target, J 
the mean excitation energy of the target atoms. According to Wilson (1941) 
J =18-4 x 10-4 Zergs=11-5Z ev. 

This formula was considered adequate for the range of electron energies up 
to about 80 kev commonly used for the generation of x-rays, and has the advantage 
that it can be integrated without difficulty. 

If T, is the kinetic energy of the electrons incident on the target then the 
relation between kinetic energy and depth of penetration is given by 


Be Sep: ep 
| 73T (i an ne (3) 


x= 


This integral may be readily evaluated to give 


J2 


v= ary [EQ )-BIZo)} eee (4) 


where a, =In27)/J, «=In2T/J. 

If in equation (3) the range of integration is extended from 7), to zero, x becomes 
the range R of the electrons in the target. However, this is not permissible, for 
the expression for stopping power is clearly not valid if 2T<J, and the function 
Ei(a)>— coasa—0. Itis therefore necessary to fix the upper limit of integration 
in some arbitrary manner. If this is chosen as the value of T for which Ei(2«) =0 
then T'=—0-6J and the electrons may then be considered to be effectively at the 
end of their range which is therefore given by 

fae hie Ei(2a) (5) 
A aE nono 

Using this formula the ranges of electrons in aluminium and copper have been 
calculated and compared (figure 2) with the experimental data of Schonland (1925). 
The theoretical curve follows very closely the trend of the experimental curve 
put lies above it. This is to be attributed to the measurement of an effective range 
necessarily slightly less than the true range (Massey 1952), and allowing for this 
consideration the formula (5) may be said to be very satisfactory for low energy 
electrons. Asa further check of the formula it was used to calculate the ranges of 
electrons in a photographic emulsion as was done by Zajac and Ross (1949) who 
integrated numerically the relativistic expression for stopping power. These 
results are compared in figure 3 and show excellent agreement up to 60 kv beyond 
which point relativistic effects begin to be apparent. 

These considerations make it clear that within the energy range up to 80 kv or 
so the formula (4) may be used with confidence in the further discussion of our 


problem. 
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Figure 2. Variation of range Figure 3. Range R of 
R of electrons with voltage electrons in Kodak NT4 
for aluminium and copper photographic emulsion. 


targets. 


2.3. The Cross Section for K-ionization 


Mott and Massey (1949) give a discussion of Bethe’s (1930) non-relativistic 
formula for total ionization cross section. For K-shell ionization this may be 
written 


where 7'is the kinetic energy of the incident electron and E the ionization energy of 
the K shell. 6 and B are constants which, from comparison with Burhop’s (1940) 
detailed calculations, Mott and Massey conclude should be 0:35 and 1-65E 
respectively for K ionization. Using these values and introducing V and Vx 
the electron accelerating potential and the K-ionization potential respectively, 
and putting V/V; =U we find 


: sl. “4U 
OV K- = ():77e? TU" 165 : 

Thus OV? is the same function of U for all atoms, However, this formula is 
valid only provided U is sufficiently large, and is seriously in error for the values of 
U involved in our X-ray emission problem. In particular O must be zero for 
U=1, which would be the case if B were taken equalto4+H#. ‘The measured values 
of O (Webster et al. 1933 a) do in fact agree well with Bethe’s formula in the range 
U=1 to 2 if one puts B=4E. It is therefore proposed to modify the Bethe 
formula by writing 


B=[1-65 +2:35 exp (1—U)] E 


so that B+4E as U-+1 while, for large U, B=1-65E as suggested by Mott and 
Massey. ‘The expression leaves OV,” as the same function of U for all atoms. 

In figure 4 the curve shows the values of OV,” calculated from this modified 
formula compared with the experimental points for silver (dots) and nickel 
(circles) as given by Kirkpatrick and Baez (1947) and Pockman et al. (1947) 
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respectively. For large U there is a considerable discrepancy between the experi- 
mental and theoretical points which is to some extent to be attributed to relativistic 
effects (Mott and Massey 1949). Thus in the case of silver for which Vx = 25:5 kv 
at U=4 an appreciable relativistic effect would be expected. On the other hand 


Ss 
Ss 
Ir 
© Nickel 
e Silver 
es ee Ll 1 ! 1 I 1 
0 fF 2 t a 6 8 10 12 14 16 


Figure +. Comparison of the modified formula for the total cross section Q with the 
experimental values for nickel and silver. 
for aluminium V’, = 1-56 kv so that even for U= 25 the electron energy is such that 
relativistic effects must be small and the theoretical curve should be much more 
reliable than for elements with larger Vx, values. 

It was therefore decided that for the evaluation of integrals such as (2), which 
must necessarily be done numerically, experimental values of Q should be used for 
heavier elements and the theoretical curve for aluminium. For silver the experi- 
mental data are available. Copper and chromium have Vx =8-98 and 5-99 kv 
respectively and, as it was necessary to consider voltages corresponding to values of 
U up to 8 or so, it was decided to use the experimental values of Q for nickel 
(V , =8-34 kv) assuming that these would be very close to the figures for copper 
and chromium. Although there must be some error in adopting this procedure 
it is believed that it could not be so large as materially to alter the conclusions to be 
drawn from the calculations. 


2.4. Total Number of K shell lonizations 
The total number of ionizations produced per electron in a thick target has 
been calculated by Kirkpatrick and Baez (1947) who evaluated numerically 
Bo dn ox OT 
n= — | ae at ap 
in which 8 = v/e, v being the electron velocity, and c the velocity of light. 

These authors used the experimental values of Webster et al. (1933 a) and Clark 
(1935) for dn/dx and Bethe’s stopping power formulae including relativistic 
corrections for dT /dx. ‘They found very close agreement between their calculated 
values of total Ka energy radiated per electron and the observed values for silver. 

We have calculated the total number of ionizations produced in silver for each 
incident electron by numerical evaluation of 
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also using the experimental values for dn/éx, but using our non-relativistic 
equation (4) to give the relation between x and V, ‘The results of these computa- 


tions are shown in figure 5 in comparison with those of Kirkpatrick and Baez. 


5 
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Figure 5. K-shell ionizations per electron m as a function of voltage for a silver target. 


Very good agreement between these two calculations up to about 70 kv is apparent, 
beyond which point the relativistic effects become appreciable. This again 
gives confidence in the use of equation (4) for electron energies up to about 70 ky. 

It may be remarked in passing that if one uses Bethe’s non-relativistic expres- 
sion for G with B=4E, which, as has already been observed, gives reasonable 
agreement with experimental values of cross section at low energies, the integral 


(2 -en ex 

Jp, dx OT 
can be evaluated in a similar way to that used for the integral of equation (3), The 
result of this calculation is 


dT 


nN 


Ce J (Ae : 
n=7{U-14+ on [Ei (2) — Bi (@))} swe ce (0) 
wherein « is as defined above (equation (4)) and b is chosen to make the experimental 
and calculated values of O coincide at U=3. ‘This formula could be expected to 
give reasonable results only for small U (not greater than 4 say) and in the case of 
silver for U up to 3 the values calculated from this expression agreed very well with 
those from the more correct numerical integration. 


2.5. The Intensity of Emission of X-Rays 


Returning now to equation (2) the numerical evaluation of the integral for N 
may be considered. ‘This has been carried out for silver, copper, chromium ane 
aluminium targets, in each case for a range of voltages and angles of emission. 
The values of dn/dx were taken from experimental results, and in the case of 
aluminium from a theoretical curve, as has already been discussed. These data 
give on/éx in terms of electron accelerating voltage and for the purposes of 
evaluating the integral the relation (4) between depth of penetration and electron 
kinetic energy was used. 
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The results of these calculations of Ny, are shown in figures 6, 7, 8, 9 and will be 


discussed later. 


V (kv) 


Figure 6. Theoretical X-ray 
emission for silver. 
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Figure 8. Theoretical x-ray 
emission for chromium. 


From the practical point of view of using an X-ray 
ce, it is necessary to take into account that varia- 


alters the effective radiating area of the target. 


system of small angular divergen 
tion of the angle of emission ¢ 


Provided that the actual area of the focal spot ont 
effective area, as seen by the collimator, and assuming a unif 
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Figure 7. Theoretical x-ray 
emission for copper. 
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Figure 9. ‘Theoretical x-ray 
emission for aluminium. 


source with a collimating 


he target is always greater than the 
orm current density 


in the electron beam, then the number of quanta radiated into a given collimator 
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is proportional to N, cosec ¢, and this is the significant quantity in the design of 
diffraction apparatus. This function is shown graphically in figure 10. ‘The 


limiting value to which it tends as 6 0 may be obtained as follows. 


x10? 


S 
& (degrees) 


Figure 10. The function Ng cosec ¢. A, chromium 25 kv; B, copper 30 kv; C, copper 
50 kv; D, silver 70 kv. 


For very small d the exponent p.px cosec ¢ of equation (2) is very large unless x 
is very small. Consequently, under these conditions only a very thin surface layer 
of the target is effective as a radiator, and within this very small range 5x, dn/dx may 
be considered to be constant and to have the value NQ,. corresponding to the 
incident electron energy. Then, 


Ox 
Nz = RNQy, | exp (—ppx cosec ¢) dx 
/ 0 


from which it follows immediately that 


N 5 
lim) GV; cosec ¢) = k=O; y eee (7) 
o—0 ae 


This expression was used to obtain the points at ¢=0 in figure 10, and could be 
used to calculate quickly a rough guide to the behaviour of a given target at small 
angles of emission. 


2.6. The Theoretical X-Ray Emission Curves 


The curves for N as a function of voltage for different fixed angles ¢ (figures 6, 
7, 8,9) show the same trend in that as the voltage is raised above the critical voltage 
Vx, emission begins and increases to a maximum for some optimum voltage which 
depends upon the angle ¢ and the nature of the target material. At very small 
angles this optimum voltage is low, and it increases as the angle increases. At 
larger angles the emission follows to some extent a (V —V)¥8 law as is shown in 
figures 6, 7, 8, 9 where the 45° curves are compared with points calculated from 
Ia(V —Vx)*%, the constant of proportionality having been chosen to fit the two 
curves at 50, 20, 15 and 5 kv in the cases of silver, copper, chromium and aluminium 
respectively. ‘The agreement between the theoretical and empirical points is 
good up to about V=4V, beyond which the theoretical points fall more 
and more below those calculated from the empirical equation. At a 
sufficiently high voltage, whatever the angle, a maximum in the emission 
curve is to be expected because higher energy electrons produce more X-ray 
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quanta at greater depths in the target and the loss from self-absorption in the target 
increases rapidly. 

In general, the (Ny, V’) curves for silver are in qualitative agreement with the 
measurements of Webster e¢ a/. (1933 b) on silver Kx emission. Detailed com- 
parison is difficult because the experimental data are mostly for voltages beyond 
the range of the above theory, but it seems that the measured intensities fall off 
less rapidly with increasing voltage than the theoretical values. 

The function NV, cosec ¢ which determines the amount of radiation received by 
a given collimating system as it is rotated with respect to the target surface is one 
which shows at lower voltages a slow increase to a limiting value as ¢ is decreased 
to zero (figure 10), while at higher voltages the curves show flat maxima at small 
angles. Further the limiting value to which N, cosec ¢ tends as ¢>0 decreases for 
voltages greater than about 3)’,. This suggests that in order to minimize the 
exposure times required for registering diffraction patterns the angle ¢ should be 
near zero, and that with a fixed permissible power dissipation a lower voltage and 
higher current may be more advantageous than higher voltage and lower current. 
In practice there may be a lower limit to the useful angle as is demonstrated in the 
following section on experimental observations. 


§ 3. EXPERIMENTAL 
Bal: 

The observations on the emission of copper Kz radiation at small angles and 
for voltages up to 50 kv reported here were made primarily to ascertain the opti- 
mum working conditions of a particular apparatus designed for small-angle 
x-ray diffraction studies (Worthington 1956). X-rays were generated by a 
demountable rotating anode tube similar to that described by Taylor (1940 ea 
source which is perhaps not ideal for making measurements for comparison with 
theoretical calculations. For this purpose, a fixed anode tube would have been 
preferable but the results obtained with the rotating target are of considerable 
interest. 

Relative measurements of x-ray intensity were made with a detector consisting 
of a fluorescent screen and photoelectric multiplier, type 931A. The latter was 
battery operated and used in conjunction with a stabilized vacuum tube voltmeter, 
the system having a linear response. A slit 0-03 cm wide was placed in front of 
the detector at a distance of 70cm from the line focus on the anode surface. The 
radiation from the whole focal area on the anode entering the detector could then 
be regarded as emitted at the same angle ¢ and within a small solid angle dw. 
Sufficient intensity was obtained by running the x-ray tube with 5 ma beam current. 
In order to ensure measurement of the Kz radiation only, the recorded detector 
reading M was the difference between the two readings obtained with balanced 
nickel and iron filters respectively. In these circumstances M was proportional 
to N,;. Intensity readings were obtained for ¢ at 0-5° intervals between 0 and 5° 
and with voltages in the range from 10 to 50kv. ‘The mean of a set of five readings 
was obtained for each set of conditions. 

An attempt to estimate the absolute value of the quantity N for Cu Kz 
radiation was made as follows. Using the small-angle diffraction camera 
(Worthington 1956) with its axis at 2° to the anode surface, and with the central 
beam stop removed, the exposure time required to produce a density D=1-0 
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above background on an x-ray film was measured. At 30kv the required exposure 
was 0-67 ma seconds using Ilford Industrial G film. Using the known camera 
dimensions andSeemann’s (1950) figures for the number of incident Cu Kx quanta 
required to produce a similar density on Kodak K film (unfortunately this was 
not available to us), and assuming that the two kinds of film were equally sensitive, 
an experimental value for N (¢ = 2°) was obtained. 


3.2. Results 


The variation of emission with voltage at various angles is shown in figure 11 in 
which M cc N, is plotted as a function of V the accelerating voltage, for values of ¢ 
of 1°, 3° and 5°. The dotted curve in this figure represents an Joc(V — Vx)! © 
relation with the scale adjusted to match the ¢ = 5° experimental curve at a suitable 
point. In both figures 11 and 12 the emission is plotted on an arbitrary scale. 
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Figure 11. Experimental x-ray Figure 12. Radiation 
emission from copper. M cosec ¢ received by the 


collimator from the copper 
anode asa function ofangle¢. 


With ¢=1 there isa pronounced optimum voltage. At¢d=3° this is less marked, 
while at ¢ = 5° the curve shows a steady increase of emission up to 50 kv, the highest 
voltage used. 

Figure 12 shows the variation of M cosec $o<.N, cosec ¢ with ¢ for several fixed 
voltages. Except in the case of the curve for 50 kv the radiation entering the colli- 
mator increases as ¢ decreases until at about 2° the curves turn over sharply and 
drop away to zero, thus making ¢=2° the optimum angle of emission for this 
particular apparatus. 

As to the absolute values of emission, the experimental value of N, for 6 = 2° was 
5 x 10~™ quanta per electron and the calculated value 10 x 10-4 quanta per electron. 
The agreement here is probably as good as could reasonably be expected in view of 
the nature of the measurement. 


3.3. Comparison of Theoretical and Experimental Results 


It has already been remarked that the experimental data of Webster ez al. 
(1933 b) for K« radiation are in good qualitative agreement with the theoretical 
calculations of this paper. Very much the same sort of relation exists between the 
experimental data for Cu Kea radiation and the theoretical results. Thus the 
experimental curves for copper follow a similar trend to the theoretical curves but 
as the voltage is increased the experimental values for emission continue to rise 
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after the theoretical curves have reached maxima and turned over towards the V 
axis. This effect is more pronounced at larger angles ¢. For 6=1° the expert- 
mental curve has just reached a very flat maximum at 50 kv, while for = 3 and 5°, 
no maxima appeared within the range of voltages investigated, whereas theoretically 
an optimum voltage of less than 60kv occurs up to 6=5", this optimum being 
only about 28kv até=1°. The experimental optimum voltages were apparently 
considerably higher than the theoretical and were outside the range of our 
measurements. 

The experimental values of M cosec ¢ of figure 12 which are to be compared 
with the theoretical curves for N, cosec ¢ of figure 10 also show qualitative agree- 
ment at larger angles than 6=2°. The rapid drop in the experimental values 
below this point must be attributed to imperfections of the anode surface, which 
although it was well polished, must have: had irregularities comparable with the 
depths of penetration of the electrons. At lower voltages decrease in ¢ results ina 
steady increase of emission while at higher voltages maxima appear in the theoretical 
curves as in the 50 kv curve for copper (figure 10). The experimental curve for 
50 kv shows an increase of emission as ¢ is increased above 2° indicating an optimum 
angle ¢ greater than 5° in accord with the fact that the observed values for N, 
continue to rise after the theoretical curves have reached a maximum. 

Bear and Bolduan (1949) have reported some measurements of a quantity B 
equivalent to our N,cosec¢. Using a copper target, but unspecified voltage, they 
found B to increase as ¢ decreased to about 0:5° at which point a maximum appeared 
in the curve. They concluded that for ¢ greater than 1°, B was proportional to 
cosec ¢, i.e. that the target radiated uniformly in all directions. While they 
conceded that this statement could not be rigorously true, it is clear from our 
theoretical calculations and experimental measurements that the variation of N, 
with ¢ is much more rapid than the results of Bear and Bolduan suggested. 


§ 4. CONCLUSIONS 

Although experimental data with which to compare our theoretical calculations 
are meagre it seems clear that the theoretical approach adopted here leads to 
qualitatively satisfactory results. The theoretical curves appear to be of the correct 
form, but the optimum voltages are much less than those found experimentally. 
This suggests that more X-ray quanta are emitted closer to the surface of the 
target than the calculationsallow. Inthe first instance the (x, V) relation (equation 
(4)) might be suspect and thought to overestimate x, but recalculation of the copper 
N, curves with the x’s reduced arbitrarily by 15°% resulted in changes of only a few 
per cent in the values of Ny. Itis therefore more likely that the discrepancy arises 
through the assumption that the electrons follow straight line paths in the metal 
undeviated from the direction of incidence. Electron scattering within the metal 
must of course occur and is apparently an important factor in determining the 
intensity of X-ray emission. 

In spite of the lack of complete agreement between the theoretical and experi- 
mental findings the former are nevertheless of some value in considering the 
choice of an x-ray source for use with diffraction equipment, especially for low- 
angle diffraction apparatus. Thus it is clear that x-ray tubes should be constructed 
so that emission at very small angles to the target surface can be used, a point 
already made by Bear and Bolduan (1949). However, it appears that the optimum 
angle ¢ also depends upon voltage and may be larger at higher voltages. ‘The 
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best operating voltage may, in turn, be determined by consideration of permissible 
power dissipation. Thus both the experimental and theoretical curves for copper 
(figures 10 and 12) indicate that with 6=2° operation at 30 kv is more efficient 
than at 50 kv and moderate voltages are to be preferred. A final point concerns 
the choice of target material for low-angle diffraction purposes. Practical 
experience has shown that there is little to choose between copper and chromium 
targets in studying the low-angle diffraction patterns of collagen, but attention 
may be drawn to the relatively high emission from aluminium, which with the 
much longer wavelength of Al Ke radiation suggests that this may offer considerable 
advantages as a source for use with a suitably designed diffraction camera. 
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RESEARCH NOTES 
Time Delays in Boron Trifluoride Proportional Counters 


By K. P. NICHOLSON 


Atomic Energy Research Establishment, Harwell, Berks. 


MS. received 17th Fanuary 1956 


N applying boron trifluoride proportional counters to neutron time-of-flight 
measurements, attention should be paid to the delay between neutron capture 
and the production of an electrical pulse by the counter. This delay 

represents the drift time of the ionization electrons, formed by the products of 
the !B(n, «)‘Li reaction, from the region of the disintegration to the anode wire 
of the counter. 

For a counter of cylindrical geometry the magnitude of the delay will be a 
function of the radial position of neutron capture in the sensitive volume. It may 
be assumed in most practical cases that the number of capture processes per unit 
volume is constant and that the «-particle track length is small compared with the 
outside diameter of the counter. Then if the mobility of electrons in BF; 1s 
constant over the range of electric field existing in the counter, it follows that the 
predicted frequency distribution of counter pulses as a function of delay is 
rectangular and has a full width 7 given by 


Pb? In (b/a) 
a 


In this expression J is in seconds when a is the anode (wire) radius in cm, 6 the 
outside radius in cm, P the BF, pressure in cm Hg, V the applied potential in 
volts and k the mobility of electrons in BF; in units of cm®sec”' v * (cm Hg). 
An experiment was performed using a number of different BF; counters to 
check the validity of these simplified conclusions. ‘The time of neutron capture 
was fixed by the 0-478 Mev capture gamma ray which is emitted almost instan- 
taneously for 93:5°%, of the !°B(n, «)*Li reactions (Duren and Rosenwasser 1954). 
The gamma was detected with a Nal(TI) scintillation counter, in which there is 
no appreciable delay. The electron drift times were then measured by a delayed 
coincidence method, details of which may be obtained elsewhere (Nicholson 1955). 
The frequency distribution of counter pulses as a function of delay for a propor- 
tional counter of outside diameter 2in., wire diameter 0-0041in., BF pressure 
70cm Hg operated at 4000 volts is shown as a full line in figure 1. The resolution 
function of the coincidence unit was rectangular and 0-4ysec wide. Other 
timing errors were principally random and were estimated to total + 0-1 psec, 
so that the overall resolution function will have a base width of approximately 
0-6 psec. The finite resolution width means that some coincidences will be 
observed when the delays are reversed, i.e. the BF counter delayed with respect 
to the scintillation detector. This is interpreted in the figure as a negative delay. 
At either end of the distribution the coincidence rate drops to a minimum value 
corresponding to the random coincidence rate of the equipment. The observed 
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shape corresponds closely to that calculated from the overall resolution function 
and a rectangular delay distribution of full width 2-8 psec and is thus in agreement 
with the predictions made above. In neutron timing measurements this 
particular counter will introduce a zero shift of 1-4ysec together with an 
uncertainty of + 1-4 sec. 

An additional seven BF, counters were selected and tested in order to vary 
all the parameters in the expression for TJ at least once. These data were then 
used to derive a value of k for each test. It was found that values of k from all 
the tests agreed within the experimental errors and gave a mean value of 
(1-19 + 0:06) x 10°cm2sec-! v-!(cm Hg). This value is in good agreement with 
the ionization chamber results of Bistline (1948) and of Bracci and Zimmer (1953). 
This mean value includes measurements on lin. diameter counters of 40 and 
70cm pressure during which the width of the resolution function was reduced 
to 0-2sec. For this diameter the assumption concerning «-particle track length 
can hardly be justified and in practice the delay distributions lost their pronounced 
rectangular shape. However, the values of the mobility k based on the full 
width at half height of the distribution were in good agreement with those 
obtained from the larger counters. 

The effect of BF; purity on the delay distribution can be deduced from the 
work of Bracci and Zimmer (1953). They found no significant change in the 
mobility of electrons in a sample of BF; which had been purified once, twice 
and three times, so that the width of the distribution should be independent of 
small amounts of impurities. On the other hand an impure filling will result 
in reduced electron survival probabilities causing a loss in output pulse amplitude, 
particularly for those pulses corresponding to the longer drift times. A rect- 
angular delay distribution will be obtained only when these attenuated pulses 
are included. 
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Figure 1. Experimental delay distribution Figure 2. Bias curve of counter used in 
for a 2 in. diameter counter of wire figure 1 showing discriminator 
diameter 0-004 in., BF, pressure levels used for the series of delay 
70 cm, operated at 4000 volts. distributions. 


For high pressure counters, even with a pure gas, the electron survival 
probabilities are again small, making it desirable in practice to reject the small 
neutron pulses in order to discriminate against gamma background. The broken 
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lines of figure 1 show the change in the delay distribution produced by increasing 
the discriminator level to the values indicated on the counter bias curve in figure 2. 
It is evident that the distribution becomes narrower with increase in discriminator 
level due to exclusion of events from the outer regions of the sensitive volume. 
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Precision Wavelength and Energy Measurements of Gamma Rays 
irom; Eu, 7-*Ea, Sm and? Dy 


By B. ANDERSSON 


Department of Physics, Chalmers University of Technology, Géteborg, Sweden 
MS. received 9th December 1955 


§ 1. INTRODUCTION 


RECENT paper by Ryde and Andersson (1955) describes a precision curved 
crystal gamma-ray spectrometer constructed at the Chalmers University 
of Technology in Goteborg. ‘This instrument has now been used to 

study the gamma radiation from europium, samarium and dysprosium. ‘The 
y-ray spectrum was studied by moving the source along the focal circle with 
a precision screw and plotting the y-ray intensity reflected by the (310)-planes of 
the quartz crystal (d= 1177-63 x.u. at 18°c) as a function of the screw settings. 
The y-ray intensity was measured with a scintillation counter with a Nal (TI 
activated) crystal. With the spectrometer in zero position the differential 
pulse-height spectrum for different samples was investigated. ‘The spectrometer 
range has been enlarged so as to make measurements possible down to 0-04 Mev. 
The new screw is 70cm long with a pitch of 0:5 mm. ‘The angle arms have been 


made longer. 
§ 2, MEASUREMENTS 


Gold 1% Au 


The 0-412 Mev radiation from !**Au was used as reference line. Five runs 
were made for the line profiles of the first order on each side of zero wavelength 
position with the new arrangement. The difference between the spectrometer 
settings for the !%*Au Mev line on opposite sides of the zero wavelength position 
was found to be 6:1925+0-:0012cm. ‘The gold sample was activated in the 
BEPO pile at Harwell. 

Europium }°?Eu and *Eu 

Natural europium has two isotopes, *!Eu ‘(47-77%) and Eu (52:23 %), 

which transform to 52Eu and 14Eu by means of an (n, y) reaction, when activated 
27-2 
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ina pile. 12Eu has one half-life of 12 years and another of 9-2 hours, and ?*4Eu 
s a half-life of 13 years. : 
se The source, £u,0,, activated in the BEPo pile, hada weight of 0-173 g and filled 
up two sections of the source holder, having an initial activity of 188 mc, when 
the 9-2 hours activity had disappeared. ‘The three strongest y-ray lines from 
152Eu and one from Eu were measured. We made five runs for the 0-122 Mev 
line. three runs for the 0-244mev line, four runs for the 0-344Mev line from 
12Eu and six runs for the 0-123 Mev line from Eu. It was not possible to 
separate the 0-122mev and 0-123 Mev lines in the differential pulse-height 
spectrum of gamma radiation from europium (figure 1). Figure 2 shows the 


le  eisees 


0.122 and 0.123 Mev 


0.344 Mev 


0.244 Mev 


ee Mev 


Pulse-height 
Figure 1. Differential pulse-height spectrum of gamma radiation from europium. 


profiles of 0-122 Mev and 0-123 Mev y-ray lines of the first order by selective 
reflection to the right from the (310)-planes of quartz. The intensity of the 
0-122 mev line is about five times greater than that of the 0-123 line. The results 
of the measurements are given in table 1 together with some earlier measurements. 
The errors are the maximum deviations from the mean values. 


Table 1 


Present Measurements Earlier Measurements of Energy (Mev) 
Isotope Wavelength (mA) Energy (Mev) Ke CG @ 
Keser  Milessy OOS 0-12231+40-00004 0-1212+0-0003 0:1218 0-1220 
50:672+0°017 —0-244644.0-00008  0-2436-+0-0007 0-2443 0-2443 
36-000+-0-023  0-34434+4-0-00023 0-3442+.0-0010 0-3438 


154A = 100-34 +0-07 0-12354.0-00009 — 0-1224 +.0-0003 0-1234 0:1232 
LK= Lee and Katz 1954; CG= Church and Goldhaber 1954 ; C=Cork et al. 1950. 


Samarium Sm 

The gamma radiation from 47-hour Sm has been investigated with < 
sample, containing 0:562g Sm,O,. The sample was activated in the pile ir 
Stockholm, where the spectrometer is placed now. Sm,O, was enclosed ir 
three sections of the source holder. Figure 3 shows the differential pulse-heigh 
spectrum of gamma radiation from samarium. ‘The 0-04meyv peak has it: 
origin from the Eu Kz lines of energies 0:0416 and 0:0410 Mev. The 0-103 me 
y-ray line is the strongest one; the 0-07 Mev y-ray line is much weaker. Th 
intensity ratio is about 10:1. Precision wavelength and energy measurement: 
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could only be performed for the 0-103 Mev line. The mean of four runs for 
the strong °Sm y-ray line gave the wavelength 120-039 + 0-023 mA and the 
energy 0-10327+0-00002Mev. In table 2 the present and some earlier 
measurements are given. 
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Figure 2. The profiles of 0-122 Mev and Figure 3. Differential pulse-height 
4-123 Mev lines by reflection to right from spectrum of gamma radiation 
tke (310)-planes of quartz. from samarium. 
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Figure 4. Differential pulse-height spectrum of gamma radiation from dysprosium. 
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Table 2 
Energy (Mev) 
Present measurement 0-10327-+0-00002 
Graham & Walker (1954) 0:1025 +0-0005 
Lee & Katz (1954) 0-1027 --0-0003 
Rutledge, Cork & Burson (1952) 0:1034 
Bannerman (1952) 0-101 -+0-002 


Dysprosium 1° Dy 

165Dy has one half-life of 1-2 minute and another of 2-3 hours. ‘Three 
sections of the source holder, containing 0-81 g Dy,O, were activated in the pile 
in Stockholm to an initial activity of about 2c. Of all the lines seen in the 
differential pulse-height spectrum (figure 4) only the 0-095 Mev y-ray line could 
be measured with our spectrometer. The mean of four runs on this y-ray line 
gave the wavelength 130-774 + 0-010 m A and the energy 0:094793 + 0-000007 Mev. 
Table 3 gives the present value and some earlier values of y-ray line energies. 


Table 3 
Energy (Mev) 
Present measurement 0-094793-+0-000007 
Weber (1954) 0:0927 -+0-0008 
Mihelich & Church (1952) 0-0951 
Jordan, Cork & Burson (1953) 0:0944 +0-0002 
Slaitis (1946) 0-091 
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Neutron Production by Electrons in Uranium and Uranium Beryllium 
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Communicated by B. G. Churcher; MS. recetved 15th November 1955, and in revised form 
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§ 1: INTRODUCTION 
HE (y,n) reactions in certain elements may be used as a convenient source 
of neutrons using a suitable high-energy electron beam for production of 
the y-radiation. In particular the linear accelerator has been used as 
a pulsed source of neutrons (Cockcroft' 1949, Duckworth and Merrison 1949) 
in conjunction with time of flight spectrometers to permit experiments with 
neutrons of well-defined energies. ‘The present note describes a simple calculation 
of the neutron yield which has been applied to targets of uranium and beryllium. 


$2. THE y-RAY ‘TARGET 

The (e~,n) reaction is neglected as of minor importance. Conversion of the 
electron energy into y-rays with maximum efficiency requires a target of high 
atomic number and a target thickness approximately equal to an electron range 
in the target material. Unless limited by other considerations, uranium is the 
best material for this purpose. 

Except for elements of low atomic number, the (y,m) cross section increases 
rapidly (Price and Kerst 1950) and the (y, n) threshold decreases, with increasing 
A. In addition, for uranium the (y, fission) yield becomes comparable with the 
(y,n) yield (Duffield and Huizenga 1953) and this makes uranium a very suitable 
material for the neutron target also. There is, however, some interest ina 
neutron target of beryllium because of its low (y, n) threshold of 1-6 Mev (Nathans 
and Halpern 1953). 


§ 3. CALCULATION OF NEUTRON YIELD 


In calculating the yield it is necessary to take account of : (i) the bremsstrahlung 
spectrum from the thick primary target; (ii) the y-ray absorption cross section 
in the neutron target as a function of y-energy, and (iii) the (y—n) cross section 
in the neutron target also as a function of y-energy. 


§ 4. THick ‘TARGET BREMSSTRAHLUNG 


Various authors have considered the bremsstrahlung spectra of thick targets 
(Wilson 1953, Lawson and Walkinshaw 1950, Phillips 1954). Accurate calcula- 
tions are lengthy and tedious and little experimental evidence has been published. 

As a rather rough approximation to the results of Phillips (1954) and Wilson 
(1953) it has been assumed that the total y-ray energy in the energy interval 
(E, E+dE) is 2y(1—E/Ey)dE where E, is the primary electron energy and 7 is 
the conversion efficiency of electron energy into energy of y-radiation. 

Using data given by Lawson and Walkinshaw (1950) the Z-dependence 
indicated by Heitler (1954) curves of radiation loss R and total loss T (by both 
radiation and collision) were derived as a function of electron energy for a uranium 
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target. ‘The conversion efficiency was then derived by numerical integration 
(figure 1) using the formula 
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Figure 1. y-ray conversion efficiency 7 for uranium. 


§ 5, NEUTRON YIELD 
Allowance must be made for the differential absorption of y-rays of different 
energies in the neutron target. Disregarding any contribution from scattered 
photons, the probability that absorption of a y-ray in the energy range (EF, E+ dE) 
results in the production of a neutron is No(£)/u(E£) where N is the number of 
atoms per unit cube, o(/) the cross section for neutron production by y-rays of 
energy E and p(£) the corresponding absorption coefficient. Since there are 
(2y/E)(1—E/E,)dE quanta in the range (F,E+dE), and assuming complete 
y-ray absorption, the total number of neutrons produced per incident electron is 
Eo 2n (1— E/E) No(E)dE . 1 
Nhe a aaa S ecritols 


$6. THE y-ABSORPTION CROSS SECTION p(E) 

The processes by which a y-ray loses energy are well known (Heitler 1954). 
‘The known formulae of Z-dependence of the Compton effect and pair production 
cross sections enable accurate calculation of p»(£) in the region above 5 Mev, 
i.e. above the threshold for neutron production. ‘The analysis takes no account 
of degraded y-rays produced by Compton scattering, but in the energy region 
considered the Compton cross section is small compared with that for pair produc- 
tion and in any case the majority of scattered quanta are of relatively low energy, 
below the (y,n) threshold. Also neglected are any neutrons produced by 
bremsstrahlung of pair electrons or positrons, since these will also be of rather 
low energy. 

For beryllium the major process is Compton scattering and there will be some 
contribution from scattered quanta not given by the treatment used. However, 
the majority of scattered quanta are of low energy. For example, only 25% 
of scattered 25 Mev quanta have energies above 8Mev and the proportion at 
lower energies is much smaller. Since in any case the number of high energy 
quanta is small, and in view of the shape of the (y,n) cross section curve it seems 


unlikely that the secondary quanta will contribute more than an additional few 
per cent of neutrons. 
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$7. Cross SECTIONS FOR NEUTRON PRODUCTION o(F) 


Cross sections for neutron production by y-rays in uranium have been measured 
by various authors (Price and Kerst 1950, Montalbetti et al. 1953, Duffield and 
Huizenga 1953, Nathans and Halpern 1954, Goward et al. 1951, Terwilliger 
1952). Although there are differences in derivation, the integrated cross sections 
are in reasonable agreement, except for that given by Goward et al. (1951). 
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Figure 2. (y,n) cross sections for uranium and Figure 3. Neutron yields from uranium. 
beryllium. and beryllium (theoretical 100% 
(NoTE—a-ray in abscissa should read y-ray) y-absorption). 


Fortunately the total yield is not very sensitive to the shape of the yield curve 
provided that the integrated cross section is not in error. We have therefore 
taken the curve of Nathans and Halpern (1954), but have modified and extended 
the high energy tail in the light of other work (Terwilliger 1952) since it now 
seems well established that the cross section does not in fact drop to zero at about 
24mev. The cross section curve used for beryllium is that derived by Nathans 
and Halpern (1953). Figure 2 shows the curves used in the calculations. 


§ 8. CALCULATION OF NEUTRON YIELD 


The yield given by equation (1) has been calculated by numerical integration 
for electron energies in the range 10-35 Mev for a uranium target and 5-25 Mev 
for a beryllium neutron target following a uranium y target (figure 3). It is 
seen that for energies up to 11-5 Mev a beryllium (y,n) target is preferred. At 
higher energies a uranium target is better and yields of the order of one neutron 
per 100 primary electrons are possible with electron energies about 20 Mev. 
Although higher yields are possible at higher energies, above 25 Mev no great 
advantage is gained since the yield for a given beam power rises very slowly above 
this energy. 


422 Research Notes 


§ 9. CONCLUSIONS 


It should be emphasized that these calculations are based on rather simplitied 
assumptions of the processes involved. ‘The formula for thick target brems- 
strahlung inevitably represents a compromise erring on the side of simplicity. 
It has been assumed that all the y-rays are absorbed in the target and no allowance 
is made for neutrons absorbed in the target or for neutrons produced by fast 
fission. ‘The form of the yield curve should be substantially correct however, 
and there is no reason to believe that the results are in error by an amount much 
greater than the errors in the assumed cross sections and bremsstrahlung spectra. 
The results also agree reasonably with those obtained by the Monte Carlo method 
(Biram 1954). It is also understood that measured yields from a uranium target 
(E. J. Jones, unpublished) are within 50°, of the calculated curves and in view 
of the approximate nature of the theory and uncertainties in the data used, an 
agreement of this order seems very reasonable. 
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The 1s—2s Excitation of Hydrogen by Electron Impact 
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$1 
HE calculation of cross sections for the excitation of atoms by electron 
| impact, at incident energies close to the threshold, is complicated by the 
failure of Born’s approximation (Bates, Fundaminsky, Leach and Massey 
1950), and in the case of 1s—2s excitation of atomic hydrogen Erskine and Massey 
(1952) have obtained improved zero angular momentum partial cross sections by 
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the distorted wave (DW) method, making full allowance for exchange. For this 
approximation to be applicable, it is necessary for the reaction of the inelastically 
scattered waves on the elastically scattered waves to be small. Massey and 
Moiseiwitsch (1953) have obtained approximate solutions to the problem including 
reactive effects, employing a variational method (Moiseiwitsch 1951), which 
suggest that this condition is not satisfied. ‘The considerable differences between 
the DW and variational solutions persist even when exchange is neglected 
(table 1) and in order to distinguish between the predictions of the two methods 
and to provide a basis to test future approximations, an exact solution of the 
coupled equations for the one-body (non-exchange) case is presented in this note. 


§2 


The equations that describe the excitation process may be reduced to the 
form} (Erskine and Massey 1952), 


(a * k) Fo(r) = Voolr) Fo(r) + Voulr) Fi) 


d2 


saeee!) 
i + hy) F,(r) = Vio(r) Fo(r) + Virlr) F\(r) 


where 


; 1 1) 
Vi;(r) =2 | blr’) O(7') { ie elon i dr’ 

(r), $,(7) are the normalized 1s and 2s hydrogen wave functions, Ay” is the kinetic 
energy of the incident electron and k,2 that of the inelastically scattered electron. 
In the variational method of Moiseiwitsch (1951) all terms in equations (1) are 
retained but the DW method neglects Vy, and Born’s approximation also neglects 
Vooand V4;. 

In obtaining numerical solutions of (1) it is desirable to work with real 
functions, so that two independent solutions (/y'(r), F,(r); i=1, 2) are chosen 
satisfying boundary conditions 


HD) = F,(0)=9, 
F,i(r)~A'sin kor + Bi cos kor, Fy(r)~C'sin ky + D'coskyr. «+. (2) 


The coupled equations (1) are conveniently integrated using an extension of a 
method proposed by Fox and Goodwin (1949) for solutions of equations of the 
type vy" =f(x)y, and by choosing a suitable interval the need for iteration can be 
generally removed. ‘To start the integration a few values of F;'(r) are calculated 
from a series expansion, independent solutions being specified by fixing the values 
of F,'"(0), (a satisfactory choice proved to be Fy'’(0)= F,? (0) = Fi'(0) =1, 
Boe) = 2). . 

To describe the 1s—2s excitation process solutions are required with boundary 
conditions 


F3(r)~sin Ror + 4008 Ror } ease) 


F3(r)~d exp (2ky") 


‘+; Atomic units are employed throughout. 
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in which case the partial cross sections for zero angular momentum for elastic 
Rati : = 
scattering by the ground state O,,_,, and excitation O,, 5, are (in units of 7a”) 


4 a [2 | 
Sass 8] Tie jak GAR ae (4) 
6 ee | 
<te BS Tia | 


To find a, da suitable linear combination of the independent solutions must be 
formed, giving 


A} | A ie 
Bi Bei | a 
Weitere at hire a 
[Dy [D*| d} 


Similarly by forming a solution F,‘(r), F,4(r), so that Fo4(r)~gexp (tkor), 
Fy'(r)~sin kr +h cos kyr, Qo. the elastic scattering cross section by the 2s 
state and Q,._,, the de-excitation cross section may be found. 

As the solutions are exact they should obey both reciprocity and particle 


conservation theorems (cf. Mott and Massey 1949): these imply that 
Ro” Oig—25 = hy? Qog-is 


and that if a=x+ iy, h=u+iv then khyy=k,|d|? and k,v=k,|g/?. These 
relations provide a sensitive test of errors in numerical solutions but in addition it 
has been verified that the integral equations 


ky A’= Fy(0)+ | cos Ror [Voo(7) Fo'(r) + Vor(7) fe) dr 


Re = sin Ror [V o9(7) Fo(7) + Vox(7) Fy(7)] ar 

0 
(with a corresponding pair for C’, D’) are satisfied. The final cross sections should 
be as accurate as the number of figures given. 


§3 

The calculated cross section O,, ,. is compared with those given by the DW 
and variational methods for a number of incident energies up to 54 ev, in table 1. 
It is seen that the exact cross sections are quite close to those given by the DW 
method, although there are signs that the DW cross section may become too large 
very close to the threshold; on the other hand the variational cross sections are 
unsatisfactory, being considerably too small. Massey and Moiseiwitsch (1953) 
had predicted that this might be the case as the trial junctions they employed had 
to be of simple form in view of the complexity of the calculations. 

The DW method predicts a scattering amplitude of form £ exp 7(8, + 5,) where 
fis real number and where 4,, 5, are the zero order phase shifts for elastic scattering 
of electrons by the 1s and 2s states of hydrogen respectively. The corresponding 
phase 0, of the exact scattering amplitude [d/k, (1 —7a)]=« exp 76 has been evaluated 
and it is found that 7+ 4 is quite close to do + 4, (table 1). 

As reactive effects are included in the exact solution, the elastic scattering cross 
sections QO), |, Qo. ». will be altered from the values given by the uncoupled 


equations, but this effect is, in the present case, quite small and is illustrated in 
table 2, 
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Table 1. Zero-Order Partial Cross Sections for the 1s—2s Excitation of 
Hydrogen by Electron Impact (without exchange) 


Energy of : ; 
Incident QOjs— 23 (units of 77a”) Hees of peel a 
Eicetron (ev) Amplitude (radians) 
DW V E a+ 89-91 
10-2 0) @) 0) ; —_ = 
eS — — 0-286 3-947 i 
leis 0-198 0-076 0-204 3-643 3-66 
19-4 0-127 0-041 0-102 3-060 3-08 
30-4 0-058(5) 0-020 0-0450 2-636 2:61 
54-0 0-019(4) = 0-008 0-0155 2-124 2:10 


DW : distorted wave method (from Erskine and Massey 1952); V: variational method 
(from Massey and Moiseiwitsch 1953) ; E: from numerical solution of equations (1) ; 
8, 89, 8; for definition see text (5) from Massey and Moiseiwitsch 1950, 5, from Erskine and 


Massey 1952). 


Table 2. Zero-Order Partial Cross Sections for Elastic Scattering of Electrons 
by Hydrogen 


Energy of Energy of 
Incident Ojs_1s (units of 7a") Incident Qox 9 (units of 7a”) 
Electron (ev) Electron (ev) 
(a) (b) (a) (6) 
11-5 Posy 1235 a 2-05 
LehasS 2-47 DAD 3:38 2A Loaly 
19-4 7, 1-42 O82 3-62 3-40 
30-4 0-885 0-828 20:3 2-49 2-39 
54 0-411 0-394 43-9 20) oily 


From (a) uncoupled equations and (b) coupled equations. 
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LETTERS TO° THE “EDIELOR 


Raman Spectrum of Magnesium Oxide 


Magnesium oxide crystallizes in the cubic system, and as Sir C. V. Raman 
has pointed out (1948), it should prove a perfect choice to demonstrate by its 
spectral behaviour, the monochromatic character of the atomic vibration 
frequencies in crystals. According to him the Raman spectrum of MgO should 
appear like that of NaCl. Extending Montroll’s work to Coulomb forces, 
Smollett (1952) has evaluated two logarithmic infinities for a two-dimensional 
ionic lattice, the masses of particles in the lattice being equal. ‘The peaks have 
approximately a frequency ratio of 4 to 5-9. He concludes from Blackman’s 
work on lattices that the frequency spectrum of three-dimensional crystals 
should be similar to the spectrum of two-dimensional ‘ crystals’. Menzies, in 
his article (1953) on Raman Effect in Solids, also points out the importance of 
the Raman spectrum of MgO. 

On the assumption that a highly refractory substance like magnesium oxide 
was likely to give results if used in thin flakes with long wavelengths as exciters, 
the experiment was tried with 4047A and 4358A of mercury and thin crystal 
deposits. ‘Two lines corresponding to the Raman frequencies 617 cm™! and 
355 cm ! were successfully photographed.: 

MgO was crystallized from ammonia as follows: A large quantity of MgO 
powder (B.P. Standard) was put in a flask and washed with repeated changes of 
distilled water for several days to remove soluble impurities. | After washing, 
the powder was covered with ammonia liquor, and after three or four days the 
filtrate was put in a vacuum desiccator. After about a week, when the crystals 
had formed, they were heated for several hours on a water bath. Magnesium 
oxide dissolves in ammonia, forming a co-ordinate magnesium—ammonium 
complex. As co-ordinated valencies are not strong and easily ruptured, both 
the processes, vacuum crystallization and heating, help to break the co-ordinated 
bond and small crystals of MgO are obtained. 


Crystals 


‘ 


py gia 


The final experiments were carried out with crystal deposits prepared as 
follows: ‘The solution of MgO in ammonia was concentrated by boiling before 
putting it in the vacuum desiccator. It was allowed to evaporate completely 
and the deposit thus obtained was kept in an oven for an hour and a half at an 
average temperature of 125°c. One sample of this deposit was chemically 
tested for purity, and the plates, from which the spectra were photographed, 
were critically examined in polarized light. 
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In the beginning the experiments were performed with small crystals. 
The crystals were collected on a glass plate and heaped to form a line about one 
centimetre long, and lightly pressed down. ‘The plate was supported vertically 
and illuminated as shown in the figure. ‘This eliminated the use of the cover 
glass in front of the crystals. ‘The condenser lenses L, and L, were both achro- 
matic and formed a sharp image of the crystals on the slit of the spectrograph. 
The collimating lens was a Zeiss 155 mm anastigmat working at f/5, and the 
camera lens was a Schneider Xenar 210 mm at f/4:5. Knowing the magnification 
of the instrument, it was possible to determine the corresponding points on the 
object and the focal plane of the spectrograph. 

Twenty-one spectra were photographed and both 4047 A and 4358 A lines of 
mercury were used as exciters. The time of exposure was varied from half an 
hour to about five hours. Eight exposures showed the effect with 4047 A line 
only, four with both the exciters, one with 4358 line, and eight plates showed 
no detectable effect. ‘The Raman shift lines were very faint, and there was 
considerable darkening due to parasitic light. The difficulty of repeating the 
experiments was realized and the final experiments were carried out with crystal- 
film deposits prepared as outlined above. 

Fifteen exposures were made with 43584 as the exciter with different thick- 
nesses of the crystal film. With such film the background darkening was 
considerably reduced and it was found that 0-016 mm deposit readily gave 
617 cm! shift line, with exposures of one hour on Kodak P 1200 plates. ‘The 
arc was at an average distance of twelve centimetres and was run at 3-5 amperes 
and sixty volts. ‘To obtain 355 cm! shift line, films 0-02 mm thick were more 
effective and slightly longer exposures were necessary. The line was fainter 
and more diffused. Being closer to the exciter, it was clouded by its halation. 
Its frequency shift of 355 cm”! was the weighted mean. ‘The maximum thick- 
ness that could be used was 0:025mm. ‘There was indication that with in- 
creasing thickness of crystals, the Raman lines became broader and diffused. 

The arc was directly photographed to see that lines similar to the observed 
shifts were neither given by the arc, nor were the ghosts formed by the 
apparatus. 


I must thank the Reverend Father R. Rafael, S.J., head of the Department 
of Physics for the facilities given to me to carry out the experiments and 
Professor S. K. Chhapgar, Department of Chemistry, for suggesting the 
crystallization of MgO from ammonia. 
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On Star Production by u-Mesons Underground 


Nuclear evaporation stars produced by p.-mesons underground were first 
observed by George and Evans (1950) and attributed by them to the action of 
the virtual photons into which the electromagnetic field of a fast charged particle 
can be resolved, following Williams and von Weizsicker. In fact, using the 
usual formula for the number of virtual quanta of energy greater than e: 

f 2 
N(Se) & = log a 
HAGA RES) 
where E, is the energy of the fast ~-mesons, and multiplying this by the experi- 
mentally determined photo-nuclear cross section (McMillan, Peterson and 
White 1949) good agreement was obtained between the calculated cross section 
and the value 5 x 10-°°cm? nucleon“! observed experimentally. 

In a recent paper Fowler (1955) has re-calculated the theoretical cross section, 
obtaining the much smaller value of 1-6 10-3!cm?nucleon!. Since this is 
lower than the observed cross section by a factor of order thirty, Fowler concludes 
that there exists some anomalous p-meson—nucleon interaction of sufficient 
strength to explain the observed frequency of star production. ‘The basis for 
such an important conclusion must be carefully examined, and it is the purpose 
of this letter to point out that after making such a careful examination Fowler’s 
conclusions become invalidated. 

This may be seen by considering the physical significance of the operator 
which Fowler uses, namely 


GjEverlin. § = | Saeeree (1) 


‘This is the ordinary dipole interaction arising from the Coulomb forces between 
the incident particle and the protons in the target nucleus. It has been used, 
among others, by Levinger and Bethe (1952) and accounts in a satisfactory way 
for photo-nuclear reactions below the threshold for meson production. Using 
operator (1) the photo-nuclear cross section varies as shown in the full line in 
the figure. The well-known ‘giant resonance’ occurs around 20 Mev after the 
theoretical cross section decreases monotonically indefinitely. 


£E (Mev) 


In practice, the photo nuclear cross section increases by a large amount at 
the meson threshold energy as indicated in the dotted line (Kikuchi 1952). This 
increase which is due to the coupling between the electromagnetic field and the 
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nucleon meson cloud is ignored by Fowler. Since most of the stars in question 
(having three or more prongs) correspond to excitation energies above meson 
threshold, it is seen that the theoretical cross section calculated by Fowler does 
not really have any bearing on the experimental results with which he compares 
his calculations. 

It is of interest to recall that George and Evans (1950) calculated the approxi- 
mate value of the cross section due to purely Coulomb forces and obtained the 
value 4 x 10-*'cm? nucleon"!. It is gratifying that the more detailed treatment 
of Fowler gives an answer so close to this value. 

An exact calculation, including photo-mesic effects has yet to be done. 
George and Evans had recourse to the Williams—Weizsacker method in order to 
obtain an approximate theoretical answer. Fowler correctly points out that this 
is only valid provided 
Ro EES? De Shen: (2) 


where g is momentum transfer and R the dimension of the perturbed system. 
The question here is: what is the perturbed system? Fowler takes it to be 
the whole nucleus whereas from the argument given above it is clear that it is a 
single nucleon. Using equation (2) this means that the Williams and von 
Weizsacker method gives a reasonable approximation for energy transfers up to 
approximately 400 Mev, and that Fowler’s conclusion that the Williams and 
von Weizsacker method is not applicable to the present case is also incorrect. 


The F.B.S. Falkiner Nuclear Research and E. P. GEORGE. 
Adolph Basser Computing Laboratories, 
School of Physics, 
The University of Sydney, 
Sydney, New South Wales, 
Australia. 


27th September 1955. 
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REVIEWS OF BOOKS 


Les épreuves sur echantillon, by M. Dumas. — Pp. 170. (Paris: Centre National 
de la Recherche Scientifique (Monograph A III) 1955.) 1000 fr. 


Monsieur Dumas sets out to provide what, in France, might be called 
“la cuisine de la statistique”, for the benefit of such people as physicists and 
engineers, who want to use statistical techniques “ sans avoir a sinitier d’abord 
aux méthodes générales de la statistique”, as M. Fréchet explains in his preface. 
On this strictly utilitarian level, the book deals with some of the techniques for 
estimation of parameters, acceptance sampling, significance testing and control 
charts. 

M. Dumas starts from considerations of common sense, stressing the extent 
to which interpretation of statistics depends on other than statistical considera- 
tions. He then gives his collection of recipes pro tempora diversa as the liturgists 
would say, with rubrics stating the situations in which they could be used. 
The treatment is not incompetent; but, certainly for workers here and in 
America, it must be regarded as both inadequate and inferior to many books 
in wide use. Having nothing they would find new either in material or 
presentation, it has nothing but curiosity to recommend it to English readers, 

‘The book is indeed curious. We should defer to M. Dumas and his advisers 
in their judgment of French needs; but, in so doing, we are impressed by the 
strange psychological ditference between Frenchmen and ourselves in the 
approach to statistics of a practical nature. We are closer to America than 
France, it seems, being less academic in our attempts to be utilitarian. 

To judge by the bibliography, a Frenchman can also be more insular than 
an Englishman. Only two references to other books on this subject are used 
explicitly : one a book of which M. Dumas is himself co-author, the other 
a book of which only Volume I 1s yet published. Both books are French. 

The past ten years have seen a dramatic improvement in the supply of 
books on statistics written in English, and quality has improved with the quantity. 
There is need for statistics books in French—still. M. J. MORONEY. 


Luminescence and the Scintillation Counter, by S. C. Curran. Pp. x+219, 
(London : Butterworths Scientific Publications, 1953.) 32s. 6d. 


Perhaps in sympathy with the teacher’s aphorism ‘ those that can, do’, a 
readier ear is accorded the creator—-expositor; for a subject in the hot surge of 
advance, there is no better guide. ‘T’his little book, in twelve short chapters, 
is the work of one such: for the scintillation counter in its modern form was 
first developed by Dr. Curran but ten years ago. Already it has proved itself, 
thanks to its speed, sensitivity, flexibility, and discriminating power (in con- 
junction with associated circuitry and accessories) as one of the chief tools in 
the quantitative analysis of particles and radiations of all types, particularly 
those of nuclear origin. ‘I'he present account, more specialized than the cog- 
nate Counting Tubes and designed for serious workers aiming to develop or use 
the technique, is the first integrated summary of all aspects. 

Following a brief introduction, two chapters indicate the essentials of 
radiation—matter interaction, with special emphasis on secondary emission. 
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Mesons and neutrinos are included. A direct lead to multipliers is given in 
consideration of high secondaries yield, lattice potential and energy factors 
favouring the higher alkali halide complexes. Practical detail follows in the 
next two chapters describing general principles of the electron multiplier and 
characteristics of some commercial types, chiefly the ‘ venetian blind’ and 
shaped dynode models, the former, though less subject to magnetic disturb- 
ance, being slower in response and with less powerfully defined field control. 
Features necessary in the photosensitive surfaces are fully explained and practical 
materials given. Figures of meritare based on spectral sensitivity, dark current, 
noise-temperature relation, amplification, intensity range, stages, shielding, 
collection efficiency, and time and amplitude resolution. Difficulties such as 
satellite pulses are not ignored. 

A similar treatment of luminescence follows, two chapters sketching current 
views on fluorescence and phosphorescence, followed by two more on the 
preparation and properties of practical scintillants. Clearly the author has 
critical reservations here on established concepts and general notions, but indi- 
cates the importance of ring and bond resonance, high melting points and absence 
ot chromophores in scintillants, of matching spectral sensitivities of scintillant 
and multiplier, and indicates how modern excitation methods have weeded out 
theories of energy transport, if only on the basis of decay times. ‘The practical 
chapters detail chemical range, purification processes, phases (including plastic 
matrices and polymerization im situ) and give ample coverage to nature and 
properties with a natural bias to the organic crystal and solution scintillants 
whose extreme speed of response serves in analysis and applications. 

The two streams reunite in the final three chapters, the first and last of 
which are especially valuable for critical assessment of suitable applications 
and an excellent summary of circuitry for purposes including time resolution, 
fast scaling, display, discrimination, pulse-sorting, or coincidence work, with 
frequent illustration from the Glasgow and other laboratories. 

Designed for use, first rather than last words, a bench handbook rather than 
a sofa volume, for Ramsays rather than Rayleighs, in style compact, terse, 
staccato, selective, the book is suggestive and compelling with few irrelevancies, 
though an occasional ‘salute to adventurers’ gleams tribute to solid or deft 
analysis or technical virtuosity. ‘Though coverage is very full and the 340 
references, international in scope, include some books and reviews, in the in- 
evitable revision further developments in medical and low-energy x-ray 
applications might find a place. ‘There are a few omissions, particularly in the 
subject index. It must be a publisher’s irony that a scientific research book’s 
scintillating success helps to decrease its decay time ; but already it seems a far 
cry to those Royal Institution lectures where Rutherford, with the aid of Crowe, 


Green and Wynn-Williams, described the then latest * lazy methods ’. 
I. MACARTHUR. 


Isotopic Tracers, by G. E. Francis, W. MULLIGAN and A. WorMALL. Pp.xvi+ 
306. (London: Athlone Press, 1954.) 37s. 6d. 


Although it bears a very general title, this book deals only with the appli- 
cations of radioactive and stable isotopic tracers to biology. It is based on a 
course presented at the Medical College of St. Bartholomew’s Hospital, and 
the three authers are all biochemists, Naturally, such a book contains very 
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much which is unfamiliar to a physicist and which he is not really competent 
to criticize ; it will not be necessary, in these Proceedings, to apologize for 
reviewing the book mainly from a physical standpoint. 

The most important and valuable portion of the work is a course of experi- 
ments which occupies the last fifty pages. ‘There are introductory experiments 
on the measurement of radioactivity with Geiger-Miller counters (other detec- 
tors, including scintillators, are only briefly mentioned), and one experiment on 
the estimation of nitrogen with a mass spectrometer. ‘These are followed by 
some interesting, well-described and apparently quite simple biological experi- 
ments, including, for instance, the introduction of **P into hens’ eggs during 
their development, and investigation of its distribution, the measurement of 
red cell volume and blood volume in the rabbit, and the preparation of 
'311-labelled proteins and their use in a number of serological experiments. 

The descriptions of the laboratory procedures are so clear that a physicist 
might well be tempted to try the experiments himself. ‘There are however two 
general criticisms to be made. First, only a minority of the experiments make 
use of truly isotopic tracers. In the others, for instance when labelling pro- 
teins with 1°1I, foreign atoms are introduced into the molecule, which could, in 
principle, be estimated chemically. It is asserted that the properties of the pro- 
tein are not materially changed by this addition. ‘This may well be correct, but 
the student is not told how to prove it. Here, as in other parts of the book, the 
distinction between genuine isotopic tracers and chemically dissimilar labels is 
blurred. The second general criticism concerns the sketchy treatment of 
statistics both in the text and in an appendix. Since so much biological work 
requires statistical methods one might have expected this subject to be more 
rather than less thoroughly treated than in a textbook for physicists. 

The eleven introductory chapters, both biological and physical, will probably 
not be very useful to readers of this journal. The biological chapters pre- 
suppose a considerable amount of specialized knowledge. The matter in the 
physical chapters has been better presented elsewhere, and is not entirely free 
from errors. Nevertheless, the book will almost certainly be valuable to the 
biological students and research workers to whom it is addressed. 


W. J. WHITEHOUSE. 


Nuclear Radiation Detectors, by J. Suarpr. Pp. 179. (London: Methuen, 
1955)" 11s.6d: 


The series of Methuen Monographs is claimed by the publishers to “ supply 
science students at University level”? and ‘“ workers in other branches of 
physics ” with a “ compact statement of the modern position in each subject ”’ 
and this, in general, they do very well, especially when one considers the low 
price compared with other scientific books. It is doubtful, however, whether the 
volume under review quite falls into the above class. So much data and infor- 
mation has been compressed into its one hundred and eighty pages that it has 
become somewhat un-readable. In fact, in the writer’s opinion, this book will 
be found of value mainly as a work of reference. The unfortunate omission of 
the index in earlier printings, including the reviewer’s copy, reduced its useful- 


ness for this purpose, but it is understood that in copies now on sale, this has been 
rectified, 
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In the preface, the author states that his endeavour was to present basic 
information needed by those interested in the design and use of detectors for 
nuclear radiations. Following a short introduction, the author discusses the 
interaction of nuclear radiations with matter. This is followed by a chapter on 
detection media (phosphors and gases) and by another on the various factors 
influencing detector efficiency. ‘These chapters include a great deal of useful 
data in graphical and in tabular form. It was felt that some of the tabulated 
data might, with advantage, have been presented in graphical form, but no 
doubt considerations of cost precluded this. Also may the writer at this point 
advocate more general use of a superimpesed grid on graphs in books such as 
this. This would enhance their usefulness very considerably and, if thin lines 
are employed, it need not affect the clarity appreciably. The last two chapters 
deal respectively with scintillation counting and with what are called ‘ ionization 
devices’. The latter deals with ionization chambers, proportional and Geiger 
counters. A few misprints and errors, none serious, were noted as the book was 
read. 

The price of the book, though a little higher than others of the series, 
represents good value for the number of pages, and its low cost will make it a 
useful addition to other books in the field. H. W. WILSON. 


Niels Bohr and the Development of Physics, edited by W. Pautt. Pp. vii+195. 
(London: Pergamon Press, 1955.) 30s. 


This little book has been prepared as a tribute to Professor Bohr on his 
seventieth birthday. The authors of its ten chapters are distinguished physi- 
cists who haye collaborated with Professor Bohr in the many branches of physics 
in which he has played such a central role. Ina book of this kind, one hopes to 
read of things which will endear the great man to those who have not had the 
privilege and inspiration of working with him in person. Such articles there 
are ; but some there are too which seem hardly appropriate to the occasion. 
Nevertheless, after reading this collection of papers one is left primarily with a 
feeling of wonder that one man should have done so much. 

B. H. FLOWERS. 


Nuclear Magnetic Resonance, by E. R. ANDREW. Pp. xi+ 265. (Cambridge : 
University Press, 1955.) 35s. 

Although it is now a little over ten years since the birth of nuclear magnetic 
resonance, no treatise on the subject has appeared apart from the valuable thesis 
of Bloembergen (1948), which was rapidly sold out and has since been out of 
print. An authoritative treatise is still lacking, but this volume by Professor E. R. 
Andrew, the latest in the series of Cambridge Monographs on Physics, gives 
as comprehensive a review as its size permits. The basic theory cannot be 
developed in full on such a scale, and the author has rightly relegated some of 
the more tedious mathematics to appendices, or given useful order of magnitude 
arguments, for example, in the subject of spin-lattice relaxation times. ‘These 
make for easy reading for the beginner, who can thus concentrate on the physics ; 
but it seems a pity that more use is not made of rotating coordinate systems, 
which are very valuable in forming a physical picture of the phenomena, 
particularly when dealing with transient effects, 
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After a brief introduction follow chapters on the basic theory and experi- 
mental methods, the latter including references to methods of optical detection 
and nuclear alignment. ‘The measurement of nuclear moments and applications 
to some experiments in fundamental physics are then discussed, followed by 
three chapters on the information which nuclear magnetic resonance has given 
on ettects in bulk material arising from the interaction of the nuclear moments 
with their surroundings. ‘These will be of particular value to the applied 
physicist. ‘The book ends with a short chapter on electric quadrupole effects, 
together with a valuable bibliography and useful tables of substances investi- 
gated, including references. A singular omission is of any table of nuclear 
spins and magnetic moments; the latter is excused on the grounds that moments 
are not of great value unless details of corrections are given. But surely, now 
that the spins of practically all stable isotopes have been determined, and their 
moments are known with fair accuracy, these could have been included in a 
handy table together with the references to the original experiments. 

B, BLEANEY, 


Quantum Theory of Solids, by R. E. PrteRts. Pp. vili+229. (Oxford: 
Clarendon Press, 1955.) 30s. 


The theory of the solid state has developed most remarkably during the 
past thirty years. Apart from its intrinsic interest the practical significance of 
the theory for technolegy attracts a large and active body of scientists to this 
field. It is, therefore, a happy and significant event when one of the principal 
originators of the subject takes the time and the treuble to expound the funda- 
mentals of the theory as Professor Peierls has done in this book. 

By no means all modern work in solid state physics involves the use of 
quantum theory, though many parts of it do, and it is with these only that the 
book under review deals. The object of the book is stated by the author in the 
preface: it is to stress the fundamental aspects of the theory rather than to 
concentrate on detailed applications and practical matters. As the funda- 
mentals of both crystal dynamics and electron theory were firmly laid by the 
middle thirties, with one or two exceptions, one does not expect to find, and does 
not in fact find, much relating to post-war developments in this book. There is 
however, a final chapter dealing with recent work on the theory of superconduc- 
tivity, and in the chapter on ferromagnetism there is a discussion of neutron 
scattering in magnetic materials, and a short section dealing with anti-ferro- 
magnetics. ‘The great strength and value of this book lies in the insight which 
the author displays, and conveys to his readers, into the basic ideas of both 
lattice dynamics and electron theory. 

The book opens with three chapters on atomic vibrations in crystals in 
which the theory of specific heat and the theory of thermal conductivity are 
developed. ‘Thermal expansion, and the effects of anharmonic vibrations on 
the specific heat at high temperatures are also dealt with. Lattice thermal 
conductivity is a subject which has presented serious difficulties to many students 
in the past, therefore the account given in this book, which is the clearest and 
most complete in the literature, will be greatly appreciated. 

Chapters four to eleven are taken up with one or other of the various 
aspects of the electron theory of metals. Most of the well-known topics are 
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dealt with: band theory, cohesion, transport phenomena, para- and dia- 
magnetism and the interaction of light with electrons in solids. Although this 
book was published in 1955 it is, according to the author’s preface, the sub- 
stance of a lecture course given in 1953. Perhaps this accounts for the most 
striking omission: no mention is made of the theory of plasma oscillations in 
metals, even though, as now seems likely, this phenomenon plays an essential 
part, through the introduction of a screened interaction, in the whole conception 
of the free electron gas. 

In a notice of a book of such great value it would be ungracious to dwell on 
the omission of interesting topics (and there are other omissions) ; it is more 
appropriate to express appreciation of the masterly presentation of so much 
which is of general interest. This book can be unreservedly recommended both 
to those approaching the subject for the. first time, and also to those who, after 
years of study, still find its problems difficult but fascinating. 

H. JONES. 


436 


CONTENTS OF SECTION: 


Prof. L. F. Bares and Dr. A. Harr. Magnetization Curves and Domain Structure 


Mr. C. Hitsum. The Absorption Edge of Amorphous Selenium and its change 
with ‘Temperature 


Dr. R. Stratron. Surface Barriers at Semiconductor Contacts 


Dr. B. Donovan and Dr. N. H. Marcu. High Frequency Conductivity in 
Semiconductors : : : : 


Mr. A. R. F. Plummer. Observations on the Growth of Excess Current in 
Germanium p—n Junctions 


Dr. Mary D. Water. On Powder Striations produced by Electric Sparks 


Dr. R. Barriz. Electronic Conduction in Solids with Spherically Symmetric 
Band Structure ; : 


Dr. H. H. Hopkins. The Frequency Response of Optical Systems . 


Mr. J. T. Jerrertrs. Radiative Transfer with Central Sources of Non-Uniform 
Directional Intensity 


Research Note: 


Dr. A. Goswam1. Disorientation of Single Crystal Substrate due to Epitaxial 
Stress : ‘ 


Reviews of Books 
Corrigendum: J. Ew es and J. C. STeap 


Contents of Section A . 


PAGE 
497 


506 


Shs 


528 


539 
548 


SoS 
562 


ey: 


583 
585 
591 
992, 


437 


Electron Excitation Functions of the‘First Negative Bands of N,* 


By. TOS bEWART 


Physics Department, ‘The Queen’s University of Belfast 
Communicated by K. G. Emeléus; MS. received 23rd January 1956 


Abstract. A photoelectric spectrophotometer has been developed for studying 
the feeble light emitted from a gas at low pressure excited by an electron beam 
of known energy in an equipotential box. The probabilities of excitation of the 
(0,0), (0,1) and (0,2) negative bands of the nitrogen molecular ion have been 
measured. ‘lhe maximum cross section for formation of the v=0 level of the 
upper state involved, B?=, from the ground state of the neutral molecule x'X,+ 
was found to be (9-5 + 1-0) x 10-'Scm? and occurs for electrons of approximately 
100 ev energy. 


§ 1. INTRODUCTION 


N a previous communication (Stewart 1955) some measurements of the relative 

excitation functions of infra-red nitrogen spectra by photographic photometry 

have been described. This technique was found unsuitable for the deter- 
mination of absolute cross sections, and hence a photoelectric spectrophotometer 
has been developed for this purpose. This has to be capable of recording, 
in whatever region of the spectrum is of interest, the low intensities of light from 
an electron beam source operating at sufficiently small gas-pressures and electron 
currents for secondary mechanisms of excitation to be unimportant. 

The bands chosen for the preliminary investigation described in the present 
paper were the (0,2), (0,1) and (0,0) first negative bands of N,*(B?X — x*) 
with heads near 4709 A, 4278 A, and 39144 respectively. ‘This choice was made 
chiefly on account of their importance in auroral phenomena. Measurement 
of the absolute intensity of a molecular band j-k emitted under known conditions 
of excitation, will give directly the cross section Q,;, for excitation of the band 
(Massey and Burhop 1952). In the case of the B’2 — x*B transitions, population 
of the B?X level by cascade from higher levels can almost certainly be ignored. 
Furthermore, the relative transition probabilities 4,,/24,,, of these transitions 
can be calculated (Bates 1952), and it is thus possible to calculate the electron 
collision cross section of the v=0 level of the B?X state from the expression 
O,,= Aj,0;|2Aj,, where Q, is the cross section of the upper level. 


nm 


§ 2. EXPERIMENTAL PROCEDURE 


The radiation to be studied was produced by an electron beam source, similar 
in dimensions to the one described previously (Stewart 1955). ‘This consisted 
of a Pierce type electron gun firing a beam of electrons through a field-free collision 
box into a collector. The final anode, the collision box and the col]lector were 
all held at the same potential in order to avoid field penetration into the box. 
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Errors in current measurements due to secondary emission from the collector 
were avoided by placing a shield at cathode potential between the collector and 
collision box. 

The source was operated at pressures of the order of 3x 10-?mm Hg, with 
electron currents of 2-5x10-tamp. Nitrogen was continuously streamed 
through the tube and no lines or bands, other than those from nitrogen, were 
observed. 

The electron energy distribution in the beam was measured over a range of 
operating conditions by applying retarding voltages between the collector and 
collision box. It was found that 95°, of the electrons in the beam had energies 
within a 3v range of the applied accelerating potential. Furthermore, the 
number of slow electrons arising from secondary emission from the defining 
slits of the electron gun was negligible. 


§ 3. MEASUREMENT OF INTENSITIES 


A block diagram of the apparatus first used is shown in figure 1. An iB 
Hilger constant deviation spectroscope C was aligned at right angles to an optical 
bench AA and the electron beam source S. Light from a tungsten filament 
lamp L, calibrated for luminous intensity and colour temperature at the National 


Figure 1. Basic arrangement of spectrophotometer. T is the tuned amplifier, V the valve 
voltmeter. For key to other symbols see text. 


Physical Laboratory, or from S, could be presented to the spectroscope slit by 
means of a quartz prism D, mounted on a turntable. The light entering the 
spectroscope was chopped at 200 cycles per second by a rotating shutter B. 
The spectrum was formed on the photo-cathode of an E.M.I. type 6256 photo- 
multiplier tube E, from which the resulting modulated current was amplified 
by a circuit which included a narrow band filter set at the frequency of chopping. 
Sharp tuning was obtained by negative feedback from a late stage of the amplifier 
to the first stage, and by the insertion of a twin T network in the feedback loop. 

In the second method of detection, which has proved more sensitive, individual 
pulses arising from emission of electrons from the photo-cathode were counted. 
These pulses were amplified and fed into an EKCO type 552 ratemeter. By 
discriminating against the smaller pulses due to thermionic emission from the 
dynodes, light fluxes of the order of 100 photons per second in the visible region 
could be recorded. 

With both methods the optical bench was used to check the linearity of 
response of the spectrophotometer by means of the inverse square law. All the 
absolute measurements were made with the pulse-counting method, as this 
method had the widest range of linearity of response. 
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A possible criticism of the arrangement shown in figure 1 is that light from 
the electron beam or calibrating lamp might be polarized (Skinner and Appleyard 
1928), and hence spurious results be obtained since the quartz prism and spectro- 
scope have polarizing properties. Direct tests with polaroid screens showed, 
however, no observable polarization with either the beam or lamp, except possibly 
for the beam within a few volts of the excitation potential of the bands where the 
intensity measurements in any case are not exact. However, as a further check, 
absolute measurements were also made with the collimator directly aligned with 
the electron beam source, the calibrated lamp L being mounted on a pivot so 
that it could be placed in front of the beam source. The results obtained were 
not significantly different from those obtained using the prism. 


§ 4. RESULTS 


The intensities of all three bands were found to be directly proportional 
to both pressure and current, indicating that single electron impact with an N, 
molecule in the x'¥ ground state was the most important mechanism for populating 
the B2» state of N,*. The relative excitation functions of all three bands were 
identical. There was a sharp rise from an onset potential of approximately 
20v to a broad maximum at 95 v, followed by a gradual decrease with increasing 
electron energy. 

The intensities in absolute units (number of photons per second from the 
beam) of the bands for an electron energy of 100ev and known values of gas 
pressure and electron current were determined by comparison with the calibrated 
lamp. 

After determining the optimum operating conditions, four separate measure- 
ments were made for each band, using different pressures and currents, and 
different colour temperatures of the standard lamp. ‘The average cross sections 
for excitation of these bands were then calculated directly from these 
measurements, and together with the observed relative excitation functions gave 
the curves shown in figure 2 for the variation of Q,,, of the bands with electron 
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Figure 2. Excitation functions for (0, 0), (0, 1) and (0, 2) first negative bands. ‘The top 
curve, marked S, gives the integrated cross sections for the v=0 level of the B?X 
state of N.+. Alternate experimental points only are shown on the (0, 0) curves. 
All experimental points lay equally closely on the other curves. 
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energy. The mean deviation from the average values of 6:2, 2-4 and 
0-65 x 10-18 cm? at the maximum was for each band less than 10225 

The experimental ratio of intensities of the (0, 0), (0, 1) and (0, 2) first negative 
bands is 1-0 : 0-39 : 0-10, while the ratio calculated from tables of overlap integrals 
(Bates 1952) is 1-0 : 0-31 : 0-072. By extrapolation of the experimental results 
and from the calculated relative transition probabilities it appears that these bands 
almost certainly accounted for more than 95%, of the total intensity of the v’ =0 
progression. Allowing 0:2 x 10~'*cm? for the remainder of the bands in the 
v’ =0 progression, this results in a total cross section O, for the v=0 level of the 
BS state of 9-45 x 10-!8em? at the maximum. The variation of Q, with electron 
energy is shown in the upper curve of figure 2. It is hoped to extend these 
measurements into the ultra-violet region so as to record further first negative 


bands. 
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A Note on Momentum Correlation and Diamagnetism 


By S. NAKAJIMAT 


Department of Theoretical Physics, University of Liverpool 


Commuiicated by H. Fréhlich; MS. received 19th March 1956, and in final form 1st May 1956 


Abstract. Quantum statistical mechanics is applied to derive the expression 
for the current response of electrons in metals, caused by an electromagnetic 
disturbance. 

The expression is closely connected with the space-time correlation of 
electronic momenta. Examples are given to show that diamagnetism is essentially 
determined by spatial correlation. 


§ 1. INTRODUCTION 


ECENTLY the quantum theory of relaxation phenomena has been developed 

by various authors (Callan and Welton 1951, Kubo and Tomita 1954, 

Kubo 1955). From this point of view, Ohm’s law of metallic conduction, 

for example, is given as the current response of conduction electrons caused by 

an electric disturbance, and the conductivity is expressed directly in terms of 

quantum mechanical operators (see equations (11) and (12) below). ‘This way 

of approach to the theory of conductivity was first noticed by Nakano (1955 a) 

and Feynmant, and Griineisen’s formula has been derived by making a damping 

theoretical approximation (Nakajima 1955 a, Nakano 1955 b). ‘The correspon- 
dence to the usual Bloch theory has also been clarified (Kubo 1955). 

The same idea can be applied to diamagnetism, which is characterized by the 
current response caused by a stationary external current (Schafroth 1951, 
Nakajima 1955 b). The purpose of the present note is, first, to derive a unified 
expression for the current response including diamagnetism, ohmic and dielectric 
polarization currents. Technically the problem is very similar to the theory 
of vacuum polarization in quantum electrodynamics, where the ‘susceptibility 
of vacuum’ is to be calculated. 

Then it will be shown that the expression is closely connected with the 
correlation between electronic current (or momentum) densities at two space-time 
points. This is a generalization of the fluctuation-dissipation theorem (see Band 
1955) which connects time-correlation with conductivity and has played an 
important role in the theory of thermal noise. In the present note, it will be found 
that space correlation is connected with diamagnetism. Thus, for instance, the 
vanishing diamagnetism of an electron gas in the classical limit is equivalent to 
the absence of space-correlation of electronic momenta in the same limit (for 
the latter see Blatt, Butler and Schafroth 1955). 

Finally, the present unified formalism can cover superconductivity. Although 
the microscopic theory of superconductivity has not yet been established, the 
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present formalism can be used to see what sort of space-time correlation a 
particular phenomenological theory implies. Thus, for instance, London’s 
theory leads, in fact, to a long-distance correlation as anticipated by London 
himself. 


§ 2. DIAMAGNETIC AND OHMIC CURRENTS 


Suppose that the electromagnetic field 


pee B=curlA” | keer (1) 
c ot 

is established by a certain source placed inside an infinite metal. Our purpose 
is to find the current response of the conduction electrons, caused by the field. 
Let u(x) and *(x) be the anti-commuting operators describing the electron 
wave (Schiff 1949). The current operator is then expressed as (Wentzel 1949) 

: € 

1. 1)=j,(00~ (55) 00.4, (29 


where 
he ys 
= eys* pace *¥— —C€.C.]. 
p of b, Iu (sa) (¥ Ox, ) 

In quantum theory, the statistical distribution of the electron—phonon system 
is described by means of the density matrix R(t) (ter Haar 1954) which satisfies 

dR(t) 

; = 


ih =[H+H, RO ees (2) 


Here H is the Hamiltonian of the electron-phonon system and H’ is its interaction 
with the field (Wentzel 1949), 
pee: | dxj,A,+ | dxp (0+ psi 4?) emer Se. (3) 


@. 2mc2 


The average current is given by 


JX t= Tt (ROG CG aan ener (4) 


Assume that the electron-phonon system at t= — © 1s in thermal equilibrium 
without the field, the latter being then switched on adiabatically. ‘Thus the 
density matrix at t= — 00 is given by the canonical distribution} 

R(— ©)=Re=exp[—BHA)/Tr(exp[— sh ]) ee (5) 


with B1=xT and, under the gauge O(— ©)=0, A(—o«)=0. Applying 
perturbation theory with respect to H’, the Schrodinger equation (2) with the 
initial condition (5) can be integrated and the average current 1s obtained from (4). 
Up to the first order of the field amplitude, the average current is thus given by 


) AlOG.2) 


Ne? 


J (x, th= ( = 


2 fe 


+ Ef at [ de’ Ci,06 1-0), ODA 0) 


= Ff dt | de ACI, 1-1), NYO A) cae 6) 


+ This initial condition can be applied as far as linear effects are concerned, because 
these are determined by the response of the system to an impulse, 8(¢), type disturbance. 
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where (O) = T'r(R-Q) is the average of O in thermal equilibrium and 
OW) =exp E Ht | O exp E- Ht | 


is its Heisenberg operator. In deriving (6) it was assumed that (p)=Ne, 
{j)=0. By partial integration and use of the continuity equation and of the 
operator identity 


> > “B 4 
Pe 67 oie Ce ples 
/0 
equation (6) can be written as 
= =f - 
I,m, t)= | dx’K,,x— x) A, )+ | dt! | ds’ L,,(x—x’, 1-1) BX, 21) 
eee! (7) 


where the system is assumed to be homogeneous. ‘The integral kernels are 
given by 


“B 
L,A% t)= | Ad (% tid), saa (8) 
¥ 0 
' Ne\. . 1 
Kul) == (SE) 8,80)+ 7 Ln 0), vee (9) 


BAX HKG =X (et) oe pee (10) 
As far as linear effects are concerned, diamagnetism, electric conductivity and 
dielectric polarization of the metal are generally expressed by the single integral 
relation (7), which, in special cases, reduces to the usual relations expressed in 
terms of susceptibility, conductivity and dielectric constant. For example, 
Landau’s diamagnetism has been obtained from (9) (Schafroth 1951) and 
Griineisen’s conductivity from (8) (Nakajima 1955 a). 

From (7) one can also draw some general conclusions. First, the electro- 
magnetic properties are closely connected with the space-time correlation of 
electronic momenta, since the latter is essentially given by (10). More precisely, 
the operator product in (10) must be symmetrized as usual. ‘This will be done 
in § 3. 

The first term in (7), which is proportional to the vector potential, describes 
the diamagnetic current. Since the kernel is independent of time, there is no 
diamagnetic time-relaxation. From (9) and (10) it can already be seen that 
diamagnetism is essentially determined by the space-correlation of electronic 
momenta. A more detailed discussion will be given in § 3. 

The second term in (7), which is proportional to the electric field, describes 
the ohmic current including the dielectric polarization, provided that the kernel 
(8) converges quickly to zero as t->0o (this does not apply, of course, to super- 
conductivity—see §3). In particular, if the uniform electric impulse Eacd(t)u, 
is applied, then (7) reduces to (u is a unit vector) 


0 (t<0) 
LOY @ wa (10), 


where G(t) is given by integrating L over x. Making use of the total electronic 
momentum 
Ge 


— c * toe 
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and introducing the (large) normalization volume V, G can be written as 


Tefen ee , 
=e ANCP,P(t+iha)). wen aes 11 
G,A)= F(Z) | acPePerii) (11) 
Similarly, applying a uniform electric field proportional to exp(—twt), one 
obtains the complex dielectric constant € given by 
ee | “adiG(texp(iwt), ees (12) 
4 /0 
The real part of eis the usual dielectric constant and the imaginary part is connected 
with the conductivity o by 
I € = (477/a)o(w). 
Since G is real 
e(w)=—e*(—w), nn wes (13) 
From (12), by means of Titchmarsh’s theorem, one can at once obtain the 
Kramers—Kronig dispersion relation (Jauch and Rohrlich 1955) 
AG = (=) P| do CS eee (14) 
7 ee wW—Ww 
where P indicates taking the principal value at w=w’. When the system was 
assumed to be in thermal equilibrium at t= — ©, causality was introduced and 
this is why (14) has been obtained almost automatically. 


§ 3. "THE SPACE-CORRELATION AND DIAMAGNETISM 


As mentioned in § 2, the correlation function is properly defined by 


C,(X—x', t=) =F Gl Of, CE) +I, GAC Gia bg PRES 3 (15) 
Introducing the Fourier expansion of the operator 
JAX t)=(2ry* | duvj,(x, w)e*" 
the integration over A in (8) can be formally carried out. Comparing the result 
with the Fourier transform of (15), one can easily find the relation 


@ n= | di NG= ac (16) 

with aie 
/ =< 1 i —iot hw \ hw = 
AG) ale dwe ee SpGeaci: Saher (17) 


When integrated over x (16) gives the connection between the time-correlation 
and the relaxation function G introduced by (12). This connection has been 
thoroughly studied by Kubo (1955), so that the following discussion will be 
concerned mainly with the other new aspect, i.e. the connection between the 
space-correlation and diamagnetism. Thus (16) will be applied successively 
to the classical limit, Landau’s diamagnetism and superconductivity. 

The well-known fact that there is no diamagnetism in the classical limit is 
equivalent to the absence of the space-correlation of electronic momenta in the 
same limit. ‘lo see the equivalence, first note that 


AG) 600)" (50), ee (18) 
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Thus C and L are identical in this limit, apart from the factor 8. Applying 
classical statistical mechanics, it will be found that 


Ne 
Cx 0) € a5) 5,,,008) (0), aes (19) 
From (9), (16), (18) and (19) one gets 
GN tl) Oe a bows (20) 


Obviously the argument can be reversed and thus (19) and (20) are equivalent 
to each other. 

The effect of the electron-phonon interaction on the diamagnetism of the 
electron gas is negligible if 

FSnB 6 er | ieee (21) 

where 7 is the (average) relaxation time of the function L (Peierls 1933, Dingle 
1952). The diamagnetic susceptibility is then given by Landau’s formula. 
Neglecting the electron-phonon interaction in (9), the Fourier transform of K 
can easily be evaluated ese 1951) 


K,,(k) = (R? k,, aN yk? + ) 
= (i5. Ee Jexp(—(aly)R] (B90) eeeeee (22) 
Qa 47 [ e 
with Me Sa (=) Ro, yile tags (=) ky. 


Here k, is the Fermi maximum wave number and y/c is Landau’s susceptibility 
(Nakajima 1955 b). Under the condition (21), the approximation (18) still 
holds, so that 

C,,(x, 0) = (=) SSSR (Oe _) aa Gua (23) 
Transforming (22) into x-space, one can see that the space-correlation (23) 
decreases exponentially with the correlation distance 

Ax =(y1/y)P~Ro” 

which is an intrinsic quantity of the system. 

One advantage of the present unified formalism is that it can cover super- 
conductivity, where electric and magnetic properties are inseparable from each 
other. Of course here the microscopic theory has not yet been established, so 
that one cannot evaluate either L or C by means of quantum theory, as has 
been done above. Nevertheless, by making a phenomenological assumption 
on L which leads to a set of electromagnetic equations of superconductivity, 
use can be made of (16) to see what sort of correlation the phenomenological 
theory does imply. London’s theory will be discussed in this manner. ‘The 
theory is equivalent to the assumption (Schafroth 1951) that 


L,,(x, t)= (27) | dk exp [ik .x] 


x {(**) oe (“2 Jou exp[-tl-]}, Os) 


where JN, is the number of superconducting electrons and Ny = NV — N.. Inserting 
(25) into (7), the current is composed of two parts 
JaIs 4S". 


In terms of the Fourier ei 


(x, 1) =(2n) | _ de { dh exp [i(k.x—wt)J(k, «) etc., 
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(pe (==) ( if ) En eee (26) 
m 1 —iwt 
and 


NENT Ee re iP\ k,k, - 
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respectively. ‘Thus J" is the normal ohmic current, whereas J* satisfies London's 


Ne? oss Noe? 
curl Js= — ( <) 8. = = (=) B 
MC ot m 


Now, inserting (25) into (16), the correlation function in this case has the 
asymptotic behaviour 
Cy CGtices “(Cp (ar) (r=|x|— 0, f> 00). ...... (28) 

There is no definite correlation distance in contrast to (24). Such a long distance 
correlation has been anticipated by London and discussed recently by Schafroth 
(1955) with reference to the charged Bose gas. 

In general, because of the continuity equation and gauge invariance, the 
Fourier transform of K must have the form 

K,,,(k) = (8, — &,h,) K(R). 

Combining this with Ampére’s law, one obtains the vector potential in the 
Coulomb gauge as 


the two parts are given by 


equations, 


A(k) = Lae Bs se K()} | et) eee (29) 


where Je is a stationary external current. In order to obtain the Meissner effect 
(i.e. almost perfect shielding of Je), K(k) should be singular at k=0. If such 
a singularity is to result from the electron-phonon interaction, the interaction 
must be so strong that it cannot be treated as perturbation (Schafroth 1951). 
The long-range correlation due to the singularity depends upon the type of the 
latter and, at the present stage of the theory, can only be studied in the 
phenomenological way as shown above. 
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Cu (p, n)**Zn at 18 Mev 
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Communicated by ¥. P. Andrews; MS. received 30th November 1955 and in revised form 
10th February 1956 


Abstract. The yield of neutrons from the reaction °°Cu(p, n)®Zn at 18 Mev has 
been measured at five angles to the incident proton direction, using nuclear 
emulsions to detect the neutrons. The anisotropic angular distributions, which 
show some preference for the forward direction, and the shape of the neutron 
energy spectrum, provide some further evidence that the statistical compound 
nucleus model does not completely account for reactions of this type. The 
total (p, n) cross section was estimated to be 2 x 10-*° cm?, in agreement with the 
value found by Ghoshal at this energy. 


§ 1. INTRODUCTION 


Ne of the principal methods of investigating the interaction between 

nuclear matter and nucleons with energies between 10 and 40 Mev is 

the experimental study of nuclear reactions resulting from the bombard- 
ment of medium-heavy nuclei with nucleons in this energy range. Recent 
measurements (Gugelot 1951, 1954, Cohen 1953, 1955, Cohen et al. 1954, 1955, 
Eisberg and Igo 1954) cast some doubt on the adequacy of the statistical theory 
(Weisskopf 1937, Weisskopf and Blatt 1952, Hauser and Feshbach 1952), a doubt 
which can only be resolved by further experimental studies. ‘This paper describes 
one such study carried out as part of a programme of investigation at Princeton 
University. 


§ 2. EXPERIMENTAL METHOD 

A foil of natural copper (70° Cu) with a stopping power of 400 kev for 
18 Mev protons was exposed, by A. Emann of Princeton University, to the external 
beam of the Princeton cyclotron. ‘The energy of the incident protons was taken 
as 18-2mev. The foil was mounted at the centre of a 12in. diameter scattering 
chamber, described by Ajzenberg and Franzen (1954), and Ilford C2 nuclear 
plates (emulsion thickness 400 microns) were supported round the chamber at 
30°, 60°, 90°, 120° and 150° to the incident proton direction. ‘The proton beam 
passed through the foil and was collected in an insulated carbon Faraday cup 
which was connected to a current integrating circuit. 

After exposure the nuclear plates were processed by A. G. Rubin of Boston 
University, and later examined at Makerere College under a Cooke M 4000 
microscope. A 45x oil immersion objective was used with 10 x eyepieces. 
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§ 3. "TREATMENT OF OBSERVATIONS 


Proton recoil tracks were accepted up to angles corresponding to 15° in 
azimuth, and 15° in dip from the neutron direction in the unprocessed emulsion. 
Corrections for obliquity were made individually to the small number of recoil 
tracks produced by neutrons with energies greater than 8 Mev, and an average 
correction was applied to the more numerous tracks arising from particles of lower 
energy. Neutron energies were obtained from the range-energy relations due 
to Rotblat (1951) and Gibson et al. (1954). ‘The energy distributions of neutrons 
from the target were found by correcting the distributions in the plates for the 
effect of the escape of some recoil tracks from the emulsion, and for the variation 
of the neutron—proton scattering cross section with energy. No correction was 
made for neutrons from sources other than the target. Other experiments 
using the same apparatus and technique have shown that this background is 
small (Ajzenberg and Franzen 1954). 

Finally differential cross sections for neutron production in the target were 
worked out at each angle in the centre-of-mass coordinate system. For this 
purpose the neutrons were divided into three groups, each group containing 
particles within a particular range of energy FE: 


1. 150<E<4-00 Mev 
Phe E>4-00 Mev 
3c E>8-00 Mev 


It is not easy to divide up the continuous energy distributions of neutrons 
in this way into well-defined energy groups, since the number of particles per 
unit energy interval decreases more or less exponentially with increasing energy, 
and the range-energy relation is affected by the rather uncertain water content 
of the emulsion. ‘The difficulties are particularly great at the lower energy limits 
of the groups and it is estimated that errors of up to 30% may be introduced into 
the absolute values of the differential cross sections from these causes. 

Errors due to inaccurate alignment of the scattering chamber and the possible 
migration of the beam from the centre of the target during the bombardment 
are hard to compute; they may be as great as 10%. 

It is well known that the efficiency of the observer is an important factor in 
all work with nuclear emulsions. An attempt has been made to check efficiency 
by recounting some of the data, particularly at the low energy end of the spectrum, 
where tracks are confined to a single field of the microscope and are therefore 
more likely to be missed. In the worst case a recount increased the total by 20°%, 
but this particular count was already suspected of being low. In other cases no 
differences were found greater than 10°. 

‘The standard errors shown on the graphs in figures 1 and 2 are derived simply 
from the counting statistics. Between 180 and 400 tracks were counted at each 
angle in energy groups | and 2, and between 25 and 60 in group 3. Though the 
experimental errors which have been mentioned may introduce errors of between 
30 and 40%, into the absolute values of the cross sections, the relative values at 
the various angles should be considerably more reliable. This is because all 
the data were recorded at the same time, and all the plates were examined by the 


same observer. Most of the sources of error affect the data at each angle in a 
similar way. 
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§ 4. RESULTS 
The main results are presented in figures 1 and 2. In figure 1 the energy 
distribution of neutrons at 30° is given in a form which is often used for com- 
parisons with the statistical compound nucleus theory. The ordinate Y, plotted 
on a logarithmic scale, is (1/ES) (d?c/0QeEF). E is the energy of the outgoing 
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Figure 1. (1/ES)(@o/0QE) plotted against neutron energy at 30° for ®Cu (p, n) 63Zn at 

18:2 mev. Curve a taken from Gugelot (1954) for the reaction ®’Cu (p, p’) Cu. 

Equal abscissae on the two curves indicate equal excitations of the residual nucleus. 
particle in Mev; d2c/dQ0E is the differential cross section for the emission of 
a particle of energy between E and E+dE into unit solid angle. 6 is the element 
of solid angle. S is the cross section, including the effects of barrier penetration, 
for the formation of the compound nucleus in the same state of excitation, by 
the reverse reaction, in which particles of energy F strike the excited residual 
nucleus. This last quantity cannot be measured experimentally and must be 
estimated. Curve a on figure 1 was derived from the spectrum of inelastically 
scattered protons found by Gugelot (1954) when a copper foil was bombarded 
by 18 Mev protons. It is taken from figure 10 of Gugelot’s paper, and is plotted 
in the same absolute units as the new data. According to statistical theory both 
curves show the dependence of the density of levels of a nucleus of mass 63 on 
its energy of excitation, and should be expected to correspond closely. 
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In addition to comparing the densities of levels given by the two curves, 
nuclear ‘temperatures’ have been calculated from them at various energies, 
and the results are tabulated for comparison. The nuclear temperature T is 


defined by the relation (Weisskopf and Blatt 1952): 


1 odneY) 
/ ta OE 
Temperatures are expressed in Mev. 
Neutron energy (Mev) 5 gd 10-0 
Texp (Mev) 1:5+0:3 ieee Oey 1-8+0°3 
Taga (Mev) Loy Dee 2-4 
Tap (Mev) ilies! ioe 1:8 


Texp derived from this work, Ty, from Gugelot (1954) at the same excitation of the 
pedal nucleus, 74, from Guscioe (1954) at the same energy for the outgoing particle. 
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Figure 2. Angular distributions of the outgoing neutrons, normalized to unity at 90°. 


Differential cross sections at 90° : 
Group 1 5-3 40:3 mbn sterad~? 
Group 2 2:41+0-13 mbn sterad 
Group 3 0:21+0-04 mbn sterad7! 


Figure 2 shows the angular distributions of the three energy groups of neutrons 
from the reaction ®Cu(p, n)*Zn. The intensities at each angle have been 
divided by the intensity of the same group at 90°. ‘The absolute values of the 
differential cross sections for the production of the various groups at 90° are 
given in the caption. 

From the angular distribution data an estimate was made of the total cross 
section for the (p, n) reaction on copper at 18 Mev. ‘To do this the energy spectrum 
was extrapolated to lower energies assuming that it followed the Maxwellian 
form predicted by the statistical theory (Weisskopf and Blatt 1952). The value 
obtained was 

Spn~(2 + 0-6) x 107 cm?. 
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§ 5. Discussion OF RESULTS 


The densities of levels given by the two curves in figure 1 differ by a factor 
of two (approximately) over the whole range of energy. ‘This seems more than 
can be accounted for by the experimental errors mentioned above, or by the 
additional fact that Gugelot’s curve refers to Cu and 150° and the new data to 
687n and 30° (see Gugelot 1954, Fig. 10, which shows that the level densities 
derived from inelastic proton scattering are very similar for different elements). 
If the angular distribution is allowed for, the discrepancy between the two curves 
isincreased. No explanation is offered for this discrepancy. It should be noted, 
however, that the quantity S used in deriving the curves is a theoretical estimate 
based on the compound nucleus theory and is therefore subject to some uncertainty 
(Weisskopf and Blatt 1952). Neither curve shows the type of energy dependence 
of level density proposed by Weisskopf and Blatt on theoretical grounds, which 
would lead to curves concave towards the energy axis (Cohen 1953). ‘The 
apparent excess of high energy particles found experimentally is usually explained, 
qualitatively, as the result of direct interactions which do not involve compound 
nucleus formation. 

Though the accuracy of the estimates of nuclear temperature in the table 
is not very high, the results are not inconsistent with Gugelot’s hypothesis that 
the nuclear temperature found in this way is a function of outgoing particle 
energy rather than of the excitation of the residual nucleus only. It is not easy 
to see how the statistical theory could account for this. In the table of course 
the nuclear temperatures of ®*Cu are compared with those of Zn. 

Figure 2 shows clearly that the angular distribution of neutrons of all energies 
is anisotropic. There are also always more particles emitted in the forward 
direction than in the backward direction. The degree of anisotropy is slightly 
greater for neutrons with energies of more than 8 Mev, but at lower energies 
seems to be almost independent of energy. 

These results are in general agreement with some recent data obtained by 
Cohen (1955) using activation detectors. Cohen’s results were obtained at 
a somewhat higher bombarding energy and, though the energy response of 
his detectors was not very well defined, his results seem to show a greater 
dependence of the angular distribution on neutron energy than was found in 
the present work. It may be noted, however, that the emulsion technique made 
it difficult to get adequate statistical accuracy for the high energy neutrons, because 
the reduced neutron—proton scattering cross section in the emulsion, at high 
energies, limits the detected fraction of the already small number of high energy 
neutrons emitted by the target. 

From the theoretical point of view the angular distribution data conflict 
with the statistical theory as developed by Hauser and Feshbach (1952). 
According to this theory the angular distributions of particles from reactions 
of this type should be either isotropic or symmetrical about 90°. ‘40 

The value of (2+ 0-6) x 10-* cm? for the total (p,n) cross section is to be 
compared with the values for Cu(p, n), Cu(p, pn) and Cu(p, 2n) cross sections at 
various energies measured by Ghoshal (1950), using the stacked foil technique. 
At 18mev he found a total (p,n) cross section of about 2 x 10-5 cm?, a (p, pn) 
cross section of 4 x 10-25 cm’, and a negligible (p, 2n) cross section. The present 


result is consistent with these values if it is assumed that very few neutrons from 
the (p, pn) reaction have been detected. 
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This assumption can be made plausible by considering the effect of the 
Coulomb barrier on the protons emitted after a (p, pn) reaction. In the case of 
copper the threshold for the (p, pn) reaction is at 13 Mev, any protons emitted 
from a compound nucleus formed by incident protons at 18 Mev must therefore 
have energies considerably below the Coulomb barrier energy, which in this 
case is about 8Mev. One therefore expects that most of the protons will have 
energies close to the theoretical maximum and that, in consequence, the associated 
neutrons will be mainly of very low energy. If this is so it is not surprising that 
they have not been detected here. 


§ 6. CONCLUSIONS 

‘These studies of the Cu(p,n) Zn reaction provide further evidence of the 
inadequacy of the simple statistical model of nuclear reactions, which is able to 
explain neither the detailed form of the energy spectrum of the outgoing particles 
nor the asymmetrical angular distributions. Other types of interaction between 
the incident particle and the target nucleus, such as those suggested by the 
theories of Austern, Butler and McManus (1953) and Bohr and Mottelson 
(1953), which do not involve compound nucleus formation, could give rise to 
modified energy distributions and to angular distributions in which the forward 
direction is preferred, but the data do not at present allow one to draw any 
quantitative conclusions about their importance in the Cu(p,n) process. ‘The 
position may be clarified as a result of studies of the inelastic scattering of alpha 
particles, and of the (p,y) process in medium-heavy nuclei where it appears 
that very few transitions take place via a compound nucleus (Gugelot, private 
communication). 
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Abstract. The angular correlation between the successive K-conversion electrons 
from the de-excitation of 4-4-hour *°Br has been investigated, using anthracene 
scintillation spectrometers in conjunction with coincidence single-channel 
kicksorters. Disturbing side effects were kept under control by a special procedure 
of taking data. ‘The correlation function contains only a second-order term with 
ay~+0-30. This is consistent with the assignment M3/E1, and excludes 
M3/(M1+E2). Shell theory then makes the intermediate and ground levels of 
the cascade f;5g,5 and ps P,, respectively, but cannot account for the isomeric 
level (which must be 5-). The experimental method used in this work can be 
applied to other e-e cascades. 


S$ 1. GENERAL INTRODUCTION 


URING the last five years, measurements of the correlations between 
the directions of emission of successive nuclear radiations have become 
increasingly useful for the spectroscopy of short-lived nuclear states 
(see the recent review by Frauenfelder 1955). Most results, in form of spin 
assignments, values of magnetic moments and mixing ratios, were obtained from 
gamma-ray cascades. Cascades involving conversion electrons have received 
less attention. They offer many interesting possibilities, quite apart from the 
obvious cases in which an electromagnetic transition is so strongly converted 
that one can only observe the electrons. Above all, the pertaining correlation 
functions depend on the (relative) parities of the involved nuclear levels 
(e.g. Biedenharn and Rose 1953) so that one has here a means of distinguishing 
between electric and magnetic transitions. With mixed transitions, on the other 
hand, it can be helpful to investigate the angular correlations of both the uncon- 
verted and the converted cascades; this will provide a check on the results, and 
may serve to remove ambiguities of interpretation arising from the two possible 
signs of the interference term. Some other points are discussed by Rose (1953). 
These attractive features are balanced by experimental complications. First 
of all, the interesting cases are those of reasonably large conversion coefficients. 
More often than not, this means low electron energies. Serious scattering 
effects can then occur and require the use of laborious precautions (Breitenberger 
1954c). Secondly, explicit correlation functions being available for K-shell 
conversion only (Biedenharn and Rose 1953), the K-electrons must be singled 
out by a spectrometric technique. 
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The first experiments did not go so far, and remained inconclusive. By 
means of Geiger—Miiller counters and fairly thick sources, e-e correlations were 
observed by Russinov and Chuykin (1949) in *°Br, by Ward and Walker (1949) 
in '8!'[a, and by the Ziirich group (Frauenfelder, Walter and Ziinti 1950, Walter, 
Huber and Ziinti 1950) in 7Hg. Lundby (1949) searched for a B-e correlation 
in the decay !81Hf > !8!T'a, Stevenson and Deutsch (1951) mentiona y—e correlation 
in 86Rb, and Roy and Goes (1953) observed an «-e correlation in the decay lo— Ra 
with a cloud-chamber method. 

Successful measurements of e-y and y-e correlations have recently been 
made by McGowan (1953) in 7°’Pb, using a scintillation spectrometer, by 
Goldberg and Frankel (1954) in "Te and Te, and by Golden and Frankel 
(1954) in !7Sn, using a lens spectrometer, and by the Ziirich group (Gerber 
et al. 1954, Gimmi, Heer and Scherrer 1954) in ™!Cd, using a small 180° magnet. 
Golden and Frankel (1954) also paid special attention to the scattering problem. 

Accurate experiments with two successive conversion electrons have not 
yet been done. The most obvious method to achieve the required separation 
of the conversion lines is to use two B-spectrometers. Arrangements of this kind 
have been designed for various purposes (Klemperer 1935, Feather 1940, Feather, 
Kyles and Pringle 1948, Fowler and Shreffler 1950, Siegbahn 1952, Bell and 
Graham 1952; on post-acceleration see Butt 1950, Schneider 1952 and Mayne 
1952), but apart from questions of bulk and expense there is the disturbing 
magnetic interference between the two spectrometers which becomes quite 
serious if, as in all correlation work, their relative position is varied during the 
experiment (see especially Siegbahn 1952). One could also think of employing 
proportional counters with thin entrance windows. However, a simple discussion 
in terms of window thickness, gas pressure, etc., shows that such detectors attain 
unmanageable dimensions unless all relevant pulse groups happen to lie within 
a relatively narrow range, e.g. from 200 to 250 kev. Finally, one may consider 
scintillation counters. Their energy resolution can be assessed theoretically 
(Breitenberger 1955) and is readily found to suffice for correlation work with 
a good many, though not with all, e-e cascades. 

‘The present paper describes an attempt, briefly reported earlier (Breitenberger 
1954b), to investigate e-e correlations by means of anthracene scintillation 
spectrometers in conjunction with coincidence single-channel kicksorters of a 
special design (Breitenberger 1953). ‘To test the method fully the somewhat 
unfavourable case of 8°Br was chosen. Another experiment will be described 
later. 


§ 2. 'THE CaAsE OF *°Br 


The well-known 44-hour isomeric state of *‘°Br de-excites through a 
completely converted transition of energy 48-1 kev which is followed by a partially 
converted y-ray of 36-3kev. ‘The pertaining conversion lines are, in obvious 
notation, 

1,...34-6 2K ---22'8 
1, 46:5 27 3s475 
it is seen that 1, and 2, accidentally coincide. 

Berthelot (1944), to whom the decay scheme is due, concluded that the two 
transitions were M3 and M1, respectively. Segre and Helmholz (1949) later 
put forward that this M3/M1 cascade should permit a competitive E4 cross-over 
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since no radiation of corresponding energy is observed the second transition 
should be El rather than M1, thus making the cross-over a slower M4. In fact, 
West and Rothwell (1950) measured a K-conversion coefficient of 1:2 for the 
second transition, in good agreement with the theoretical value 1-33 (from Hebb 
and Uhlenbeck 1938) for El. A similar result was briefly reported by Lidofsky, 
Macklin and Wu (1950). 

In the light of empirical lifetime-energy data (Goldhaber and Sunyar 1951) 
the absence of the cross-over is, however, not particularly significant, both E+ 
and Mé4 transitions being much slower than indicated by older theoretical 
estimates. Hence there is no strong reason why the second transition in *°Br 
should be El. The theoretical K-conversion coefficients are 0-61 for Ml 
(extrapolated according to Goldhaber and Sunyar 1951, p. 908) and 23 for E2 
(from Hebb and Uhlenbeck 1938); thus the experimental value 1-2 can also be 
interpreted to mean mixing between M1 and E2 in a ratio of very nearly 1:1 
(i.e. 1:0-025 for the unconverted y-rays). This alternative is not excluded by 
the fact that the half-life of the 36 kev state is shorter than 4mpsec (Wright and 
Deutsch 1951). According to the empirical data the half-life expected for pure 
M1 is 2 mpsec (conversion correction included), and even with an appreciable 
admixture of E2 it need not be larger than 4mpsec. Thus the whole evidence, 
although entirely compatible with the assignment E1, does not exclude the 
alternative assignment M1 + E2. 

The angular correlation of the successive K-conversion electrons should 
allow one to decide clearly between the two possibilities. The theoretical 
correlation coefficients are best obtained by graphical interpolation and extra- 
polation based on the numerical tables of Biedenharn and Rose (1953). For the 
M3/E1 cascade one finds 


@o=+0-29340015. = = saveee (1) 
If the second transition is pure M1 the correlation is practically isotropic; in 
the case of mixing it becomes necessary to take into account that the spin of the 


ground state of 80Br is 1, and one obtains for the cascade 5(M3)2(M1+ E2)1 
with a mixing ratio of 1-0 


a,= +0:075 + 0-015 or ae aM 51 0 Oi earner tee (2) 
depending on the relative phase of the matrix elements, together with an additional 
a,= —0-007 + 0-002 in either case. The indicated errors have been compounded 


from the estimated extremal uncertainties of the graphical evaluation, and 
represent safe upper limits for the standard deviations in a roughly gaussian 
sampling distribution. The alternative values (1) and (2) differ so strongly 
that a correlation experiment seems promising despite the embarrassingly low 
electron energies. 

§ 3. THe APPARATUS 


Apart from the electronic equipment which has been described elsewhere 
(Breitenberger 1953 a), the correlation apparatus consisted of two scintillation 
spectrometers mounted inside a steel vacuum bell of 31cm internal diameter. 
The movable spectrometer was supported by an arm fixed to a rotating vacuum 
seal in the centre of the base plate of the steel bell, and could be put into all 
positions between 40° and 180° with respect to the fixed spectrometer ; the angle 
of position, denoted hereafter by 5, could be adjusted from the outside to better 
than one-tenth of a degree. The photomultipliers (selected EMI 6262 tubes 
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of high sensitivity) were held vertically with the cathodes facing downwards ; 
hollow mirrors were used to deflect the light from the vertical crystals through 
90° on to the cathodes. 

Anthracene was chosen as a scintillator because of its high luminescence yield, 
the low backscatter and the small sensitivity to y-rays. "The required crystal 
thickness was determined with the aid of the curves in figure 1. The ground 


Energy Loss (kev) 


Energy on Incidence (kev) 


Figure 1. Energy loss suffered by monoergic electrons on passage through anthracene 
layers of 0-1 to 1:0 mm thickness; calculated from range-energy curves given by 
Glendenin (1948) for aluminium, assuming equal stopping power for all atomic 
electrons. 


state of *°Br emits 6-particles with energies up to 2 Mey; it is seen that a thickness 
of a little more than 0:5 mm limits the pulse height so as to prevent unnecessary 
overloading of the amplifiers, yet not so much that the B-pulses pile right on top 
of the conversion electron pulses. The crystals used, of 0-6mm thickness and 
23mm diameter, had been cemented to a supporting base of Perspex by the 
makers, Messrs. Nash and Thompson. An aluminium layer of about 30004 
was evaporated on top of the anthracene to serve as reflector. This thickness 
stops all electrons of less than 7kev (e.g. the L-+ MM Auger electrons of Br) 
but causes only a negligible energy loss to harder electrons (less than 1:5 kev to 
electrons of more than 20 kev). 

Sources could be introduced into the apparatus through a vacuum lock in 
the side wall of the steel tank. ‘The lock chamber was cylindrical and contained 
a removable sliding piston which carried the source holder; the accuracy of 
assembly was such that the axis of the chamber, if produced, met the axis of 
revolution of the movable spectrometer to within 0-3mm. Thus the relative 
uncertainty of source position was very small, the source-to-crystal distance 
being 87 mm (cf. Breitenberger 1954 a), 

The inside of the tank was covered with a layer of white wax to reduce 
backscatter, and the spectrometers were shielded against the source by waxed 
screens. During the experiments the apparatus was being continuously pumped ; 
a 50 litre diffusion pump was required to maintain the pressure below 0-1 uw Hg 
against the large flow of gases from the wax. 
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§ 4. PREPARATION OF THE SOURCES 


The best choice for the source backings seemed to be beryllium. It is 
obviously most suitable as far as electron scattering effects are concerned; being 
a metal, it also provides enough conduction electrons for the rapid neutralization 
of the Br ions left behind by the first conversion transition, so that no serious 
hyperfine structure perturbation of the intermediate state need be feared. 
Moreover, a metallic source cannot cause any troubles by charging up under the 
continuous loss of electrons (cf. Braden et al. 1948, Douglass 1949, Gross 1951). 

Thin beryllium films were produced according to a technique developed in 
this laboratory by R. H. M. Lamb. The metal was evaporated on to microscope 
slides which had previously been covered, also by evaporation, with a thin layer 
of rock salt. The beryllium films could then be floated off on a clean water surface 
in the usual way, and were picked up on little wire frames of } inch square. Only 
faultless fresh films of about 3000 A thickness were used in the experiments. 

The activity was obtained carrier-free by Szilard—Chalmers process in ethylene 
dibromide subsequent to neutron capture in stable 7Br. About 75 cm® of 
technical C,H,Br, were first washed twice, each time with 5 cm? of distilled water, 
then twice with 5cm® of ammonia (20°,, pro analysi), again twice with Siem 
of water, then left to clear completely, separated from water drops, and finally 
irradiated for one hour with slow neutrons from the Cavendish cyclotron. ‘The 
bulk of the active matter could be washed out by shaking twice, each time for 
5 minutes with 0-5 cm? of distilled water. 

The two portions of active solution were combined, made alkaline with 
ammonia in order to bind the activity in non-volatile form (NH,BrO and NH,Br), 
and concentrated to a few drops in the vacuum of a water-jet pump. The 
concentrate was diluted 1:1 with ethyl alcohol (96%, p.a.) to reduce surface 
tension; a drop of this mixture could safely be applied to a beryllium film and 
dried under a 60-watt lamp. After drying the active spot, of about 6mm 
diameter, was barely visible. Ona clean glass surface the mixture left no visible 
residue at all, provided reactive impurities were removed from the raw material 
by the operations outlined above, and a high standard of cleanliness was observed 
throughout. 

Immediately after the irradiation the 18-minute ground state of *°Br was 
present in considerable excess ; equilibrium with the 4-4-hour metastable state 
was attained two and a half hours later. No source was used before this interval 
had elapsed. ‘The sources also contained an appreciable amount of **Br, formed 
by neutron capture in the other stable isotope 81Br: the background of f-rays 
and hard y-rays from this nuclide was not further troublesome. 


§ 5, THE PULSE SPECTRUM 
The observed pulse spectrum of *°Br is shown by the heavy contour in figure 2. 
The broad hump on the right was much higher in the spectrum of a fresh 
source, and shrank with a half-life of 18 minutes to the relative size shown in the 
figure; it is thus due to the f-particles emitted by the ground state. Its long 
tail is compressed by amplifier overload into the sharp spike on the extreme right. 
The shape of the hump is easily understood from figure 1. The rise towards 
zero pulse height is due, according to a spectrometer calibration which was 
obtained from the observation of test sources, to the X-rays and K— LL Auger 
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electrons accompanying the internal conversion, and to the Compton edge at 
4:5kev of the unconverted 36kev y-rays. The high peak of the spectrum thus 
must be due to the three conversion lines at 23, 35 and 47kev. The widths of 
these lines can be predicted (Breitenberger 1955) from the known spectrometer 
efficiency, and should be approximately 7=0-58, 0-48 and 0-41, respectively ; 
their intensities can be estimated from the K/L ratios and conversion coefficients 
measured by Berthelot (1944) and West and Rothwell (1950), and should be 
roughly in the ratio 0-5:1:0-15 (for later application, we note that the middle 
line contains less than 15° 2,). With the help of these data the peak can be 
decomposed by trial and error into the three equidistant gaussian curves indicated 


in the figure. 
Ae 


L. L 


f t t 
nee. I /2 particles 


Dene 
Figure 2. Pulse spectrum of *°Br, as observed in anthracene crystal of 0-6 mm thickness. 
Ground state in equilibrium with metastable state, background from *2Br subtracted. 
Independent proof of this decomposition was afforded by scanning the 
spectrum for coincidences with the aid of the single-channel kicksorters. The 
two spectrometers were backed, respectively, by the channels marked A and B 


in figure 2; then one of the channels was swept over the spectrum while the other 
was kept fixed. ‘The observed distribution of coincidences is shown in figure 3. 
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Figure 3. Distribution of coincidences in the pulse spectrum of *°Br. 
The scale of abscissae is the same as in figure 2. 
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It agrees very well with the hypothetical decomposition; the slight upward shift 
of the 1,, line is presumably due to non-linearity of the crystal response. For 
this measurement the movable spectrometer was put at 545°; at this angle 
P,(cos 8) vanishes, so that the coincidence counts were not affected by differences 
in the angular correlations of the various pairs of conversion electrons. 


$6. MANNER OF TAKING DaTA 


As the separation of the three conversion lines was incomplete, the correlation 
experiment had to be done with the two channels in such positions that the 
admixture of other coincidences to 1,—2, became as small as possible. ‘The 
channels marked A and B in figure 2 were considered to be most suitable. ‘They 
contain mainly 2, and 1, electrons, respectively, and the impurities do not 
amount to more than 30% 1, and 5% 2, in A, and 5% 1,, 10% 2, and 15% ae 
in B. From these figures one readily calculates that at least 80°, of the total 
coincidence count between A and B is due to 1,—2, coincidences, the background 
being almost wholly 1,—2;, coincidences. 

In the interest of accumulating enough coincidences despite the short half-life, 
of making random the effects of source scattering (Breitenberger 1954c), and of 
minimizing decentring errors (Breitenberger 1954 a), the correlation measurement 
was made on eight sources. Each source was centred as accurately as possible 
in a vertical plane of azimuth e; the eight azimuths were chosen at 20° intervals 
from 20° to 160° with respect to the fixed spectrometer. It seemed convenient 
also to take data at eight angular positions; for a reason to be explained presently, 
the order of the eight counting angles 5, was permuted from one source to the 
next according to the following scheme: 


5 40 60 80 100 120 140 160 180 

e 

20 6 So 4 iy 5 wh 2 8 

40 — 4 7 2 6 1 3 5 

60 D — 5 4 5 6 7 1 

80 5 7 5 + 2, il 6 
100 Ii 5 i — D, 4 6 3 
120 1 2 6 3 — 5 + Ul 
140 = 1 5 6 ah — 5 » 
160 5 6 Z 7 1 3 — 4 


This is a sort of ‘latin square’ and has been constructed with the help of a table 
of random numbers in such a way that each of the numbers 1...7 occurs just once 
in each column and in each row. 

Channel A was attached to the fixed spectrometer because it had to deal with 
softer electrons than B. ‘The counting time per source amounted to about four 
hours; about 25 000 coincidences were collected in all. 

The ratio of ®Br to 82Br was computed for each source from the observed 
decrease with time of the single counting rate through channel A. The contribu- 
tion by *2Br to each single count through A was then calculated, and subtracted. 
This correction was smaller than 40°, throughout. 

For each angle 5, the sum of the coincidence counts was divided by the sum 
of the corrected single counts through A, to give the relative coincidence rate k,,. 
Apart from its bearing on the effects of scattering and decentring this procedure 
corrects automatically for the decay of *°Br, for counting time, and for all effects 
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which are equivalent to fluctuations of the sensitivity of the fixed detector. ‘The 
latter were presumably present in the form of apparent common channel boundary 
drift due to random changes in the gain of the multiplier, and are serious in as 
much as channel A sits on a rather steep flank of the spectrum (cf. Breitenberger 
1953 a). 

Since the counting rates changed appreciably during each of the eight runs 
the ever-present effects of pile-up of pulses and of loss of charge on coupling 
condensers were time-dependent, and would have imposed a trend on the &,, if 
the counts of every run had been taken in the same regular sequence, for instance 
beginning at 40° and ending at 180°. The correction for the background from 
“Br, with its unavoidable inaccuracy, seemed also capable of producing such 
systematic deviations. Permutation of the counting angles in accordance with 
the scheme mentioned above destroyed all these trends, transforming them 
into an effectively random, and therefore harmless, error. 

Finally, the standard deviations s, of the k,, were estimated in the usual way 
from the sampling errors of the primary data, without accounting for any 
variability due to causes other than the randomness of radioactive decay. 
However, such causes of extra variability were given by the randomized trends, 
by the somewhat unequal activities and thicknesses of the eight sources which 
obviously prevented the scattering effects from balancing exactly, and also by 
those channel boundary drifts which affected the admixture of background 
correlations to the one under investigation. Consequently the s, had to be 
regarded as under-estimates. 


§ 7. REDUCTION OF DaTA 


‘The data were reduced by the method outlined in an accompanying note 
(Breitenberger 1956). Graphical inspection showed that the experimental 
points were fairly well represented by the function K’(5) = 1-20 + 0-34P,(cos 8). 
The full normal equations were then set up, but solved first for two unknowns 
only; i.e. the third equation was dropped, and A, was omitted from the other 
two. The result was: 


A= —0-01276, A,= +0-00268, esuee 3) 
[pvv] =0-01189. eae (4) 
‘The values (3) are so small that no second approximation is necessary. 
Dividing (4) by the adopted weighting constant gives 


[por] / pp 13 305 ee eee (5) 
As a x of 6 degrees of freedom this value is significant on the 3% level, that is, 
the odds against its being due to pure chance are 33 to 1. Hence the fit is 
rather bad. In the first line, we may attribute this fact to the presence of a small 
P,-term in the correlation function, which should indeed be there if the second 
transition is M1+E2: see §2. Solution of the full normal equations now 
results in a [pvv] of 0-01007, so that 


[pvr] /p) = 11-26. re Go): 
As a x? of 5 degrees of freedom this value is significant on the 5° level. Thus 
the fit is a little better, but it remains to be seen whether the improvement itself 
is significant. This question is easily settled by means of a variance ratio test. 
We can write 13-30=11-264+2-04. If it is possible to split a x? of 6 degrees of 
freedom into a x? of 5 degrees of freedom and a further member, the latter must 
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behave statistically like a y? of one degree of freedom according to the definition 
of y?. Hence the quotient 2-04/[11-26/5]=0-906 is sampled in a variance ratio 
distribution of one degree of freedom in the numerator and 5 degrees of freedom 
in the denominator. The 20°, point of this distribution lies at 2:18; thus the 
sampled value 0-906 is seen to be due to mere chance with a probability of more 
than 0-2. The improvement of (6) over (5) is therefore entirely insignificant, 
and the hypothesis of a fourth-order term must be discarded. 

Since the possibility of a spurious trend in the data could be ruled out through 
a graphical discussion the apparently bad scatter of the points had to be attributed 
to a significant underrating of the counting errors. Of course, this sort of 
argument could always be conjured up to account for a bad fit. However, in 
the present case the y?-test allows one to show that the required provision for 
inadequacies of design and execution of the experiment is kept within plausible 
bounds. It seems indeed not unreasonable to allow for additional errors of 
one, or perhaps 1-5, per cent in every count. We are thus led to suspect that the 
s,, Which lay between 2:5 and 3%, are low by a factor of about 1-2. This will 
not alter the calculations, except that we now obtain instead of (5) 

[ pue)/1-44p,=9-24, 

and this raises the goodness of fit above the 10° level, a result which may be 
considered satisfactory. Note that the variance ratio test remains unaffected 
by any change of the weighting constant. 

The solutions (3) can therefore be adopted. They lead to c,=0-2860; 
calculating the’ standard error of A,, and correcting for angular resolution 
(Breitenberger 1953 b), the apparent angular correlation coefficient becomes 


By = :0900 00-24 ee (7) 


The significance of this figure conforms to a ¢-distribution of 6 degrees of 
freedom; for example we have the 95°, confidence interval 


0-232 <true value<0°351. q—=— sa... (8) 


§ 8. DISCUSSION 

Although (7) agrees excellently with the theoretical prediction (1) it does not 
follow straight away that the second transition is E1. Indeed, the possible 
influence of background correlations has yet to be assessed. 

It follows from (8) that the observed mixture of correlations has a,’ greater 
than 0-232 with a significance of 97:5°,. If this value is corrected for scattering 
by means of the factor given elsewhere (Breitenberger 1954 c) it becomes 0-246. 
If the second transition is mixed the theoretical correlation coefficient is practically 
certain to be smaller than 0-162 (upper limit of the 95°, confidence interval for 
the larger of the two possible coefficients (2)), and if this value is to be increased 
beyond 0-246 by an admixture of at most 20°,, of parasitic correlations these 
must have a correlation coefficient of at least 0-565. 

It could readily be shown in a subsidiary experiment that the background 
correlation was most unlikely to have such a large anisotropy. Channel A was 
shifted so as to lie symmetrically over channel B. It is clear from figures 2 and 3 
that in this position mainly 1,~—2,, coincidences will be counted, with an admixture 
of less than 33°, 1,—-2,; thus what was background in the main experiment was 
now very prominent. One single source was then used, in the same eight 
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orientations as above, to take counts at 180° and 54-5° only, and from the data 
the expression k(180)/k(54:5)—1=c, was calculated. Corrected for angular 
resolution the result became 0-324+0-036 (gaussian sampling distribution, 
standard error estimated allowing for 1-5°, extra variability). Here the upper 
limit of the 95°, confidence interval, corrected for scattering, is 0-416; if this 
value should be due to at least 67°, of background admixed to the 1,—2, correlation 
with a, = 0-162 the background cannot have a correlation coefficient of more than 
0-541, again with a significance of 97-5%,. 

This argument is easily seen to be quite insensitive to small changes in the 
scattering correction. Furthermore, all other influences on the correlation can 
safely be neglected. ‘The B-y and y-y coincidences from the decay of ®°Br and 
‘“2Br should occur mainly in the upper part of the spectrum, and even there they 
were found to be negligible. In the main, but not in the subsidiary, experiment 
channel A also contained some Auger electrons and x-rays. The correlations 
between these and the conversion electrons are isotropic because such cascades 
proceed through an intermediate state of spin 1/2; any isotropic contribution to 
(7) would, however, strengthen the above argument, and not weaken it. The 
combined evidence therefore excludes the assignment M1+E2, and is fully 
consistent with the assignment E1, on a high level of significance. 

It is interesting to consider this result in the light of shell theory. The ground 
state of *°Br is known to be 1+ (Fultz and Pool 1952) and thus must have the 
configuration PsP). The 36key-transition being E1, the intermediate state 
is 2- and therefore f;.g55. Incidentally, the latter configuration is found for 
the ground states of “As, As and °°Rb (Nordheim 1951, Scott 1951) so that it 
may well be expected to compete for the ground state of ®°Br; this explains the 
low energy of the second transition. There is, however, no simple way to account 
for the metastable state with its spin of 5 and negative parity. On Nordheim 
rules the only possibility is the configuration p39» with a resultant spin of 5, 
but this would permit a one-proton transition py.—>f,, of character M1, to the 
intermediate state. A three-particle transition can be ruled out because parity 
considerations are found to require two like ones of the three excited particles 
to be in the same orbit, and a four-particle transition seems altogether unlikely 


because of the low energy involved. This problem may deserve theoretical 
study. 
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Abstract. ‘The capture cross section of natural boron for slow neutrons has been 
measured by a dynamic method, in which the decay constant of neutrons in a 
water tank was plotted against the concentration of added borax. Samples were 
compared with a standard boron oxide in GLEEP at the Atomic Energy Research 
Establishment, Harwell. ‘The result is quoted as o,=760+43 barns for the 
A.E.R.E. sample of natural boron oxide. 


§ 1. INTRODUCTION 


HE capture cross section of thermal neutrons by boron B(n, «)*Li is an 
important constant in the practice of low energy nuclear physics. As has 
been pointed out recently (Green et ai. 1954) there is a discrepancy of about 
20 barns between the best American and European values of this constant which 
significantly exceeds the estimated error of about 5 barns which the various groups 
assign to their measurements. 
It was therefore thought to be worth while to use the apparatus which we had 
set up for measuring the absolute n—p capture cross section (Meads et al. 1956) to. 
make yet another precise measurement of the constant. 


§ 2. EXPERIMENTAL METHOD 


If a cloud of neutrons is released in a tank of water it will disappear by capture, 
and the total number present will decay exponentially, because the capture cross. 
section is inversely proportional to the relative velocity of the neutron and proton. 

If some borax is dissolved in the water the decay will still be exponential 
because the cross section of the !°B (n, «) 7Li reaction also obeys the 1/zv law, but the 
average life will be less because of the large !°B capture cross section. ‘Thus one 
would expect a plot of the true decay constant A against the boron concentration 
to be linear, with a slope determined by the B capture cross section only. 

The true decay constant can be determined by laborious integration of the 
neutron density throughout the tank, but this is not necessary. It is found 
experimentally (Meads et al. 1956), that the observed decay of the capture y-rays 
at any point in the tank is exponential within the limits of measurement. ‘The 
observed decay of counts in a scintillation detector can therefore be expressed by 
the product of an exponential term representing the effect of capture, and another, 
representing the effect of diffusion of the neutrons into or away from the region 
near the detector. This result is confirmed by the analysis, given in the appendix, 
based on simple diffusion theory. 

The decay constant A, of the y-ray counts at distance x from the pulsed source 
of neutrons (Meads et al. 1956) can be expressed, therefore, as follows 


Ap =(Nq'oq + Ngoy)e + F(x) 
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for a borax solution containing V,, boron nuclei per cm® of cross section op. 
Ny’ is the number of protons per cm’ of solution and oy the proton cross section ; 
v = 2200 m sec-t and F(x) represents the effect of diffusion, which is assumed to be 
the same in the borax solution as in the water. ‘The validity of this assumption 
depends upon two subsidiary assumptions, namely, that the initial thermal neutron 
distribution set up as a result of slowing down fast neutrons from the source, 
is independent of concentration; and that the subsequent rate of diffusion is also 
independent of concentration. Since the diffusion effect never exceeds 10% 
of the measured decay, and the maximum borax concentration was about 4%, 
these assumptions are likely to be justified. 

If Nj, =number of protons per cm? of water, we may rewrite the above equation 
in the form A,=A4A+N,'vo, where A= Nyoyd + F(x) is independent of boron 
concentration and 


N,, is the number of boron atoms per cm’, with a correction (0-1°,) for the change 
in concentration of protons in the solution on addition of borax. The ratio 
oy/o, need not be known at all accurately. The correction can easily be calcu- 
lated from the known density of borax solutions. 

The experimental procedure was, therefore, to measure the y-ray lifetimes as a 
function of concentration of borax for several distances of the scintillation counter 
from the source, and to plot A,,as a function of Nj’. The validity of the assump- 
tions could be tested by the internal agreement of the results; i.e. the plots should 
be linear, and have equal slopes at the different positions. 


§ 3. INTRODUCTION OF THE BORAX 


The total weight of borax in the tank varied from 0-11-5kg. ‘The source of 
supply was 15kg of ‘ Analar’ borax which had been carefully mixed. A sample 
of this, together with samples of solution at each concentration were retained for 
subsequent analysis. 

The iron tank (600 gallons capacity) was lined with paraffin wax and filled with 
demineralized water. Successive weighed quantities of borax were added after 
each set of decay time measurements and the solution carefully stirred after each 
addition. The level of liquid in the tank was kept fixed by occasional addition of 
distilled water to compensate for loss by evaporation. 


§ 4. VOLUME OF THE ‘TANK 

The volume of the liquid in the tank was required for calculation of the 
concentration, and was measured in three ways: (i) using a calibrated water flow- 
meter, (ii) by direct weighing of the contents in 100 kg samples, (iii) by adding a 
known weight of potassium sulphate to fresh water in the tank, taking a sample of 
the solution after stirring,and determining the weight of potassium sulphate in the 
sample by evaporation. ‘These gave 2-567 x 10%, 2-569 x 10°, 2°568 x 10® cm? 
respectively for the volume of the tank. 

The mean temperature was about 18°c and the result of (ii) was calculated 
using values for the density of borax solutions quoted in the /nternational Critical 


Tables (1928). 
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§ 5. RESULTS 
The y-ray decay was measured at zero and 5 other concentrations of borax at 
distances of 20, 30 and 40 cm from the target. In all, 72 sets of measurements 


were made. 
Using a value of Avogadro’s number 6-023 x 10?3, the known weights of borax 
in the tank were converted into values of N;’.. The figure shows the result of 


Observed decay constant 


; tee 
+ 8 a 1O= 
Boron concentration (Ne 7) 


Decay constant as a function of boron concentration. a, 20 cm, 6, 30 cm, c, 40 cm from 
target. Arbitrary amounts have been added to the measured decay constants so 
that the three graphs should be separated in the diagram. 


plotting A,, against N;,’. The constancy of the slope indicates that all points lie 
within the range of validity of the assumptions previously discussed. The 
statistics were sufficiently good to warrant a gaussian analysis, and the slope and 
probable error in the slope, of the lines of best fit to the experimental points were 
determined by the method of least squares (cf. Margenau and Murphy 1943). 


‘The results were as follows: 


Distance from target o, (barns) 
20cm 758:141-6 
30cm 761-64 2:5 
40cm 762:9+ 1-7 


It will be seen that the values of o, obtained have a spread not incompatible 
with statistics so that a mean value of o,=761+2 barns can be accepted with 
confidence (subject to the possible correction discussed below) as the mean 
thermal cross section of boron in our sample. 


§ 6. ANALYSIS OF THE Borax 


The * Analar’ borax used had not been kept in a stabilized atmosphere (Vogel 
1948) so that its composition could depart slightly from the formula 
Na, B,O, L0H JO: 

Ignition in a platinum crucible gave an anhydrous yield 0-3°%, higher than 
expected from the formula. This could be accounted for by assuming that there 


was originally present 0-3°% less water than the formula indicates, or that the final 
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sample was not quiteanhydrous. A similar experiment with a new specimen which 
had been kept in a stabilized atmosphere also gave the same result, so that it was 
assumed that the latter alternative was correct. 


§ 7. COMPARISON OF CROSS SECTION OF BORAX SAMPLE 
WITH THE HARWELL STANDARD 

Whitehouse (see Thode et a/. 1948) first pointed out the possibility of differences 
in the isotopic composition of boron from different sources, so, to be of any 
practical use, the cross section of our boron had to be compared with that of a 
standard sample. 

For this purpose, a known weight of our borax was dehydrated, dissolved in 
heavy water, and compared by the pile oscillator method (Hughes 1953) in GLEEP 
with the A.E.R.E. standard boric oxide sample. The experiment was then 
repeated with independently prepared solutions of our borax in light water. 

There is evidence that the A.E.R.E. boric oxide also contains about 0-3°, by 
weight of water. In calculating the ratio of cross section per molecule of Na,B,O, 
to B,O, the effects (initially very small) of the residual water cancel out, so that no 
correction is necessary. 

The results of the above measurements expressed as the ratio of cross sections 
of Oxford to Harwell boron give 

Heavy water sample 1-000 + 0-004 

Ordinary water sample 1-002 + 0-002 
This result which can be looked upon as an absolute calibration of the standard 
A.E.R.E. sample, therefore yields 760 + 3 barns for the A.E.R.E. sample. 

The following table, taken partly from Green et al. (1954), and partly from 
information supplied by Dr. P. A. Egelstaft, shows the present state of the boron 
measurements. 


Sample Harwell Argonne—Brookhaven Swedish Oxford 
Harwell Vij dicts 1590s 5 Tags 760+ 3 
Swedish 759+ 6 74545 HOS ae 3 — 
Argonne—Brookhaven 760 + 4 USA SE SI 764+ 3 — 
Oxford — = — 761+ 2 


It seems clear from these results that somewhere in the chain of intercom- 
parisons there lurks a systematic error, but it is still not clear in which measurement 
it occurs, and further work is in progress. 
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APPENDIX 

Exponential Decay of the Observed y-ray Intensity due to Neutron Capture 

Consider the counting rate N(x, t) observed with a small scintillator situated 
x cm from the neutron source. . 

Then N(x, t)=A| dn(r,2) couleur e 


Ss 
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in which 4 is a constant depending upon the efficiency of the counter, /is the mean 
free path of the capture y-rays, A is the decay constant of the neutrons due to capture 
alone. 

The function n(r, ¢) is the neutron density at the element of volume d7, whose 
vector distance from the source of neutrons isr. ‘The density (r,t) need not be 
symmetrical about the source, but is subject to the diffusion capture equation 
an/ot = —An+DV*n. Now define q(r,t), so that n=ge-”; then by substitution 
oqg/ot= DV*q. ‘To a first approximation 


og(r,t ' 
g(r, t)=¢("r,0)4 Ee ?) t= g(r,0) + DV (r,0)t 


so that we may write 


N (x, t)= N(x, 0) e-* (1+ pt) 
| [:V2n (r, 0) exp (—s/2)}/s2] dr 
in which a 
| [{n(r, 0) exp (—s/)}/s] dz 


since when t=0, q(r,0)=n(r,0). For sufficiently small t, N(x, t) will behave as 
N(x, 0) exp {—(A—p)t}, so that A, =A—p where p is a function only of the position 
v of the scintillator in the tank. 

A simple logarithmic plot shows that for the variation of average life en- 
countered in these experiments (~10°,,) the deviation of the approximate expres- 
sion from a straight line would hardly be detected. 

The numerical value of the correction factor p can be determined by numerical 
integration from the measured values of the initial neutron distribution n/(r, 0) 
and was found to have approximately the correct value. It was also possible to 
verify by numerical integration of the measured value of m(r, f) that the integral 
expression for N(x, t) did in fact decay exponentially, within the limits of the 
accuracy of the numerical integration (~0-1°%). The conclusion reached from 
the rather detailed numerical work (Meads 1955) was that as well as the general 
exponential decay predicted in first approximation for any distribution of neutrons, 
the actual distribution used in this experiment was one for which the approximation 
was probably valid to the second order as well. 
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Abstract. ‘The capture cross section of slow neutrons by protons has been 
measured by following the decay of neutrons from a pulsed source in water. 
The decay was measured by detecting the capture y-rays with a liquid 
scintillator. . 
The observed average life in water was 203-3+2-6,sec corresponding to 
a capture cross section of 0-335 + 0-004 barns at a velocity of 2200 metres/sec. 


§ 1. INTRODUCTION 


HE cross section for the photo disintegration of the deuteron, d(y,n)p 

near the threshold is an important constant in nuclear theory. An exact 

value is of particular interest because, near threshold, the disintegration 
is entirely due to the photomagnetic transition in which the angular momentum 
is conserved by spin flipping; it also provides the most direct measure of the 
difference between the singlet and triplet effective ranges. A full account of the 
theoretical aspects of the problem has been given by Squires (1952). A direct 
measurement near threshold of the photo disintegration process is not possible, 
but as was early pointed out by Bethe (1947) the cross section o,,,, of the inverse 
capture process can be measured directly, and is related by the theory of detailed 
balancing to the cross section o,,,, for disintegration by a quantum of energy hw 


by the following relationship. 
Tcap _ 6 hw \2 
Cmag mcv) ~ 


The capture cross section varies inversely as the relative velocity v, so that, 
if neutrons are released in an infinite hydrogenous medium, the total number 
present will decrease exponentially with time, by capture, and a measurement of 
the average life T=1/A will enable the capture cross section to be measured in 
terms of the composition of the medium. The capture cross section of oxygen 
(U.S.A.E.C. 1952) is so small that water is a very convenient hydrogenous medium 
to employ. 

Two methods have been used to measure the average life of neutrons in a 
water tank: 

(a) The measurement of the total number of neutrons N in the water tank at 
a single instant of time, when they are introduced at a steady rate n neutrons 
per second. Clearly the average life 1/A=n/N. Owing to the difficulty of 
making absolute neutron measurements the method cannot be used to make 
absolute measurements of 7. It can, however, be used to give a comparison 
of the capture cross section of neutrons by protons and of neutrons by another 
nucleus of large capture cross section which also obeys the 1/zv law, e.g. boron. 
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As was first pointed out by Whitehouse (‘Thode et al. 1948) the isotopic composi- 
tion of the particular boron sample must also be measured. Apart from the 
disadvantage of not giving an absolute value, the static method runs into other 
difficulties and after careful consideration we decided that we were unlikely 
to be able to improve on the measurements of Whitehouse and Graham (1947). 
However, if the initial constant source of neutrons has no fast neutrons in it which 
have to be slowed down, these difficulties are more easily overcome, and measure- 
ments have been made (Hamermesh, Ringo and Wexler 1953) using thermal 
neutrons from the Argonne pile. Although precise, their results are tied to 
the still uncertain capture cross section of natural boron (Green et al. 1954). 
(6) Direct measurement of the decay from a pulsed neutron source. ‘This was 
first tried by Manley, Haworth, and Luebke (1941, 1942) and more recently by 
Von Dardel and Waltner (1953) and Von Dardel and Sjostrand (1954). The 
dynamic method suffers from several fundamental difficulties: Firstly, the 
motion of the neutrons during their life must be allowed for since the local neutron 
concentration changes both by capture and diffusion. Secondly, if neutron 
detectors are used to follow the decay it is not easy to arrange that they actually 
measure what is required, namely the concentration of neutrons which would 
have been present at the position occupied by the detector had the medium not 
been disturbed by the presence of the detector. Thirdly, it is difficult to obtain 
a sufficient neutron flux to obtain good statistical accuracy. 

Since it seems impossible to make the measurements without having to make 
corrections, we attempted to ensure that any correction should not exceed 10%, 
of the quantity measured and could be measured experimentally in a subsidiary 
experiment to an accuracy of at least 10°. Working in this way, we did not 
have to rely entirely upon theoretical calculations in applying the correction, 


and hoped to arrive at a result which could be relied upon to + 1%. 


§ 2. "THE EXPERIMENTAL METHOD 


An outline of the apparatus used in the final measurements is shown in 
figure 1. ‘The source of neutrons is a heavy ice target on which falls a pulsed 
beam of 450kev deuterons. In spite of the complication of liquid air cooling, 


Figure 1. _ Heavy ice target and detector. A. Diaphragm to define the deuteron beam; 
13}. liquid air inlet; C. vacuum jacket; D. heavy ice target; E. BF; neutron monitor; 
F. scintillator; G. Perspex light guide; H. photomultiplier, 
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the heavy ice target was used to get enough neutrons in each pulse (10° neutrons 
per pulse). Preliminary experiments showed that a simpler occluded target 
did not yield enough neutrons. While equally good or better neutron yields 
could be obtained with a DT source using a zirconium tritide target the large 
range of 14Mev neutrons in water prevented the use of this otherwise very 
convenient source. Using the DD source it was possible to use a 600 gallon 
tank, whose dimensions were 120 cm x 120 cm x 180 cm. The neutron decay 
was followed by detecting the 2-2 Mev capture y-rays with a liquid scintillator 
(terphenyl in cyclohexane with diphenyl hexatriene as frequency shifter) mounted 
on the end of a long light guide. The photomultiplier was more than 40cm 
from the scintillator and the preamplifier was outside the water tank altogether. 
This method of detection has several advantages. It is sensitive; the cross 
section of the scintillator and light guide both for neutron capture and neutron 
scattering is so close to that of water that the disturbance of the neutron field 
due to the detector is negligible. Moreover, owing to the large range of y-rays 
in water (~25 cm) the detector effectively integrates over a large volume, so that 
the effect of any small disturbance in the neutron density due to the detector is 
greatly reduced. ‘This behaviour is in marked contrast to that of a conventional 
BF, neutron detector which can only with difficulty be adjusted to have the same 
capture cross section as that of the water it displaces, and must always have 
a quite different scattering cross section. 

The main disadvantage of this type of detector 1s that it does not give the same 
pulse height for each y-ray detected, and so its sensitivity depends critically on the 
stability of the associated electronic equipment. 

This difficulty was overcome in two ways. All equipment (amplifier type 201 
H.T. to photomultiplier type 1007C and scaler type 1009B) was electronically 
stabilized and fed from a stabilized (+1 volt) mains supply. Measurement of 
the changes of sensitivity over long periods showed that the stability was just 
sufficient for our purpose. Small fluctuations about the mean sensitivity do 
not affect the measured lifetime; any long term drift could be detected and 
allowed for by suitable design in the delay sorter and in fact no errors due to 
electronic instability could be detected. 


§ 3. THE DELAY SORTER 


The neutron decay was followed by counting the y-rays produced from an 
initial 100 sec pulse of neutrons, in successive 50sec intervals, the whole 
cycle being repeated every 1600psec. A series of accurately spaced pulses 
controlled the following series of events. The radio-frequency oscillator running 
the ion source switched on for 100 wsec giving a pulse of neutrons from the heavy 
ice target. ‘Ihe subsequent y-ray pulses produced by the capture of this group 
of neutrons were counted by a group of four gated scalers. ‘The gates were 
arranged so that counts were made in the three intervals 200-400 psec (group B) 
400-600 psec (group C) 600-800 psec (group D) as determined by a manually 
controlled selector switch. 

The individual scalers were gated so as to record pulses in four successive 
50sec channels. It would have been possible to count in all twelve channels 
using twelve scalers, but these were not easily available and it was found quite 
satisfactory to follow the decay in successive 200 psec periods. 

31-2 
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The gating pulses were obtained from a 20kc/s blocking oscillator feeding 
two scale of four ring circuits. Accuracy of timing was ensured by locking 
the oscillator on to a 100kc/s crystal controlled master oscillator. Owing to 
the use of double triodes (CV858) the gating pulses had a 1 psec rise time. This 
was allowed for by calibrating the channels with random pulses from a radio- 
active source. This calibration was made frequently during the course of the 
measurements. A very small correction was made for differences in the decay 
in the channels of unequal length. 


§ 4. THE ION SOURCE 


A conventional radio-frequency ion source (Thonemann 1948) was driven 
from a pulsed radio-frequency supply; in order to obtain regular striking the 
instantaneous radio-frequency power input was raised to 1-5 kilowatts. As the 
duty cycle was only 1/16, the mean dissipation was less than the usual 200-300 watts 
and no troubles due to over-running were experienced. However, the large 
wall absorption at the beginning of each pulse sufficiently reduced the instan- 
taneous pressure to cause unsteady running. ‘This trouble was overcome by 
replacing the dome of the discharge tube with a spherical volume of from 1 to 
2 litres capacity. 

The maximum beam current used was about 1ma corresponding to about 
70 A mean current. ‘The liquid air cooling was just adequate to maintain the 
heavy ice target under this heavy bombardment. Since the slowing down time 
of the neutrons in the water is only a few microseconds, and no measurements 
were made for 100 psec, it is not very important that the beam should end sharply. 
It is, however, important that there should be no neutron production during the 
time the decay is being measured. ‘This was verified by displaying the amplified 
beam current on a cathode-ray tube. Incipient deterioration of the discharge 
conditions was readily detected by the appearance of large current spikes in 
the dead time which disappeared when the conditions in the radio-frequency 
arc were changed. It is clear that any failure in this respect would increase the 
measured value of the half-life of the neutrons. 


§ 5. MEASUREMENT OF Decay TIME 


When all the equipment was working satisfactorily the actual measurement 
of the neutron decay presented little difficulty. The neutrons were monitored 
by a fixed BF, counter placed in the tank 25 cm from the target and diametrically 
opposite the scintillator. A separate scaler was also used to count all the y-ray 
pulses from the scintillator which entered channel group D(600-800 psec) 
irrespective of which group was being operated. The background correction 
offered some difficulty since the metal cell containing the scintillator liquid 
became slightly radioactive owing to the neutron bombardment. The original 
cell was made from aluminium, but a change to a stainless steel cell very much 
reduced this unwelcome effect. The residual error due to this cause was 
eliminated by investigating the rise and fall of the activity empirically at various 
positions in the tank. A correction curve was then constructed based on a 
particular schedule of measurements which was carefully adhered to. 


t We have to thank Dr. Thonemann for suggesting this remedy. 
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At the beginning of each run measurements were first made in channel 
group D, so that the smallest y-ray count also had the smallest correction for 
neutron induced activity. 

Correction for induced activity was only necessary when the scintillator was 
less than 40 cm from the target. 


§ 6. NORMALIZATION OF COUNTS 


All measurements were normalized to a constant number of counts in the 
BF, chamber used as a neutron monitor. ‘This was frequently calibrated with 
a 20mc Ra~-Be source but no significant changes in its sensitivity were found. 
Small changes in the gain of the amplifier do not affect the decay time observed 
in one group of channels but must be avoided if the measurements in the three 
groups of channels at one place in the tank are to be combined into a single decay 
curve covering the whole 600 usec decay period. ‘This was done by measuring 
the total counts in group D independently. Only those runs were accepted in 
which the group D counts bore a constant ratio to the neutrons counted by the 
monitor, thus showing that the amplifier gain had not changed. 


§ 7. CORRECTION FOR THE TARGET ‘TUBE 


The tube through which the deuterons reach the target is an unavoidable 
part of the apparatus, whose presence must be allowed for. It affects the observed 
results in two ways. 

Firstly, owing to its presence the initial neutron distribution is less symmetrical 
than the ideal distribution which would have been obtained from a source entirely 
surrounded by water. 

Secondly, some slow neutrons will leave the tank during the period of 
measurement by diffusion up the target tube which would otherwise have been 
captured and contributed to the y-ray count. ‘The effect of the target tube was 
estimated experimentally by introducing a dummy vertically below it. ‘The 
thickness of the walls of the dummy was chosen so as to have the same capture 
cross section for slow neutrons as that of the actual target tube. Measurements 
with and without the dummy tube in position enabled an estimate founded on 
experiment to be made of the effect of the target tube on the results. 


§ 8. EXPERIMENTAL RESULTS 


Four independent sets of measurements were made, namely: measurements 
with the y-ray detector along the horizontal and vertical axes through the target ; 
measurements with a BF, neutron detector along the horizontal and vertical 
axes. 

The following subsidiary measurements were also made with the object of 
placing the corrections upon a sound experimental basis: measurements with 
the y-ray detector along the horizontal axis in the presence of the dummy target ; 
measurements with the BF, chamber of the angular distribution of the neutron 
density about the target. 

The variations of the neutron density in time and space are shown in figure 2. 
~The outward diffusion of the neutrons during the capture process is clearly 
shown in these curves by the outward migration of the maxima. ‘The difference 


474 R. E. Meads, C. F. England, C. H. Collie and G. C. Weeks 


between the measurements along the horizontal and vertical axis is nearly all 
due to the asymmetry in the angular distribution of the neutrons from the DD 


reaction. 


es 
T (cm) 


Figure 2. Distribution of thermal neutrons about the target : (a) in the horizontal plane; 
(b) vertically below the target. 


Slight deviations from strict exponential decay were observed in neutron 
measurements at a given position. ‘The logarithmic plots of count against time 
were convex downwards for distances less than 10cm from the target and convex 
upwards for greater distances. ‘This effect was, however, only just discernible 
and did not prevent the assignment of a lifetime to each measurement. The 
variation with distance is shown in table 1. 


‘Table 1 
(1) (2) (3) (4) (5) (6) 
10 174:0+ 0:6 WA OF 178-1 171°5 164:6 
is) 194-6+ 0-4 192:6+0:7 — 202°5 187-4 
20 204:0+ 0:2 201:7+ 0:4 203 °5 232°3 212-9 
YS 208-0+ 0°84 —- — 261-0 236-0 
3 Pil seer 206°2+0°:85 211°8 278-0 249 +3 
35 207°4+4 1:5 — — 287-7 258-2 
40 206:9+ 0:8 205:3+1:4 210-2 289°5 258°5 
45 204:2+ 0-7 202:2+ 1-9 _ — —- 
50 204:7+0°5 201:94+0°5 207-1 
55 203-1+1:-5 202:3+ 1-8 
60 200°5+ 0°85 197-6+ 0-4 
65 201:5+ 1-4 — 
70 203:7+0°5 197:0+0°8 
WS 201:1+1 
80 199:0+ 1-4 


(1) Distance in cm of detector from target ; (2) average life in pesec measured with y counter 
in horizontal plane through target; (3) average life measured with y-ray counter in hori- 
zontal plane through target with dummy target in position below target; (4) average life 
measured with y counter vertically below target; (5) approximate average life measured 
with neutron counter in horizontal plane; (6) approximate average life measured with 
neutron counter vertically below the target. 

The errors quoted are the probable errors derived from the statistics. The neutron 
measurements have a negligible statistical error. 


The decay of the y-ray scintillations was strictly exponential at all points 
in the tank at which it was measured. This result, which is rather surprising in 
view of the appreciable change in the neutron distribution caused by diffusion, 
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was carefully verified. It is derived on simple diffusion theory by Collie, Meads 
and Lockett (1956). ‘Typical decay curves are shown in figure 3. The result 
of all measurements can therefore be expressed graphically as the variation of 
average lifetime with position in the tank, and also the variation of counting 
rate in one channel with position. ‘The effect of the dummy target was to reduce 
the average life by a few microseconds as shown in table 1. 


tog Cousiting ate (arbitrary units) 


4 


. 
300 1090 
Time (microsecords) 


Figure 3. Exponential decay curves. 
a. y-ray decay curve at 15cm from the target in the presence of the dummy target 
T=192-6 psec; 
b. B-ray decay curve at 25 cm from the target T=203°3 Sec; 
c. Integrated neutron curve T=201-9 psec; 
d. Integrated y-ray curve T=203°3 psec. 


§ 9. THE ANGULAR DISTRIBUTION OF THE RADIATION 


The neutrons emitted from the target are known to have a far from isotropic 
distribution even in the centre-of-gravity system ; other factors causing a departure 
from symmetry are the presence of the target tube and the momentum of the 
incoming deuterons. 

The initial lack of symmetry in the distribution of neutrons is of course 
greatly reduced by the random collisions of the fast neutrons in the slowing 
down process. The angular distribution was investigated mainly with a neutron 
counter. The results showed a peak in the backward direction near the target 
tube, but otherwise the neutron densities are well represented by a simple formula 
of the type 1+acos?6. The existence of this backward peak is due to fast neutrons 
which have travelled up the target tube for some distance before entering the 
water. In this way a measurable concentration of neutrons is obtained near 
the target tube at distances from the target otherwise quite incompatible with 
the known stopping power of water for fast neutrons. 

This appearance of neutrons near the free surface of the tank accounts for 
another puzzling feature of the experimental results, namely the rather large 
change in decay time (~5 psec) introduced by the dummy target. It is possible 
to calculate from the measured neutron distribution how many neutrons leave 
the tank by diffusion up the target tube. It is quite small and corresponds to 
a target correction of }ysec. ‘The neutrons near the surface of the water tank 
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will, however, be able to leave the tank by diffusion and so account for the larger 
dummy target effect. This explanation is confirmed by the observation that the 
dummy target correction is greater for large distances 7 from the target than 
for a small r, since the region near the point of entry of the beam into the tank 
subtends a proportionately larger solid angle as one proceeds outward from the 
target along a horizontal axis. ; 

Since the neutron distribution determines the y-ray distribution through 
a process of integration one would expect the latter to follow the same law but 
with a much smaller value of the coefficient of cos?6@. For the purpose of calcula- 
tion the y-ray distribution was assumed to be of the form 1 + acos?@ in which the 
coefhicient @ was determined from the already known counting rates at 6=0° 
and 6=90° obtained from the measurements along the vertical and horizontal 
axes. An analysis of the considerable numerical data recorded by the delay 
sorter has been given by Meads (1955). 


§ 10. CALCULATION OF THE AVERAGE LIFE 


The probability of neutron capture was calculated from the experimental 
results in three ways: 


(i) By integrating the y-ray scintillations throughout the tank. Provided no 
neutrons and no y-rays leave the tank the number of neutrons present is strictly 
proportional to the number of y-rays captured in the tank, i.e. to the number of 
scintillations recorded, integrated over all positions with respect to the target. 
This integrated figure was obtained for each channel in each group, i.e. for 
12 successive periods of 50 usec from the experimental results in the following 
way. 

The measurements beyond 35cm from the target at a given time were 
accurately represented by the semi-empirical relationship [,=(J)/r2)e-"" in 
which J, and k were determined experimentally. 

This formula was used to extrapolate the results beyond the last point at 
which measurements were feasible. Any error introduced by this extrapolation 
was very small since it contributed only a few per cent of scintillations which 
all decayed with very nearly the correct average life. The effect of the target 
tube was allowed for by assuming that the difference between the ideal distribution 
with no target tube and the observed distribution would have been the same as 
the cbserved difference introduced by the dummy target. ‘These are the only 
two corrections necessary to convert the observed measurements into the results 
of an ideal experiment in which a pulse of neutrons is released in an infinite 
volume of water. The integrated values for the various channels should show 
exponential decay. ‘That this is so is shown in figure 3. The average life is 
found to be 203:3+2-6usec. The estimated probable error is based on the 
following assumed errors: statistical error of the measurements 1 [SCC 5 
uncerta nty in the target correction (maximum correction is 6 psec) 2 psec; 
an estimated uncertainty of 1-2 mm in the target-scintillator distance which 
would give an error of 1 psec in the numerical integration. 

(11) The integration method can be applied to the neutron density as measured 
with the BF; chamber. his shows an excellent exponential decay (figure 3) 
with an average life of 201-9+0-13 usec. The error assigned is the statistical 
error of the measurements. ‘There is also a systematic error due to the finite 
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size of the counter and the difference between its capture cross section and that of 
the displaced water. Since the copper walled counters used have a higher 
absorption for neutrons than the displaced water one can expect (von Dardel and 


Waltner 1953) that the true value of the average life is greater than the observed 
202 psec. 


(ui) The observed neutron distribution can be used to calculate the part 
played by diffusion in the observed exponential decay of the y-ray scintillations 
In any part of the tank. The corrected value should then be the true average 
life due to capture alone and should be independent of the part in the tank for 
which it is calculated. A first order calculation (see Collie, Meads and Lockett 
1956) gave the following corrections to the lifetime due to diffusion (table 2). 


Table 2 
(1) (2) (3) 
12 sy 201-5 
1S + 2:87 197-8 
20 — 8:27 198°5 
25 = lesa 202-3 
30 -12-74 Pier, 
35 —12-41 Ail oil 
40) = $°50 202-6 
45 8-15 201°5 


Mean 200-7 pesec 


(1) Distances from target (em); (2) calculated correction (usec); (3) corrected value of 
average life (ysec). 

The diffusion correction behaves as was to be expected, being positive for 
small r when most of the neutrons are diffusing away from the detector and 
negative at large values of r when the neutrons are nearly all diffusing outwards 
towards the detector. A similar calculation, using the vertical data, was not 
carried out in full, since it became clear during the course of the above calculation, 
that tangential diffusion due to the asymmetry of the neutron distribution was 
not negligible. The calculation, which was very laborious, was unlikely to add 
much to the accuracy of the result as obtained by the first method. A value of 
the position in the tank of zero diffusion correction was, however, obtained from 
the vertical data. ‘This was 18-3cm, corresponding to a mean life of 204-0 usec. 
It is likely, therefore, that a complete computation, taking the angular distribution 
of the neutrons into account, would yield a value not very different from 202 psec. 

We consider the first method (in which the total correction for angular 
distribution only amounts to a few microseconds) to be soundly based and the 
best way of treating the observational data. 

The second and third methods give results which agree with the first method 
within their rather larger limits of error. This agreement while adding little 
to accuracy of the results is useful confirmation that the general picture of the 
behaviour of the expanding neutron cloud is correct. 


§ 11. COMPARISON WITH OTHER RESULTS 


As has been seen the results of the measurements can be expressed in terms 
of a cross section for capture at a standard velocity (2200 msec“) or as the average 
life in usec of a neutron in water. 
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A summary of recent results expressed in barns is shown in table 3 which also 
indicates the method used to overcome the fundamental difficulties referred 


to in the introduction. 


Table 3 

Experimenters Method Results (barns) at 2200 m sec™1 
Whitehouse and Static, boron ratio using small Originally 0-310+0-025. With 

Graham (1947) counters revised boron value (760 barns) 

0:332+40-025 

Scott, ‘Thomson Dynamic, in small tank. Escape 0:323+ 0-008 

and Wright (1954) correction measured by extra- 

polation 

von Dardel and Dynamic, in large tank using 0-321+0-005 (This result was 

Waitner (1953) special BF, counters discussed in the paper of von 


Dardel and Sjéstrand (1954)) 
Hamermesh, Ringo Static. Boron ratio using ther- 0-329+ 0-004 


and Wexler (1953) mal neutrons and integrating 
tank. Boron comp. with 
standard 
Harris et al. Direct comparison with standard 0-332+ 0-007 
(1953) boron by pile oscillator method 
von Dardel and Dynamic, in small tank. Escape 0:333+0-003 
Sj6strand (1954) correction obtained by extra- 
polation 
Present Authors Dynamic, in large tank, mea- 0:335+0-004 


suring the capture y-rays 


‘The present measurement is of the same order of accuracy as that of von Dardel 
and Sjostrand (1954), who rely on the elimination of higher harmonic modes 
than the fundamental of the diffusion neutrons in a small tank of water. The 
correction for ‘buckling’ in such a measurement involves extrapolation of 
measured lifetimes over a wide range of values. 

This possible source of error is avoided by the present method of integration 
of the capture y-rays, which has the further advantage (previously discussed) 
of avoiding the problem of the perturbing effect of BF, counters which arose in 
the static method and the work of von Dardel and Waltner (1953). 
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Approximate Molecular Orbitais 
V: The iso and 2pm states of HeH’ 
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Abstract. Approximate wave functions for the lso and 2pz states of the HeH?+ 
molecular ion are obtained by the variational method. The values of the electronic 
total energies, potential energies, dipole moments and quadrupole moments 
computed using the approximate wave functions are compared with the exact 
values of these quantities. 


§ 1. INTRODUCTION 


N the previous papers of this series (Dalgarno and Poots 1954, Moiseiwitsch 

and Stewart 1954, Carson and Dalgarno 1955, Dalgarno and Lewis 1956), 

analytic approximations to the wave functions of a number of states of H,+ 
have been obtained with the aid of the variational method. The present paper is 
concerned with similar werk on the lso and 2pz states of HeH?+. These states 
can be treated comparatively easily since they are the lowest which have zero 
and unit angular momentum respectively about the internuclear axis. 

The accuracy achieved is assessed by comparing the values obtained for the 
electronic energies and for other quantities with the corresponding values based 
on the exact two centre wave functions which have recently become available 
(Bates and Carson 1956). One of the aims of the investigation is to find if the 
accuracy achicved using certain types of approximate wave function is affected 
by the lack of nuclear symmetry. This lack does not alter the general form of 
the customary united atom approximation but it naturally renders much simpler 
the customary separated atoms approximation. 


§ 2. CHOICE OF WavE FUNCTIONS 


In the cases of the lso and 2pz states of HeH2+ the dissociation products 
are a H* ion and a Het ion in the 1s and 2p, states respectively. Simple 


approximations which take account of this behaviour at large internuclear 
distances are 


(se) =exa(=274)9 (eee (1a) 
and Y'(2p7r) = ra sin 0, cos ba exp (—7a) Ae Ci) 
where ra is the position vector of the electron relative to the helium nucleus A 


and 6, and ¢a are the usual polar angles. ‘These approximations may be improved 
by the introduction of a screening parameter: 


¥(1sc)=exp(=267,)) eee (2a) 


and Y’(2p7) =1ra sin 0, cos @aexp(—Bra) sass (2b) 
B being varied to minimize the energy. 
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In the limit of small nuclear separations the wave functions tend to those of 
the Li?* ion and we may therefore write 
W(165) exp {= e(2rg-%)) © = ee as (3a) 
and 
Y'(2p7)=rasin 6, cosdaexp{—da(2rat+rp)} cae (3d) 
where rp is a vector directed from the hydrogen nucleus B to the electron and « is 


a variable parameter. ‘T’o first order in the nuclear separation these approxi- 
mations are equivalent to 


PSG Cxn( sar), en en nna (4a) 
and 

V(2pr)=rsin@cosdexp(—3ar/2)  . 4... (46) 
r being the position vector of the electron relative to the centre of charge of the 
constituent nuclei. ‘This type of approximation has been used by Streetman 
and Matsen (1954) but it involves the evaluation of some rather troublesome 
integrals when used in conjunction with the separated atom approximation and 
has no compensating advantage. 

Itis clearly desirable to use a trial wave function which has the proper behaviour 
at both large and small nuclear separations R. This may be achieved by writing 
(97,3) 1/2 3) 1/2 
¥(1sc)= s\- } exp {— «(27a +7p) +0) ie EXD S207 aie erent (5a) 
1 


and 


( 5) 1/2 
¥p2)= 3 a} exp {— $a(27ra+7p)}7a sin Oa cos da 


’ {ey exp(—fra)rasinOacosda eee (5b) 
in which 
S?= Es [(62R —4) exp (— 22) + (32R +4) exp (—4aR)] 
and 


96 
So = Gaplll +a — HGR) + 7, R) exp (—aR) 
—{1+2aR + 3(aR)? +4 (aR)*} exp (—2aR)]. 


§ 3. DESCRIPTION OF CALCULATIONS 


The values of the parameters ~, 6 and p have been determined over a wide 
range of R by minimization of the electronic ae of the system 


ee, 


Va, 


k= -— | ¥* tae +) We PR (6) 
where ¥ is the normalized wave function. ‘lhe functions considered were of 
the type (5a) and (54) with 
inp —oo,4 2p = 1 

(ii) p= oo, 8 variable 

Gijip=0, e=1. 

(iv) p=0, « variable. 

(v) «=1, $=1, pp variable. 

(vi) « as determined by (iv) and f by (ii), p variable. 
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Exact values of E have already been calculated by Bates and Carson (1956). 
To test further the approximate wave functions, both they and the exact wave 
functions of Bates and Carson have been used for the computation of the potential 


energies 


Ya Yo 


y=—[ve(2 +2) wae 
the quadrupole moment integrals, 


Kix | Px. dr, Zt= | W228 de 


and the dipole moment integral, 
Z=|¥*s3¥ dr 


(va, Vay 2a) being the cartesian coordinates of the electron in a system with its 
origin on the helium nucleus, its -axis directed towards the hydrogen nucleus 
and (in the case of the 2pz state) its x-axis perpendicular to the nodal plane. 


§ 4. RESULTS 


The values of «, 8 and p obtained for the functions (ii), (iv), (v) and (v1) are 
given in table 1 for the 1so state and in table 2 for the 2pz state. In tables 3 and 4 
are compared the approximate electronic energies, derived using the functions (1) 
to (vi), with the exact electronic energies. Similar comparisons for the potential 


energies and for X2, Z? and Z are made in tables 5 to 12. 
All quantities are measured in Hartree units (a) for length, e?/2a,) for energy). 


§ 5. Discussion 


As would be expected function (i) is unsatisfactory for small values of the 
nuclear separation. Function (ii), which has the correct asymptotic form at 
both limits, is naturally much superior. Like function (1), however, it gives the 
dipole moment integral to be identically zero and thus fails completely to represent 
an essential property of the ion. 

Though functions (iii) and (iv) are accurate at small separations they are 
rather poor at large separations. Due to the lower orbital quantum number of 
the Iso state they are worse for this state than for the 2pz state. 

The energies computed using functions (v) and (vi) are never in error by more 
than 0-7, and 0-4%, respectively in the case of the lsc state, nor by more than 
0-5°% and 0-2%, respectively in the case of the 2pm state. Further, these two 
functions represent the potential energy, the quadrupole moment and the dipole 
moment integrals quite well. 

In tables 13 and 14 the percentage errors in the energies of HeH?*+ and H,+ 
associated with corresponding types of approximate wave functions are compared. 
It may be seen that the united atom approximations, (iii) and (iv), are less satis- 
factory for HeH?* than for H,*, but that for the separated atom approximations, 
(1) and (ii), and for the combined united-separated approximations, (v) and (vi) 
the reverse is true. 

‘The variation with R of the potential energy V’ = V + 4/R, the kinetic energy 7, 
and the total energy E’=E+4/R of the lso and 2pz states, is illustrated in 


b) 
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figures 1 and 2. Slater (1933) has shown that an initial decrease in the kinetic 
energy as two nuclei approach is in general necessary for the formation of a 
one-electron bond. The previous papers on H,* gave several examples all in 
agreement with this result. The figures show that, for HeH2+, 7 passes through 
a minimum in the case of the Iso state but that, in the R range covered in the 
present paper, it does not do so in the case of the 2pz state. Though both states 
are repulsive both are bonding in the sense that the electronic energy becomes 
increasingly negative as the internuclear separation is decreased. Minima in T 
are therefore to be expected from the work of Slater (1933), for it may readily 
be seen from the virial theorem that the Coulomb repulsion between the nuclei 
gives no contribution to dT/dR. 


SS ea 
L —— 
2 3 + 1a} 
R 
Figure 1. —V’, T, —E’ as functions of Figure 2. —V’, 7, —E’ as functions of 
R for the 1so state. R for the 2p7z state. 


Table 13. Percentage Error in Total Electronic Energy of HeH?+ 


1so State 
R 0-0 0-5 1-0 2-0 3-0 4-0 5-0 
Function 
(i) 11-111 5-644 -2-911 0-520 0-094 0-027 0-011 
(ii) 0-000 3-855 2-789 0-520 0-094 0-027 0-011 
(iii) 0-000 2-101 6145 13-243 17-716 20-057 21-343 
(iv) 0-000  0:296 2-055 9-412 15-714 19-055 20-780 
(v) 0-000  0:372 0-658 0-155 0-019 0-004 0-002 
(vi) 0-000 0-131 0-346 O-115 0-017 0-004 0-002 
2p7 State 
823 1-611 0-890 
G) 11-111 9930-7874 4-724 2-823 
(i) 0-000 1-180 2-600 3-208 2-415 1-495 0-852 
(iii) 0-000 0-075 0-594 2-748 5-305 7-819 10-170 
(iv) 0-000 0-005 0-047 0-442 1-519 3-331 5-640 
(v) 0-000 0-023 0-143 0-422 0-471 0-337 0-194 
(vi) 0-000 0-004 ~—-0-027 0-108 0-162 0-148 0-105 
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Table 14. Percentage Error in Total Electronic Energy of Ent 


1so State 


R 0-0 Q-4+ 0-8 eZ Dr) 3-0 4-0 
Function 

(i) 25-000 19-752 13-643 9-289 4-433 2-031 159. 
(11) 0-000 0-108 0:510 0-958 1-452 1-437 1-097 
(111) 0-000 0-705 Sets 6:174 12°232 19-107 25-460 
(iv) 0-000 0-044 ()-246 0-657 MAVTS 4-868 8-690 
(v) 0-000 ()-241 0-729 0-999 0-902 0-504 0-293 
(v1) 0-000 0-019 0-027 0-063 0-193 0:356 0-393 


2p7 State 


(1) 25-000 24-436 23-022 Quai ou 17-260 12-963 9-676 
(11) 0-000 0-004 0-048 0-173 0-669 1-471 2-166 
{i11) 0-000 0-010 0-117 0-411 1:561 3-650 Sz) 
(iv) 0-000 0-001 0-006 0-021 0-084 0-233 0-475 
(v) 0-000 0-006 0-063 0-201 0-613 1-061 1-264 
(v1) 0-000 0-000 0-003 0-009 0-022 0-045 0-087 
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Remarks on the Least-Squares Reduction 
of Angular Correlation Data 


By E. BREITENBERGER}T 


Cavendish Laboratory, Cambridge 


MS. received 19th October 1955, and in final form 13th March 1956 


CCURATE analysis of angular correlation data is a statistical matter of some 
intricacy. Frauenfelder (1952), Chatterjee and Saha (1953), Rose (1953) 
and Price (1954a, b) have recently discussed it from various simplified 

viewpoints. It is the purpose of this note to call attention to certain finer details 
and to outline a more general method of reduction which allows one to make 
profitable use of powerful statistical tools. For simplicity, the underlying 
correlation function is taken as 1+ a,P,(cosw)+a,P,(cosw), decentring errors 
(Breitenberger 1954 a) are neglected, and the counters are assumed to be circular ; 
the angle between the two vectors from the source to the counter centres is 
denoted by 6. ‘The extension of the argument to other cases will be obvious. 
The observed (absolute or relative) coincidence rate is then given by 
K(6)=A[1+e,P,(cosd)+¢,P,(cos6)], =... (1) 

where 4 is a scale factor, whereas c, and c, are products of the unknown 
correlation coefficients a, and a, with known angular resolution factors 
(the C,(a)C,,(f)/Co(«)Co(8) in the notation of Breitenberger (1953)), scattering 
factors (Frankel 1951, Breitenberger 1954 b) and attenuation factors (e.g. Abragam 
and Pound 1953). In the experiment one makes 


m measurements k,,...,R 


™m 


with estimated stanGard CLrOrs $7; ssa Se)0 | Pan eee (2) 
at the angles0j,054,0,, | 


and then wants to infer the ‘most probable’ values of c, and cy, viz. those values 
of the constants in (1), assumed as the correct formal description of the process, 
which are most likely as predicting the given counting data (2). Usually all 
coincidence counts are so large (greater than 1000) that the k, can be supposed 
to have normal parent populations; under this condition the ‘postulate of 
maximum likelihood’ takes the analytical form of the ‘ principle of least squares’, 
thus permitting the use of familiar statistical methods. f 

At first one would be inclined to adopt the following procedure: having 
assigned relative weights p,,=py/s,2 to the measurements k,, with pp a suitable 
constant, one abbreviates A = x), Ac, =x, and Ac, =x, sets up the normal equations 
for a regression curve x )+%)P,+.%,P,, and calculates from their solutions 

+ Now at Department of Physics, University of Malaya, Cluny Road, Singapore 10. 

t Provided, however, that the angles 6, are known without significant uncertainty ; 
if this is not so the analysis of the data becomes most difficult. Lindley (1947) reviews 
the underlying problem. 
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Cy=Xy/Xy and cy=~,/x). Except in one special case this method is, however, 
incorrect. The solutions x, of a regression problem are correlated; the sampling 
covariance of x, and x, is proportional to the element 2,,; of the inverse matrix of 
the normal equations (the ‘covariance matrix’). Hence, unless all 2, hap pe 
to vanish, the quotients x,/x) do not represent the most probable values of the Co 
For the same reason one cannot in general calculate the sampling errors of the 
c’s from the estimated standard errors of the x, by means of the usual formula 
e(x/y)* = (xiv Pl e(x)t/ae te)" "|. gee 3) 

The error involved in setting c,=.x,/x) depends very much on the given data, 
especially on the way in which the angles 6, are chosen, and can be larger than the 
sampling error of c,; the sampling errors calculated from (3) can be wrong by 
2097. 

It should be mentioned that even if the z,) vanish the procedure is not always 
practical. ‘The sampling distribution of the quotient of two uncorrelated 
regression coefficients is of a type which has not been tabulated but ditfers 
markedly from a gaussian unless the number of degrees of freedom is large; 
therefore the full meaning of the errors calculated from (3) remains unknown 
unless there are many degrees of freedom. This should be borne in mind when 
using an orthogonalization method (e.g. Price 1954a). 

The difficulty is readily seen to arise from the non-linearity of (1) in the 
unknowns A, cy and c,. A simple remedy consists in a method of successive 
approximations applied to a linearized regression function. Suppose we have 
found that the function 


I (8) =Ay let cy PACs 0) ie, P(cos.0)) ye eee (4) 
fits the data fairly well. The exact values of the unknowns will be 
A=A+ Ah | 
2 eK. Keio (3) 
Cy= Cy +A, J 


Inserting these into (1), and neglecting terms containing the products AA, and 
AA,, we find that 


K'(8) 
A’ 
Using this approximation we set v, = K(6,)—k,, and obtain from the least-squares 

condition [pvv]— min. the normal equations for the required corrections : 

A’-*[pK’K’JA + [pK’ PyJA, + [pK’ PyJAy= — A’ [p(K! — 8) 

[pK'P,JA + A" [pP,P,]dy + A?[p PpP,JA,= — A'[p(K’ —)Py] 

[PK'PJA+ A?[pP,P.]A,+ A? pP,P,JA,= — A’ p(K’ =k) Py] ...... (7) 
where pvv stands for p,v,,v,, pK’ P. for p, K'(6,,) Po(cos 6,,) etc., and [...] denotes 
summation over « from 1 to m. In addition we have the relation 


K(8)=K'(8) +A +Aya Pte ee (6) 


1 : 
[pov] = F [p(K’—k)K"JA + A'[p(K’—k)PJA, 


+ A'[p(K'— k)PyJAy + [p(K’ —k)(K’—)] 
which is very useful because [pvv]/p) is sampled in a x*-distribution of m—gq 
degrees of freedom, where q denotes the number of unknowns (here 3)s. an 
accompanying paper (Breitenberger 1956) contains illustrative examples of tests 
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of significance and goodness of fit based on this property. Note that any such 
test can wield its full power only if there are enough degrees of freedom. 

For the sampling errors of the solutions of (7) we have the unbiased 
asymptotically efficient estimates 


| pov] 2 1/2 . 
( =) yee: (8) 


where 3,, is the appropriate diagonal element in the covariance matrix of (7); 
they are identical with the sampling errors of the unknowns (5). The significance 
of an observed regression coefficient x, with respect to some hypothetical value 
€, can be assessed through the fact that w,—€&, divided by the estimated standard 
error (8) is distributed like a ¢ of m—g degrees of freedom. If narrow confidence 
intervals for the measured x, are required the number of degrees of freedom must 
not be too small. ‘The occurrence of the f-distribution also makes it impossible 
to check the reliability of one’s apparatus by repeating the experiment, and 
comparing the results in an elementary y-test; a complete analysis of variance 
is required instead. 

The approximation (6) is readily seen to converge towards the true K(6) if 
A/A', A,A’ and A,A’ are much smaller than 1 in magnitude. If the first 
approximation (4) has been well chosen, e.g. from a careful graphical inspection 
of the data, one least-squares step (7) will suffice to yield results of the desired 
accuracy. ‘The normal equations should be computed and solved to at least 
five places of decimals in order to avoid serious rounding-off errors; [pvv] should 
be computed to at least three safe figures if the rather sensitive variance ratio 
test is used. 

For a full account of the statistical notions touched in this discussion see the 
standard treatise by Cramér (1946). A suitable presentation of the essentials 
is given, for example, by Weatherburn (1949), a brief survey of the theory of 
estimation by Arley and Buch (1950). Many numerical examples on regression 
analysis and testing procedures are contained in elementary books by Quenouille 
(1950, 1952). For extensive tables of the x, variance ratio and t distributions 
see Fisher and Yates (1953); six-figure tables of Legendre polynomials have 
been computed by Tallqvist (1938). 
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On the Bohm-Pines Theory of a Quantum-Mechanical 
Electron Plasma 


BY C.-G, KUPER 


Department of Theoretical Physics, University of Liverpool 


MS. received 27th January 1956 


N the theory of metals, it is usual to neglect the Coulomb interaction between 

electrons. Bohm and Pines (1953) have attempted to take this interaction 

into account, using the longitudinal ‘ plasma’ oscillations of an electron gas 
(e.g. Pines and Bohm 1952, Bohm and Pines 1953, Appendix 1) to define a set 
of collective coordinates. They find the residual ‘individual particle’ motion 
to be influenced only by a screened interaction of short range. 

In their description of an electron gas, Bohm and Pines introduce a set of 
superabundant variables, and a subsidiary condition for each canonical pair of 
these extra variables. These superabundant variables, after transformation, 
appear as coordinates and momenta of the plasma oscillators. Other terms in 
the (transformed) Hamiltonian function include the kinetic energy of the individual 
electronic motions and the screened inter-electronic potential energy. ‘The 
selection of the set of plasma oscillators is made variationally—a trial wave 
function is introduced whose form is a product of oscillator ground-state functions 
anda Slater determinant (for free electrons in their ground state). ‘The subsidiary 
conditions are ignored, and the set of oscillators 1s chosen so as to minimize the 
expectation value of the energy. However, the wave function of Bohm and 
Pines does not satisfy the subsidiary conditions (Adams 1955). The present 
paper will show that, in a slightly more general framework, the neglect of these 
conditions can lead to absurd results.t ‘The notation will be that of Bohm and 
Pines, except that the oscillator momenta will be denoted 7,. ‘The Hamiltonian 
of the system is 


H= 3p,2/m+2ne? > k*expik. (x, —x,’)— 2ane? Raa (1) 
G 4,5, k#40 k+0 
where x,’ and p,’ are the position and momentum operators of the 7th electron 


and n is the number density of electrons. ‘here is assumed to be a uniform 
background of positive charge, to ensure electrical neutrality of the system as 
a whole. ‘This is expressed by excluding k=0 from the summation. Periodic 
boundary conditions are imposed, in a box of unit volume. 

The extra set of variables q,’, 7,’, satisfying 


a / > 
Qe" ae i 
Cee / 
Hi = = WD, 
and 


[M's TM] = SANS, 1 + OK, 15 \ 
(Gus Gal =[ 5 7 | =O f 


+ Adams (1955) has criticized the neglect of the subsidiary conditions from a difterent 
point of view. He shows that a wave function which satisfies the subsidiary conditions is 
incompatible with the oscillators being in their ground states—in fact the expectation value 
of the oscillator energies diverges. 
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are introduced. If H, is defined by 
fab Da —1 2 (are? /R7)n en, Exp (— 2K. %, yy wa ess (4) 
= ( 1, k+0 
then the Hamiltonian H + H,, with the subsidiary conditions 
Tes Tees Whig tae Were mem treet (5) 
is clearly equivalent to the original form (1). In (4) y;, is unspecified. Bohm 
and Pines choose the particular form 


Mi il. k le \ 
Vk = 0, k = ee 
The significance of y,; will appear presently. In fact 1—y,? is a measure of the 
‘screening’ of the Coulomb interaction. 
With the unitary transformation 
= exp 4 > —h\(4re?/k? 1.9,’ exp (ik. x} Denice (7) 


li, k0 


the variables transform as follows: 
p= S-p,S =p,’ — (47e?)"? > vig’ €x Xp (ik - x,’) 
K=O 


eee dass a4 


Poe Pewee (8) 
Ty = St! S = 1! + ty y(Arre?/k?)¥? > exp (ik. x,’) 
= S19 S = 
where €,=k/k. In terms of the new variables, (5) becomes 
fi 
OY = < 14, — ty, (4re?/k?)t? >} exp(ik. x)} ee 0%, 0 ear (9) 


and the Hamiltonian H + H, (equations (1) and (4)) is 
H+H, 
; Y 
= > 34 Pp; + (47e?)!? yi VEIkEk EXP (7k. Mie jm + 2ne* 
5 L kF0 


2) 


—2nne? > k*-4 eS J 1 — by ,(47e?/k?)2 > exp (ik. x) 
k+0 a 


k+0 L 


k~exp {ik. (x —x,)} 
0 


i,j, kx 


r 


d m_\ — ty, (47e2/k?)1? eS exp (—zk x) 37 > (47re2/h2) 12, 
| J J i, k+0 


ie 0) 


x dn iy, (4re2h2)!? > exp (FK%)) Spike) 


} 
J 


a ey Lp2|m eee (10a) 

+ > (1—y,2)k?(27e?) exp tik. (x; — Xen) ee © ee (10d) 
t#j, k#0 

—4t > M7_~—4 3 (4rrne?/m)y 1.29% — 2700e” > Vg thee) (tes ater (10c) 
“k=0 k+0 k40 

+ > (4ne?)Vmty, exp (1k. %:)Oce (Peto) wees (10d) 
i, k40 

- 3S (2rre2/m)y ev iuheGeXP (k—-1).x}, wees (10e) 
i, kAT#0 


where (10a, b, c, d, e) are respectively a free particle Hamiltonian, a modified 

. : > 

interaction potential energy between particles, a set of harmonic (‘plasma’) 
enaca ; 

oscillators, an oscillator—particle interaction and the ‘random phase’ term of 
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Bohm and Pines. If y;, is chosen according to (6), then (106) is Bohm and 
Pines’ screened potential. With the introduction of the set of canonical creation 
and destruction operators a,*, a, 


qe =(h/2w,,)! NG Gage) ] 


sicieiaale (11) 
7, =1(hw;,/2)"(a,* + a_,), ji 
(10 c) takes the form 


» Shw)(ay* ay 3e AA,*) = dane *R*} 


k=0 
= > fhw;(a,* ay, +4) —2nney 2k}... 20. (12) 
k=0 
Here 
Dye = Vp = Ve Aone ttt) Te) oe) SE cae (13) 


where w,, is the macroscopic plasma frequency. 
With the (normalized) trial wave function 


: 
1 { ail [04> detgexp (cic.x?)| ike a unlananREoee (14) 


k+0 
the expectation value of the Hamiltonian (10) is 


Ede = ter 
= > ((1 — y;,?)27e?k- exp {ik . (x; —x,)}) 
B9, kes 
=o > (Ghar, —y 2 2ane|h2) 7 ae (GS 
k=0 


exactly. (The interaction terms (10d) and the random phase terms (10 e) both 
have vanishing expectations, since 


(Ox | Me | Oe) = (Ox | (O11 eG | Ox > | 01) = 0.) 


The correct statement of the variational principle, with the subsidiary 
conditions, is 


5{ BQ) - ~ (xO) 20 One | eee (16) 


k+0 

where the Lagrangian undetermined multipliers A, are operators. It has not 
so far proved possible to make any progress using this expression. Bohm and 
Pines’ method is equivalent to assuming that the A, are c-numbers.} If this 
approximation were valid, then (15) should be an upper bound to the energy of 
the lowest eigenstate, for any choice of the function yx. However, it is obvious 
that a variation with respect to y, will allow E(y) 
Thus the neglect of (9) cannot be justified. 

Bohm and Pines do not find this divergence, since by (6) they never allow 
yx to exceed unity. Indeed if the ad hoc restriction 0 <y;<1 is imposed, then 
H + H, is positive definite, and the variation of (15) with respect to y, then leads 
precisely to the results of Bohm and Pines. <A choice Yx>1 means that the 
‘short-range’ part of the Coulomb interaction is chosen to be attractive. Since 


+ Since (QE = f F*OY dg... dx;... =( for all k, the state (14) does actually satisfy 
the subsidiary conditions on the average. Varying E(y)+ > Ak (Qk) is equivalent to 
k40 


to become negatively infinite. 


varying E(y) itself, as Bohm and Pines do. A better approximation might be to vary 
E(y)+ yy Ay (OQ? ». 
k40 
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this choice of y;, is physically unreasonable, it should be expected to raise the 
energy ; in fact it has been shown that the energy is lowered without limit. While 
I believe that the physical idea of Bohm and Pines is essentially correct, it thus 
appears that their formulation is not satisfactory. 


I wish to thank Professor H. Frohlich and Mr. S. Doniach for valuable 


discussions. 
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Proton—Proton Scattering at 147 MeV 
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EVERAL early p-—p scattering experiments (Birge, Kruse and Ramsey 
1951, Towler 1951, Cassels, Pickavance and Stafford 1952, Oxley and 
Schamberger 1952) indicated values for the cross section between 100 

and 250 Mev which were substantially higher than those reported by Chamberlain, 
Segré and Wiegand (1951). Later work (Marshall, Marshall and Nedzel 1953, 
Kruse, Teem and Ramsey 1954, Chamberlain and Garrison 1954) suggested 
strongly that the high values were incorrect, and in fact one source of error has 
recently been uncovered by Birnbaum, Crandall, Millburn and Pyle (1954). 
They have shown that the /*C(p, pn)!’C cross sections published by Aamodt, 
Peterson and Phillips (1952) were too high by some 20-30°,. The cross sections 
for this reaction were used as a standard in all four experiments. Some other 
error must also have been present in the experiment of Cassels et al., because an 
independent calibration of the beam was made by a photographic plate method. 
This error has not been traced, although it has been shown that the track density 
in the plates was accurately determined. 

The purpose of this note is to report the result of a remeasurement, with 
improved apparatus, of the 90° differential cross section at 147Mev. ‘The 
scattered and recoil protons from polyethylene and carbon targets were detected 
by two scintillation counters in coincidence. ‘lhe scattering geometry was 
defined by the dimensions of a thin plastic scintillator in one counter, while the 
scintillator in the other counter subtended a large solid angle at the targets. 
The proton beam was monitored by an ionization chamber through which the 
proton beam passed before striking the targets or other apparatus. The ion 
chamber was calibrated by counting the primary beam, at low intensity, by means 
of a double coincidence scintillation counter telescope. ‘The linear dependence 
of the ionization chamber current on the primary beam current was checked at 
intensities up to the maximum used in the experiment. The calibration of the 


+ Now at Nuclear Physics Research Laboratory, University of Liverpool. 
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ion chamber by this method was within 1° of that obtained by Dr. Dorothy 
Skyrme of this establishment, using the photographic plate method and an 
improved camera. 

The result obtained for the 90° differential cross section was 4-05 + 0-28 mbn 
sterad-!, where the standard deviation is intended to allow for possible systematic 
errors. ‘This value, which was reported at the Glasgow Conference in July 1954, 
is reasonably consistent with most others, particularly the result of the 
transmission experiment described by Taylor and Wood (1956). 
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The Nuclear Scattering of 0.4 and 0.5 Mev Electrons in Composite 
Aluminium-Uranium Foils 
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account was given of a method for the absolute measurement of the differential 

cross sections for the nuclear scattering of electrons, and results of such 
measurements in the case of high angle scattering by Al were given. Greater 
interest is attached however to the high angle (90° and greater) scattering in heavy 
elements, as Paul and Reich (1952), Kinzinger and Bothe (1952), and Kinzinger 
(1953) have all found the measured differential cross sections to fall below the 
quantum theoretical values for Coulomb scattering by an amount which increases 
with atomic number and with angle of scattering. The present note describes 
the results of some experiments on the scattering of 0-4 and 0-5 Mev electrons. 
at 90" and 105° by *U, carried out by the method described previously. The 
heaviest scatterer used by Kinzinger and Bothe was “*Au and for this element 
they found a discrepancy between theory and experiment of the order of 13° 
at 90" and of 22%, at 110° for 245 kev electrons, while later Kinzinger found 
a discrepancy for the same element at 120° of about 25°, this being independent 
of energy over the range 150 to 400kev. The heaviest element used by Paul 
and Reich was ‘*Pt and they found a discrepancy in this case of approximately 


ie a recent note by Chapman, Matsukawa, Rose and Stewardson (1955) a brief 
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18°, at 90° for 2:2Mev electrons. A rough extrapolation of the results of 
Kinzinger and Bothe indicates that the discrepancies for °*U should be of the 
order of 20% at 90° and 30% at 110°. 

In our experiments, owing to the difficulty of preparing uranium foils 
sufficiently thin to give predominantly single scattering and to be at the same 
time self-supporting, the uranium metal was sputtered on to thin aluminium 
foil and the scattering produced by the composite foil was measured. The 
foils were weighed before and after sputtering on a quartz micro-balance. ‘The 
aluminium foils had densities ofthe order of 0-25 mgcm™ the uranium deposits 
ranging from the 0-061 to 0-127 mgcm™. The foils were used at an angle of 45° 
to the electron beam and measurements were made on the transmission side 
as it seems that the scattering on this side is likely to be affected less by plural 
scattering. The foils were orientated so that the beam was incident first on the 
aluminium (AI-U position) and then reversed so that it was incident first on the 
uranium (U-AlI position). In measuring the intensity of scattering the beam 
current J, was varied over a range of the order of 3 to 1 and the scattered current J, 
measured simultaneously. The ratio /,//) was found in general to show extreme 
deviations from the mean only of the order of +2°%. The overall accuracy 
however is probably poorer than this, due mainly to uncertainty in the weights 
of the uranium deposits and to the likelihood of the uranium layers not being 
perfectly uniform. The overall accuracy in the cross section measurements is 
therefore likely to be little closer than +4°,. In order to provide a control 
and general check on adjustments and calibrations, the composite foils were 
replaced by pure aluminium foils twice during the course of the experiments, 
and the aluminium cross sections measured over the complete high angle range 
90°-150°. In all cases very good agreement with theory (closer than 2°%) was 
obtained. ‘These results incidentally confirm those previously published. 

Theoretical values for the cross sections for aluminium were calculated from 
the #4 expansion of McKinley and Feshbach (1948), and for uranium from the 
y8 expansion of Curr (1955). From these the intensities of single scattering 
(I,/Iy) per unit solid angle were computed for the actual aluminium and uranium 
foils used. The single scattering calculated for the aluminium varied from 
5° to 10°, of that due to the uranium. It was found that the sums of the two 
calculated intensities differed from the measured intensities of scattering per unit 
solid angle from the composite foils by amounts only of the order of the 
experimental error. While it is obviously possible to interpret this result in 
other ways, it does seem reasonable to infer (1) that by far the greater number of 
electrons scattered by the composite foil are singly scattered either in the aluminium 
or the uranium but rarely in both and (2) that it is unlikely that the differential 
cross sections for uranium fall appreciably below their theoretical values. ‘The 
principal uncertainty in making this inference is the extent to which double 
scattering (i.e. successive single scatters in the two metals) occurs. ‘That it 
does occur to some extent is indicated by the fact that, while changing from the 
U-AI position to the Al-U produces a change in the intensity of scattering only 
of the order of magnitude of the experimental error, it 1s nevertheless a systematic 
change in that the Al-U results invariably lie below the U-—AI results. ‘The 
effect however is small, and it does not seem likely that such double scattering 
could be sufficient to give a 20%, or 30%, discrepancy in the uranium cross sections. 
Assuming this to be the case, subtraction of the calculated single scattering due 
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to the aluminium from the measured scattering produced by the composite 
foil should give a close approximation to the uranium scattering. Some types 
results derived in this way for the two uranium layers (0-062 and 0-127 mg cm ae 
the lightest and heaviest used) are shown in the figure. This shows the relation 
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between scattering intensity (J,/Z,) per unit solid angle and density (in mg cm~?) 
of the uranium scattering layer. The full lines are the theoretical curves calculated 
from Curr’s tables, and the points the measured scattering intensities per unit 
solid angle for uranium derived by the subtraction method described, the circles 
being those for the U—Al orientations, and the triangles those for the reverse 
orientation. The vertical dimensions of circles and triangles represent the 
approximate range of estimated experimental error. The broken lines are the 
curves calculated for Rutherford scattering and are included as a matter of general 
interest. No corrections have been applied for multiple scattering and for 
electron screening, as an estimate shows that at these angles they are only of the 
order of magnitude of the experimental error and of course the two corrections 
operate in opposite directions. The mean values of the uranium cross sections 
yielded by the results plotted on these curves are given in the table. 


Energy (Mev) O-4 0-4 0-5 0-5 
0 (deg) 90 105 90 105 
a «1074 (cm?) (exp.) 1039 659 707 437 
a 1074 (cm?) (theor.) 1043 653 731 447 


Several measurements have also been made on the reflection side of the foils. 
Here, as is usually the case, the measured scattering is in excess of the theoretical 
amount, but it has not been found possible to obtain consistent results showing 
systematic variation with the uranium thickness. In one case a reflection— 
transmission excess of as much as 30%, was obtained for 90° scattering. On 
general grounds one would expect contributions from plural scattering to be 


Research Notes 499 


much greater on the reflection side and to be much more influenced by foil 
irregularities arising either from non-uniformity or from slight wrinkling. It is 
hoped to make the reflection—transmission effect the subject of further study. 

Since the experiments described in this note were commenced, Bayard and 
Yntema (1955) have published the results of measurements of the scattering of 
electrons of energies of the order of 1 Mev in aluminium and gold over the angular 
range 30°-150°. Owing to uncertainty in the density of the very thin gold foil 
used by them, the accuracy in the absolute cross section measurement for this 
metal is only about 20°, but their results, when normalized at 90°, agree so well 
with the theoretical values that, in accord with the uranium results described 
here, there seems little likelihood of large deviations from theory in the high angle 
scattering. 
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REVIEWS OF BOOKS 


Fundamentals of Radiobiology, by Z. M. Bacg and P. ALEXANDER. Pp. xii+-389. 
(London: Butterworths Scientific Publications, 1955.) 40s. 


This is a fascinating and readable volume by two acknowledged experts. 
It comprises a series of comprehensive reviews of individual topics, selected by 
the authors as being, in their view, the most signficant aspects of radiobiology 
at the present time. The authors point out that the book is not written for 
specialists, and in many ways this is its particular virtue. Although the 
individual chapters covering the various topics are complete in themselves, the 
book forms a broad coherent survey of the fundamentals of radiobiology. In 
view of recent developments in this field it is particularly valuable to have the 
subject reviewed from the standpoint of physiology and chemistry rather than 
physics. In an interesting foreword, Dr. L. H. Gray points out the extreme 
difficulty of the task which the authors have set themselves, not only on account 
of the amount of material covered (960 original papers are quoted in the biblio- 
graphies), but because of the variety of the disciplines involved. ‘The book 
comprises 17 chapters covering the effects of ionizing radiations on matter, 
radiation chemistry, pathological biochemistry, cytology and genetics, chemical 
radiomimetics, radiation sickness, chemical protection against x- and gamma rays 
and the value of injections of tissue homogenates, whilst the final chapter is 
entitled ‘‘ Observations in Human Beings”. ‘The chapters are very well 
documented and the book is a mine of information. 

The introductory chapter on the effects of ionizing radiations on matter 
provides a useful general account for the non-physicist, although the physicist 
would perhaps find it somewhat rough in places. For instance, it is discon- 
certing to find reference to radon as emitting beta rays as well as alpha rays. 
The selection of isotopes in Table I is also somewhat curious, for instance, 
°4Na which is an important isotope in physiological investigations is omitted 
whereas the rare 25-day isotope 3°P is included as well as the much-used 22P. 
In suggesting the mode of formation of the isotopes in the atomic pile there is 
no reference to fission or to (n, p) reactions which are of such great importance 
in the preparation of isotopes of high specific activity (e.g. for 32P and 1C). 
The book does not include any discussion of the metabolism of radioactive 
materials nor of the carcinogenic action of such materials lodged in the bone; 
but this could hardly be expected under the title of fundamental radiobiology. 

Several chapters deal with the irradiation of the living organisms and one of 
the most interesting is on the pathological biochemistry of irradiated living 
organisms. Other chapters deal with the processes of restoration after irradia- 
tion and the study of radiation sickness, the physiopathology and treatment. 
A final chapter on observations in human beings covers work on cancer patients 
treated by local irradiation, the effects of atomic explosions and the studies 
made in two instances of overexposure at the Los Alamos Scientific Laboratory 
in the U.S.A. The remainder of this chapter is devoted to the radiation 
hazards of the population. In some ways this is the least satisfactory part of 
the book and much of this section is devoted to the exposure of occupationally 
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exposed groups. The statement in this section that arrangements are made to 
bury the radioactive wastes in a concentrated and water-soluble form is, of 
course, erroneous, but perhaps is a translation error. The references to bio- 
logical concentration in human food are also rather superficial. It is noted, for 
instance, that certain isotopes scattered on pastures may become concentrated in 
animals used by man as food: the paragraph goes on to refer to one of the 
most dangerous isotopes in this respect being 'C, but there is no doubt that the 
isotopes of **Sr and %Sr and !*!I are far more important on account of their 
metabolic properties and the fact that they will be produced in enormous 
quantities in nuclear power systems. 

In a short postscript the writers summarize in about two pages the outlook 
in radiobiology at the present time. They refer to the current concepts of the 
biological effects of radiation and to four applications of chemotherapy in the 
domain of human radiobiology which can be predicted or have to some extent 
already been achieved. ‘They conclude that the application of radiobiological 
research to the solution of many important practical problems seems hopeful 
and the future is full of promise. 

The descriptions of some of the complex biochemical and physiological 
aspects of this subject may be read by physicists with very great profit. The 
book is essentially one for the non-specialist in this complex field and in this 
field which embraces so many disciplines a book of this type is invaluable. ‘The 
book is well illustrated with an excellent selection of photographs, and graphs 
specifically drawn to summarize the data in the text are well presented : a word 
of credit should also be allowed for the translator whose work is, on the whole, 
very well done. There is an excellent index extending over 30 pages which, 
together with the large bibliography of the various chapters, makes the book 
not only a readable account of the subject but a useful work of reference. 

W. G. MARLEY. 


An Introduction to Quantum Statistics, by W. BAND. Pp. xiti+ 342. (Princeton : 
van Nostrand; London: Macmillan, 1955.) 42s. 


This text is intended as “‘a first course in statistical mechanics for post- 
graduate students in physics and physical chemistry ”’ and its aim is primarily 
“to train the young postgraduate in the actual handling of statistical mechanics 
as a tool for himself, rather than to describe to him what more mathematically 
expert theoretical physicists have been able to do”. ‘The book is admirably 
suited for this purpose as it treats a few problems in quantum statistics in full 
detail and any student who has worked through both the detailed presentation 
of the material and the exercises and problems at the end of each chapter should 
have an excellent working knowledge of statistical methods. 

The author confines himself mainly to a discussion of Fermi—Dirac and 
Bose-Einstein systems, ringing the changes and discussing in turn the ideal 
gas, mobile monolayers, multilayer adsorption, imperfect gases, clustering 
phenomena and liquids. Among the solid state problems which are briefly 
discussed are the crystalline solid, ferromagnetism, substitutional alloys, 
electrical and thermal conductivity and superconductivity. 

Dr. Band has himself made many contributions to the problems he discusses 
and as a result the book is very much alive and is very stimulating to all those 
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who are interested in the field. A result of this is, however, that it makes the 
impression of being a monograph rather than a textbook. It should be used 
by the same group of scientists who are now using Mayer and Mayer’s text— 
it covers practically the same ground from a more modern point of view—that is, 
chemical physicists and physical chemists. 

I was very disappointed in the selection of references for further study. 
With but seven exceptions (1 Canadian, 3 Japanese and 3 Dutch references) 
the student is referred only to American or British books and journals, the vast 
majority of the references being to papers in the Fournal of Chemical Physics 
and the Physical Review. ‘This gives a completely false picture of the present 
state of statistical mechanics research and also underestimates in my opinion 
both the excellence of the average American college library and the ability of 
the average American postgraduate to read at least one foreign language. 

D. TER HAAR. 


Annual Review of Nuclear Science, Vol 5, edited by J. G. BeckerLEY, M. D. KAMEN 
and L. I. Scuirr. Pp. ix+448. (Stanford: Annual Reviews Inc., 1955) 
$7.90; 


In the Preface to this volume the Editorial Committee comments on the 
problems with which it is faced in choosing subjects for successive issues in 
this well-known review series. ‘The main questions relate to the type of reader, 
the scope of Nuclear Science, and the timing of the reviews. ‘The committee 
feels that there is no simple answer to any of these questions and has therefore 
sought in general to appeal to a wide range of readers, and at a variety of levels 
of specialization. ‘The average reader will probably find about one third of a 
volume such as this to be directly his concern, about one third to be not in his 
own field but still interesting and useful and the remainder to be perhaps almost 
unintelligible. 

The chapters on Electromagnetic Transitions in Nuclei (M. Goldhaber and 
J. Weneser) and on Nuclear Reactions of Intermediate Energy Particles (D. C. 
Peaslee) are timely and expert accounts of subjects of which understanding is 
rapidly increasing. Both are concerned to show how experimental information 
is interpreted by nuclear models; the former relating particularly to models 
predicting the properties of low lying excited states (single particle model, inde- 
pendent particle model and collective model) and the latter giving a most useful 
analysis of the inter-relation between models describing more highly excited 
states (optical model, statistical model). The article ‘The Distribution of 
Charge in the Nucleus’ (K. W. Ford and D. L. Hill) is less specialized; it treats 
the many different methods of estimating a nuclear radius and correlates the 
information so obtained in terms of the radial shape and angular shape of the 
nuclear potential. ‘The interesting and readable article by W. B. Fretter on 
‘Nuclear Particle Detection’ describes the evolution and experimental appli- 
cation of the expansion chamber, the diffusion cloud chamber and the bubble 
chamber. ‘This article gains much from the inclusion of a short historical 
introduction, a feature which might well have been adopted by some other 


contributors. ‘The article concludes with a note on the Russian luminescent 
chamber. 
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Two reviews deal with nuclear reactors. The availability of enriched 
material has made it possible for industrial firms and universities to contemplate 
the installation of reactors for research purposes, and a helpful comparison of 
several designs is given by L. B. Borst. He estimates costs and discusses some 
of the problems likely to be encountered in the construction, start up and 
operation of a reactor ina relatively public environment. The shielding of such 
reactors is a major concern, and the present status of the economical design of 
massive radiation shields is reviewed by E. P. Blizard (‘ Nuclear Radiation 
Shielding’). It is unfortunate that so much of the empirical knowledge of this 
important subject is available only in Progress Reports of interested institutions. 

Radiation chemistry, which depends on the production of free radicals in 
collision processes, is well reviewed by F. S. Dainton in an article which will be 
found interesting by physicists in general. The production of particular ionic 
species by the impact of low energy electrons is a closely related subject and is 
dealt with at length, with particular reference to mass spectrometry, by 
M. Krauss, A. L. Wahrhaftig and H. Eyring. The application of mass spectro- 
metry in industrial analysis is briefly treated by C. E. Berry and J. K. Walker. 
The nuclear physicist who is coming more and more to rely on chemical assistance 
will find the article on “ Radiochemical Separation Techniques’ (H. L. Finston 
and J. Miskel) very valuable. ‘There are useful tables of precipitation, solvent 
extraction, volatilization and chromatographic procedures and references to 
more detailed reviews are given. 

The dividing line between radiation chemistry and radiobiology is not 
well defined and the present volume illustrates this in four reviews wholly or 
mainly of a biological nature. In ‘'The Fundamentals of Radio-autography ’ 
W. P. Norris and L. A. Woodruff describe both the mechanism of the 
photographic process and the preparation of biological specimens. ‘They use 
a new word ‘quantitation’ which, it is to be hoped, will not be widely 
adopted. R. K. Mortimer and C. A. Beam have written a very comprehensive 
review of ‘ Cellular Radiobiology’, to judge by the 11 pages of unclassified 
references which accompany it. It is detailed, technical and difficult to read 
for one not acquainted with the field, but it leaves the impression that some 
form of chemical protection against radiation damage may become possible. 
This is also emphasized in an article on ‘ Vertebrate Radiobiology : Physiology ’ 
by A. Edelmann. J. Schubert contributes a review of some practical 
interest entitled ‘ Removal of Radioelements from the Mammalian Body’, in 
which he discusses particularly methods of elimination of metallic poisons. 
This article is enlivened by a number of case histories. 

Although most of the chapters of this volume cover only material originating 
in the two years ending early in 1955, the amount of information presented is 
very large. It would aid in the assimilation of this wealth of detail if the Editors 
insisted on a system of classified references. 

W. E. BURCHAM. 
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The de Haas-van Alphen Effect in Alloys 
By V. HEINE 


Royal Society Mond Laboratory, Cambridge 


Communicated by N. F. Mott; MS. received 10th February 1956 


Abstract. ‘The theory of primary solid solutions is applied to the de Haas— 
van Alphen effect in dilute alloys. The experimental results are largely in 
agreement with the theory, except where there is the possibility of the existence 
of a bound state round the solute atoms. The de Haas—van Alphen effect appears 
to be well suited for studying this phenomenon as well as the effect of solutes 
from different rows of the periodic table. 


$1. INTRODUCTION 


N the de Haas-van Alphen effect (Shoenberg 1952) the susceptibility of 
] metal crystals at low temperatures shows oscillations of which the period 

and amplitude are of interest. The period P, measured in units of 1/H 
(6/E, in Shoenberg’s notation), is related to the electronic structure of the metal 
by the formula P=eh/cSy. Here Sy is the area in momentum space of a section 
of that part of the Fermi distribution to which the observed effect is due by a 
plane perpendicular to the magnetic field and so chosen as to make the area a 
maximum (Onsager 1952, Pippard 1954, Lifshitz and Kosevitch 1954). Sm may 
thus be considered a function of Ey, the energy at the surface of the Fermi 
distribution in the pure metal. 

As shown in the papers quoted above, we may deduce from the variation with 
temperature of the amplitude of the oscillations a quantity which we call the 
effective mass m,, and which is related to the variation of S with Ey, and hence 
to the band structure by the formula 


m 1 Sm 


m as 2am OL j 


In what follows we shall assume, following Friedel (1954), that the effect of 
alloying is to displace each energy level by an amount £5, which in general is not 
the same for every energy level. Let the energy at the Fermi level in the alloy 
be Ey, +A. Then the energy levels are displaced by an amount —6E£ relative 
to the Fermi level, where —5E=E,—AE,. ‘Thus the net effect of alloying on 
the surface of the Fermi distribution is as if the band structure of the pure metal 
had been filled up with electrons to a new level Ey, + dF, where dF, 1s the value of 
dE at the Fermi level. 

The corresponding change in the period P which results from alloying can 
be calculated from (1), since m, is known from experiment. It is convenient 
to express the change 5P in P in terms of the quantity R defined by 


ReORPee, eae (2) 
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where Z is the valence of the solute relative to the solvent atom, and C” is the 
concentration of solute atoms per atom of solvent. Thus we obtain 


SE 
(Re + nmPe (=) ae (3) 


The sign of R indicates whether the band responsible for the de Haas—van Alphen 
effect consists of electrons or positive holes. In what follows, we will calculate R 
from (3) by calculating SEy and using experimental values for P and m,/m. Thus 
although the de Haas—van Alphen effect is usually very anisotropic, the data 
we require for comparing the experimental results with the theory are the effective 
mass of the pure metal, the period, and the change in period on alloying, all for 
a single direction of the magnetic field. We do not need any knowledge about 
their variation with orientation. 

On the rigid band model of an alloy, 5£y is simply the shift calculated from 
the change 5.N in the number of conduction electrons per unit volume and from 
the density of states (Ey) defined by mo(Ey,)=¢0N/eEy. Thus the value of R, 
calculated from (3) with the rigid band model, is 


P 
Ry = ¥ 8-66 x 107 (=) 


m ] ny (Ey)? 


where 7p (F},) is the density of states, now expressed as per atom per electron volt. 
In the table Ry, is compared with the experimentally observed changes in period, 
expressed using (2) as the quantity Rops. %p'(Ey,) was obtained from the observed 
values of the electronic specific heat, except for bismuth as discussed in §2. No 
effect was observed in the periods of the first four entries in the table, and the 
limits shown for Rops are set by the experimental errors. The values of Rops and 
R,, are seen to agree as to order of magnitude. ‘The non-zero results will now 
be discussed 1n terms of the more detailed theory of alloys as presented by Friedel 
(1954), following his notation and working in atomic units. We will take into 
account 1n §2 the signs of Z and of the screening charges, exchange, and the 
non-validity of the modified Thomas—Fermi approximation near the band edge, 
in §3 the effect of solutes from different rows of the periodic table, and in $4 
the possibility of bound states. 


§2. THE SCREENING RADIUS AND THE BaND SHIFT 


The calculation of R proceeds in two stages; first we determine the screening 
radius 1/g, of the potential round the solute atoms, and then the change in energy 
of the band giving the de Haas-van Alphen effect and hence from (3) the corre- 
sponding value of R, which we shall refer to as Reaic. Experimentally the alloys 
used have a low concentration (less than 1°,) of solute, so that we have effectively 
infinite dilution and zero absolute shift AZ, of the Fermi energy (Friedel 1954, 
pp. 457, 462). 


In the first order of approximation (Friedel 1954, p. 460) the screening radius 
is 1/q where 


g = 47h Ey) OP i a eee (4) 
‘The perturbing potential 


Vp=(— 4/r) exp (—4r) 
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shifts the energy of every state in the band by 


= Lee =n a 
SN) aN Vp rn ee Se eh, 5 
( ) % | vq" (Ex) ©) 


in the approximation of the first order perturbation theory, where v, is the mean 
volume per solute atom, and C= 1/v; is the volume concentration of solute. 
Friedel (1954, pp. 464-5) has shown how the present statistical approach in this 
first order of approximation leads to the rigid band model. In particular, we 
obtain from (3) and (5) the result R= Ry. 


(1) (2) (3) (4) (5) (6) (7) 8) (9) 
Sn In —1 x |R|<10 a 
Sn Hg = es fl ? [R]=9 f 
Sn Sb -}-] |R[<25 b 
Al Mg 
high freq. —1 |R|<4 c holes 5 g 
Al Mg 
low freq. —1 —9+4 c electrons —40 g 0-63 —25 
Zn Cu —1 + 1563-15 SSloy >+145 
d holes +145 h 
Zn Al +1 |R|<4 <1-07 < +145 
Bile +1 — 15000 ) 12 — 18000 
Bi Sn —1 — 3000 € electrons +} —3400 see 2:5 —R~1000 
Bi Pb —] — 1000 s text 2°5 — 1000 
Bi Sb QO rel. v. small Zero 
effect effect 


(1) Alloy; (2) Z; (3) Rops; (4) referencest (experimental data); (5) nature of carriers 
responsible for de Haas—van Alphen effect; (6) Ry; (7) referencest (no(EM)); (8) screening 
radius 1/9, (Bohr units); (9) Reate- 

+ The key to the letters in the references columns is contained in the list of references 
at the end. 


In a higher order of approximation the screening radius 1/q, is not simply 
given by (4) and it depends on the sign of Z and on whether the screening electrons 
at the Fermi level behave as negative electrons or as positive holes (Friedel 1954, 
p. 484). ‘To obtain the values of 1/g, shown in the table, we first calculate g 
from (4) using the density of states determined from low temperature specific 
heat measurements, except for bismuth as explained below. As we do not know 
experimentally the value of 01)(Ey)/0£y we cannot calculate g, from q by formula 
(52) of Friedel (1954, p. 484). Instead we will assume that for screening purposes 
the electrons in the metal may be taken to behave in the same way as a gas of 
some appropriate number of free electrons or positive holes having the observed 
density of states at the Fermi level, so that we can use the relationship between 
q, and q for the free electron gas (Friedel 1954, pp. 486-8). In aluminium the 
Fermi surface corresponds very closely to a sphere containing three electrons per 
atom (Heine, to be published), and we can take the carriers as electrons, in agree- 
ment with the observed Hall effect (Seitz 1940, p. 183). In zinc, we assume the 
existence of equal numbers of positive holes and electrons, the holes having the 
smaller effective mass and thus giving rise’ to the positive Hall coefficient 
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(Wilson 1953, pp. 213, 218), and the electrons having the greater effective mass 
and giving the main contribution to the density of states. Thus for screening pur- 
poses, the effect of the electrons predominates over that of the holes, but because the 
effective masses are not very different (Wilson 1953) the simple model of a gas 
of electrons is not good. ‘Thus for zinc we will only assume that 0n,(Ey,)/eEy 1s 
positive but probably small, this then determining the sign of the correction 
g;—q, Whose magnitude is then also small (Friedel 1954, p. 484, eqn 52). The 
density of states in bismuth was taken as 0-016 electron (counting both spins) 
per atom per electron volt mainly due to a band containing about 1:5 x 10-4 hole 
per atom to give good agreement between Kors and the final calculated values. 
This figure for the density of states is about half that deduced from the low 
temperature specific heat measurements of Keesom and Pearlman (1954). ‘The 
exchange effect (Friedel 1954, p. 471, eqn 33) was also taken into account for 
Al Mg, which is the only case approximating to the free electron model for this 
purpose. 

In calculating the effect of the screened coulomb potential on the states of the 
band giving the de Haas-van Alphen effect, it is quite unsatisfactory to use the 
modified Thomas—Fermi approximation (Friedel 1954, p. 455) which leads to 
almost zero or infinite values for R because the difference between the energies 
of the Fermi surface and the lowest (or highest) state of the band is so small. 
Instead, the shift in energy of the lowest (or highest) state of this band relative 
to the Fermi energy was calculated using perturbation theory, the second order 
term being relatively small (1°, to 20°) because of the low effective mass in this 
band. We assume that the wave functions of the band can be written in the form 
u(r) exp (ik.r), where k is measured from the point of the Brillouin zone which 
has the lowest (or highest) energy in the band, and that the nodes and maxima 
of Ug, effectively average out so that we can regard it as a constant. We also 
assume that the energy in the band has the form E(k) = Ey, + k?/2u with jx of the 
order of m,/m. Here and elsewhere, the upper sign refers to a band of electrons, 
and the lower one to positive holes. We then apply the perturbing potential 


(—Z/r)exp(—qr) to the second order, neglect matrix elements connecting 
states in different bands, and obtain 


—4nZC 2pZ 
(—dE\) = eS (1 ete ee ) 3. bo  osncree rate (6) 
n 1 
Comparison with (5) gives 
a 2uZ 
Reaic = Ry ae, (1 at 1) ly Vane aR (7) 
N Nn 


from which we obtain the values in the table, subject to the discussion of the next 
section. We see that the different screening of solute atoms with positive and 
negative Z can account for the large difference between Rops for Bile and Bi Pb, 
and incidentally that the density of states in bismuth must be principally due 
to a band containing positive holes. 

The particle densities f* are not the same for the electrons responsible 
for the de Haas—van Alphen effect and the other electrons at the Fermi surface 
as assumed so far. Only the difference is important, and we could take it into 
account if the wave functions were known. Since the states concerned are likely 
to be near points in the Brillouin zone having special symmetry in the wave function, 
this effect may be important and may account for the discrepancy between Reps 
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and Reaic for Al Mg and for the difference between P for bismuth and P for 


Bi Sb alloys. However, it should not seriously affect comparison between 
different alloys of one solvent. 


$3. DIFFERENT Rows OF THE Perovic TABLE 


Solutes not from the same row of the periodic table as the solvent are not 
adequately treated by the preceding theory, which may be extended by introducing 
a local density of states m)(E, r) not constant in space, which is defined by 


no(E, r) = 9(E)b*(r)h(r). 
Here u(r) is the wave function of a state with energy & and with an amplitude 
of one electron per unit volume, and the bar denotes an average over all states 
with energy E. Comparing for instance Zn Al and ZnGa, the solute ions in 
the former are smaller and the conduction electrons come closer in to the nucleus, 
so that they provide better screening but are also more affected by the perturbation 
potential. ‘The following theorem, which we state in a general form applicable 
also to finite concentrations, shows that these two effects cancel one another in 
the first order of approximation. Consider the alloy Zn Mg, and take the loca! 
density of states m(E,r) as referring to it. Although the local density of states 
n(£,r) in Zn Mg differs from that in pure zinc near the sites of the magnesium 
atoms, we may assume (cf. § +) that the net density of states m(E) in the conduction 
band is the same in Zn Mg as in pure zinc. We then consider the magnesium 
to be replaced by aluminium, retain the modified Thomas—Fermi approximation 
and assume the perturbing potential Vp to be small, so that the Poisson’s equation 
which determines V, becomes (Friedel 1954, pp. 455, 459) 
V?V_p=4n(Vp—AEy)no(Ewr)+O(Vs?), a... (8) 

with the boundary conditions V)~— Z/|r—r, | near each solute atom r,, and that 
oV» cn vanishes over some surface S enclosing a volume v containing a large 
number of solute atoms. We assume that the radial charge density round a 
magnesium atom in Zn Mg of a state with energy near the Fermi energy, is the 
same for the electrons involved in the de Haas—van Alphen effect as those in the 
density of states. Then considering a state in Zn Mg in the band to which the 
de Haas—van Alphen effect is due and with energy Ey, the shift —5£\, in its energy 
relative to the Fermi level as we pass to Zn Al becomes 


| Volryn(By ¥) de 


(—6E,,) = = — AE yy, 
| ny( Ey r)dv 
=(1/4n)| VVp.dS 
oaled from (8), 
2ng( Ey) °) 
ACG 
2 (Lx) 


Here the surface S’ is S plus an infinitesimal spherical surface round each solute 
nucleus. The result is identical with that obtained in the usual first order 
approximation (5) not taking the variation of m)(Zy, r) with r into account. Since 
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in zinc the effect of the second order of approximation is small (q, is nearly the 
same for Z= +1), we would expect on the basis of this analysis that Reaic for 
Zn Al differs by only a few per cent from the value shown in the table which 
really refers to ZnGa. Thus these considerations do not explain the very small 
value of Rops for Zn Al. 

We cannot base a discussion of the difference between Bi Sn and Bi Pb on (8) 
since in this case the series expansion O(V’p?) does not converge, due to the low 
density of states in bismuth. Higher order effects are dominant, giving rise for 
instance to values of g, depending markedly on Z as shown in the table. However, 
we can argue qualitatively as follows. The smaller atomic and ionic radu of 
tin as compared with lead would indicate that the valence electrons in the tin 
can penetrate closer to the nucleus. Thus the attraction of the nucleus and 
the exchange repulsion of the ion core electrons balance in such a way that the 
valence electrons in tin are acted on by an additional net attractive potential 
using the modified Thomas- Fermi point of view. Since in bismuth alloys the 
screening charges act as positive holes, the local density of states around the 
solute atoms in Bi Sn is lowered by the additional attractive potential (attractive 
as seen by negatively charged electrons) so that the screening is reduced and | R | 
is increased, in agreement with experiment. We would expect the corre- 
sponding effect in Bi Te with Z positive to be very small, because with such a 
large screening radius, the holes do not penetrate to near the repulsive tellurium 
centres. 


§4. BouND STATES 


Among the alloys listed in the table, Bi Te and Zn Al have positive values of Z, 
so that the possibility arises that one or two electrons are held in localized bound 
states round the solute ion cores in these alloys. We will now discuss to what 
extent the existence of bound states affects the calculations of the previous sections, 
and in particular whether their existence could explain the discrepancy between 
Rops and Reaic for Zn Al. Such bound states are simply subtracted from the 
bottom of the conduction band as described by Friedel (1952) but the change in 
the de Haas—van Alphen effect period depends on how the states remaining in 
the band are affected by the perturbation. More precisely, we wish to determine 
to what level compared with the pure solvent the band is filled by the available 
number of electrons. As we cannot do this in general, we shall only discuss 
two extreme types of situation, which we may reasonably expect to correspond 
approximately to Bi'l’e and Zn Al respectively. 

Consider first the alloy CuAg. In this alloy, the attractive perturbing 
potential due to the higher atomic number of silver is sufficient to subtract 
18 states from the conduction band to form the 4s, 4p and 4d shells of silver, 
and an equal number of states are added to the conduction band by subtracting 
them from unfilled higher bands. Thus it is usually assumed (Friedel 1952, 
p. 171) that the distribution of states in the conduction band remains unaltered, 
while each wave function is changed from a 4s one into a 5s one round each silver 
atom. ‘The reverse situation would apply to Ag Cu and also BiSb. Thus on 
this model, we would expect Bi Sb to have the same de Haas—van Alphen period 
as pure bismuth apart from the effect mentioned at the end of § 2, in approximate 
agreement with experiment (Shoenberg and Uddin 1936). 
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Similarly we may assume that Bi'Te behaves in essentially the same way 
as Bi Po, to which we restrict the following discussion. In a bismuth alloy, 
particularly one with positive Z, the large screening radius calculated by the 
modified Thomas—Fermi method above (cf. the values in the table) would lead 
us to expect a bound state according to the criterion Z/q, 9-7 (Friedel 1954, 
p. 491), and with such a slowly decreasing potential the localized wave function 
would extend over several atoms. In this case, if we expand the wave function 
of the bound state in terms of the wave functions of states in the pure solvent, 
only the states with energies near the lowest energy of the conduction band 
enter into the expansion with large coefficients, as in the theory of donor states 
in semiconductors (Kittel and Mitchell 1954). If we also expand the perturbed 
wave functions of the conduction band in terms of the unperturbed wave functions, 
we can regard this transformation from the unperturbed to the perturbed states 
as a unitary transformation, affecting mainly the states in the conduction band 
with energies well below the Fermi energy. This has two consequences. 
Firstly, the total charge density due to these occupied states with low energies 
{including the bound state in the perturbed case) remains unaltered by the 
transformation, so that they can provide no net screening of the perturbing 
potential. The actual screening is again due to electrons at the Fermi level. 
Secondly the density of states in the actual conduction band is reduced, so that 
the total number of states, including the bound one, below some level in the band 
which is well above the lowest energy in the band, remains unchanged by the 
transformation. These two conclusions show that the existence of a bound 
state round each solute atom in Bi Po or Bi Te should not invalidate the calculation 
of Reaic in the previous sections. The argument is unaffected if we have a doubly 
occupied bound orbital instead of a single bound state. 

In Zn Mg, the situation is similar to that in Ag Cu and BiSb. We assume 
again that the perturbing potential due to 18 less nuclear charges and 18 less 
electrons modifies all wave functions in such a way that the distribution of states 
in the conduction band is the same in Zn Mg as in pure zinc, in which case the 
alloy and the pure metal would also have the same de Haas—van Alphen effect 
period. If we assume further that in Zn Al one electron is held in a bound 3s 
state round the aluminium ion core, the difference between the potentials near 
solute atoms in Zn Mg and Zn Al is not very large, and the distribution of states 
in the conduction band of Zn Al may again be the same as in pure zinc. In this 
case Zn Al and zinc would also have the same de Haas—van Alphen effect period, 
because the extra electron in Zn Al is in the bound state, and R for Zn Al would 
be zero. ‘This argument could only hold if the occupied part of the conduction 
band of zinc has less than 50% s-like symmetry near the atomic nuclei, as otherwise 
the bound state would seriously affect the conduction band because of the 
exclusion principle, but this could well be true. 

In an alloy with one bound electron round the ion core of each solute atom, 
the bound electron should give rise to a paramagnetism, as appears to be observed 
in some cases (Friedel 1952). At low temperatures, it may be possible to saturate 
this paramagnetism using magnetic fields of the order of ten kilogauss. Then 
due to the exchange effect, electrons with spins parallel and antiparallel to the 
magnetic field would move in different effective potential fields near the solute 
atoms, and would thus give rise to different dé Haas—van Alphen effect periods. 
The difference might be observable in some cases, 
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In conclusion, the de Haas-van Alphen effect is seen to give information 


that can readily be related to the theory of primary solid solution alloys. It would 
appear to be very suitable for studying further experimentally the nature of bound 
states and the effect of solutes from different rows of the periodic table. 


as 
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Abstract. ‘The properties of bismuth and its alloys are considered, with a view 
to deciding whether or not the band structure is such that there are only 1-5 x 10 
free electrons per atom with the same number of holes. It is shown that there 
is considerable evidence that such is the case. ‘There appear to be no facts that 
directly contradict this view, but not all the properties of bismuth can be accounted 
for in detail. The inadequacy of ‘the Landau—Peierls formula for the 
diamagnetism of conduction electrons appears to be well demonstrated, but this 
does not affect the usual interpretation of the de Haas—van Alphen effect in terms 
of the shape of the Fermi surface. 


§ 1. INTRODUCTION 


established by the de Haas—van Alphen effect (Shoenberg 1939, Shoenberg 

and Uddin 1936, p. 717) the galvanomagnetic effects (Abelés and Meiboom, 
unpublished), and cyclotron resonance (Tinkham 1956). The number N, of 
electrons in this band is 1:5 x 10-° per atom. ‘The observations show that they 
are distributed in momentum space inside three equivalent ellipsoidal Fermi 
surfaces related to one another by the crystal symmetry, and have a small very 
anisotropic effective mass (approximately m,/m = 00-0024, mg/m = 2:53, m3/m = 0-025 
referred to the principal axes of the ellipsoids), the Fermi level being 0-012 
electron volt (equivalent to 205°xK, Dhillon and Shoenberg 1955) above the 
lowest energy in the band. ‘The question to be discussed here is whether there 
is in addition another incompletely filled band (or bands) containing a con- 
siderably larger number N, of electrons per atom. In any case there must be 
a band (or bands) containing N, holes per atom, where N,;=N,+ N., say with 
an effective mass assumed isotropic times the free electron mass. We shall 
refer to these bands of electrons and holes as bands I, II and III respectively. 

The purpose of this paper is to test the hypothesis that band II of electrons 
does not exist and thus that N,=N,=1:5x 10>. We will show in $§2 and 3 
that the properties of bismuth and its alloys can be roughly explained on the 
basis of this hypothesis, but they are not at present understood in detail so that 
in general we cannot say they are inconsistent with any other model of the band 
structure of bismuth. However, in §4 we will discuss four particular aspects 
of the observed magnetic properties that make the hypothesis appear very 
plausible, and which set in any case an upper limit of about 10+ to N, and Nz. 


| N bismuth, the existence of a particular band of electrons appears to be well 


§ 2. THE GENERAL PROPERTIES OF BISMUTH AND ITS ALLOYS 
The observed galvanomagnetic effects (Abelés and Meiboom 1956), and 
mean free path effects (Chambers 1953, Wilson 1953, pp. 230-1) are shown by 
these authors to be consistent with our hypothesis that band II does not exist, 
so that we will not discuss these effects further. 
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Let the density of states at the Fermi level Ey, be m (Ey) per atom per electron 
volt for both spin directions together. The value of mo(Ey) may be deduced 
from measurement of the low temperature specific heat (Mott and Jones 1936, 
p. 179, eqn 11, Keesom and Pearlman 1954, Ramanathan and Srinivasan 1955), 
and from the change on alloying of the period of the de Haas—van Alphen effect 
(the periodic variation of the magnetic susceptibility at low temperatures when 
plotted against 1/H, where H is the applied magnetic field: Heine 1956). ‘The 
values of )'(Ey,) deduced in these two ways differ only by a factor of two, and for 
the sake of definiteness we adopt the value 

tg (Ey) = 0S 10-2 ee (1) 
deduced from the de Haas—van Alphen effect. ‘The measurements of this effect 


indicate that the density of states is principally due to a band containing positive 
holes, so that we deduce from (1) that 13 and N, are related by the formula 
peNG= 54 X10) ee eee (2) 

On the basis of our hypothesis about the band structure, we deduce from (2) 
that w;=1:5. Then if we add donor atoms (e.g. tellurium) to bismuth, the 
extra electrons almost all go to fill up the band of holes, because of the high 
effective mass jx, there, until at a concentration c, of donors slightly greater than 
N,(=0-0015°, per atom), there are no holes left and all further electrons go 
into band I. On the other hand, a much larger concentration c, of acceptors 
(tin or lead) is required to empty band I of electrons, because the effective mass 
in band III is so much larger than that in band I. A simple calculation assuming 
a rigid band structure unaffected by alloying gives c,=0-08°,,. With all the 
physical properties that have been studied, the effects of alloying bismuth with 
tin and lead respectively are nearly identical, except that about one third or one 
quarter as much tin is required to produce the same effect as a certain concentration 
of lead. A possible explanation of this fact is given by Heine (1956), and this 
explanation also leads one to expect that lead is behaving normally and contributing 
one hole per atom. ‘Thus all comparisons with experimental data will refer to 
lead alloys. 

At a concentration of acceptors greater than c, but still of this order of 
magnitude, band I is completely empty at absolute zero and a finite activation 
energy of a few hundred degrees absolute is required to excite an electron from 
band III to band I where it has a higher mobility due to the lower effective mass. 
This leads to a maximum in the variation of the resistance with temperature as 
shown experimentally and theoretically by Thompson (1936). This effect 
only occurs at a concentration of lead greater than about 0-1°,, in good agreement 
with our calculated value of c, above. Thus contrary to a statement made by 
Wilson (1953, p. 228), these experimental facts are consistent with our hypothesis 
and do not indicate that N, is of the order of 10-3. A similar maximum occurs 
in the temperature variation of the magnetic susceptibility y, (Shoenberg and 
Uddin 1936, p. 694: their y, and x3 are y, and yy, respectively). 

The variation of x, with concentration of lead shows a maximum, which will 
also be associated with the emptying of band I in §3. At 75°, this maximum 
occurs at a concentration of 0-3°%, lead (Shoenberg and Uddin 1936, p. 698), 
but inspection of the variation of y, with temperature ( Shoenberg and Uddin 1936, 
p. 694) indicates that at very low temperature this maximum would occur at 
about 0-13", lead, in good agreement with our calculated value of cy. 
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§ 3. THE DIAMAGNETIC SUSCEPTIBILITY 


‘The usual Landau~Peierls theory of diamagnetism in metals is quite inadequate 
to explain the observed variation of the susceptibility on alloying bismuth with 
donors and acceptors (Shoenberg and Uddin 1936, p. 698). This can be seen 
without reference to any particular model of the band structure of bismuth. 

The Landau—Peierls formula (Mott and Jones 1936, p. 209, eqn 56, Wilson 
1953, p. 175, eqn 6.8.1) predicts that a full Brillouin zone by itself has zero 
susceptibility, that some holes inside the zone (in band III in our nomenclature) 
give a diamagnetic susceptibility varying as (N3)!/3, and that some additional 
electrons in band I and II do likewise. Now it is observed that the diamagnetic 
susceptibility — y, decreases with increasing concentration of tellurium. On the 
Landau~Peierls theory, this could only be due to some band of holes filling up, 
in which case the contribution from this band to the susceptibility would vary as 
(.V;')'° where 3’ is the number of holes per atom left in it. This contribution 
would have an infinite gradient at some finite concentration of donors when N,’ 
becomes zero. However, the observed variation of —x, has quite a different 
shape, which is thus at variance with the Landau—Peierls theory. Similar 
remarks apply to the variation of —y, and —y,, with the addition of donors. 
Incidentally, the density of states in bismuth is so low that the Pauli spin 
paramagnetism (Mott and Jones 1936, p. 184) is negligible. 

Let us therefore abandon the Landau~Peierls theory and study the 
experimental variations of y,, and y, as functions of donor and acceptor con- 
centrations. ‘These indicate that if the Brillouin zone were completely filled 
and there were no electrons outside it, it would have a large diamagnetic 
susceptibility, which is continuously decreased by an increasing concentration 
of donors or acceptors (i.e. by the presence of additional electrons outside the 
zone or holes inside it) if we disregard in the meantime the more complicated 
behaviour at the low concentrations. This general conclusion is independent 
of any particular assumptions about bands I, II and III. We will first give a 
qualitative explanation of it, and then show how the more complicated variations 
of the susceptibility at low concentrations of donors and acceptors can be accounted 
for on the basis of our particular hypothesis about the band structure. 

Adams (1953) has shown that when we have a band with a very low effective 
mass such as band [ in bismuth, various correction terms that are omitted in the 
Landau~—Peierls theory become important, and give a contribution to the suscep- 
tibility of the same order as the usual Landau—Peierls diamagnetic susceptibility. 
This additional contribution cannot be estimated quantitatively at present. 
Let us first consider the susceptibility that the Brillouin zone would have if there 
were no holes inside it and no additional electrons outside it, and then the modifying 
influence of the electrons and holes in bands I, II and III. Adams (1953) has 
shown that the zone by itself would have a diamagnetic susceptibility due to the 
filled states near the boundary of the zone and to the presence of unfilled states 
outside the zone with only slightly higher energy, both having a small effective 
mass say #4 times the free electron mass. ‘This susceptibility should be of the 
order of 1/u times the Landau diamagnetism of a free electron gas (Mott and 
Jones 1936, p. 210, eqn 59) with a density of five electrons per atom, so that we 
obtain agreement with experiment with yw of the order of 0-02, a not unreasonable 
figure in view of the effective massinbandI. ‘This diamagnetism would then be 
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reduced by electrons filling the states in bands I and II, and by holes removing the 
electrons inside the zone near the zone boundaries. 

Thus on the basis of our hypothesis, we would interpret the variation of 
y, and y, with donor and acceptor concentrations (Shoenberg and Uddin 1936, 
p. 698) as follows. The presence of electrons in band I has a very strong para- 
magnetic effect (i.e. decreases the magnitude of the diamagnetism) on x, and a 
very weak one on y. In each case the magnitude of the effect is of the order of 
the corresponding susceptibility calculated from the Landau—Peierls formula, 
but of opposite sign as already discussed. The presence of holes in band III has 
paramagnetic effects of intermediate magnitude on both x, and Xi Thus 
—y, increases with the addition of acceptors due to the predominating effect 
of the emptying of band I, until it is completely empty at a concentration c,~0-1%, 
after which the effect of the holes in band III becomes evident. Similarly the 
sudden increase in —y, on adding donors is due to band III becoming filled 
at a concentration c,~0-0015°%,: the corresponding effect in x, is not observed 
owing to the predominating effect of band I. 


§ 4. Four OBSERVATIONS WHICH FAVOUR OUR HYPOTHESIS 


We can now discuss the four effects which suggest particularly that our 
hypothesis is correct. Firstly, the sudden increase in — x, on addition of some 
concentration of donors less than 10-+ per atom (Shoenberg and Uddin 1936, 
p. 698) is very difficult to explain except by assuming that some band containing 
fewer than this number of holes has been filled with electrons. Although this is 
not necessarily the only band of holes, the variation of x, and x, with donor 
concentration gives no indication that other bands with a larger number of holes 
are also filling up. 

Secondly, there is the observation that no de Haas—van Alphen oscillations 
have been observed in bismuth besides those due to the electrons in band I 
(Dhillon and Shoenberg 1955, Shoenberg 1953). This fact, together with 
a consideration of the amplitude of the expected oscillations due to the holes in 
band III, will allow us to set a limit on the value of N3. ‘The observation is for 
instance quite consistent with our hypothesis, because with N,=1-5 x 10° and 
43 = 1-5 (cf. §2) the temperature-dependent factor in the amplitude of the oscilla- 
tions due to the holes is extremely small (Wilson 1953, p. 171). More generally, 
if we assume that N, is not zero, N, and ps are related by (2), 43 being reduced as 
Ns; increases. Both these factors increase the amplitude which detailed 
considerations show should be observable if N, > 10-4. 

The third and fourth points below depend essentially on the usual interpreta- 
tion of the period of the de Haas—van Alphen oscillations. For these arguments 
to be valid, we have to show that the usual interpretation of the period remains 
unaffected by the large corrections that are necessary in the usual Landau—Peierls 
theory of the steady susceptibility (Adams 1953), although the latter is based on 
the same fundamental approximation (cf. Harper 1955, p. 878, Adams 1953, 
p. 638). ‘This is proved in the Appendix. 

Thirdly, we consider the de Haas—van Alphen effect period of the Bi'Te 
alloys (Shoenberg and Uddin 1936, p. 712). As in §2, we would expect on the 
basis of our hypothesis that all the electrons from donors appear in band I when 
the donor concentration is greater than about 0-0015°%. The period of the 


Oe 
oscillations in the usual interpretation of the de Haas—van Alphen effect is inversely 
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proportional to the area of cross section of the Fermi distribution in momentum 
space (Onsager 1952, Pippard 1954), and thus varies as (N,')-?8, where N,’ 
is the total number of electrons in band I. From the value of N, we can thus 
calculate for any donor concentration the expected value of A, which we define 
as the ratio of the period for the alloy to the period for pure bismuth. Reasonable 
agreement with experiment is obtained, as shown in table 1, for a donor concentra- 
tion from 0-002°, up to the highest measured (0:009%). It is very difficult 


Table 1. 
Donor concentration (°%,) “0-002 0-004 0-008 0-009 
Observed A O-75 0:58 0-40 0:38 
Calculated 4 0-83 252 0-33 0-30 


to see how this result could occur by chance if a partially filled band II and some 
holes in band III are present as well. ‘The shift in energy on alloying of states 
in these two bands would have to be of opposite signs or zero, which would be 
inexplicable on the present theory of alloys (Friedel 1954, Heine 1956, eqn 6). 
Fourthly, we consider the difference between the effects of introducing donors 
and acceptors on the de Haas—van Alphen period (Shoenberg and Uddin 1936, 
p. 712). It is convenient to work in terms of the quantity R defined by Heine 
(1956) which is proportional to the magnitude of the effect, Ra and Ra referring 
to alloys with donors and acceptors respectively. Although the calculated order 
of magnitude of Ra and R, is determined by m)/(£y) their precise value and in 
particular the ratio Rq/Ra depend on the density of the carriers responsible for 
screening the solute atoms, which in our case is N3. Table 2 shows values of 


Table 2. 
ING (eS a iSO 50x iiss (Loy S< Qe 
RyRy 1-7 5+] 17 + 


+ Statistical theory not applicable. 


Ra/Ra calculated by a modified Thomas—Fermi method (Friedel 1954) in the 
manner of Heine (1956) for various values of N3. ‘The observed ratio is 15, 
so that we deduce from table 2 that N; is of the order of 10-* or less. ‘The values 
of Rqa/Ra in table 2 are probably over-estimates, because with the large screening 
radii in bismuth dielectric polarization will help to reduce the perturbing potential 
round the solute atoms as in semiconductors (Mott and Gurney 1940, chap. 3). 
Although the condition for the validity of the statistical calculation is not really 
fulfilled, namely that the number of holes should be large inside a volume over 
which the perturbing potential does not vary appreciably, we would expect it 
to give answers of the right order of magnitude except for the lowest value of 
N, that corresponds to our hypothesis that N3;= N,. In this case the concentration 
of introduced atoms becomes much larger than N;, and we have to consider 
Ra and R, separately. We have already shown that the period of the de Haas—van 
Alphen effect of Bi Te alloys supports our hypothesis; as regards Ra we can only 
say at present that it is not inconsistent with the hypothesis. 

Summarizing, we have found that the properties of bismuth and its alloys 
are consistent with our hypothesis that there are only 1-5 x 10-° free electrons 
and the same number of holes present in bismuth. ‘There do not appear to be 
any observations that contradict this view, and there are four that particularly 
support it, although in the present vague state of our knowledge none of the 
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evidence provided by them is by itself entirely unassailable. Accurate deter- 
minations of the de Haas—van Alphen period and of y, at very small donor 
concentrations would be expected to give more decisive evidence for the filling 
up of a band containing such a small number of holes. 

A study of BiSb alloys may also be helpful. ‘The de Haas—van Alphen 
period of bismuth is increased by the addition of antimony, which means that N, 
is decreased. Presumably Nz is decreased equally because both metals have the 
same number of valence electrons per atom. Rather uncertain extrapolation 
of the observed data would indicate that NV, may decrease to zero at a concentration 
of about 4°, antimony. At higher concentrations the material would then be 
a typical semiconductor, which may make band III more accessible to direct 
study. The observed variations of the steady susceptibility with antimony 
concentration and with temperature (Shoenberg and Uddin 1936), and the 
variation of resistance with temperature (Thompson 1936), are not inconsistent 
with this view but the data are very meagre. 
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APPENDIX 


Consider a single band containing N electrons per atom, and an applied 
magnetic field H. The highly degenerate energy levels of the electrons with 
zero component of momentum along the magnetic field are 

E=(2y)28) Hin, 2 eee (3) 
relative to the lowest energy of the band, where x is an integer, £, the Bohr 
magneton, y some constant less than one, and yw the ratio of the effective mass 
to the free electron mass. If the Fermi level in the band is F), relative to the 
lowest energy of the band, the maxima of the susceptibility in the de Haas—van 
Alphen effect occur according to the usual theory (Pippard 1954) at fields given 


by the relation 
oe (n+y’) Po us 
tals y lon ae ar ow ee ( ) 


where y’ differs from y by some constant such as } or 3. The Landau—Peierls 

susceptibility per atom (Mott and Jones 1936, p. 209) may be written in the form 
—Xip = NBo?/2E ypu, 

where in the case of ellipsoidal energy surfaces pz is the same combination of the 

principal effective masses as u in (3). Adams’ (1953) additional terms in the 


susceptibility are of the order of y;, and thus correspond to an average additional 
energy per electron of the order of 


BrH? _ 28)Hlu ¢ 
G/N LO 


Ty = Mapy) 10 G3). eter) 


‘Thus we must correct the energy levels (3) by something of this order of magnitude, 
and then the relation determining H,, becomes 


1 = 2B ! y" 4 
H =o (+74 go), Orc (6) 
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where y” is some constant. Thus comparing (6) and (4) we would only expect 
the first few oscillations at high magnetic fields to be affected appreciably, but 
not the period as determined at lower fields. 

There still remains the possibility that energy correction terms larger than 
(5) by an order of magnitude, i.e. linear in H, do exist but, being sometimes positive 
and other times negative, average to zero over all the electrons. Such terms 
do exist and broaden each energy level (3) into a little band (Harper 1955). In 
a single band that does not overlap other bands these terms cannot affect the mean 
energy of each broadened level to the same order of magnitude, as this would 
lead to a term linear in H in the-energy of the whole electron gas. However, 
when two bands overlap in energy, the levels in them may be affected oppositely 
by an amount of the order 8)H/u. This may seriously upset the periodicity of 
the energy levels (3) in each band, but we would expect to see a de Haas—van Alphen 
effect with an approximate period equal-to the lowest common multiple of the 
individual periods of the bands (Harper 1955, p. 890). ‘This is unlikely to be 
the situation in bismuth because the variation of period with orientation and the 
temperature dependence of the amplitude all fit the ellipsoidal model so well, 
and because successive maxima and minima come with great regularity without 
any irregular subsidiary maxima in between (Shoenberg 1939, Dhillon and 
Shoenberg 1955). 
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Abstract. Studies have been made of the spectra given by strontium and barium 
in an oxy-hydrogen flame, in a ‘ vacuum arc ’ in water vapour, in a‘ vacuum arc ’ 
in heavy-water vapour (D,O), and in an arc in air at atmospheric pressure. For 
strontium, a band with some structure at 6050A and diffuse bands with maxima 
at 6460, 6590, 6675 and 68204 are attributed to SrOH, in agreement with James 
and Sugden’s suggestion, the assignment being supported by small isotopic 
displacements with SrOD. Bands at 5950, 6050 and the far red, obtained best 
in the arc at 1 atmosphere, have a very complex structure suggesting a polyatomic 
emitter and variation of strength with concentration when strontium nitrate 
solution is sprayed into a flame supports assignment to the dimer of the oxide, 
Sr,O,. For barium, bands in the green and photographic infra-red are attributed 
to BaOH, the assignment again being supported by the tsotopic shift. Diffuse 
complex bands near 4800, 5020 and 55004 in the arc in air may be due to the 
corresponding oxide dimer, Ba,Oy,. 


§ 1. INTRODUCTION 

HE bright red and green colours obtained when strontium and barium 

salts are introduced into a flame are well known, and for strontium visual 
observations on the band spectrum apparently go back as far as 1823, when 

it was described by Herschel. Salts of strontium and barium are the basis of 
many coloured flares and fireworks (Barrow and Caldin 1949). It has been 
generally assumed that the bands (other than those due to halides) are emitted 
by the diatomic metal oxides, but for the strongest flame bands no analyses have 
been made. ‘Thus, for barium, an extensive system of bands of simple structure, 
extending from the far red to the blue, has been analysed (Mahanti 1934) and 
definitely attributed to BaO, but the strong flame bands in the green have not 
been studied in detail. For strontium, relatively weak systems in the photo- 
graphic infra-red, the blue and the near ultra-violet are observed in arcs and 
these have been analysed and assigned to SrO (for summarized data see Pearse 
and Gaydon 1950), but the much stronger systems in the yellow-orange and in 
the far red have not been analysed; flames containing strontium also show 
bands in the yellow-orange and far red. Similarly, for calcium, bands due to 
CaO are known in the infra-red and in the blue, but the very strong orange and 
green systems have not been studied in detail until very recently (Gaydon 1955). 
James and Sudgen (1955) suggested as the result of quantitative flame studies 
that the flame bands of these alkaline earth metals were due to triatomic hydroxide 
molecules, CaOH, SrOH and BaOH. Following this valuable suggestion, the 
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bands of calcium were studied (Gaydon 1955) in a flame, in an ordinary arc in 
air at atmospheric pressure, and in ‘ vacuum” arcs in ordinary water vapour 
(H,O) and heavy-water vapour (D,O). An isotope shift was observed, and the 
assignment to CaOH was confirmed. — It was also rather surprisingly found that 
the green and orange bands obtained from an arc in air at 1 atmosphere were not 
the same as the flame bands, although in such a closely similar spectral region, 
These arc bands are apparently due to an oxide, but their structure is extremely 
complex; they cannot be due to transitions between singlet electronic states of 
CaO, and while they could conceivably be due to transitions between triplet 
states of CaO, it was suggested that they also might be due to a polyatomic 
emitter, and the dimer of the oxide (CaO), appears most likely. For the yellow- 
orange band of strontium in a flame, it has also recently and independently been 
shown by Lagerqvist and Huldt (1955) that there is an isotopic change in the 
structure on replacing hydrogen by deuterium, confirming the assignment of 
this band to SrOH. They did not study the arc spectra, but sprayed strontium 
nitrate dissolved in ordinary water and dissolved in heavy water into a flame. 

The bands now assigned to SrOH occur readily in a flame or a vacuum arc in 
water vapour, while the arc in air shows different bands in a similar region. For 
Ba, strong bands of BaOH occur in the flame in the green (4870 and 5120) 
and infra-red (7100-8400 A) but these are more difficult to obtain in a vacuum arc, 
The arc in air shows mainly Mahanti’s system of BaO, but also some complex 
structure near 4800 and 50204. The assignment of these various bands is 
important for determinations of dissociation energies, and is also of astrophysical 
interest. 


§ 2. EXPERIMENTAL 

‘Three main types of source were used to excite the various band systems, an 
arc in air, a vacuum arc and an oxy-hydrogen flame. 

The arc in air was of the usual form, between graphite poles 1 cm in diameter. 
The arc was maintained by a 220 volts d.c. supply at a current of 6 to 8 amps. 
The salts (strontium carbonate, strontium nitrate, barium nitrate) were packed 
into a small hole drilled in the graphite. 

The vacuum arc has been described previously (Gaydon 1955). Graphite 
electrodes were again used, and the are wasrun inan atmosphere of ordinary water 
vapour or heavy-water vapour ata few mm Hg pressure, slow continuous pumping 
serving to sweep out hydrogen and other decomposition products. The arc 
was struck with the aid of a Tesla coil. 

For most of the work the oxy-hydrogen flame was run ona commercial welding 
burner and the salt was introduced by holding a rolled-up filter paper soaked in 
strong salt solution in the edge of the flame. In some cases crushed salt crystals 
were rolled up in the filter paper. For the work with a spray of strontium nitrate 
solution, a special burner was used. ‘This was a burner specially developed for 
quantitative spectrochemical analysis kindly lent by Mr R. L. Warren of the 
Courtauld’s Institute for Biochemistry. It was water-cooled and consisted 
essentially of a central spray nozzle surrounded by a ring of fine holes. Pre-mixed 
hydrogen and oxygen passed through the ring of holes and formed the main 
flame, while the spray of salt solution was carried into the centre of the flame by a 
stream of oxygen. It gave a very intense steady flame. ‘The solution could 
be changed without altering any of the adjustments of the flame or spray nozzle. 
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For the spectroscopic observations a medium glass spectrograph (Hilger 
E 495) and a two-prism glass Littrow-type instrument, giving a dispersion of 
about 64 mm_~' in the orange, were used. For the strontium arc in air, some 
plates were also taken with the 21 ft concave grating spectrograph in the Physics 
Department ; a grating with 30000 lines per inch was used, this giving a 
dispersion of 1-23A mm™!. Iron arc comparison spectra were used. Ilford 
Astra III and Ilford Long Range spectrum plates were employed; the latter 
were sensitive to 8500A. 


§ 3. BaNpDs OF SrOH AND SrOD 


The bands of SrOH, as obtained from the flame, have been photographed with 
the medium glass and the Littrow spectrographs. The yellow-orange band, 
centred at about 60504, is very similar in general appearance to the green band 
of CaOH which has been studied in detail (Gaydon 1955). On the short-wave 
side the band is diffuse, but on the longer wavelength side there are a number of 
heads, apparently shaded to the violet. ‘Towards the centre of the bands the 
structure, although strong, is largely masked by the continuous emission }; 
towards longer wavelengths the structure becomes weaker but clearer because there 
is less background. Lagerqvist and Huldt (1955) studied this band under large 
dispersion (0‘SA mm) and record heads at 6114-2, 6111-8, 6109-8, 6107-9, 
6107-5 and 6105-24. With our plates, on smaller dispersion, the most prominent 
features are at rather shorter wavelengths. ‘The heads occur in pairs, and the 
following are our measurements, with rough visual estimates of intensity. 


A 1 A I 
6109-6+0-3 1 6089-9 6 
6106-7 6088-1 
6101-1 3 6084-7 10 
6099-6 6082-5 
6095-9 4 6076-6 8 
6094-7 6075-0 


These wavelengths agree moderately well with those given by Barrow (see Pearse 
and Gaydon 1950) and attributed to SrO. 

Using the vacuum arc in H,O and D,O, there is no large isotopic displacement 
of this band at 60504, but there does appear to be a slight shift towards the red 
with deuterium. We have only compared these bands of SrOH and SrOD 
under small dispersion. Some change in the detailed structure is observed, and 
this has also been reported by Lagerqvist and Huldt. 

The far red bands of SrOH are shown in strip c of the plate. The bands 
are wide and diffuse, showing intensity maxima at about 6460, 6590, 6675 and 
6820A. Strip d of the plate shows the first three of these bands, with the larger 
dispersion of the Littrow spectrograph; the bands are quite diffuse and structure- 
less apart from a trace of superposed oxide (?Sr,O,) bands. ‘They appear to be 
analogous to the diffuse orange-red bands of CaOH. In the vacuum arc the 
corresponding bands of SrOD have been obtained (see strip 6). Although there 
is no large isotopic shift, slight displacements are observed. Thus for SrOH 
the 6460 band lies symmetrically between the Sr lines 6408 and 65044, but the 
corresponding band of SrOD lies definitely nearer to the 6504 line. The SrOH 
band at 6820 is displaced definitely to longer wavelengths with SrOD, It is 
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therefore clear that the emitter of these diffuse bands contains a hydrogen atom, 
and in view of the previous work on the analogous system of CaOH and the flame 
studies of James and Sugden there is no reason to doubt the assignment to SrOH. 


§ 4. THE ComMpLEx BANDS OF STRONTIUM OXIDE isn, 0.) 

These bands occur best in the arc in air at atmospheric pressure, using 
strontium carbonate or strontium nitrate on graphite poles. ‘They appear 
weakly in some of our plates of the vacuum arc in water vapour and when stron- 
tium nitrate is introduced in high concentration into the oxy-hydrogen flame. 
In the yellow-orange the strong band at about 5950 lies in a region clear of StOH 
(see strips a and c of the plate), and the weaker band at 6050 has a different fine 
structure from the SrOH. _ In the far red region the general intensity distribution 
is very similar to that of SrOH, but with the larger dispersion of the Littrow 
spectrograph (strips d and e) the oxide’bands show definite structure and are 
clearly not the same as the flame bands. 

For the calcium are (Gaydon 1955) it was pointed out that the corresponding 
bands were much too complex to be due to transitions between singlet electronic 
states of CaO. It was considered possible that the bands might be due to transi- 
tions between triplet electronic states, but more probable that the emitter was 
polyatomic, possibly Ca,O,. With strontium, we have studied the 595(0A arc 
band with the 21 ft grating (strip /). The structure is extremely complex, with 
no sign of regular rotational branches. It is known that under this dispersion 
the various triplet systems of ZrO and TiO (molecules with comparable rotational 
and vibrational constants to SrO) show fairly well resolved rotational fine struc- 
ture, with definite branches. There can be little doubt, therefore, that the emitter 
of this band is polyatomic. 

Using the special burner for spraying, we have studied the effect of concentra- 
tion on the absolute and relative intensities of the 5950 and 6050 bands. Spectra 
were taken with the Littrow spectrograph, using a wide slit. We found that the 
strength of the SrOH band at 6050 was roughly proportional to the concentration 
of strontium sprayed into the flame, but that the 5950 band varied as some higher 
power of the concentration. 

These results are illustrated in strips g and h of the plate. Strip g shows the 
spectrum of a saturated solution of strontium nitrate sprayed into the flame, with 
an exposure time of } minute. Strip # shows a } saturated solution, with the 
exposure time increased to 3 minutes. Processing of plates and prints have been 
kept the same, apart from an accidental minor change in the enlargement size, 
and the flame was held the same for the two exposures. It will be seen that the 
5950 band is obviously very much weaker with the weaker solution, despite 
the longer exposure time. The main band of SrOH is too heavily exposed to be 
seen well in the reproduction but from negatives it is clear that its strength is 
roughly proportional to the product of concentration and exposure time. Precise 
quantitative measurements do not appear possible. Apart from the error in 
using exposure times instead of intensities for photographic work, there is some 
overlapping of the bands so that the strong SrOH contributes some background 
in the region of 5950, and also the oxy-hydrogen flame itself gives some weak 
continuous emission which will be stronger in the longer exposure. It is not 
possible to say that the strength of the 5950 band varies as the square of the 
strontium concentration, but it clearly varies more rapidly than the first power. 
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These results indicate that the emitter of the 59504 band contains more than 
one Sratom, Although it is not certain with present information that it actually 
does contain two atoms of Sr, the results appear consistent with the emitter being 
Sr,O,. Although, with low concentrations, the strength of Sr lines and SrOH 
bands should tend to be proportional, in first approximation, to the first power of 
the concentration, and the Sr,O, band to the square of the concentration, this 
will not be strictly so in higher approximation. Obviously as the amount of 
Sr,O, increases at high concentrations it will reduce the amount of Sr available 
for formation of the hydroxide, so that the true rate of variation of strength of the 
bands with concentration will depend on the set of equilibria between Sr; Sr Ol; 
Sr,O, and the flame gases; other species such as Sr+ may also be involved. 

Under small dispersion the 5950 band appears to be shaded to the red with 
diffuse heads at about 5938 and 59694. The 6050 arc band also appears shaded 
to the red with two diffuse heads. With the larger dispersion of the grating, 
however, the structure is found to be very complex with a number of weak heads, 
many of them degraded in the other direction, i.e. towards the violet. There isa 
strong feature at 5969-84; it is not certain whether this is a band head degraded to 
the red or a diffuse atomic line. We have measured heads degraded to the violet 
at AA 5945-4, 5950-7, 5952-8, 5954-2, 5955-4, 5957-6, 5962-4, 5963-1, 5965-1, 
5972-5, 5976-3, 5977-0, 5980-6, and 5986-2, A head at 5974-8 ‘appears to be 
degraded to the red and there are broader maxima at 5967-4, 5966-3 and 5965-64. 
This type of structure, with a general shading to the red and most individual heads 
shading to the violet, supports the assignment to a polyatomic rather than a 
diatomic emitter. 

The red bands in the arc show a lot of structure but few prominent features. 
Weak heads have been measured (to +1A) at 6447-3, 6451-1, 6454-4, 6466-1, 
6507-8, 6511-6, 6515-8, 6521-4, 6585-8, 6600-6, 6634-3, 6637-4, and 6672-4; 
these are degraded to the violet. A head at 6620-7 may be degraded to the red 
and there is broader structure at 6455-7-6458-6. ‘There appears to be no prospect 
of making any analysis of these bands. 


$5. Banps oF BaOH anp BaOD 


The green bands at 4870 and 5120 appear readily in the flame. ‘These bands 
(see strip /) are rather wide and diffuse, and unlike the corresponding short-wave 
bands of CaOH and SrOH do not show any fine structure when examined with 
the Littrow spectrograph. There is also emission in the infra-red;} this is 
divided into two strong regions, 7120-7580 and 7830-8390, but the apparent 
distribution of intensity is determined more by variation of plate sensitivity with 
wavelength (Long-Range Spectrum plates were used) than by the actual band 
structure, 

The green BaOH bands have also been obtained from the vacuum arc in H,O 
vapour, but do not appear as readily or cleanly as the systems of CaOH and SrOH. 
In the case of barium there is a very strong line spectrum of Ba, a general 
continuous background and on most plates some of the arc bands as well. We 
have had most success using barium metal on the arc poles, rather than the 
nitrate. Strip j of the plate shows the vacuum arc in H,O, and the BaOH bands 
are visible. With the arc in D,O we have had difficulty in getting clear plates 


4 Kleman and Liljeqvist (1955) have recently observed band structure in the region 0:8 
to 1-0 in a flame ; this is attributed by them to. BaO, 
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(e.g. strip k) but it appears that there is an appreciable isotopic shift, the 5120 
band of BaOH being displaced appreciably to the red in BaOD; the bands of the 
complex oxide (?Ba,O,) confuse the appearance of this plate. However, the 
evidence for an isotopic shift appears fairly definite and supports James and 
Sugden’s assignment of these bands to BaOH. 


$6. Arc BANDs OF BARIUM OXIDE 

The are in air at atmospheric pressure, using barium nitrate on graphite 
poles, shows Mahanti’s system of-BaO together with more complex bands near 
4800, 5020 and 55004. The bands at 4800 and 5020 are rather wide; we have 
examined them with the Littrow spectrograph, and their structure is again 
complex, and overlapping by the resolved rotational fine structure of the BaO bands 
makes location of weak heads difficult. 

The band near 5020 does show one good group of heads, degraded to the red, 
commencing at 5007A. ‘The following are the first five heads in this sequence : 
5007-0, 5009-6, 5012-6, 5015-1, 5017-64. The appearance of this sequence is 
very similar to one of BaF (see Datta 1921) and the region is quite close, the first 
head of BaF being at 5000-6, but the other stronger sequence of BaF at 4950 is 
quite absent from our plates. 

In the 4800A region, the plates on the Littrow spectrograph show heads, 
degraded to the red, at AA 4729-9, 4739-6, 4789-1, 4830-5, 4844-5, 4846-4, and 
4855-1; there are maxima at 4821 and 48274. Although the heads are in this 
case quite sharp, there again appears little prospect of analysis. ‘The fairly 
strong emission in the 5500 region comprises two main bands, 5445-5452 and 
5482-5488 and is shown in strip z of the plate; strong Ba lines confuse the 
appearance a little. 

The barium arc in air also shows some emission in the infra-red. Some small 
dispersion plates on a small glass prism instrument, using Kodak 144 Q plates, 
show two strong bands with heads at about 8176 and 8652+5A; these are 
degraded to longer wavelengths, and although there are known bands of CaO 
at these wavelengths these are degraded the other way. From the small dis- 
persion spectra it is not possible to say much about their structure or whether 
they are due to BaO or a polyatomic emitter. 


§ 7. CONCLUSIONS AND DISCUSSIONS 

These studies, showing an isotope shift on replacing H by D, have supported 
James and Sugden’s assignment of flame bands to SrOH and BaOH, and it has 
been shown, as with calcium, that the bands in the spectrum of the ordinary are 
are not the same. ‘The arc bands are provisionally assigned to a dimer of the 
oxide, this being strongly supported by the variation of intensity with concen- 
tration for Sr. The close correspondence in spectral region of the hydroxide 
bands, the complex oxide bands and also (as pointed out by James and Sugden) 
of the fluoride bands is remarkable. The table illustrates this for calcium, 
strontium and barium. 

For all these emitters, as we pass from calcium through strontium to barium, 
the separation between the two systems increases, the longer-wave system moving 


+ Very recently Inghram and Chupka (1955) haye found Ba,Og, Ba,O and Ba,O, with 
a mass spectrometer. 
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into the infra-red. ‘The other halides of Ca, Sr and Ba also show spectra in the 
visible and near infra-red. All these systems are only weakly degraded, suggesting 
that the electron responsible for the transitions may not be one of the bonding 
electrons. The similarity in spectral regions between the fluorides and the 
isoelectronic hydroxides is perhaps not surprising, but the similarity to the 
complex oxide is more difficult to explain. ‘These results pose some interesting 


problems on the electronic configurations of this type of molecule. 


Comparison of Spectral Regions of Band Spectra 


Metal Hydroxide Complex oxide Fluoride 
M MOH ? MO. MF 
Ca Green 5540 Green 5490-5520 Green 5291, 5145 
Orange-red 6230 Orange 6040-6170 Orange 6037, 6064 
Sh Orange 6050 Orange 5950, 6050 Yellow 5772 
Far red 6400-6800 Far red 6400-6800 Red 6512, 6633 
Ba Green 4870, 5120 Green 4800, 5020, 5500 Green 4950, 5000 
Red & infra-red (Infra-red) Red & infra-red 
7120-7580 (8176) 7119 
7830-8390 (8650) 8151, 8571 


The existence of these hydroxides and complex oxide spectra greatly 
complicates the determination of the dissociation energies of the simple oxides 
CaO, SrO and BaO. Results by Huldt and Lagerqvist’s flame method are 
untenable and any method based on chemical equilibria will be difficult. It is 
unlikely that the very strong arc bands of these metals, now attributed to the 
complex oxide, will be found in stellar sources; the very low pressure in such 
sources favours the simpler diatomic emitters. 
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Abstract. ‘The decay of z and @ particles is discussed on the hypothesis that the 
amplitude for an isotopic spin change of AT in 7 and @ decay to pions should 
decrease with increasing A7, the transition AT=} being dominant. Assuming 
zero spin for 7 and @, the large difference between 6° and 6+ lifetimes and the 
z'/7 branching ratio (predicted as 0-32) both agree well with this hypothesis. 


§ 1. INTRODUCTION 


N the decay of 7 and @ particles, the final pion system may be described in 

terms of states of definite isotopic spin 7. In general the final pion state will 

not be an eigenstate ¢, of T but will be a superposition of ¢, for the various 
possible T. It is now believed that the initial particle may also be described in 
terms of isotopic spin, both 7 and @ particles being considered to be a member of 
a T= doublet. Clearly isotopic spin cannot be conserved in such a decay 
process since this leads from a state of half-integral isotopic spin to a state of 
integral isotopic spin; a half-integral change AT in the total isotopic spin is 
effective. 

It has been noted by Pais (1955) that in all of the weak decay processes observed, 
both for K-particles and hyperons, which lead to final states which may be 
described in terms of isotopic spin, there is a change AT;= +4 in the isotopic 
spin component. For the 7* and @* decay, AT;= +3 whereas AT;= —4 for 
hyperon decay or for anti-K-particle decay (7 or 6). Further, the cross-over 
transition =E—>N+7- which is energetically very favourable and for which 
AT,= —1 would be necessary has not been observed to compete with E—+Ay) +7, 
for which AT,=—4. Gell-Mann (1955) has remarked that this rule could be 
a consequence of a more restrictive rule requiring that the total isotopic change by 
3 in such decay processes. This rule AT= 3 would then limit the isotopic 
spin states ¢, present in the final configuration. 

Our purpose in this note is to consider the interpretation of the experimental 
evidence on the states ¢,, in the final configuration of 7 and 6 decay in terms of the 
less restrictive hypothesis that the matrix elements M(A7’) for isotopic spin 
change AT should decrease with increasing AT. In particular it will be found 
that the difference in the , 6+ lifetimes and the 7’/7 branching ratio have a natural 
interpretationt on the basis of this hypothesis. 

+ The work described here was carried out whilst the author was Visiting Associate 
Physicist at the Brookhaven National Laboratory. 

{ Whilst the manuscript was being prepared, pre-publication copies of papers which 
discuss the application of the strict AT=} rule to hyperon and K-particle have been 
received by the author from Dr. R. Gatto and from Professor Wentzel. 
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§ 2. Tue Decay OF THE 6-MESONS 

Consider first the partial lifetimes of 6°, @* mesons for their decay to two 
pions. Since the 6-mesons are assigned 7’= 1 in the Gell-Mann (1953) scheme, 
a transition AT’= } may then lead to a final pion state with T=0 or T=1; a final 
state £=2 may be reached by the weaker transition AT=8 or even AT=3. 
We will denote the operator effective in this decay transition by 

C=O) Ot), | neem (2.1) 
where OAT) denotes the operator for isotopic spin change AT, the change 
AT? peme A= t=. 

Since the two pions are Bose particles, their total isotopic spin must be odd 
or even according as their total angular momentum (equal to the §-meson spin /) 
is odd or even. For odd j, only T=1 is possible for the final state both in 6° 
and @+ decays. For even j, the final state in 6*-decay can only be a TZ state 
whilst the 6°-decay can proceed through a more favourable channel to a final 
J =O state: £ 

Now, in the Gell-Mann scheme, the 6° and its antiparticle 6° have different 
T., and are therefore distinct. On the basis of the natural assumption that all 
interactions are invariant under charge conjugation (interchange of particles with 
antiparticles), Gell-Mann and Pais (1955) have pointed out_that the neutral 
0-particles which have definite masses and lifetimes are not 0°, 6°, but the 0,203 
particles with definite charge conjugation parities c. At a given time, theta, 
0,° fields are related to the 0°, 6° fields by 


[Oy =V/3([O:°) +2] 62°>), [O° = 4/3 (1 81°) — 7/829). - (2.2) 
Statements concerning charge independence apply only to the particle mixtures 
6° and 6°; the particles 6,°, 6, do not even have a definite T, value. By definition, 
it is the 6,° particle which decays to 7++7 and has charge conjugation parity 
c=(—1). For the 6,° particle, c=(—1)’+1 and a 2m-decay is forbidden; its 
modes of decay are not yet known experimentally. 

Consider first odd spinj. The decay amplitude for 6°, 6+ mesons is given by 


C1, m+ |O,|d,70) © OS veeskes (2.3) 
the matrix element of (2.1) from the initial T=} state (m= + 5 for 0°, 0* mesons 


respectively) to the final state T=1, T;=m-+t. ‘This may be evaluated by use 
of the general result 


CWIM|O(1) | Im) =cUTS, miM)\ SWOT) it), saan (2.4) 
where c(J7TJ, mtM) denotes the Clebsch—Gordan coefficient and the reduced 
matrix element </ || O(7)|| > is independent of the m-values. For the 6,° 
particle, the matrix element for 27-decay is related to (2.3) by 

(2a | O;|0.°) =A72 (2a (ON en ee ree (2.5) 


in consequence of (2.2), since the transformation of a @,° particle to two pions is 
forbidden. Finally the matrix elements for 6,° and 6* decay for odd spin j are 


M(6,°)= 1 |] OG) | 2>— I OG) 2), } 
M(8*)= (1 |] OG) I 2> +2411] OG) I>. 


The ratio of the two reduced matrix-elements in (2.6) is real, since they lead to 
the same final scattering-state. The ratio |M(@,°)/M(6*) |? may therefore have 


ee 
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any value, in general. However, with the hypothesis that O(}) matrix elements 
are large relative to O(3), it would follow that 6,° and 6* lifetimes would be equal. 

For odd j, then, the hypothesis that O(3) is dominant appears to be excluded 
by the data. Direct measurement of the @* lifetime by Fitch and Motley (1956) 
and also by Alvarez et al. (1956) has given a value 1-2 + 0-1 x 10-* sec, whereas the 
6,° lifetime is known (Gayther 1955) to be 1:77 (| x 10“! sec. It should be added 
here that observation of a 27°-decay mode for the 6,° meson would exclude odd 
spin values. 

Next consider even spin j. In this case the matrix element from 4) to 7=0 
state has amplitude — <0 || O(4) || 4) = —a@/1/2, that from @) to T=2 state has 
amplitude 

(2|] O(8) I] 3) — 2 OB) IB =(@s—ag)V/2. seas. (2.7) 
It has recently been pointed out by Takeda (1956) that the phase of a,, a3 or a; 
is not arbitrarily assignable, but is given by the phase shift 6, of the pion—pion 
scattering state of isotopic spin T and angular momentum j. In terms of these 
amplitudes the branching ratio in 6,° decay is 
P(O2-27°)  _ [a+ 2(43— 45)? 
POO sat +m) |a/2a,—(43—45)] 
For the 6* particle, a strict AT =} rule would forbid the K,,, decay, since the only 
allowed final state (7 =2) cannot be directly reached. However, the T'=2 state 
can be reached with a AT =} rule by appeal to the electromagnetic interactions, 
which violate the isotopic spin selection rules.t ‘This state could then be reached 
by emission and absorption of a virtual photon, giving a matrix element of order 
a#O(4) where « is the fine structure constant 1/137. The partial lifetime for 
§++2> +7° would then be of order o2~10~ times that for @,° decay. Of course 
the 4+ decay element may contain numerical factors to increase this ratio but it 
seems rather unlikely that these should be so large as to give the observed ratio 
il ; 

For this reason it seems necessary to allow direct transitions through the 
AT =2 and 3 channels to a final T=2. The matrix element is (1/ $43 + V/ 345); 
so that 


P(Ot->nt++7°) 3 |a3+2a,/3 |? 
P(69>2n) = 4a,?+(a,—4;)? 
Assuming a; <a; <qj, it will be seen that the observed lifetime ratio may be 


obtained with 
- |e 
<0 |]O@) [lz > 


It should be noted that this 7 =2 admixture implies a considerable deviation 
from the 6,° branching ratio of } as given by the AT=) rule. With the above 
value of |a;/a, |, this branching ratio becomes, to a sufficient approximation, 

0-5[1 + 34/2 | a,/a, | cos (8,—5o)---]; NporDD (2201) 
which lies between about 0-2 and about 0-8, depending on the value of the phase 
Bhifis 82.5). 

+ Violation of the strict AT=} rule could also arise from the 7+, 7° and N, P mass 
differences (which probably arise from virtual electromagnetic interactions). The pion 
mass difference is the larger effect and may be considered as a perturbation d(?) 7” which 
can change the isotopic spin of the system by AT=2. The amplitude of this AT=2 
violation will be of order 8(u?)R?~(uR)?/15 relative to O(2), the allowed 6,° amplitude. 
With R~h/M,c, this 6+ matrix element is again of order « relative to the 6,° amplitude. 


| ay 


e201) eee (2.10) 


6 


ay 
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It is now important to discuss the possibility of alternate decay processes for 
which the mechanism slowing down the K,,* decay is not effective and which 
might therefore compete successfully with K,,* decay. For example, the 
decay process 

Ot-part ter®eby | eh eee (2212) 
is permitted through the AT'= } interaction O(3) since the pions may now carry 
odd angular momentum and have 7=1. ‘This process is of course possible as an 
internal bremsstrahlung from the K,, mode but this would have probability at 
most of the order of « relative to K,, decay and therefore be unimportant. 
However, a direct emission process is also possible and would, in general, have 
matrix element of order e relative to the O(4) amplitude which gives rise to 6,° 
decay. 

For a scalar 6 particle, process (2.12) could proceed by emission of an electric 
dipole photon leaving the pions with unit angular momentum. ‘The amplitude 
for this process would be 

—~negk( po lR, o> 7 Gee cee ee (2713 
where g="¢ || O(4) || 3), E(k)=ke is the electric field of the emitted photon, 
p is the relative momentum of the two pions and R is the effective 6-particle 
radius. In (2.13) the last factor represents the centrifugal barrier amplitudes 
for the outgoing particles and 7 is a constant of order unity. ‘he phase space 
estimate for (2.12), obtained by taking matrix element egy, is 

P(O* rt +79 +y) 
P(0°->277) 


Already this gives P(0+—7* + 7° + y)/P(@*+~2+ + 7°)~7?(uR)?/10, where p is the 
pion mass. ‘The barrier penetration amplitudes of (2.12) reduce this by a further 
factor 0-10 (uR)*. With R~h/M,c, the branching ratio for the radiative decay 
(2.12) becomes quite negligible, of order ~10-°. 

For spin 2*, the direct emission of an electric dipole photon again leaves the 
pions ina 7=1, j7=1 state. In this case the barriers faced in radiative decay 
are quite similar to those faced in the K,, decay and the phase space estimate 
(2.14) gives an adequate indication of the branching ratio. This value is 
~7>(uR)?/10~10, as above, being small in virtue of the smallness of phase 
space for three-particle decay. ‘This result is typical of higher spin values for 
the @ particle. 

It is of interest to mention also the radiative decay process 


Gtsnt+y cela 


which the A7'= 4 interaction would allow for a non-zero 6-spin. For spin 2+, 
the emission is of an M2 photon: the matrix element is about e times the 6° decay 
amplitude (since the barrier penetration amplitudes are nearly equal), so that 
P(O*—>1* + y)/P(0+1+ + 7°)~100x21. No such decay process (2.15) has been 
observed, although the resultant 7-meson would have significantly longer range 
than for normal K,, decay and about 40-50 K,, secondary ranges have now been 
measured.t Similarly the internal conversion process associated with (2.15) 


Upset ercres sae o(2eLGy 


+ Secondary ranges from K,, decay have been measured by many groups, for example 


the G-stack collaboration (1955), Ritson et al. (1956), Crussard et al. (1956) and Whitehead 
et al. (1956). 


= 08372 x (UR )Pecawis Rncee (2.14) 
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would have a branching ratio of order 10? relative to the K,, decay, for a non-zero 
§-spin. Such a decay process, giving a coplanar pion and electron pair would 
be readily identified in emulsion work, but the only events (about six in number 
now) giving a pion and electron pairt have been non-coplanar and interpreted as 
K,2 decay followed by the alternate mode of 7° decay 79+y+e++e-. It is of 
interest to note that process (2.16) is forbidden in first order in « for a scalar 6-meson 
since (2.16) is then a zero~zero transition with parity change; (2.16) is, however, 
possible in order x but its probability is then negligible (branching ratio 
less than «*). 
§$ 3. THE DEcay OF CHARGED 7-MESONS 
In addition to the well-established decay mode 
ee eae 8 ee Neue Ga) 
the 7-meson is now considered to have an alternate pion decay process, the 7’ 
decay, 
pot mm win (3.2) 

The final state of three pions of unit total charge may be written generally 
as a superposition of states of total isotopic spin T7=1, 2 or 3 with appropriate 
coefficients. Consider now the configuration in which three pions have been 
emitted with momenta P, @, R, where P>O>R. Functions with total isotopic 
spin 7 may now be formed by adding the isotopic spins of the pions P and O 
to give asum ¢=(, 1 or 2, and then adding the third isotopic spin to this to give 
the total 7. In this way six isotopic spin functions y,’ may be formed. For 
example, 


Xo) = Ug(Uy Wy + UzWy — VyV2)/V/3, } (3.3) 

Xol = {Ug(uyey + My, + 20,V2) — 3vg(uyL2 + Uy21) + OWsetyuy}//60, Jo 
where u, v, w are the isotopic spin functions with m= + 1, 0, —1 for a single pion 
and the suffices 1, 2, 3 refer to the pions with momenta P, Q, R respectively. 

The coefficient associated with each of these isotopic spin functions in the 
wave function for the final state will be denoted by F, G, and H, according as 
T=1, 2 or 3. These coefficients are then functions of the momenta (P, O, R). 
The final wave function must then be symmetrized, the pions being Bose particles 
irrespective of charge in the isotopic spin formalism, with the result 

$>p(Foxo" + Fyyy) + Foxe) + Gixs? + Goxo" + Hox07). +--+ (3.4) 
Here ©, denotes summation over all permutations of the suffices (123) referring 
to the three pions in x,’ and in the coefficients Ff, G, H. Since the isotopic spin 
states y,! are mutually orthogonal, the total probability for this configuration 
P, Q, R of pions, irrespective of the distribution of charges between the three 
pions, is given by 
(Chee ae eG Ge tadde)e  P eciee 385)) 

Now a function of three variables, suffices 1, 2, 3, can generally have one of 
three types of symmetry. It may be completely symmetrical (symmetry type [3]) 
or completely antisymmetrical (symmetry type [111]). There is also a third 
type of symmetry denoted by the symbol [21], giving a two-dimensional represen- 
tation of the symmetry operations. For a given function f(123), the totally 

+ Events of this type have been observed by Anderson, Lawlor and Nevin (1955), 
by Birge et al. (1956), and by other groups. 
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symmetric part may be picked out by use of the symmetrization operator, with 
result 4¥,f(123). The totally antisymmetric part may be picked out as 
1y,(—1)’f(123) by use of the antisymmetrization operator, (—1)’ being +1 
or —1 according as the permutation P is even or odd. After these two parts 
are subtracted from f(123), what remains must belong to the [21] representation. 

Now it is clear that none of these functions x,’ can contain a totally antisym- 
metric part, since the final pion system necessarily contains two identical pions. 
The type of symmetry contained in each of these functions x,;' may therefore be 
determined simply by applying the symmetrization operator. ‘Thus x,', Nan 
and y,2 belong to the [21] symmetry class, since the symmetrization operator 
gives zero when operating on these functions. Similarly it is readily shown that 
yo? is totally symmetric. Finally, for the functions X', x2, 


i= 5 2/5 i 

6 DP Xo" oO Xo" 9 X's | 

| | bcm alae (3.6) 
] 1 “Vv 5 i 4 

Dee ee Ie, 1 (ye | 


from which it follows at once that (\/5yo9!+2y¢')/3 is totally symmetric and 
(2x 9'— 4/5yx0!)/3 belongs to the class [21]. It is therefore convenient to define 
new amplitudes 
T=(v/5/3) Fo + (2/3) Fo, : 
J =(¥/5/3)F2— (2/3) Fo, 


appropriate to these functions. ‘The amplitudes / and H are now symmetrical 
functions of P, O, R, whereas the remaining amplitudes are all of the [21] 
representation. J and Gy, are clearly even for interchange of P, O whilst F, and 
G, are necessarily odd. ‘These functions must occur in pairs J, fF’, and G,, G, 
since there must be two functions to provide a basis for the two-dimensional [21] 
representation of the permutation group on P, O, R, for each of the cases T= 1 
and 2 when this representation occurs (cf. Dalitz 1953). Inthe region P>O>R, 
these functions J and F, (and similarly G, and G,) are independent functions. 


3.1. The Charged Decay Mode 


We will denote by A(7-z*z*) the amplitude for decay in which the negative 
pion has greatest momentum P, the positive pions having momenta O and R. 
In the figure we show the semi-circular plot described previously (Dalitz 1954) 
for the specification of 7-meson decay configurations. In this plot, the decay 
configuration is specified by a point X such that the perpendiculars XP, XQ and 
XR to the sides of the equilateral triangle LMN are proportional to the energies 
of the negative and of the two positive pions respectively. These points X 
are confined to the region internal to ABCD by the requirement that the 
momenta P, QO, R can sum vectorially to total momentum zero. With the 
non-relativistic energy-momentum relation, ABCD is the inscribed circle to 
the triangle LMN; with the relativistic relations, ABCD is distorted somewhat 
from the circular shape (Fabri 1954), especially near points Band D. The lines 
OC and OB always divide this allowed region into three equal parts. 

A point X within the region DOC (as shown in the figure) corresponds to 
a situation described by A(ma*m*), the negative pion having the greatest 
momentum. Consider next the points Y, the reflection of X in OC, and Z, 
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the reflection of Y in OB. These points again correspond to configurations 
with the same pion energies but with a different distribution of charges. ‘The 
amplitude A(n*2-7*) refers to the point Y, where the negative pion has the 
intermediate momentum Q@, and A(ztz*z_) to the point Z, where the negative 
pion has the least momentum R._ If the amplitude A is totally symmetric then 
the value of A is the same at X, Y and Z. 


te 


N 


These amplitudes A(a-a*m*), A(a*a-a*) and A(a*a'az~) may now be 
obtained by inspection from (3.4) after writing out the various y," in full. 
Taking account of the replacement (3.7), 


h 1 1 1 , 
A(n-n* nt) = 3 ~ eer. V2" ais ae (3.8 a) 
1 1 
A ‘ ‘ 2 et @ \4i ta) © -aye, S 
(az TAT: ) ee res 79 ¥? (3 85) 
1 Ys 
A(m fee upp }= ee 3 Ms aisieesregs (3 8c) 


where we have used the following notation 
A=(214+ H)/V/5, p=U— 2H iA 5, 
x=(F+G,)//2,  B=(I-G,)/V2, 
y=(F,-G,)/v2, b=(F, + Gy)/V/ 2. 

With this notation, the sum of the squares of the amplitudes (3.8) becomes 


eat Aa Sa yt ee) Bie (3.9) 
whilst the total decay probability (3.5), irrespective of pion charges, is 
(A2 + 02+?) +(p2?+874+57), ee ae ee (3.10) 


It is of interest to note that the intensity of r decay events at X, Y or Z contains 
interference terms between amplitudes of different symmetry classes, whereas 
the sum o(27++77) of these intensities does not.t By a comparison of these 
three intensities, it may therefore be possible to obtain separately the amplitudes 

+ It is of interest to note here that the quantity which is plotted on the sector diagram 
proposed (Dalitz 1953 b) for representing r-decay when the charge signs of the pions 
are unknown, is actually o(27+-+-77). In this diagram, the perpendiculars PL, PN and 
PM refer to the momenta P, Q, R respectively. 
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\, «, y. These amplitudes are, however, generally complex quantities. ‘Their 
phase arises from the interactions between the three pions after their emission. 
Since the interactions between pions are likely to be of short range, being 
transmitted through intermediate nucleon—antinucleon states, it seems reasonable 
to assume that the phases introduced by these pion—pion interactions are small, 
especially in view of the low relative pion energies of interest in t-decay. It 
therefore seems reasonable to assume that A, «, y, etc. are real parameters. 

Considerable data on 7-meson decay has been obtained systematically by 
groupst at Columbia (Harris and Orear, private communication), NUE. (Feld 
et al. 1955) and Berkeley (Haddock, private communication) from emulsion 
stacks exposed in the Berkeley K+ beam. It is believed that these data contain 
no bias favouring particular kinds of decay configuration. ‘These data are not 
sufficient to allow a detailed comparison between the points X, Y and Z and we 
therefore consider integration of X, Y and Z over the regions COD, BOC and 
BOA. These regions contain 83, 66:5 and 67:5 events respectively, for a total 
of 217 events. 

After assuming a momentum dependence of A, «, y appropriate to the r-meson 
spin considered, there are still four solutions possible for the averaged magnitudes 
of A, a, y, even assuming A, a, y to be real. However, since the number of events 
in the three regions are comparable, it is clear that there is one particularly simple 
solution, namely a solution in which «, y<A. For this case, we may neglect the 
squares of « and y in the squares of the amplitudes (3.8) and obtain the result 

Aa* JA? = (2Z —X — Y)/24/2(K+ Y+2Z), 

Ay* [2 = — 1/6(X — Y)/4(X + Y+4 Z). 
‘The data mentioned above give 

Aa* /A2 = — 0-025 + 0-022, Ay 1A? = —0-0255. 0-022 5 eer ace Gili 

The simplest interpretation of these ratios is then that the final wave function 
consists dominantly of a term totally symmetric in isotopic spin and space 
coordinates, with a very small admixture (at most 5°, in amplitude) of a term 
of [21] x [21] symmetry. 

For a pseudoscalar t-meson, this situation would seem very reasonable. 
The simplest decay configuration is one in which the negative pion and the relative 
motion of the two positive pions are in S-states. It is reasonable to expect that 
this amplitude dj (p?) may have some weak momentum dependence] of order 
(pR)? depending on the finite size of the 7-meson. The amplitude is compietely 
symmetrical apart from these correction terms, and terms of order (pk)? will 

+ Additional data on 7-decay has recently become available from the work of groups at 
Gottingen (Biswas et al. 1956), at Berkeley (Smith et al. 1955) and at Padua (private 
communication). ‘Together with the above data, the regions X, Y, Z now contain 207, 
181-5 and 176-°5 events respectively, for a total of 565 analysable events. The numbers 
(3.11) are obtained from the complete data now available. 

{ If the 7-decay amplitude is assumed to have momentum dependence {1 + B(p/M,c)?}, 


then the function A is the constant 1/3(1-+ But,,/M,2c2) and the functions a and yv have 
the forms 


a= B(Q?—P?)/,/2(M,c)?, y = B(2R?— Q?—P*)/\/6(M,0)?. 
Integration of these expressions over the region DOC allows comparison with the empirical 


results (3.11). Comparison for « gives a value B=2:0+ 1-7, whilst comparison for y gives 
(x= leilse ih), 
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give [21] admixtures of the general order (3.11) for an assumed radius R~/h/M_c. 
The next configuration which is appropriate for a pseudoscalar 7-meson, consists 
of (/, L)=(2, 2), two D-states, and would be expected to occur with rather small 
amplitude of order (pqR?/15)? since the centrifugal barriers are then quite 
considerable. 

It will be of interest to discuss briefly the next spin—parity value not excluded 
for the 7-meson by the present data, namely spin 2~. For this case, the decay 
amplitude may be estimated as the sum of two terms, corresponding to 


(y=, 0) and (0,2); 
A( pp; - 3P°0,;) + B(4a.q; — 39°0,;)> ONE GhOrS (3.12) 


where p, q are respectively negative pion momentum and the difference between 
the positive pion momenta. The symmetric part of (3.12) may be obtained by 
application of the symmetrization operator; the symmetric term alone gives 
a total intensity 5(4 + 3B)?2tm?/12 times phase space, where p is the pion mass 
and tm the maximum pion energy in t-decay. This corresponds to the term 
2 of expression (3.9). The term «+? may be obtained by subtracting this 
term from the total intensity due to (3.12), namely 5(A?+9B?)u?tm?/6 times 
phase space. For spin 2-, then 


Ni(e2+y2)=|A4+3BP/|A-3BP. see (3.13) 


It is useful to note that the angular correlation between p and q, averaged over 
the magnitudes of p and q is proportional to 


5(42 + 9B?) + 182(A*B)P,(cos 8). ssn o ae (3.14) 


Rough isotropy in 7-decay suggests that A~3B and that A(A*B) is small. In 
this case, the terms of symmetry [3] and [21] contribute about equally to the total 
decay rate. 


3.2. The +’ Decay Mode 


Here we will consider only the overall branching ratio between 7 and 7’ modes. 
The amplitudes A(a*7°n°), A(n°x*7°) and A(n°nn*+) can be obtained by 
inspection from (3.4) as before. Alternatively the sum of squares of these 
amplitudes may be obtained from (3.10) which gives the total probability of 
> and 7’ modes together; thus 


G(r eon \ = pees) 8) naan (3.15) 


The ratio of o(7++27°)/o(27* +7) given by (3.9) and (3.15) agrees with the 
values given earlier for pure T-states. In particular, if attention be confined to 
T=1, then A=2p and «=f, so that this ratio would lie between } and 1, the 
limiting values being attained for a state totally symmetric in P, Q, R (~=9), 
and for a state of [21] x [21] symmetry (A=p=9) respectively. 

The ratio of the total probabilities for the decay processes (3.1) and (3.2) 
is now given by the ratio of the integrals of o(279 ++) and o(27* +77) over all 
momenta P, QO, R satisfying energy and momentum conservation. For the 
process (3.2) this is given by (cf. Dalitz 1955) 

r d,P d. d,R 
| o(2n + 1+)(2r)!5(wp’ + Wg’ + wp — M)3(P + @+R) Data Oattaa! Gavan’ 
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where w,’=(jip?+x2)!2 is the energy of a neutral pion of momentum x, 
Expression (3.16) may be reduced to 
‘ ( (w? — p?)(M2— 2Ma + py? — 4409) | ¥? 
aren (etal nibs O NY pe me 3.17) 
2 | of2n? + m+) M2 2Ma+ 2 ‘mae oi 


The corresponding expression for the 7-decay 1s obtained from (3.17) by replacing 
py by wand o(279+at) by o(2n++77). The integrals may each be written 


4(Mp)? ‘tn 11/2 if 14+¢/2p lear 3 18 

“M-p Jo ein =)" a oni) ee Cees 
where fm =(M—2py—p)(M + 2p)—»)/2M is the maximum kinetic energy for 
the odd pion. Neglecting any momentum dependence of o, the phase space 
integral may be approximated by expanding the second square root and integrating 
term by term to give 


NZ 
2:33 tm? {1 +040 2 20,105 (2) f aa Sale E ee (3.19) 
HE He 

Since the neutral pion has mass 4-7 + 0-3 Mev less than the charged pion, 
the energy release in the 7’ decay is 83-7 Mev in place of the 74-3 Mev for the 
z-decay. Using expression (3.19), the phase space for the 7’-decay is 1-295 times 
that for the 7-decay. 

If the squared amplitudes c have momentum dependence, this must be 
included in the integration (3.17). For spin values greater than 0, momentum 
dependence of o will arise from the variation of the amplitudes for centrifugal 
barrier penetration as function of energy. Since the centrifugal barriers become 
less effective with increasing particle momentum, this effect would increase the 
z'-decay further relative to the 7-decay. 

For a pseudoscalar meson, we have seen that it is expected that the final 
state wave function will consist mostly of a completely symmetrical term. ‘The 
admixture of [21] symmetry was found to be of relative amplitude («, y)/A< 0-05. 
Since the 7’ /7 ratio depends only on the square of the [21] admixture, this admixture 
will have a negligible effect on the branching ratio. We therefore consider only 
completely symmetric final states. 

The application of the selection rule AT =} would allow only T=1 for the 
final pion state, since T=} is assumed for the 7-meson. For the symmetrical 
T=1 state (all amplitudes zero except J) the ratio o(27°+7*)/o(2m++7) is 
3 according to (3.9) and (3.15) and the 7’/r branching ratio is predicted to be 


a /r=Ex1:295=0325 kaa (3.20) 


The most reliable experimental numbers on the 7’/7 ratio are those of Birge 
et al. (1955), obtained by following K-meson tracks to their ending. These 
workers found ten 7’ events compared with 41 7 events, giving a ratio 0-24 + 0-09. 
From an area scan of emulsions exposed to the Berkeley K* beam, Ritson et ai. 
(1956), give a ratio 0-22 + 0-07, after making corrections for the relative scanning 
efficiency for z and 7’. In the G-stack collaboration (1955), the ratio 6/30 found 
was considered to be an overestimate, since not all possible 7 events were examined. 
Finally, Crussard et al. (1956) have recently found a relative frequency 4:5/30 
for 7-mesons produced in an emulsion by the passage of 6Gev protons. Although 
these individual values are not incompatible with the ratio 0-325, each of these 
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values does lie low by about a standard deviation. It is clear that a more accurate 
value for this ratio, obtained under unbiased conditions, is now very desirable.t 

Let us consider next how deviations from the value (3.20) given by the 
AT =4 rule may be interpreted. For a symmetrical pion state, 7’=3 is allowed 
as well as T=1, although an isotopic spin change of A7'=$ is needed in the 
decay. Including this state, the 7’/7 ratio becomes 


7 I-—2H\2 tes 
—— 1:295 (=m) E0325 (1 —5 7) fm SR. (3:21) 
Generally a given ratio 7’/7 may be obtained for two different values of the ratio 
H/I. Wowever, the observed ratio is quite close to the value obtained for H=0, 
so the simplest interpretation of the ratio is obtained with the assumption H/I <1. 
The 7’/7 ratio is quite sensitive to small admixtures of 7=3 state; an admixture 
of only H/J~0-06 is necessary to bring the ratio down to the observed mean value. [ 
This ratio may then give an indication of the relative magnitude of the amplitude 
for isotopic spin change AT = 3 relative to that for AT=}. 

Finally, it should be pointed out that such a simple interpretation of the 
+'/r ratio, based on a AT'=4 rule, does not generally go through for higher spin 
values. For a final T=1 state, \=2p, «=f and y=5=0, so that the 7’/7 ratio 
may be expressed in terms of the ratio (3.13). For spin 2, the 7’/r ratio is then 

cer ae Je = oe 

T [8  4:A?+95" 
where the first factor represents the ratio of the phase space integrals for this 
case. It will be seen that the angular correlation (3.14) is closely related to the 
+'|r ratio. To give a 7’/7 value as low as the observed mean value would imply 


an angular correlation far stronger than the present data on 7-decay permit. 


§ 4. "THE 7°- MESONS 
If the Gell-Mann assignment T=} to the r-meson is correct, then there must 
exist also a neutral r-meson. This would be expected to have the decay modes 


ean a | PSE GE (4.1 a) 
ee ee te ee. Mea (4.1) 


Although some ‘anomalous 6-particle’ events which have been reported 
(e.g. Arnold et al. 1955) would be consistent with interpretation as the 7°-decay 
(4.16), there are many other anomalous 6-events which cannot be interpreted 
in this way, so that there is no compelling evidence for the existence of the 7 


+ Note added in Proof. Drs R. W. Birge and D. H. Stork have kindly infomed me that a 
more recent Berkeley investigation based on 50 7’ events leads to a ratio 0-394 0-096. 
Taking this together with the data mentioned above, they obtain a current 7’/7 value of 
0-332+ 0-067, in good agreement with equation (3.20). 

a Some modification of the 7’/7 ratio will result from the Coulomb interactions between 
the pions in the r-decay. These interactions can produce a TNS he 2 isotopic spin change to 
a final T—3 state. To a good approximation the Coulomb interaction between pions 1 and 
j increases the intensity of t-decay by a factor (1—reje;/v4j) where vj; is the relative velocity 
between the pions. Taking this into account for each pion pair, the 7- decay probability is 
increased by 2:6%, the average value of 1/v;j being 1:2. This effect depresses the 7’/T ratio 
(3:20) only to 0°316. The virtual effects of the 7*, 7° mass difference can also lead to a 
final T—3 state and produce further changes (of unknown sign) 1n T /7 of comparable order 


of magnitude to this. 
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particle at the present time. However, it is of some interest to discuss briefly 
the characteristics of the decay modes (4.1). 

First, it will be apparent that, just as for the 0-particles, it is the r° states of 
definite charge conjugation parity c which have definite masses and lifetimes. 
The 7° particle with c= +1 will be referred to as the 7,° particle, the 7,° particle 


having c=—1. Ata given time the 7,°, 7,° wave functions are related to the 
79, 79 wave functions by the expressions 
1 1 es 
[r)=—5 (179) +179) [2 = ay (179-17). 
V2 vy 


Now, for the decay mode (4.16), denote by L the angular momentum carried 
off by the neutral pion and by /the angular momentum of the relative motion of the 
a+ pair. The vector sum of /, L must equal the 7-meson spin, j=1+L. The 
space parity of the final system is then w=(—1)?*“*', and the charge conjugation 
parity c=(—1)'. Thus, for the r,° decay, / must be even, and the configurations 
(J, L) allowable for a given spin (j, w) are just those allowed for the 7* decay. 
For the 7,° decay, / must be odd and a different set of configurations apply. For 
spin 0-, (/, L)=(1, 1) is now the allowed configuration with the least barriers; 
the partial lifetime of the 7,° decay to pions would then be expected to be long 
(by a factor ~(wR)*/324) compared with 7,° decay. For spin 2°, the least (L, ) 
is again (1, 1) for 7,° decay compared with (2, 0) and (0, 2) for 7,° decay; for this 
case the partial lifetimes would be comparable. 

‘The final isotopic-spin state in r°-decay may be discussed as in §3.2. ‘There 
is now an additional state T=0 possible, whose amplitude we denote by £; 
this state is totally antisymmetric. The states y,", now with m,=0, may be 
written down as before. The intensity of the 37° decay is given by 
(4/2H — 1/31)?/5; it may be noted that 37° decay occurs only in symmetrical 
isotopic-spin states. The total intensity for decay modes (4.1) is given by 
(E? + [2+ H24+J?+4 G+ F2+G,?). 

Here we consider only the case of a pseudoscalar 7°-meson. The application 
of the AT=4 rule now allows both T=0 and T=1 final states. However, the 
T=0 state, totally antisymmetric in the space coordinates of all three pions, is 
difficult to form for total spin—parity 0°. ‘The simplest amplitude for this state 
has the form (p,?— p,?)( po? — p3?)(ps3? — py?) R® and will give a contribution to the 
final state which is negligible in comparison with that of the totally symmetric 
T=1 state. With the AT=# rule, generally 

P(71°>37°) is 21? 
P(t {oat +7 +7°) B+ 277+ Peo 
With the symmetrical state dominant, as expected for a pseudoscalar 7-meson, 
this branching ratio will have the value 1-5. If the amplitude for pion decay: of 
Tt)? may be neglected relative to 7,° decay, then the dominance of the AT=4 
transition would imply equal partial lifetimes for 7,° and 7*, as far as pion decay 
is concerned. 

For a pseudoscalar 7,°-meson, the configuration (/, L)=(1, 1) is dominant. 
‘The simplest estimate of this amplitude, (p.qR?) has [21] symmetry so that 
37° decay would be unimportant. The partial lifetime for pion decay of the 
7,” would be longer than that of the 7* by a factor ~103/(wR)*; it seems likely 


that decay processes involving neutrinos (e.g. ~*+v+7-) might be rather more 
probable. 
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§ 5. CONCLUSION 


It has been seen that two outstanding features of 7 and 6 decay, the 7’/7 
branching ratio and the @°, 6* lifetime difference, may be simply understood if 
an isotopic spin change A7T'=} is dominant in the pion decay processes. 
However, in each case, an admixture of higher isotopic spin changes has been 
found necessary to fit the available data in detail; for 0 decay, a AT = 3 admixture 
of amplitude of order 13°, was necessary, and for t decay a AT = $ admixture of 
amplitude of order 6°,. 

At this point it should be emphasized that, if an electromagnetic transition 
from 7 to @ is responsible for the observed decay properties (this is one of the 
possibilities suggested by Lee and Orear (1956)), then the lifetime of the daughter 
@ particle would be unknown empirically and the interpretation discussed here 
may have no relevance to the true situation for the @ particle. If the 7 particle is 
the parent of the 6, the difference in the apparent 6°, @* lifetimes may simply 
reflect the difference between the (7*, 6*) and (7°, 6°) mass separations, since the 
lifetime for this electromagnetic parent-daughter transition may be expected 
to depend sensitively on the mass-difference.t Such a situation could in fact 
account for the absence of evidence for the 7° particles—for example, the character- 
istic decay modes of the 7,° would be in unfavourable competition compared 
with an electromagnetic 7,°+6,° transition with a lifetime of order 107!sec, 
the observed over-all 6,° lifetime. However, the absence of evidence for 7°-decay 
may simply reflect the difficulty of observation of neutral unstable particles 
of lifetime long compared with 10-°-10~™ sec. 
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1287 ery fay 
ee Se ( 0) || en are 
3 740 He () @ E 
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lbstract. The gamma rays from !8T] and 1™Tl have been examined with 
a sodium iodide spectrometer singly and in coincidence. Radiation at 637, 
588 and 411 kev, decaying with a period of 1-8 hours, is associated with transitions 
in 18Hg following a 60° K capture branch from the isomeric state ™T. 
Tentative spins and parities are assigned. 


§ 1. INTRODUCTION 


HE decay schemes so far proposed for the radioactive nuclei of mass 198 
are shown in figure 1 (Orth et al. 1949, Bergstrom et al. 1953; Passell et al. 
1954). For 18Tl the spin assignments are only tentative and many 
gamma-ray energies not included in this scheme have been observed with the 


Figure 1. Decay scheme previously proposed for 1°°T'l and 198m'T] (The 2~ assignment 
for 198Au is from Elliott, Preston and Wolfson 1954, 1955). 
half-life of the ground state (5 hr) and more recently with the period of the excited 
state (1-8hr) (Knight and Baker 1955). Consequently the complete decay 
scheme must be considerably more complicated than is shown in figure 1. By 
contrast the decay of 18Au is relatively simple: it proceeds mainly by the well- 
known 411kev gamma ray that was used to demonstrate nuclear resonant 
scattering in !*8Hg (Moon and Storruste 1953, Davey and Moon 1953). ‘The 
present work arose from an attempt to see whether the 411 kev radiation from the 
decay of 1% could also be used for resonant scattering. For this purpose 
higher energy gamma radiation present was examined with a sodium iodide 
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in 


scintillation spectrometer to find its contribution to radiation scattered with 
energy in the region of 411 kev. A new mode of decay of the isomeric state of 
198T'], giving gamma radiation of about 610 kev was found. 


§ 2. PREPARATION OF SOURCE 

Gold targets approximately 0-001in. thick were prepared by electroplating 
on a polished copper cylinder ()-6 in. in diameter. These targets were bombarded 
with the internal beam of He?+ ions in the 60in. Nuffield cyclotron of this 
laboratory. ‘The bombarding energy was always greater than 37 Mev and with 
beams of about 10.4 bombardments of 10 minutes gave a strongly active sample. 
The thin targets ensured that the bombarding energy was above threshold for 
the !7Au (a, 3n)!8™T1 reaction throughout the target depth and reduced to 
a minimum the competing («, 2n) and (%,m) reactions. After bombardment the 
target material was dissolved from the surface of the copper cylinder with aqua 
regia and freed chemically from copper, gold and traces of mercury, and the 
active thallium was precipitated on carrier as thallous iodide. ‘The method 
followed Chemical Procedures used in Bombardment Work at Berkeley (Meinke 
1949), with the addition of an extraction into ether in the early stages. 


§ 3. ENERGY SPECTRA 


The gamma-ray spectrum was studied with sodium iodide (T'l) crystal 
spectrometers singly and in coincidence. Figure 2 shows the appearance of the 
spectrum taken on such a spectrometer, covering the energy range 0—-1100 kev. 


O-+HI 
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Figure 2. Single count scintillation spectrum. 


This spectrum shows four principal features—a very strong peak corresponding 
to K x-rays of thallium or mercury, a general hump covering the region 0-350 kev, 
where the rays of the cascade reported by Bergstrém et al. would be found, the 
clearly defined peak at 411 kev corresponding to the decay of an excited level in 
mercury, and a weaker peak at about 610 kev. There is also a significant counting 
rate at higher energies but no peaks are resolved. 
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The region 0-350kev is troublesome to investigate with a sodium iodide 
spectrometer, mainly because of the presence of the Compton distribution from 
the higher energy lines. In order to resolve the peaks in this region a series of 
spectra was taken at widely separated time intervals. The spectra were scaled 
to a common value for the intensities of the 411 kev peak and the later curves were 
subtracted from the earlier ones. ‘This procedure emphasizes components 
due to the decay of the isomeric state, and a peak at 282 kev corresponding to one 
of the transitions reported by Bergstrém ef al. was found. ‘The 261 kev com- 
ponent of the cascade from the isomeric state did not appear because it is strongly 
internally converted. 

The range 350-700 kev contains the two well-defined peaks at 411 and about 
610kev. The latter is so broad (cf. figure 2) and of such an irregular shape 
that it is certainly due to at least two gamma rays close in energy. Conversion 
electrons have been observed corresponding to gamma-rays of 637 and 588 kev 
and Knight and Baker (1955) associate these with !°8T. 

The inset to figure 2 shows how two radiations of this energy could be 
responsible for the 610 kev peak if they were present in approximately equal 
intensity. ‘The shape of the pulse height distribution does not vary with time, 
so the two components must decay with the same period. ‘The decay of the peak 
as a whole was followed over a period of ten half-lives with a sodium iodide 
scintillation spectrometer and gave a half-life of 1-90 hr. In order to follow the 
decay of the +11 kev line, the composite structure proposed above was used to 
estimate the counting rate in this region due to the Compton distribution from 
588 and 637 kev gamma rays. Subtracted from the observed counting rate, 
this gave the rate due to the 411 kev ray alone. The 411 kev radiation was thus 
found to decay at first with an apparent half-life of about 2:5 hr, which suggests 
that the 411 kev level is fed from the 1-8hr isomeric state as well as from the 
Shr ground state. The long-term decay of the +11 kev line showed a 5 hr period. 
From the initial decay rate it is estimated that at the beginning of this set of observa- 
tions 60°, of transitions to the 411 kev level of !*8Hg arose in the '*™T'l, and this 
enables the counting rate at 411 kev due to transitions from the isomeric state 
to be calculated, and compared with those at 588 and 637 kev. When corrected 
for variation of efficiency the ratio of radiation at 637:588:411 kev from 1°™'Tl 
was found to be approximately 1:1:1-3, a one-to-one relationship within the 
limits of error (20°). 


§ 4, COINCIDENCE MEASUREMENTS 


In order to clarify the inter-relation of these lines, a series of coincidence 
spectra was taken using circuits with a resolving time of about 5 x 10“ sec. Since 
a number of the rays present are in cascades with highly converted gamma rays 
or follow K capture, nearly all give strong coincidence with K x-rays, and con- 
sequently measurements of spectra in coincidence with these rays are little more 
helpful than the single count measurements. ‘The Berkeley group (Passel e¢ al. 
1954) report measurements of coincidence between K x-rays and the 282-4 kev 
rays. We also observe x-gamma coincidences which could be attributed to the 
282:4kev gamma rays, but with the channel settings used these coincidences 
could also have been due to the Compton distributions of higher energy gamma 
rays following K-capture in 1°™T]. 
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Spectra taken in coincidence with the 610 kev lines do, however, give clear 


and useful spectra. Figure 3 shows the lines at roughly 610 kev (which have 
been taken as 588 and 637 kev) to be in coincidence with each other, and also with 
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Figure 3. Spectrum in coincidence with radiation at about 610 kev. 


the 411 kev rays. The difference in shape between the coincidence and single 
count spectra of the higher energy peak is consistent with a composite peak 
having its components in coincidence, since the fixed channel was set to receive 
a higher proportion of the lower energy component. A triple coincidence 
measurement showed gamma rays in the region of 588, 637 and 411 kev to be 
in triple coincidence. ‘The coincidence spectrum at low energy shows a very 
strong coincidence of 610 kev radiation with K x-rays, and suggests the association 
of the 610 kev lines with K capture. 


§ 5. CONCLUSION 


The measurements of the radiations from 18™'T'] and 1°*'T'l in the energy range 
350-700 kev thus suggest lines at energies of 588 and 637 kev which decay with 
the period of the isomeric state and are in coincidence. They are also in triple 
coincidence with the 411 kev radiation, which decays with a composite period, 
and with radiations in the K x-ray region. ‘These observations may be explained 
by the decay scheme shown in figure 4, which postulates a K capture mode of 
decay from 1°*™'T] in competition with the isomeric transition. ‘The K capture 
is then followed by a triple cascade of 637, 588 and 411 kev gamma rays. ‘The 
order of the two higher energy components is not settled. Such a scheme is 
supported by the observation of Knight and Baker (1955) that conversion lines 
at 637 and 588 kev are produced by conversion in mercury, and also by the present 
scintillation spectra which indicate that all three gamma rays are produced in 
about equal intensity. 

Comparison of the intensities of the 282 kev and 637 kev gamma rays showed 
that 1%*™’Tl decays roughly 60°, by K capture, thus giving a half-life for this 
process of 1-1 10*sec. Now the energy released by K capture from the isomeric 
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level of 1°8Tl to the suggested 1636 kev level in mercury is approximately the 
same as that from the ground state to the 1086 kev level. ‘This second process 
was found by Bergstrom to have a half-life probably more than ten times that 
estimated above for the isomeric state, and consequently it is possible that capture 
from the isomeric state of !88'Tlis allowed, whilst that from the ground state to the 
1086 and 411 kev levels (both 2+) and ground state (0*) of 1°*Hg is first forbidden. 
Calculations on this basis, using an extrapolation of the information collected 
by Hoff and Thompson (1954) for elements in the region Z=89-97 and the 
half-life of 1-1 < 104 sec, would give an energy release of about 650 kev for allowed 
K capture from the isomeric state. This estimate, and calculations based on it, 
must be regarded as extremely crude in view of the large spread in K capture 
transition probabilities in the compilations of both Hoff and ‘Thompson and of 
Major and Biedenharn (1954). However, from this value for the energy release, 
the energy difference between the ground states of Tl and 198H¢ can be estimated 
as about 1-7 Mev, which compares with 2-2 Mev predicted from the semi-empirical 
mass formula (Metropolis and Reitweisner 1950). Again using the classification 
of Hoff and Thompson, a first forbidden K capture, from the ground state of 
198'T] to 1086 kev and 411 kev levels and the ground state of 1*Hg, would give 
a resultant half-life of about 140 minutes (or roughly half the observed value) 
and a partition ratio between the 1086:411kev levels of about 1:15 which 
compares with the experimental value of about 1:10, “If KK. capture ie first 
forbidden from the ground state, and allowed from the isomeric state, the spin 
change must be 0 or 1 with no change of parity for the capture from the isomeric 
state, and 0, 1 or 2 with a parity change for the ground state transitions. 

In considering the decay of the ground state of 198'T], we have assumed that 
the probabilities of K capture to the ground state and the 411 and 1086 kev 
excited levels of Hg would be equal, apart from the dependence on energy. 
The relative abundance observed for K x-rays to 411 kev gamma radiation, shows 
that the two processes are probably of about equal importance, and that there is 
certainly not a preponderance of the decay taking place between the ground 
states. 

A satisfactory assignment of spins and parities must reconcile the requirements 
of K capture transitions with the changes associated with the emission of the 
gamma rays. ‘The fact that strong coincidences have been observed between 
all the components of the cascade following K capture, using resolving times of 
about 10-*sec, indicates that the lifetime of any one of the components is not 
likely to be much greater than this. On the basis of the Weisskopf lifetime—energy 
relation, this would exclude radiation of multipolarity higher than E2 or M2. 
Since the spin change appears to be large the proposed scheme (figure 4) shows 
both 637 and 588 kev gamma rays as quadrupoles, which would give a maximum 
spin of 6 for the level in 198H{g to which electron capture takes place. Passel’s 
assignment gives a spin of 9 for the isomeric state (see figure 1), hence an allowed 
K capture process would be impossible between these levels. This difficulty 
may be removed either by assuming that the spin assigned to 198m'T'] is too high, 
or that a further component of the gamma cascade following K capture has been 
overlooked. ‘This second possibility is unlikely, since none of the other con- 
version lines associated with the isomeric state have been found to be associated 
with gamma rays of sufficient intensity when examined with a sodium iodide 
spectrometer. We accordingly believe that the spin of the isomeric state should 


be not greater than 7. 
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A (0 assignment for the ground state of 1%*’Tl would be in accord with the 
expectations of the shell model if the odd proton in a 3sy/. state is coupled to the 
odd neutron in a 4p,» state with spins opposed. Such a spin would place K 
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Figure 4. Decay scheme proposed here for #°8Tl and 1°°™T 1. 


capture from the ground state of 1°Tl to the 1086, 411 kev and ground state 
levels of '*Hg on an equal basis because if the transition between ground states 
is a () (+ transition each would be first forbidden according to Gamow~—Teller 
selection rules, and third forbidden for Fermi rules. ‘The assignment of 07 
to the ground state of !’I'l is thus in accord with expectations from the shell 
model, and also with our estimation that about half of electron capture in 1*T] 
takes place directly to the ground state of 8Hg. A 2- ground state for 1Tl 
would favour capture to the 2* excited levels at 411 and 1086kev. This reduction 
in ground state spin would similarly decrease the spin assigned to the isomeric 
state by two units to 7~, which is consistent with allowed K capture to a 6* level 
in mercury. 

‘The spins and parities proposed in figure 4 result from these considerations, 
and they appear to be consistent with observation, although now that an approxi- 
mately 50°, competing mode of decay has been found the association of the 48-4 kev 
transition with the isomeric gamma cascade may have to be reconsidered. 
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Abstract. The electronic band structure of silicon has been calculated along two 
axes of momentum space. The results agree qualitatively with experiment, but 
quantitative values are distorted by uncertainties in the potential used. The 
variational cellular method used is not too laborious in application, but appears to 
sutter from unexpected disadvantages at low-symmetry points in momentum space. 


§ 1. INTRODUCTION 


HE experimental interest in the electronic properties of many crystals, 

especially those of the Group IV elements and the so-called III-V com- 

pounds, makes it very desirable that the electronic properties of these 
crystals should be studied theoretically. Now that several methods are available 
for such investigation (Howarth and Jones 1952, Slater and Saffren 1953, Herman 
1954 a) it becomes necessary to make comparisons not only of the results they give, 
but of the ease with which such results are obtained. The calculations reported 
here were carried out partly to study the band structure of silicon and partly to 
assist an evaluation of what we shall call the variational cellular method (Jenkins 
and Pincherle 1954). Some preliminary results of these calculations have already 
been published (Bell et a/. 1954, Jenkins 1954). 

Silicon was chosen for study as a crystal on which much experimental work 
bearing on the band structure was in progress so that there was hope of a close 
comparison of theory and experiment. Previous theoretical calculations on 
silicon (Mullaney 1944, Holmes 1952, Yamaka and Sugita 1953) have been 
confined to the origin of k space and give conflicting results. ‘The present 
calculations cover the two main axes of k space, the 1,0,0 and 1,1,1, as it seemed 
likely that k = 0 might not be the most important point in the band structure. The 
results have confirmed this since the lowest point of the conduction band proved 
to be in the 1,0,0 direction in agreement with experimental observations. 

Similar theoretical calculations have shown that the results obtained may be 
sensitive to the potential chosen to represent the effect of the crystal on the motion 
of an individual electron (Herman 1954 b). The present calculations for the 
1,0,0 direction have been carried out with two different potentials to investigate 
this possibility, and although there are quantitative differences these do not 
affect the general conclusions on the shapes of the bands. 


§ 2. PHysicaL DESCRIPTION 


Silicon forms a diamond-type crystal with two atoms in the primitive unit 
cell. ‘These two atoms are on different face-centred lattices for each of which a 
typical unit vector is(0, a, a). It is convenient to use coordinate axes which are the 
inverse of each other for the two types of atom, so that the four nearest (unlike) 


Calculations on the Band Structure of Silicon a9 


neighbours of any atom are situated at points such as 3a (1,1,1). ‘The first 
Brillouin zone is a truncated octahedron, with unit vectors like (z/a) (1,1,1), 
two of the principal endpoints of the first zone being (7/a) (1,0,0) and 
(7/2a) (1,1,1). Forsilicona=5-13 atomic units, and this value was used through- 
out the calculation. 

The electronic energy levels forming the valence and conduction bands of 
the crystal are derived mainly from the 3s and 3p atomic levels of silicon, the K and 
L shells being too tightly bound to broaden appreciably into bands. Since there 
are two atoms in the unit cell each cell will give rise to eight energy levels which, by 
analogy with molecular theory, may be divided into four bonding levels forming 
the valence band, and four anti-bonding levels forming the conduction band. 
The eight M shell electrons in each unit cell just fill the valence band. ‘This is the 
band picture for the more chemical description of silicon in which each atom 1s 
joined to its four nearest neighbours by tetrahedrally directed bonds. ‘These 
bonds are represented by s-p hybrid orbitals joining atoms in pairs and each 
occupied by two electrons, one from each atom. The orbital picture and the band 
picture are, of course, related by a suitable transformation. 


§ 3. MATHEMATICAL FORMULATION AND METHOD OF SOLUTION 


Following the usual simplification, the energy levels E(k) of electrons having 
wave vector k and wave function #(k, r) are given by solutions of equation (1) in 
which atomic units are used. 

[—4V24+ Vir)—E(k)}b(Kr)=0. nea ee (1) 
This equation implies the Hartree approximation of writing the total electronic 
wave function as a product of one-electron functions and assuming a potential 
V(r) which neglects the effect of exchange. To solve this equation with the 
condition that i(k, r) is a Bloch function, 
iilkgr)y=u(k, ryexp(tk. nr), =a tee (2) 
u(k, r) having the periodicity of the lattice, we adopt the cellular method. In this 
the crystal is divided into polyhedra each having an atomic nucleus at its centre, and 
the wave function inside each polyhedron is approximated by an expansion 1n 
terms of suitable basis functions. The energy levels are determined by the 
condition that these approximate expansions must join smoothly from cell to cell. 

To obtain suitable basis functions a further approximation is required; the 
potential inside each cell must have spherical symmetry. With this assumption 
the wave function inside cell a can be approximated by 


Wkr)= DAK) bl) eee (3) 


where ¢, are solutions of 
{-4V24+V([ral)—A}os(Pa =O see (4) 

and ) and the coefficients A, have to be chosen to satisfy the continuity condition 
on the wave functions. Various techniques for doing this have been proposed 
(Howarth and Jones 1952, Bell et al. 1953), but the results reported here were all 
obtained using the variation principle discussed by Jenkins and Pincherle (1954). 
For the particular case of silicon the basic equation of this method can be simplified, 
since the two atoms in the unit cell are physically identical. Asa result, the electron 
distributions in the two types of polyhedra must be the same, and it can be shown 
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by group theory, or from the form of the variation functional, that corresponding 
coefficients in the two cellular expansions of the wave function (the A, of equation 
(3)) must be complex conjugates of each other. 

The cellular polyhedra in silicon are truncated tetrahedra with three small 
triangular faces forming a pyramid on each of the four corners. This gives four 
large hexagonal faces separating nearest neighbour atoms in different face-centred 
lattices, and twelve small triangular faces separating atoms in the same lattice. 
To carry out the matching technique, surface integrals over all these faces must be 
evaluated, but fortunately they can be obtained from the values over one hexagonal 


and three triangular faces only. 
The energy levels are obtained by the condition that the functional 


J (Agi) = E 7 B(k) | 3 4,4.+> | FAA, Tul) + YA. Ay Healy »)| 
CESS OEE ETE” CD er (5) 


shall be stationary for variation of A and the A,. 


T=} exp (ik . t) | - Ec Nie Coie 4) | ise VLA (6) 
t being the vector between atoms separated by the triangular surface T, with a 
similar expression for the hexagonal face H. The condition on the A, leads to an 
expression which determines A — E(k) as the latent roots of a matrix whose elements 
are sums and differences of the 7, and H,,. Each latent root gives an estimate, 
E(k), of E(k), and it can be shown that the best estimate of E(k) is obtained when 
E,(k) is stationary for variations of A. This latent root method and a simpler 
determinantal technique for obtaining the energies are discussed by Jenkins and 
Pincherle (1954). As explained there the latter introduces spurious solutions for 
crystals like silicon, and for this reason the latent root method has been used in the 


present calculations. 


§ 4. POTENTIAL 


‘To complete the transition from physics to mathematics the potential acting on 
the electrons in the crystal must be defined. Strictly speaking, this potential is 
determined by the electrons themselves so that a self-consistent method should be 
used to obtainit. However, it seems (Bell et al. 1953) that it would be very tedious 
to obtain a completely self-consistent field, while anything less than this is probably 
no better than much simpler approximations. The potential actually assumed in 
each cellular polyhedron was that derived from an atomic self-consistent field by 
Mullaney (1944). He added three fourths of the field of a 3s and three 3p electrons 
to thecore field of a Sit* ion, neglecting the effect of exchange, and hence obtained a 
spherically symmetrical potential. [he same potential was assumed for electrons 
in both the valence and conduction bands to simplify the calculation, but it would 
be a better approximation to use a neutral atom field when calculating the conduc- 
tion band energy levels (Hall 1954). ‘To see how sensitive the band shapes were 
to changes of potential some calculations were also carried out using a modification 
of Mullaney’s potential. ‘This followed Mullaney’s value to the surface of the 
inscribed sphere (roughly one third of the volume of the cell) but outside the sphere 
a constant value equal to that on the sphere was taken. Since a neutral atom 
potential would be approximately constant over this outer volume, the modified 
potential might be taken as a better approximation to the conduction band 
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potential apart from differences in energy zero caused by the different values of the 
constant potential. Unfortunately it is difficult to estimate this correction. 

It will be realized that much uncertainty is attached even to a spherically 
symmetrical potential. The fact that the true cellular potential will have 
additional terms with an angular dependence like xyz/r? causes even more 
uncertainty, and such terms have been completely neglected though they could 
in principle be included to a limited extent. Calculations by March (1954) 
suggest that that these non-spherical terms are only appreciable near the extreme 
corners of the tetrahedron so that over most of the cell the spherical approximation 
is justified. 


§ 5. CELLULAR WAVE FUNCTIONS 


The basis functions ¢, used in the expansion of the wave function were linear 
combinations of solutions of equation (4) for the same value of the angular quantum 
number / which transformed according to the irreducible representations of the 
tetrahedral group (Bell 1954). They were normalized inside the equal volume 
sphere, and are orthogonal to each other inside this sphere. Strictly, the variation 
function (5) assumes that the basis functions are orthonormal inside the cellular 
polyhedron; when this condition is not satisfied terms like [A— &(k)] 4, 4, 
appear and their neglect produces errors in the latent roots which are of the order 
of the error in the orthonormalization condition. It was felt that such errors are 
probably so small that the computational effort required to remove them was not 
worth while. 

The symmetry properties of a wave function expanded about a silicon atom 
are determined by the tetrahedral geometry of the lattice and by the form of the 
vector k associated with the function. Because of this symmetry the matrix of the 
surface integrals for a given value of k can be factorized into smaller parts each 
containing functions which transform according to one of the irreducible repre- 
sentations of a sub-group of the tetrahedral group. ‘This enables us to name the 
energy bands systematically from their symmetry properties, and we shall follow 
the nomenclature of Bell (1954) in doing this. For some points in k space the 
wave function has additional symmetry by virtue of the point of inversion in the 
lattice mid-way between nearest neighbour atoms; functions invariant under this 
operation will be characterized by prefix g and those which change sign by prefix u. 

The cellular expansions used included all functions of the correct symmetry up 
to and including the g-type atomic functions. ‘The only exception was for the 
O,, band in the 1,0,0 direction (this band is degenerate with the O,,’ band because 
of the point of inversion) where the g-function xy (x? —y?) was omitted. After 
allowing for symmetry this meant that nine real coefhcients had to be determined 
for the O, bands and five complex coefficients for the O,, band (1,0,0 direction), 
while in the (1,1,1) direction both the I, and the I, bands had seven complex 
coefficients. The convergence of these expansions was checked in the 1,0,0 
direction and appeared to be quite good, expansions up to d functions only often 
giving substantially the same energy levels as the complete expansions. 


§ 6. COMPUTATIONAL ASPECTS 


Since one aim of this investigation was to study the utility of the variational 
cellular method, the computational details will be gone into rather fully. 
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The principal stages of the calculation, once the potential has been fixed, are: 
(a) Integrate the radial Schrodinger equation for all required / values at selected 
values of A, the energy parameter; this is a standard process and need not be 
discussed further. (b) Calculate the values of the surface integrals between all 
required functions. (c) Setup the compatibility matrices and find their latent roots. 
(d) From the behaviour of the latent roots as a function of A at constant wave 
vector determine the energy for that wave vector. 

It is convenient to consider stage (d) first as this determines the range of A 
values required. This range should span the energies expected since the best 
value of A for any wave function should be approximately equal to the correspon- 
ding energy level. To reduce the labour required on radial functions most of our 
results were obtained using A at 0-1 atomic unit intervals, though these were supple- 
mented by some calculations using interpolated surface integrals. ‘The energy 
levels for a given value of k are obtained by plotting the values of E(k) given by the 
latent roots as a function of A. In fortunate cases these curves show horizontal 
portions where E, (k) is nearly independent of A, and hence gives the value of E(k). 
Usually however, there are many curves arising from the different latent roots of 
each matrix, and the horizontal portions are obscured by the fact that these curves 
cannot cross. The best value of £,(k) may then correspond to a different latent 
root for different values of A, and the interpretation of the data becomes rather 
doubtful. 

The crux of the method is the evaluation of the surface integrals in T,,,and H,,,. 
There is a large number of these (we evaluated about 200 for each value of A used) 
and since they can only be obtained by numerical quadrature they must be calcu- 
lated very systematically. Fortunately each integration can conveniently be 
divided into two parts, one over angle and the other over radius vector, since the 
basis functions are expressed as the product of an angular function (the lattice 
harmonic) independent of A, and a radial function. 

The major integration, over angle for the products of pairs of lattice harmonics, 
can be carried out once for all, and if suitable scaling factors are chosen the results 
can be used directly in calculations on all crystals having the zinc blende structure, 
the Group IV and the III-V semiconductors in particular. "These standard values 
are then combined with products of radial functions corresponding to each value of 
\ to obtain the final surface integrals. A useful property of the surface integrals is 
that they seem to be smooth functions of A, and 4 point interpolation in a table at 
(0:1 atomic unit intervals gives quite accurate results, and considerably reduces the 
computation required. 

In these days of high speed digital computers, any large scale calculation must 
be considered in relationtosucha machine. Nosuchassistance was available when 
the work on silicon was started, but practically all the final results have been 
obtained on the Radar Research Establishment parallel computer. Given the 
values of the surface integrals, programmes have been constructed which will 
carry out stage (c) and give the latent roots for any point in the 1,0,0 or 1,1,1 
directions. It has been found that these programmes can deal with one band 
in less than a day and from their results the (£, k) curves are quickly drawn. ‘To 
assist work on the modified potential a preliminary programme was drawn up 
which constructed the surface integrals from radial-function products and the 
standard lattice-harmonic products. By using this and other programmes being 
developed at the Radar Research Establishment it would be quite feasible, once a 
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potential has been chosen, to run the complete calculation on the computer, the 
output from each stage becoming the input to the next. "This piecemeal running 
of the problem is at present forced by the small memory (512 words) of 
the computer. 


§ 7. ‘THE ENERGY LEVELS 

The energy levels at seven points in each of the two directions of k space were 
obtained by calculation and used to draw the E(k) curves shown in the figures. 
The standard Mullaney potential gave the results for the 1,0,0 and 1,1,1 directions 
shown in figure 1, while figure 2 shows the bands obtained in the 1,0,0 direction 
using the modified potential (constant outside the inscribed sphere). No 
attempt has been made to allow for any spin-orbit interaction which may affect the 
details of the degeneracy of various energy levels (Elliott 1954, Herman 1954 b), 
but not the picture as a whole since the effect in silicon is quite small. 

The most striking feature of the figures is that what are expected to be the 
conduction bands, shown dotted, in fact overlap the valence bands by about 2 ev. 
This is obviously incorrect since silicon is not a metal, and the error arises from the 
potential chosen for conduction band electrons. As mentioned earlier this was 
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Figure 2, E(k) curves for silicon, modified potential. 
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too attractive, and a more correct potential would raise the energy of the whole of | 
the conduction bands. However, not much alteration in shape would be expected | 
since the modified potential (which tends towards the true conduction band | 
potential apart from its zero) gives rise to bands very similar to the original | 
ones. With this modification it is seen that the calculations predict that the top 
of the valence band should be at the origin of k space, but place the lowest energy in ] 
the conduction band near the end point of the 1,0,0, direction, (7/a) (1,0,0). 
This agrees with estimates made by Herman (1954b) from perturbations to the | 
band structure he calculates for germanium. The experimental evidence on the 
shapes of the bands in silicon confirms these theoretical calculations rather well. | 
Cyclotron resonance experiments on n-type silicon indicate that the lowest points 
of the conduction band are in the 1,0,0 direction (Dexter et al. 1954), and this is 
supported by measurements of the magneto-resistance (Pearson and Herring 
1954) and piezo-resistance (Smith 1954) effects. From the shape of the absorption 
edge in silicon and a theory of the intensity of ‘ forbidden transitions ’ Macfarlane 
and Roberts (1955) have estimated that the 1,0,0 minimum must be near the point | 
(z/a) (0-8,0,0). The calculated width of the valence bands is about 13 electron | 
volts compared with the experimental value of 19 ev (O’Bryan and Skinner 1934). 


§ 8. CONCLUSIONS 

‘The results of these calculations as far as they concern the band structure of | 
silicon are entirely contained in figures | and 2. The calculated separation of the 
valence and conduction bands is very disappointing, but reflects the errors and 
uncertainties in the potential. The shapes of the bands seem to be less sensitive 
to the potential and, as far as can be judged, agree with interpretations of experi- 
mental data. 

As for the variational cellular method itself, it would appear to compare not 
unfavourably with other techniques in the labour required, and to be applicable 
conveniently to a group of crystals having the same structure. Against this, the 
present investigation has revealed some difficulties in the method when it is applied 
to silicon, and so presumably to any other crystal having the zinc blende structure. 
One of these, the necessity for finding the latent roots of the matrix defined by 
equation (5) rather than evaluating its determinant, only causes a slight increase in 
time when a high speed electronic computer is used. More serious is the problem 
of determining which of many latent roots is associated with a given energy level. 
For wave functions having a high degree of symmetry this is not difficult since there | 
are then few latent roots, but less symmetrically situated points in the Brillouin 


zone are correspondingly less easy to understand. 
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Abstract. ‘The paramagnetic resonance absorption spectra of chlorine dioxide 
and the alkali superoxides are described in detail and a theoretical analysis is 
made of the results in terms of molecular orbital theory. The unpaired electron 
is associated with the binding orbitals in each case and the variation of g values 
and hyperfine splitting are used to calculate the details of the energy levels. 
Variation of the spectra with temperature has also been studied and has revealed 
an averaging effect on the chlorine hyperfine structure due to the ‘tumbling’ 
motion of the solvent molecules. 


§ 1. INTRODUCTION 


LTHOUGH most of the initial work on paramagnetic resonance was 

confined to compounds of the transition group elements the technique 

is now being used in an increasing measure to investigate other systems 
containing unpaired electrons. In most cases of chemical binding the spins of 
the valence electrons are balanced, either in the outer shell of ions or in the shared 
pairs of covalent bonds, and thus the vast majority of compounds are diamagnetic. 
There are certain exceptions to this, however, in which the normal chemical 
binding is modified and an unpaired electron is present in the system. Apart 
from the relatively large number of such organic derivatives, usually termed 
‘free radicals’, there are also several inorganic compounds which possess unpaired 
electrons and are thus paramagnetic. "The magnetic properties of these compounds 
are somewhat different from those of the transition group elements, since the 
unpaired electron is not now associated strongly with the one paramagnetic atom, 
but with the chemical binding of the molecule as a whole. Its behaviour is thus 
characterized by molecular orbitals rather than atomic orbitals, and the unpaired 
electron may well interact quite strongly with more than one atom. Such 
compounds can be studied by paramagnetic resonance and considerable infor- 
mation obtained concerning the molecular orbitals involved in the binding. 
The detailed measurements of Beringer and Castle (1950, 1951) on oxygen, 
nitric oxide and nitrogen peroxide are a good example of such a study, and the 
interaction of the electron with the nitrogen nuclei was found to produce a 
marked hyperfine structure. 

There is one other common gas which also possesses an unpaired electron 
in its bonding, namely, chlorine dioxide. A similar situation also occurs in the 
superoxides of the alkali metals, although in this case the unpaired electron is 
confined to the O,- ion which exists as a separate entity in the crystalline lattice. 
In this paper measurements are reported on both the alkali superoxides and 


Paramagnetic Resonance of Chlorine Dioxide 557 


chlorine dioxide, together with an analysis of the observed spectra in terms of 
the molecular orbitals associated with the O,~ ion and the ClO, molecule. ‘The 
chlorine dioxide was not studied as a gas, but in the liquid and solid phases, and 
also in solutions in water and various organic solvents. One of the most striking 
results of these experiments is the sudden change in spectrum when the solvent 
is cooled through its freezing point, which is attributed to the removal of the 
effective ‘averaging out’ process produced by the mobile solvent molecules. 


§ 2. EXPERIMENTAL 

The paramagnetic resonance spectrometers used for these measurements 
were of the standard crystal—video detection type, and low temperature resonators 
which incorporate nickel-silver waveguide feed to the cylindrical cavities were 
employed (Ingram 1955). Since the compounds studied were either in solution 
or of a polycrystalline form, the resulting spectra were always an average of all 
possible orientations and thus usually in the form of broad asymmetrical 
absorption lines. In order to check whether the shape of the lines was due to 
a g-value variation or to electronic or hyperfine splitting, measurements were 
made at wavelengths of 3 cm, 1:25 cm and 8 mm. In this way it was possible 
to show that the absorption curve of the superoxides corresponded to a true 
g-value variation, whereas the spectra from the chlorine dioxide were mainly 
determined by the hyperfine interaction with the chlorine nuclei. 

The superoxide samples studied were mainly in a magnetically diluted form, 
and were an intimate mixture with the corresponding peroxides. Chemical and 
physical tests (George 1942) on commercially available sodium peroxide have 
shown that this contains about 10°, of the superoxide NaO,, and it can thus be 
used directly as a magnetically dilute sample of the O.- ion. The superoxide 
can also be prepared by passing oxygen over the heated distilled metal, and the 
samples of potassium superoxide were obtained in this way. In every case the 
paramagnetic absorption was found to disappear when the samples were treated 
with water, confirming that the signal was due to the O, ions, as the latter are 
decomposed by water. 

The chlorine dioxide was generated by the action of oxalic acid on potassium 
chlorate and the resulting gas either passed into a container at about —80°c 
when samples of the pure liquid or solid were required, or bubbled through the 
appropriate solvent when the solutions were being studied. ‘The samples were 
always freshly prepared before each series of experiments. 

In most cases the samples were placed in a small distrene cup, which was 
attached centrally to the bottom of an H,,; resonator, but at wavelengths of 3 cm 
and sometimes 1:25.cm, small tubes held along the axis of an H, 9, resonator 
were employed. The magnetic field was measured with a proton resonance 
meter and both the proton and microwave signals were displayed simultaneously 
on the oscilloscope screen. The most accurate determinations of g values were 
made by comparison with the field position of the absorption line from a small 
amount of hydrazyl which was used as a standard marker. 


§ 3. RESULTS ON THE SUPEROXIDES 
Photographs of the absorption lines obtained from sodium superoxide are 
shown in figure 1, for the wavelengths 3.cm and 1-25 cm. In each case an 
asymmetrical line is observed with a marked shoulder on the low field side, 
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the splitting between the low-field shoulder and the main peak being accurately 
proportional to the frequency of measurement. This fact 1s confirmed by the 
measurements at 8 mm where the field separation of 1100 gauss 1s too large for 
a photograph to be taken. ‘This dependence on frequency of measurement 


(a) 
(6) 
Figure 1. Absorption from sodium superoxide. Wavelength: (a) 1:25 cm, (0) 3 cm. 
Unit of field sweep at bottom represents 500 gauss. 


shows that the line shape is determined by a g-value variation. The g value 
corresponding to the main peak can be measured accurately by comparison 
with the hydrazyl signal, and its values, together with those corresponding to 
the shoulder, are shown in table 1 for the three wavelengths used. 


Table 1 
Wavelength Keay & 
3 cm 2:165+0:-01 2:00 +0-01 
1:25 cm 2:175+ 0-005 2:000+ 0-005 
0-8 cm 2:179+ 0-005 2-000 + 0-005 


The parallel and perpendicular suffixes are used to indicate that g,, is associated 
with the smaller absorption, since a g-value variation with axial symmetry will 
have an integrated intensity from directions nearly perpendicular to the axis 
twice as great as from those nearly parallel. ‘The shape of the absorption line 
suggests that such axial symmetry is in fact present to an appreciable extent, 
although the direction of the axis cannot be identified from the polycrystalline | 
specimens used. Most of the spectra were obtained at 90°K; the only ditterence | 
apparent in samples cooled to 20°K was that the width of the lines in the wings 
was reduced considerably showing that a certain amount of spin-lattice 
broadening is present at liquid oxygen temperatures. 

The g-value variation can be explained satisfactorily by considering the 
molecular orbitals of the O,- ion. ‘This theory has been given in some detail 
by Stanley Grifhth (Bennett et al. 1955), and can be summarized as follows. 


Paramagnetic Resonance of Chlorine Dioxide 559 


The free ion would be in a #11 state, which is split by the spin-orbit coupling 
into 7II,,. and 2II,. states. In O,- the latter state will lie lowest. If, however, 
the symmetry about the molecular axis is partially removed, as X-ray measure- 
ments at low temperatures suggest (Zhdanov and Zvonkova 1952), one of the 
7, 2p orbitals will have a higher energy than the other. ‘The expected g values 
will then depend on the ratio between the splitting of these two levels and the 


spin-orbit coupling coefficient. Zero splitting of the levels would give g,=4 


and g, =0, and for infinite splitting, with complete orbital quenching, 9 =g, =2. 
It therefore follows that for intermediate values of splitting 2<g,<4 with 
O<g,<2, and detailed calculation gives g,=1:99 when gy=2-175, in good 


agreement with the experimental results. 


(a) 
(6) 
Figure 2. Comparison of superoxide and Figure 3. Ozonate absorption at low 
ozonate absorptions. (a) Superoxide, fieldsweep. Unit of field sweep at 
(6) ozonate. Both at 1:25 cm and bottom 1s 100 gauss. 
same field sweep. Unit of field 


sweep =500 gauss. 


In contrast to this relatively wide g-value variation of the superoxide ions, 
the absorption line obtained from the higher oxide, the ozonate, is much more 
symmetrical, and the g-value variation very much smaller. ‘This is illustrated 
in figure 2 where the spectrum of the ozonate is shown directly under that of the 
superoxide, both being taken with the same magnetic field sweep and at 1:25 cm 
wavelength. ‘he ozonate absorption line is also shown in figure 3, but with a 
much smaller magnetic field sweep, so that the slight asymmetry of the line shape 
can be seen. This asymmetry is of the opposite form to that of the superoxide, 
the shoulder now being on the high field side of the peak. Measurements at 
different wavelengths again confirm that the shape is due to a true g-value 
variation, and thus for the O;~ ion g,=2-003 + 0-003 and g, =2-015 + 0-004. 


fo) 
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§ 4. RESULTS FOR CHLORINE DIOXIDE 

The paramagnetic absorption spectrum obtained from solutions of eae s 
dioxide varies considerably with the physical state of the solvent. The simplest 
type of spectrum is that observed when the solvent is in the liquid phase, aS ‘ 
shown in figure 4. ‘The three spectra shown are all for solutions in ethyl alcoho 
ato iG and for the three different wavelengths of 3 cm, 1-25 cm and 8 mm. 
In each case four well-resolved lines are obtained and, since their separation 1s 
independent of wavelength (in marked contrast to the spectra of the superoxides), 
they can be identified as hyperfine components due to the interaction between 
the magnetic moment of the unpaired electron and the magnetic moments of 


() 


Figure 4. Chlorine dioxide solution in liquid phase. (a) 8 mm wavelength, (6) 1:25 cm 
wavelength, (c) 3 cm wavelength. Unit of field sweep at bottorn—100 gauss. 


the Cl and °’Cl nuclei. Although the separation of the hyperfine pattern 
remains constant the position of the centre of the pattern relative to a hydrazyl 
signal moves quite appreciably as the wavelength is decreased. From the shift 
of the pattern with frequency the g value corresponding to the centre of the four 
lines can be determined as 2-010 + 0-003. ‘The width of the individual hyperfine 
components is 8 gauss, and the separation between them is 17 gauss so that 
AS=BR=16< 10cm = 

The width of the individual lines is affected by both spin-spin and spin-lattice 
broadening. ‘Thus, as the solution becomes more concentrated the lines widen 
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and eventually merge to form one single broad peak. Such a single peak is also 
observed from pure chlorine dioxide in either the liquid or solid phase, a single 
line with total half width of 150 gauss being obtained. The fact that this width 
is considerably larger than the overall hyperfine splitting shows that in the pure 
chlorine dioxide the spin-spin interaction is the dominant effect. ‘There is no 
noticeable change in this width as the temperature of the undiluted chlorine 
dioxide is raised through its melting point, indicating the same random orien- 
tation of the molecules in both the solid and liquid phase. The spin-lattice 
interaction can be demonstrated by observing the change in width of the 
individual hyperfine components’as the temperature of a single sample is raised 
slowly from 193° to 273°x. The broadening of the individual lines as the 
temperature increases can be clearly seen, and the lines finally merge to form 
one broad line at room temperature. 


Figure 5. Spectra from an alcoholic solution of chlorine dioxide. (a) In liquid state at 
193°x, (b) frozen at 90°K. An approximate analysis of extreme hyperfine splittings 
is shown with (i) A=55 gauss, (ii) B=22 gauss. 


The fact that such an isotropic and well-resolved hyperfine pattern can be 
obtained from the solutions in a liquid phase can be attributed to the mobility 
of the solvent molecules and their effect in ‘averaging out’ the orbital contri- 
bution which produces the anisotropy associated with a single molecule of 
chlorine dioxide. ‘The same spectrum has been observed from solutions in 
several different solvents, including water, acetone, alcohol and benzene, 
indicating that there is no noticeable interaction of the unpaired electron with 


the solvent molecules. 
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A very marked change in the spectrum is observed, however, when any of 
the solutions are cooled below their freezing points. This is shown in figure 5s 
in which the spectrum from the same alcoholic solution at 1-25 cm wavelength 
is shown (a) in the liquid phase (193°K) and (4) in the solid phase (90°K). It is 
seen that the pattern obtained from the solid phase is much wider and far less 
resolved. This suggests that the absorption curve is due to the averaging over 
all orientations of an anisotropic hyperfine structure and g variation. The sudden 
change to this type of spectrum is observed in all the different solutions studied, 
and always occurs at the freezing point of the solvent concerned. ‘The spectrum 
is again independent of the particular solvent used. ‘T’his sudden change of the 
spectrum on freezing can be explained by assuming that in the solid phase the 
solvent molecules are no longer mobile and cannot exert their ‘tumbling’ or 
‘averaging’ effect (Pake 1955) on the chlorine dioxide molecules, so that the 
anisotropy associated with the different orientations of the molecule is obtained. 
The analysis of the observed absorptions on this basis is carried out in the next 
section, and from the measurements at 1-25 cm and 8 mm wavelength the normal 
spin Hamiltonian coefficients can be quoted as 9) = 2-01 + 0-005, g, = 2-02 + 0-005, 
A=554+5x10¢cm, B=20+7x10-*cm™, where axial symmetry has been 
assumed as a first approximation. 


§ 5. THEORETICAL ANALYSIS OF RESULTS 
5.1. Resolution of the Spectrum 

When the axes of the paramagnetic molecules are distributed at random about 
the direction of the applied field, and there is no hyperfine structure, the 
absorption curve is of the form shown in figure 1 (for the O,~ system) and has 
a peak associated with the perpendicular direction and a smaller shoulder 
associated with the parallel direction. When there is a hyperfine structure then, 
for a random distribution of the molecular axes, each component line will broaden 
out into a similar shaped curve; for the line characterized by m (m=I, I-1, 
..., ~J, where J is the spin of the nucleus responsible for the hyperfine structure) 
the peak occurs at field hv/g,8+mB and the shoulder at field hv/g,8+mA. The 
total absorption curve is a superposition of curves of this type and so will exhibit 
a pattern of 2/+1 peaks, centred on g, with separation B, and a pattern of 2/+1 
shoulders, centred on g, with separation A (Sands 1955). 

These patterns will be obscured by the line broadening, but they can be 
plausibly recognized in the absorption curve for the frozen ClO, solution (J = 3/2) 
as indicated in figure 5(b). The values given above for the ClO, spin Hamiltonian 
constants were estimated from the general appearance of the curve and from 
the spacing of the isolated peak and shoulder occurring at the low field end of 
the spectrum which can be identified with the absorption curve arising from 
m= — 3/2. 

If the hyperfine structure has only approximate axial symmetry one must 
introduce two constants B, and 8, to describe it in the perpendicular plane. 
The signs of these constants do not affect the absorption curve so that the value 
of | B| given above is the mean of | B,| and | By}. 

Another relation between A, B, and B, is given by the isotropic hyperfine 
structure obtained from the ClO, solution in the liquid phase, when the rapid 
‘tumbling’ motion of the molecules averages out the anisotropy associated with 
the different molecular axes. Since the g values are so nearly isotropic the 
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averaged separation of the hyperfine lines is given to a fair approximation by 
4|A+B,+B,|. 

From the numerical values given for these quantities in the preceding paragraph 
one can find two possible sets of values for 4, B, and B,: A= +55x 10-4 cm, 
B= boo 10 emp Ro = 23°5 x10 -cm. 


5.2. Theory 

ClO, is a bent molecule and has the group of symmetry C,, The irreducible 
representations of this group, used to classify the molecular orbitals, are all 
one-dimensional and are referred to by the symbols A,, 4,, B,, B, (Mulliken 
1933). ‘The molecular axes used below have their origin at the chlorine nucleus, 
with the « axis perpendicular to the plane of the molecule and the z axis bisecting 
the O—Cl—O angle. 

The electronic structure of ClO, has been discussed, in terms of molecular 
orbitals, by Mulliken (1942) and Walsh (1953). Following these authors, the 
ground state arises from the configuration ... (a )?(a,)?(b,)(b,) with a wave 
function transforming under the representation B,. The lowest lying excited 
levels arise from the excitation of an inner electron to fill the outer b, shell. The 
first three excited states then have wave functions transforming under the 
representations B,, A, and A,, and if only this group of excited levels is 
considered with the ground state the system may be pictured as a hole placed 
in one or other of the four shells. 

The molecular orbitals involved can be approximated by linear combinations 
of 3s, 3p and 3d atomic orbitals centred on the chlorine nucleus and of 2p orbitals 
centred on the oxygen nuclei. The appropriate forms for these are (Moffitt 1950), 
neglecting overlap, 

(Dy) = bb, (b1) — (1 — 6?) bo(2p hy) 

b(ay) = abey(4a) + (1 — a) *Go(2p az) 

b(A,)= $¢)(41) 

Wb,)= bo(2Pb2)) ne (1) 
where the oxygen-centred orbitals are given by Mofhtt, and the chlorine orbitals 
are 

$¢)(6,) = cos BA(3p,) — sin BP(3d_,.) 
bci(41) = cos #(3p,) — sin ap(3s) 
b¢\(42) = P3day) sn ne (2) 


Spin-orbit coupling admixes a certain amount of the excited state wave 
functions into the ground state, and the departure of the measured g values from 
the free spin value shows that the admixture is not negligible in spite of the very 
wide spacing between the excited states and the ground state. (The first optical 
absorption for ClO, in solution occurs at an energy of some 27000cm™ (Buser 
and Honisch 1952).) For the orbitals specified by (1) and (2) spin-orbit type 
coupling in second-order perturbation theory gives rise to ground doublet state 
vectors of the form 

Ee Y=N|B,, yy +i| Bs, | Az —4 yesto| Ap, aa 

|-)=N |B, —$)—ip| Bo, —$)+v|A,, +) —-10| As, 
where N=1—4(y?+v?+02), and p, v, o are small. In (3) the spin has been 
quantized along the molecular = axis and the symbols }, —4 refer to the two 
possible spin states of the hole. 
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If the interactions with the applied magnetic field and with the chlorine 
magnetic moment are treated as first-order perturbations on (3) in the usual 
way (Abragam and Pryce 1951) one arrives at the spin Hamiltonian 


H =B(g,5 Ho + &ySyHy t+ SSH) + (AS ale + AySyly + AS) 


where 
£,=21+7); £,=2(1+5) 5 2 2( 1421) Oe eee (4) 
A, = P{b*(4 cos? B+2fsin? B)—3st+2fr—R}... «++ (5a) 
A, = P{—%(2 cos? B+4f sin? B)+2s+Ffr+k}... a ten (55) 
A, = P{—b%(% cos? B—2f sin? B)+$s—Sfr—R}....  ..+-- (5c) 


In these expressions, 7, s and t are proportional to o, v and m respectively, 
and the reason for the non-occurrence of ¢ in (5) is that the molecular orbital 
(b,) of (1), associated with the parameter p, is centred on the oxygen nuclei 
and so does not contribute to the hyperfine structure. The quantity 
P =2¢,BBx<r-*)p, where (7-8) is the mean value of r-* for the Cl 3p wave 
functions and gy is the g value of the Cl nucleus expressed in terms of the 
nuclear magneton By; f is such that f{r-*)p is the mean value of r~ for the 
Cl 3d orbitals; the parameter k arises from the coupling of the 3s part of the 
orbital »(a,) with itself by the 5 function term in the interaction responsible 
for the hyperfine structure; and 4 and f define the properties of the orbital ¥(d,) 
in which the unpaired electron is placed. 


5.3. Comparison of Theory with Experiment 


Of the parameters occurring in (5), P depends only on the nature of the Cl 
atomic orbitals from which the molecular orbitals (1) are constructed, and can 
be estimated from measurements on free Cl atoms. ‘The hyperfine structure 
of the ?P,,. ground state of Cl (Davies et al. 1949) gives P=128-4 10+ cm 
for ®Cl and P=106°8 x 10-* cm for >’Cl; the mean of these two values, 
weighted with the relative abundances of these two isotopes, is 123-0 x 10-4cm“t. 
The remaining parameters in (4) and (5) have to be estimated from the 
measurements reported in this paper. 

A comparison of the form of the expressions (5) with the two possible sets 
of numerical values for the hyperfine structure constants suggests that the 
constant A should be taken as negative and identified with A,; then the x axis 
is the ‘parallel’ axis and g,—=g,=2-02. If this identification is made, 
equations (4) give r=s=0-01 and equations (5) have to be solved with this 
value for r and s, and with 4,= —55 x 10-*cm™!, A,= —16-6x 10-*cm-1, and 
Ap = 237-9 Ne Chas 

With the value given above for P there are four unknown parameters , 8, k 
and f and these conditions are not sufficient to determine them uniquely. If the 
results are expressed in terms of f as the free parameter, one finds 


k=0-41 +0-02f 
b2 = (0-229/f) + 0-328 — 0-020f 
tan? B = (0-229 + 0-057f)/f(0-271 — 0-020). 
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The condition 52<1 is then only satisfied if f>0-34. If the Cl 3p and 3d 
orbitals had a pure hydrogen-like radial dependence the value of f would be 0-2 
so that it is not unreasonable to assume that the value of f appropriate for the 
actual Cl orbitals will lie close to its lower limit of 0-34. If this is the case, then 
b?=1 and tan? B&2-7 which leads to the conclusion that the orbital ¥(6,) in which 
the unpaired electron moves is almost entirely centred on the Cl nucleus and has 
approximately 70°, 3d character and 30° 3p character. 
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Abstract. The angular correlation between the successive K-conversion electrons 
from the de-excitation of 23-hr 1°7Hg has been investigated in an attempt to deter- 
mine the limitations of correlation work with conversion electrons in cases of 
cascades with a long-lived intermediate state. Sources prepared by embedding 
the activity carrier-free in thin aluminium films exhibited consistent behaviour ; 
the second-order term of the correlation function was attenuated 18+ 5%, below 
the theoretical value. It is concluded that in cases of this type the necessity of 
using very thin sources, the limited choice of source backing materials, and the 
nuclear recoil accompanying the first conversion transition do not generally allow 
one to avoid all perturbative effects. 

An oxidized source exhibited complete ‘loss of correlation memory’. An 
explanation of this phenomenon in terms of non-stationary hyperfine-structure 
interaction is proposed. If the highly charged ions left behind by the first 
conversion transition have a lifetime similar to that of the intermediate nuclear 
state, as can happen in a badly conducting course, the progressing neutralization 
affects the nuclear precession in a random way and thus leads to isotropy. 


hereafter referred to as I) the present one describes an experiment undertaken 
to explore the limitations of angular correlation work with conversion electrons 
in cases of cascades with a long-lived intermediate state. ‘The well-known nuclide 


197F{¢ seemed best suited for this purpose; the apparatus and experimental method 
were the same as in I. 


[: contrast to a previous paper on e-e correlations in *°Br (Breitenberger 1956, 


§ 1. THE Isomerism oF !**Hg 


Isomerism and decay of !*Hg have been elucidated by Frauenfelder ef al. 
(1950), Huber et al. (1951) and Mihelich and de Shalit (1953). The isomeric 
transition, of energy 165-3 kev and half-life 23 hours, is fully converted and is 
followed by a strongly converted transition of 134-0kev; the intermediate state 
has a half-life of 7 or 8 mp sec (McGowan 1950, Deutsch and Wright 1950). From 
conversion, K/L ratio and lifetime—energy considerations the two transitions have 
been classified as M4 and E2 respectively, in perfect agreement with shell theory 
which predicts the level sequence i,3/.—f5/.—p 4/2 (Goldhaber and Hill 1952, de Shalit, 
Huber and Schneider 1952). The ground state decays by K-capture with a half- 
life of 65 hours to an excited level of *7Au; the subsequent transition to the ground 
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State of Au, of energy 77-4 kev, is strongly converted in the L-, M- and N-shells 
but not in the K-shell, the K binding energy of gold being 80-7 kev. 
The main conversion lines of the !7Hg cascade are : 


fee aoe 2 ee etre 
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The electron spectrum from !7Hg-+!%7Au (see Mihelich and de Shalit (1953) for a 
complete spectrogram) also contains the conversion lines of the 77 kev transition, 
of energies 63-1—77-0 kev, and some weak lines beyond 110 kev which are due to 
feeble branching of the K-capturé to high-lying levels of 17 Au. 

Evidently !%*Hg is very well suited for an e-e correlation experiment; the 
1, and 2, lines can be singled out by one broad channel without serious admixture 
of other coincident radiations. The theoretical coefficients of the K-conversion 
electron correlation function are found to be 


a,= + 0:450+0-025, a,=+0-0320+0-0045 ....., (1) 


(evaluation method and errors as in I). 


§ 2. ‘THE SOURCES 


With a long-lived intermediate state such as this it becomes necessary to embed 
the activity in a cubic, diamagnetic metal in order to avoid quadrupole and 
hyperfine-structure perturbations. Hence beryllium, with its hexagonal close- 
packed structure, is here unsuitable. On the other hand, cubic metals of higher Z 
like copper or silver must be ruled out because of the danger of excessive electron 
scattering effects. Aluminium remains as the sole practical choice; it is only 
faintly paramagnetic (atomic susceptibility + 16-2 x 10-*) and has a cubic face- 
centred lattice with an interatomic distance of 2-86 A. Unfortunately, mercury 
atoms cannot be expected to match this lattice very well. Solid mercury has the 
A10 structure with interatomic distances of 3-00 and 3-46 A. These bonds are 
appreciably longer than those of aluminium ; itis therefore not certain that mercury 
atoms can occupy regular sites in an aluminium host lattice. Moreover, it is well 
known that the structure of thin metal films always exhibits a certain amount of 
disorder and strain : see, for instance, Pinsker (1953, chap. 9) and the preliminary 
reports of a group at the Georgia Institute of ‘Technology (Raudebaugh and Belser 
1953, 1954, and accompanying abstracts). ‘Thus there is no guarantee that 
mercury nuclei contained in an aluminium film are not exposed to any magnetic 
fields or electric field gradients caused by lattice irregularities. 

The activity was produced by (p, n) process in *7Au. ‘The target, a stripe of 
‘assay ’ gold (99-998°%, pure), was bombarded in the Harwell synchro-cyclotron 
with protons of about 50 Mev. At this energy the barrier penetrability is high 
enough for the (p, n) process to have a fairly high yield, whereas other reactions 
like (p, pn), (p, «) etc. do not yet compete too seriously. ‘To the extent that such 
competing reactions occurred they led to isotopes of gold and the platinum metals, 
so that the irradiated material contained 1°’ Hg as the only volatile component. 

The aluminium base films were prepared in the usual way by evaporation of the 
metal on to microscope slides which had been covered with a fine layer of yellow 
soap, floating off on a clean water surface and lifting up on wire frames of 2 in. 
square. One such film, not more than 1000 A thick, was mounted in the vaporizer. 
Filings from the target were put into a little steel oven of 1 cm* volume, which had 
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an exit funnel of 25 mm in length and 1-5 mm in diameter, and could be heated 
electrically to 1000°c. ‘The filled oven was installed under a radiation shield with 
the funnel aiming at the centre of the base film, the funnel orifice being kept about 
2cm below the film. After evacuation of the vaporizer the oven was outgassed 
by slight heating, and a fresh layer of aluminium, a few hundred angstroms thick, 
was evaporated on to the base film from a nearby tungsten filament. The oven 
was then heated for 5 minutes to about 100° below the melting point of gold 
(1063°), and left to cool for 10 minutes. Finally another layer of aluminium, about 
1000 A thick, was evaporated on to the film. 

The sources had the appearance of pure aluminium and did not oxidize in air. 
One of them was later autoradiographed; the active spot appeared as a circle of 
3mm diameter with a sharp boundary. 


§ 3. THE PULSE SPECTRUM 


The pulse spectrum of a fresh source is shown by the heavy contour in feuret, 
The upper part of the spectrum, including the spike on the extreme right caused by 
amplifier overload, shrinks with a half-life of 23 hours and is therefore due to the 
ssomeric transition. The high peak in the middle could be identified from its 
decay as being due mainly to the conversion lines of the 77 kev transition in *’Au. 
Assuming that the maximum of the peak occurs at 70 kev, and that the response 
of anthracene is linear between 50 and 120 kev, the four conversion lines of 1° Hg 
should occur at the abscissae marked in the figure by arrows. Corresponding 


X-rays 
Auger 77 kev cony. 
Hg-Auger 


Figure 1. Pulse spectrum of 1°7Hg+1%*Au, as observed in an anthracene crystal of 
0-6 mm thickness about seven hours after target bombardment. 
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gaussian pulse height distributions, with the widths calculated from the known 
spectrometer efficiency and with re/ative heights calculated from the experimental 
conversion data of Huber et al. (1951), can then be drawn in provisionally. 


Tan. 
A’ fixed, B’ scans 


0-1S 


0-05 


Coincidences / sec 


0 


Figure 2. Distribution of coincidences in the pulse spectrum. The scale of abscissae is 
divided as in figure 1. 


The location of these lines was verified by scanning the spectrum for coinci- 
dences (cf. 1). One of the spectrometers was backed by the channel marked A’ in 
the figure, and the other by an equally wide channel B’ which was swept over the 
spectrum. Figure 2 shows the observed distribution of coincidences. Except 
for some non-linearity in the energy scale the result agrees with figure 1. Accord- 
ingly, the best arrangement for the correlation experiment was to set two congruent, 
wide channels over the interval marked A, B in figure 1. 


§ 4. THE ANISOTROPY OF THE CASCADE 


On each of three sources the anisotropy A = W(180)/W(90)— 1 was measured 
several times during 48 hours. The sources were inserted at e=135°; the data 
taken atd = 90° and 180° were corrected for angular resolution under the simplifying 
assumption that the correlation function contained only a second-order term, and 
A was then calculated without allowance for scattering effects. 

Eleven observations yielded the mean A= +0-651+40-011. An analysis of 
variance showed that there was no statistical correlation between the age of a source 
and its anisotropy, and a y?-test showed that the scatter of the eleven values about 
the mean was consistent, on the 10° level, with their estimated sampling errors. 
According to (1) the theoretical value of A is about 0-88. ‘Thus perturbations were 
present, but the observations clearly indicate that these perturbations were the 
same in all three sources and did not depend on source age. 


§ 5. THE FULL CORRELATION 


The strongest of the three sources was used to measure the complete correlation 
function. ‘The methods of taking data and of evaluating results were the same as 
in I, the only difference being that one single source was employed instead of eight. 
Large decentring errors were not to be expected because the source was so small 
and homogeneous that it could be centred to within 0-S5mm. About 65000 
coincidences were counted in 38 hours. Afterwards the source was weighed and 
found to be 60 ug cm? (2200 A) thick, with an estimated uncertainty of + 107). 
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The correlation function exhibited a small fourth-order term which was found 
by the variance ratio test to be significant on the 2% level. The x2-test of goodness 
of fit indicated a significance of 75%; thus the fit was excellent but not yet 
suspiciously good. The quality of the fit shows that the various extra errors were 
here appreciably smaller than in the experiment on *°Br; the reasonis, presumably, 
that the channel setting was much less sensitive to common boundary drift, and 
that the source thickness was strictly constant. 

The measured correlation coefficients, corrected for angular resolution but not 
for scattering, are a)’ = + 0-3533 + 0-0066, a,’ = + 0-0258 + 0-0081 (significance of 
a t of 5 degrees of freedom). 


§ 6. DiIscUSSION 


These results are seen to be considerably smaller than the theoretical values (1): 
If a,’ is corrected for the influence of scattering by means of the factor given else- 
where (Breitenberger 1954), under the reasonable proviso that this correction is 
uncertain in a gaussian distribution with standard deviation 0-015, the attenuation 
factor of the second-order term becomes 

G,=0:92240-049 0 ee (2) 
(upper limit for the standard error in a nearly gaussian sampling distribution, hence 
the departure of G, from unity is significant on the 0-01% level or better). 

Experimental errors alone could not have falsified the correlation so strongly. 
Coincidences involving the unconverted 134 kev y-rays can be neglected because 
these y-rays are absorbed to only 4% in 0-6 mm anthracene; moreover the relevant 
Compton distribution, with its edge at 46kev, lay partly outside the channels. 
Coincidences involving K x-rays of Hg or Au cannot have been observed at all, 
the Compton electrons having energies below 20kev (Hg Ky lies at 81 kev); 
likewise all L x-rays were barred from detection by their low energy (Hg Ly lies 
at 14kev). The K+ LL Auger electrons of Hg have energies between 51-9 and 
56-6kev (Mihelich 1952) and thus lay right inside the channels, but they are 
emitted so seldom that they cannot have caused a significant number of coinci- 
dences. Lastly, it is clear from figures 1 and 2 that the admixture of 1-27, 
coincidences was very small. 

Thus the observed attenuation must be ascribed, at least partly, to perturbations 
of the intermediate state. The absence from the correlation function of terms 
other than P, and P, shows that the perturbing fields were oriented randomly 
(cf. Abragam and Pound 1953), as would be expected for a microcrystalline 
source. If the attenuation factor (2) is interpreted as resulting from pure quad- 
rupole interaction in randomly oriented, axially symmetric fields of equal strength, 
the quadrupole frequency Avg =(eQ/h)(o?V/dz") is found from Abragam and 
Pound’s equation (29) to be 3 Mc/s. Of course it cannot be affirmed that the | 
perturbing fields were axially symmetrical and of the same strength for every atom, | 
nor that they were purely electric; weak magnetic perturbation due to deformations | 
of the valency orbitals may well have been present. Only strong hyperfine- | 
structure interaction due to atomic paramagnetism seems altogether implausible. 

Lattice irregularities causing perturbing fields presumably existed in the source | 
from the beginning, as mentioned above. However, as a result of the nuclear 
recoil accompanying the ejection of the first conversion electron these irregularities | 
may have been accentuated, and some new ones created. ‘The recoil energy is | 
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readily calculated to be 0:246 ev. Though small, this amount is by no means 
insignificant. Seitz (1949) has estimated at 25 ev the energy required to make a 
Frenkel defect in a faultless lattice, but near dislocations or grain boundaries the 
irreversible displacement of an atom should be possible with an expenditure of 
only 5 ev or so; an impurity atom, under such circumstances, is still easier to dis- 
place from a substitutional to an interstitial position, the required energy being 
perhaps 1 ev (for up-to-date surveys of the whole subject see Lintner and Schmid 
(1955), or Seitz and Koehler (1955)). Some experiments reveal even lower 
displacement energies. Among the many annealing effects which are observed in 
metals after particle bombardment, Overhauser (1953) found one which had an 
activation energy of 0:2ev; Cooper, Koehler and Marx (1954), in a similar case, 
suspected less than 0-lev. Some of these annealing phenomena possibly 
indicate highly reversible lattice damage which can be done or undone with 
practically the same effort. In this context one should also bear in mind that the 
energy required to break a metal lattice by melting is very low; for aluminium the 
heat of fusion is 85 cal g!, corresponding to only 0-11 ev per atom. Summing the 
evidence, it appears not unlikely that a recoil of } ev as in the present experiment 
can produce some lattice damage. 

Thus the result of the experiment is rather a negative one. In angular 
correlation work with conversion electrons the necessity of using very thin sources, 
the limited choice of cubic metals of low Z for the source backings, and the 
unavoidable nuclear recoil accompanying the first conversion transition are 
circumstances under which it is not generally possible to avoid all perturbative 
effects if the intermediate state has a long lifetime. The conclusion assumes a 
wider significance if it is regarded in the light of the consistency among three 
sources : quite generally, consistent behaviour of the sources prepared according 
to some technique does not guarantee the absence of all perturbations. 


§ 7. A Case OF ATTENUATION TO IsOTROPY 


A fourth source was inadvertently prepared in bad vacuum. This source hada 
greyish, oxidized appearance and exhibited practically no correlation, its aniso- 
tropy being 0-023 + 0-045. 

The phenomenon of ‘loss of correlation memory’ is not yet understood 
although it has been extensively discussed (see Frauenfelder 1955, Steffen 1955). 
Abragam and Pound (1953) have shown that no stationary interaction can alto- 
gether destroy the correlation. The reason is, essentially, that steady nuclear 
precession represents a periodic, but not a random, perturbation of the intermedi- 
ate state so that the nuclei can never completely lose their information about the 
direction of the first radiation. Even if the precession periods are much shorter 
than the lifetime ty of the intermediate state a ‘hard core’ of the correlation 
remains. With time-dependent interactions the situation is different. A typical 
example is the quadrupole perturbation caused in a liquid source by the irregular 
configuration of inactive atoms around every emitting atom. The random 
relaxation of these instantaneous configurations continually alters the electric 
field gradients, and thereby interrupts the periodicity of the perturbation in a 
random way. If the relaxation time is appreciably smaller than ty, and if the 
nuclei precess rapidly enough, the correlation will be wiped out entirely. 

It has been noted that in all observed cases of attenuation below the hard core 
the first radiation was preceded by strong ionization, and the activity was embedded 
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in a badly conducting medium (see Steffen (1955) and further references given 
there). Similarly in the present experiment the chain of x-ray, Auger and Coster— 
Kronig transitions initiated by the expulsion of the first K-conversion electron 
resulted in a severe depletion of the atomic shell. Calculations on this very 
complex process of atomic de-excitation have been made by Cooper in 1942; he 
found that in bromine (7 =35) one K-shell vacancy leads on the average to 4:7 
vacancies in the outermost shell. In heavy elements such as mercury (Z=80) 
still greater ionization will occur because, although the Auger cross section de- 
creases with rising Z (e.g. Mott and Sneddon 1948, p. 344), the number of possible 
Auger transitions increases strongly. 

When !%7Hg is embedded in oxidized, badly conducting aluminium the 
intense ionization accompanying the first conversion electron cannot be repaired 
immediately. Thus the life of the intermediatestate is spent in a heavily damaged 
atomic shell. Strong hyperfine-structure interaction will then attenuate the 
correlation, leaving only the hard core if every ion has a sufficiently strong magnetic 
moment. However, the shell may not remain in its original state of depletion for 
any length of time of the order 7y, and beginning neutralization of the ion would 
destroy the periodicity of the hyperfine-structure perturbation. Indeed, every 
recapture of an electron will in general alter both the magnitude and the orientation 
of the magnetic moment of the atomic shell. The analogy with the relaxation 
mechanism in liquids is obvious. In order to account for the observed isotropy 
we only have to assume that the mean lifetime of an ion was comparable with ry, 
that is, roughly 10 my sec, and that the average nuclear precession period was one 
order of magnitude shorter, that is 1 mp sec, or perhaps less. Such conditions 
appear tobe quite reasonable. ‘The argument still holds good if a small quadrupole 
perturbation is present at the same time(cf. Abragamand Pound 1953, §VI(A)), and 
suggests equally reasonable conditions when it is applied to other known cases. 
Of course, if the initial ions are not as heavily charged as in the present case, or if 
the neutralization proceeds rather slowly compared with the nuclear de-excitation, 
one cannot expect the correlation to be destroyed entirely ; perhaps one or both of 
these reasons explain why small residual anisotropies have often been observed 
with the familiar ''In—'4Cd embedded in non-conductors, whereas complete 
isotropy resulted with !*’Hg embedded in a partly oxidized metal. 
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Intensities of Bands in the System b®Z*~a®Il of Carbon Monoxide 
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§ 1. INTRODUCTION 


HE starting point of this work was the observation of Gaydon (1953) that 

there appears to be no record of bands with v’ >2 in the b*2+-a3Il system 

of carbon monoxide: if the absence of these bands is due to predissociation, 
then one would be forced to accept a limit below 10-95 v for the dissociation 
energy of carbon monoxide. 

In fact although it is difficult to prove that a progression of bands is not 
excited at all, it may be possible, from a study of the intensities of bands within a 
system, to state that a band is unexpectedly weak. We have therefore examined 
the intensity distribution among some of the bands of the b?X+—a? I system of 
carbon monoxide. 


§ 2. INTENSITY CALCULATION 


The intensity of an emission band v’,v” may be written 
le Ve = KN yy, e | fo RO) v” dr |? 

where N,, is the number of molecules in the initial state v’, vy, »” is the energy 
separation between states v’ and v”, R(r) is the electronic transition moment, and 
K is a constant depending upon the geometry of the system. It is commonly 
assumed that the electronic transition moment may be taken as constant, so that 
the intensity becomes proportional to the square of the vibrational overlap 
integral, | fp, dr |? =p(v’, v’). 

The overlap integrals may be estimated in several ways. We have assumed 
that the two electronic states in question can adequately be represented by 


Morse functions, and have evaluated wave functions by numerical integration | 
(details of the procedure are given by Jarmain and Nicholls 1952). ‘The results | 
agree satisfactorily with those obtained by the approximate analytical method of | 
Fraser and Jarmain (1953) in spite of the rather big difference in the magni- 
tudes of the constants for the two states. Values of the molecular constants used | 


are given in table 1, and the results of the calculations in table 2. 


Table 1. Molecular Constants 


State b?+ atl 

To (A) 1-088 1:2093 
We (cm) 2263°:5 1739°5 
Mace (Cia) S257 14:47 


Note. ‘The values of the constants have been taken from Herzberg (1950). Estimates of 


We and x,» for b’X*+ have been calculated from AG,,,=2198 cm~! and a=0-033, using the | 
Pekeris relation (see Herzberg 1950, p. 108 : this relation does not always give very reliable 


results, but quite a rough estimate of xz, for b?&* suffices for our present purpose). 
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Table 2. Values of p(v’, v") relative to p(0, 0) 


v 0 1 2 3 

2 5-44 0-48 0-66 1-89 

1 3-63 3:39 1:23 0-19 
(3°77) 

0 1-00 2-39 3-27 3°35 

(2-32) (3-14) (3-26) 


Notes : (1) The values in parentheses were obtained by the analytical method. 
(2) 'The actual value of p(0, 0) is 0-058, by numerical integration. 


§ 3. EXPERIMENTAL 


The b’i*—a#II bands may be excited conveniently in a tube containing a 
pressure of several millimetres of carbon monoxide, which is surrounded by a 
coil forming part of a tuned circuit fed with radio-frequency power. Integrated 
intensities of several bands were determined, using the conventional method 
of spectrophotometry. ‘Three plates, taken on Hilger small, medium and large 
quartz spectrographs respectively, were measured. ‘The results (table 3) agree 
about as closely as would be expected, indicating that there is no serious error 
arising from the finite resolving power employed. 


Table 3. Integrated Band Intensities, relative to 0,0 Band 


Band Spectrograph 

vv" Small Quartz Medium Quartz Large Quartz 
0, 0 1-00 1-00 1-00 

0,1 Sy 2-00 2-00 

072 2:42 2:42 

eS 2:67 2-21 

10) 0-31 

ial 0-085 
Ane, 0-059 
14: 0-15 


It may be remarked first that the intensities in the v’=0 progression increase 
more slowly with increasing value of v” than do the corresponding theoretical 
probabilities (table 2). This effect may be genuine, and arise from a real variation 
in the electronic transition moment (see, for example, Poots 1953, Turner and 
Nicholls 1954). 

In order to estimate the intensity of the (unobserved) 2,0 band with respect 
to that of the 0,0 band, we may proceed to determine an effective vibrational 
temperature from the results for the pairs of bands 1,0 and 0,0; 1,1 and 0,1; 
1,2 and 0,2. We obtain 1167°, 829° and 1176°k, respectively, with a mean 
value of 1060°x. Using this vibrational temperature and the value of p(2, 0)/p(0, 0) 
given in table 2, it is estimated that the intensity of the 2, 0 band in this particular 
discharge should be about 0-023 of that of the 0,0 band; i.e. it should be about 
forty times weaker. 

The system was photographed in a first order of a 2-4m grating in an 
Eagle mounting, giving a dispersion of about 7-4Ammr! on the plate. The 
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0,0 band was distinctly observable after an exposure of 1 minute and the 1,0 
band (which should be about three times weaker than the 0,0 band) appeared 
with roughly the same intensity as the 0,0 band after an exposure of 5 minutes. 
However, after an exposure of 60 minutes there was no trace of a band in the 
position expected for a 2,0 band (the strongest band of the 2,0" progression). 
Even on an exposure of 3000 minutes there is found to be little evidence for a 
violet-degraded band at the correct wavelength: it is however impossible to 
affirm categorically that there is no trace of emission which could arise from a 
2,0 band, since there is structure both from the 4th Positive system and from 
a weak feature which may be one of the Kaplan bands (Kaplan 1930). 


§ 4. CONCLUSIONS 


It is concluded that bands with v’ =2 in b?2+—a IJ are, if not absent, definitely 
weaker than expected. If this effect arises from a predissociation, then, by 
extrapolating to the expected position of v’=2 in b8x+, Dy(CO) <88262 cm™ 
or <10-94 ev. 

It is not easy to reconcile this with the interpretation of the well-established 
predissociations in the state B1L* (Douglas and Moller 1955), which give a 
dissociation limit at 89595 cm. 

If the limit from B!S* is correct, it has to be assumed that the non-appearance 
of bands with v’=2 in b3=+ arises from the effects of perturbations, known 
already in v’=0 and 1 (Dieke and Mauchley 1933, Beer 1937). It is, however, 
difficult to see how such perturbations would lead to the total suppression of 
the 2,0 band, and it seems therefore that there is a real anomaly here. A further 
study of the levels in b82+, both from the b?2+—a®Il system, and perhaps from 
the b?X+-x!+ system, with !2CO and 18CO, seems desirable. 
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REVIEWS OF BOOKS 


Methods of Mathematical Physics, 3rd Edn, by Str Haroip Jrrrreys and 
BERTHA Swirtes (Lapy  Jerrreys). Pp. xiit+714. (Cambridge : 
University Press, 1956). 84s. 

When the first edition of this monumental work was issued in 1946 it was 
fully reviewed in these Proceedings, 1947, 59,512. Since then a second edition 
in 1950 corrected a few minor errors, and added some 50 pages of new material. 
The fact that a third edition is now called for is a tribute to the uniqueness of 
this book, and the fact that hardly any changes are now required is a tribute to 
its excellence. The first reviewer said of it that ‘‘ it is a book of quite exceptional 
importance’. ‘The present reviewer can merely echo these words. For this 
account of the methods of mathematical physics is still magnificent in its scope 
and architecture. ‘There must be very few major techniques in theoretical 
physics which are not explained here, and illustrated by some genuine example. 
It remains, and is likely to continue for many years, an almost indispensable 
work of reference for anyone attempting research in theorctical physics. Even 
its price, which seems pretty high, is not altogether unreasonable. There will 
not be many of the people for whom this book is intended who would not save 
themselves four guineas’ worth of time by possessing it. C. A. COULSON.. 


Nuclear Stability Rules, by N. FeEaTHeR. Pp. ix+162. (Cambridge: 
University Press, 1952.) 20s. 

This book was written just at the time when the nuclear shell model was 
invented; too late to influence that dramatic break-through, too early to take it 
into account. But precisely for that reason it is less likely to be out-dated soon 
than if it had been written at any other time. For, as the author points out, 
theories change while facts remain. ‘The value of this immensely thorough 
compilation lies precisely in that it presents the facts uncoloured by theory, or at 
least by any of the more transitory forms of theory. ‘The book is not concerned 
much with the excited states of nuclei, of which our knowledge has grown 
greatly during the last years; of the ground state of nuclei it still is, and will be 
for some time, a valid and most valuable presentation. ‘The style may appear 
laboured in places, but the precision of expression achieved may well set an 


example to some who write a more readable but less accurate language. ze 
O. R. FRISCH. 


Introductory Nuclear Physics, by D. Hattipay. 2nd Edn. Pp. x+493. (New 
York: John Wiley; London: Chapman and Hall, 1955.) 60s. 
This, the second edition of a well-known textbook, will be examined with 


interest by every teacher of nuclear physics. 
About half of the book is devoted to classical nuclear physics—basic ideas 
about nuclei, radioactive decay, the passage of radiation through matter, and the 
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detection of radiation. The second half discusses the more vital topics—nuclear 
structure, reactions, fission, spin, magnetic moment, cosmic rays, and so on. 

Several important changes have been made in this new edition. Very many 
quite recent developments have been included so that the book is really up to 
date. Thus there are references to the ’ cloudy crystal ball’ and the collective 
models, to Coulomb excitation experiments, to stripping reactions, and to 
recent studies of the time dependence of cosmic rays. A chapter has been added 
on elementary quantum mechanics, this seems hardly necessary. 

The treatment of nuclear reactions rightly avoids complications due to spin, 
though this has led the author into a misleading definition of scattering (pacts): 
The “ conservation of statistics theorem ”’ is introduced as if it were an accident 
(p. 381) and not a logical consequence of quantum mechanics. Many proofs 
are quite properly relegated to an appendix, while others are just quoted without 
full development; there is sometimes a certain inconsistency in what is chosen 
to be proved and what is quoted which is hardly conducive to clarity in a teaching 
text. It is, moreover, surprising to find that there are 43 pages about the experi- 
mental measurement of nuclear spins and magnetic moments, and very little 
reference to the theoretical interpretation of these results. 

The book is in plan essentially an undergraduate text, though in many parts 
it is useful for a research student. It will surely appeal to both classes of readers 
though the English undergraduate may find some sections too advanced, and 
the research student would be advised to remember the first word of the book’s 
title. A. V. COHEN. 


Annual Review of Nuclear Science, Vol. 3, 1953. Pp.ix+412. Edited by 
J. G. BECKERLEY, M. D. Kamen, D. F. Mastickx and L. I]. SCHIFF. 
(Stanford: Annual Reviews, 1953.)® $7.00. 


A review article should serve two main purposes; it should provide the 
specialist with an organized account of recent advances in his own subject and it 
should offer the specialist in another subject an opportunity of interesting 
himself in a new field. Most of the topics covered by the Annual Reviews of 
Nuclear Science are rapidly developing and the expert may find that the reviews 
which most closely interest him depreciate sharply in value after a few years. 
This is not necessarily true for the more general reader, particularly if the 
articles give broad comment as well as detailed information. Most of the 
chapters of the present volume were completed early in 1953 and some of the 
subjects have already been treated again (Vols. 4 and 5). 

Rather less than half the book is concerned with nuclear physics and the 
remainder with related subjects. E. M. Henley, M. A. Ruderman and 
J. Steinberger discuss the ‘ Reactions of 7-mesons with Nuclei’; they give a 
good account of the theory of isotopic spin and a clear treatment of 7-nucleon 
scattering, but they were not able to include the important results now available 
from the Brookhaven Cosmotron. Similarly the report by L. Leprince- 
Ringuet on ‘ Mesons and Heavy Unstable Particles in Cosmic Rays’ although 
able to present details of the Bagnéres Congress of 1953, was written before the 
operation of the Berkeley Bevatron had revealed properties of K-particles. 
D. R. Corson and A. O. Hanson write on the ‘ Extranuclear Interactions of 
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Electrons and Gamma Rays’, from an experimental point of view and show how 
accurate experiments have verified the details of the theory particularly in 
respect of ionization loss, pair production and bremsstrahlung. A very readable 
article by D. J. Hughes surveys the general methods and application of neutron 
optics. ‘The standardization of measurements of energy and intensity of 
neutrons of all velocities is an important matter and is fully discussed in an 
article by A. Wattenberg. Another mainly technical article which will still be 
widely found useful is that by Y. Goldschmidt-Clermont on nuclear emulsions; 
it deals with processing, range-energy relations, multiple scattering and improve- 
ments in microscope techniques. - 

Four chapters are primarily chemical. J. L. Magee describes the elementary 
processes of radiation chemistry and J. E. Willard the chemical effects of nuclear 
transformations, of which the Szilard—Chalmers’ process is the best known 
example. P. C. Stevenson and H. G: Hicks contribute a short chapter on 
‘Separation Techniques used in Radiochemistry ’ in which the methods of ion 
exchange and paper chromatography are perhaps too briefly treated. Isotopic 
substitution, using both stable and active nuclei, is an important method of 
chemical investigation and recent applications of the H, C, O, S and Hg isotopes 
are described by P. E. Yankwich (Isotope Effects in Chemical Reactions). 

The remaining chapters are concerned directly or indirectly with the biological 
effects of radiation. In ‘ Radiation Dosimetry and Protection’, L. D. 
Marinelli discusses the physical methods of dosage estimation for neutrons and 
photons. R. Hugh (Vertebrate Radiobiology; Embryology) gives evidence 
from studies with fowl, fish and mammal that the embryo is more radiosensitive 
than the adult animal. The effect of radiation on various organs of the body is 
described by J. Furth and A. C. Upton (Vertebrate Radiobiology; Histo- 
pathology and Carcinogenesis) while the physico-chemical processes leading to 
cell damage are treated by A. H. Sparrow and F. Forro, Jr. (Cellular Radio- 
biology) in an article which also discusses possible means of modifying the 
radiosensitivity of cells. Finally, in a chapter entitled ‘ Practical Aspects of 
Radiation Injury’, L. H. Hempelmann and J. G. Hoffman give a graphic 
description of the progress of acute radiation sickness based on actual case 
histories. . 

This volume, like its predecessors, has been carefully produced and includes 
very full lists of references. W. E. BURCHAM, 


580 


CONTENTS OF SECTIONT 


Mr. J. B. Arruur, Dr. A. F. Gipson and Mr. J. B. GUNN. Carrier Accumulation 
in Germanium : : : : . 


Mr. J. B. ARTHUR, Dr. A. F. GIBSON and Mr. J. B. GuNN. Current Gain at L-H 
Junctions in Germanium : : : : ; : 


Mr. D. HaNeMaN. Current Gain in Formed Point Contact n-type Germanium 
Transistors . : 


Dr. J. B. Brrxs and Mr. F. D. BRooxs. Scintillation Response of Anthracene to 
6-30 kev Photoelectrons , 


The late Prof. N. A. V. Prercy, Dr. E. G. RICHARDSON and Dr. H. F. WINNY. 
On the Convection of Heat from a Wire moving through Air close to a Cooling 
Surface ; : 


Dr. R. A. Hyman. ‘The Electrical Conductivity of Hexagonal Selenium 


Dr. P. T. G. Frynn. The Discharge Mechanism in the High-Vacuum Cold- 
Cathode Pulsed X-ray Tube . A : ‘ : : ; ; : 


Research Notes : 
Dr. P. T. Lanpsperc. Note on turnover in Germanium Contacts F : 


Mr. B. V. Paranyapr. Polarization of the Continuous Spectrum in a Gas 
Discharge 


Letters to the Editor : 
Prof. L.. G. H. Huxtey. Electronic Motion in Gases and the Method of Free 
Paths . : : : : i . : , 
Dr. R. A. Hyman. Bending of Single Crystals of Selenium 
Reviews of Books 


Contents of Section A . 


PAGE 


697 


705 


Tie 


PROC. PHYS. SOC. VOL. 69, Pi 7h (MONIQUE CHARTON AND A. G. GAYDON) 


a 


b 


re . 6500 7000 
6400 6500 6600 


d 


Nog 5890-6 Swe O2 2 SYOH, 6110 


i 
5000 5500 6000 6500 


Spectra d, e, g and h were taken with the glass Littrow spectrograph, and spectrum f 


on the 21-ft concave grating ; the remainder were taken with the medium glass 
instrument. Spectra a, b, c and f were taken on Ilford Long Range Spectrum 


plates, and the remainder on II]ford Astra III. 
a. Strontium carbonate in arc in air (graphite poles). 
b. Strontium carbonate in vacuum arc in heavy-water vapour (D.O). 
c. Strontium carbonate in vacuum arc in water vapour (H,O). Fe arc below. 
d. Strontium nitrate (on moistened filter paper) in oxy-hydrogen flame. Fe arc above. 
e. Strontium carbonate in arc in air. Fe arc above. 
f. Strontium nitrate in arc in air. Grating spectrograph. 
& 


Saturated solution of strontium nitrate sprayed into oxy-hydrogen flame. Exposure 


4min. Wide slit, 0:1 mm. 


h. Dilute solution (1/6 saturated) of strontium nitrate sprayed into same flame. Exposure 


3 min. 
i Barium nitrate in arc in air. 
j Barium metal on carbon poles in vacuum arc in water vapour (H,0). 
k Barium metal in vacuum arc in heavy-water vapour (D,O). 
! Barium nitrate in oxy-hydrogen flame. Fe arc below. 
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Hyperfine Structure of Radioactive Silver ‘t1Ag 


By G. K. WOODGATE anp R. W. HELLWARTHt 


Clarendon Laboratory, Oxford 


Communicated by H. G. Kuhn; MS. received 9th March 1956 


Abstract. An atomic-beam apparatus is described with which the nuclear spin 
and hyperfine structure separation of the ground state of the radioactive isotope 
7 Ag have been found. The nuclear spin is =}, in agreement with the result 
of McGinnis and of Lemonick and Pipkin. he other experimental results are: 


Av(M4Ag) = 2204-54 + 0-05 Me/s, 
g,(Ag) =2-00235 + 0-00012, 


u7CMAg) = —0-145 + 1°% nuclear magnetons. 


§ 1. INTRODUCTION 
HE nuclear spin of radioactive |! Ag has been derived by McGinnis (1948) 
| from an analysis of the nuclear decay scheme. The value J=} was 
confirmed by Lemonick and Pipkin (1954), who used an atomic beam 
of the focusing type (Friedburg and Paul 1951). ‘These authors also gave a 
tentative value of 2180+ 100 Mc/s for the hyperfine structure separation of the 
ground state of |/'Ag. 

Our experiment was begun concurrently with that of Lemonick and Pipkin, 
but was pursued, after the publication of their tentative result, until an accurate 
value of the hyperfine structure was obtained. The results have been briefly 
reported already (Woodgate and Hellwarth 1955). 

A new value of g, for silver and the sign of the nuclear magnetic moment 
of ''Ag were also derived from this experiment. 


§ 2. METHOD 

The magnetic resonance method of atomic beams developed by Rabi and 
his collaborators has been fully described in the literature (Kusch, Millman 
and Rabi 1940, Zacharias 1942). Our apparatus has been built with the purpose 
of measuring nuclear spins and hyperfine structures of the ground states of 
radioactive isotopes. 

The method for measuring the nuclear spin J and the hyperfine structure 
separation Av of 11g is the same as that described by Bellamy and Smith (1952). 
We shall use the notation of these authors in this paper, but shall not repeat the 
formulae because the method is now so widely used. 

The apparatus is arranged in a conventional ‘flop-in’ manner, in which the 
gradients of A and B fields are in the same direction. For a *S,/. ground state, 
atoms which have undergone a transition designated by m,= +3<—>my;= — 3 
are ‘refocused’ at a detector located on the axis of the beam; these atoms 
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contribute to a maximum of beam intensity superimposed on the minimum of 
the Stern—Gerlach pattern formed by unperturbed atoms. 

The value of the C field, H (or rather the parameter y=p)H/h Mc/s), in 
this experiment was measured with a beam of 89K, for which [=3/2 and p; is 
positive. The transition used for this purpose was F=2, m= —1<~>-2, 
which is a field-dependent 7 line. Since silver and potassium are both in a 
2S, ). ground state, the behaviour of the energy levels in a magnetic field is 
described by the Breit-Rabi formula (Breit and Rabi 1931). The following 
values of the constants associated with ?§K were used in evaluating y: 
Av =461-723 + 0-010 Mc/s (Kusch and Taub 1949); g,;=2-00228 + 0-00002 
(Franken and Koenig 1952); g;=—1-419 x 10-4 (Brun et al. 1954). 

The frequency of the 7 line (F=1; m=1+— 0) of 4;Ag was measured at 
low and intermediate fields (v, in figure 1); this labelling of m assumes a 


W/AW 


Figure 1. 


negative sign tor the nuclear magnetic moment of '//Ag. From the results the 
nuclear spin was confirmed, and an estimate of Av was made in the usual way. 
An accurate value of Av was tound by measuring the frequency of the o line | 
(F=0<—-F=1; m=0) near zero field, where the frequency is independent of | 
field to first order (vy in figure 1). 


§ 3. APPARATUS AND EXPERIMENTAL PROCEDURE 

We include in this section, not a full account, but only certain details of 
experimental procedure which we have found useful. | 
The vacuum envelope which is a brass cylinder ten inches in diameter is | 
divided into three chambers, separately pumped, containing the ovens, the 
magnets and the detectors. ‘The wall separating magnet- and detector-chambers | 
is provided with a gate-valve so that the latter chamber may be opened to | 
atmospheric pressure without affecting the vacuum in the rest of the system. | 
‘The customary separating chamber, independently pumped, between ovens and 
magnets is omitted in order to shorten the path of the beam between oven and _ 
detector, which is about 40cm. However, the opening which connects the 
oven- and magnet-chambers is in the form of a narrow rectangular tube which | 


allows free passage of the beam but impedes the residual gas molecules in their _ 
path between the two chambers. 
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The oven for evaporating silver was made of tantalum. It had a channel 
2 in. long and 0-010 in. wide to conserve material, and was heated by electron 
bombardment. The operating temperature was in the region of 1000°c, and 
was kept steady during a run by manual adjustment. The oven was loaded 
with about 5 millicuries of \'Ag mixed with about 10 mg of stable silver. It 
could be removed from the apparatus and replaced quickly and safely without 
disturbing the heating element. The |'Ag, which is a 8-emitter with a half-life 
of 7-5 days, was obtained by irradiation of |\°Pd with neutrons in the Harwell 
pile. This was mixed with stable silver, separated chemically from the palladium 
and its other products, and electroplated on a thin platinum foil which was 
inserted in the well of the oven. It is probable that a good deal of the silver 
was lost in the oven by alloying with the tantalum. 

Before each run the apparatus was lined up with a potassium beam. After 
removing all slits from the path of the beam, one could observe the image of the 
slit of the potassium oven through a telescope fitted with crosswires and mounted 
on the axis of the beam at the detector end of the apparatus. The slit of the silver 
oven, nearly at its operating temperature, could then be brought into the same 
position while it was being observed through the telescope. 

The collimator slit was 0-010 in. wide. Another slit 0-008 in. wide was 
situated immediately in front of the target, on which the beam of silver was 
deposited, in order to exclude from the target the side peaks of the Stern—Gerlach 
pattern. ‘These side peaks occurred about 0-012 in. from the axis of the beam. 
The detector slit was lined up by means of a potassium beam with all magnets off. 
We noticed that a refocused potassium resonance peak was of no use for this 
purpose because the peak was 0-003 in. off axis. The effect was attributed to a 
second derivative of the magnetic field across the gaps of the deflecting magnets. 
The ‘flop-in’ deflecting system was therefore not symmetrical, and caused 
different trajectories of the potassium beam to be refocused at different positions 
in the plane of the detector. Because the trajectories of silver atoms were less 
expanded than those of potassium atoms, the effect produced a resonance peak 
for silver less than 0-001 in. off axis. 

The target for silver was a strip of aluminium foil 0-001 in. thick wrapped 
round a cylindrical liquid-air trap. ‘The strip was divided into 26 marked sections 
each of which could be exposed in turn to the beam by rotating the liquid-air 
trap. A whole resonance curve was scanned before the targets were removed, 
cut up into sections, and counted in a 47 Geiger counter. A counting rate of 
between 200 and 300 counts per minute was typical for an undeflected beam of 
silver deposited for two minutes. With the same time of deposition a resonance 
peak was often 30 counts per minute above the background caused by fast atoms 
in the Stern—Gerlach pattern, During a run deposits were made with the radio 
frequency on and off alternately. A stop-wire was provided for preventing fast 
atoms on the axis of the beam from reaching the detector, and so contributing 
to the background. However, it was not used in this experiment because the 
difference in counting rate with radio frequency on and off was relatively large; 
also, the counting rate with radio frequency off gave a useful indication of the 
constancy of vapour pressure in the oven during a run. 

The deflecting magnets, which were of the usual design with soft-iron pole 
pieces, gave a ratio of gradient to field of 3:1 per cm. The windings were 
insulated with coating Araldite. All three magnets were excited from a 2v 
10000 ampere-hour submarine battery. ‘The C field drifted linearly with time 
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during a run, and corrections were made to frequency readings by interpolation. | 

A coaxial radio-frequency loop of rectangular cross section was used to excite 
o transitions. This loop gave a double-peaked resonance curve as described by 
Woodgate and Hellwarth (1956). For exciting 7 transitions an unshielded | 
radio-frequency loop }in. long was used. With this loop the theoretical half- 
intensity width at optimum radio-frequency power is about 130 kc/s for both 
potassium and silver. The line width observed with silver was about 240 kc/s 
and over 300 kc/s with potassium. The large widths can be attributed to the | 
effect of a field gradient in the vertical direction in the C magnet. This gradient | 
was measured with the aid of a narrow horizontal slit which limited the height 
of a potassium beam to one-tenth of its usual height, which was 5mm. When | 
this slit was moved up and down under vacuum to select different vertical sections 
of the beam, the peak frequency of a narrow symmetrical line obtained with a 
small double loop (Ramsey 1949) shifted by the expected amount. It was possible 
almost to eliminate the effect of longitudinal field inhomogeneities by adjusting 
the A and B fields which strayed into the C magnet, and by moving the radio- 
frequency loop into a direction parallel to the beam. 

Power oscillators made in the laboratory were used to excite the radio-frequency 
field. Low frequencies were measured with a BC 221 wavemeter. High frequencies 
were measured with a Marconi T.F.723A crystal calibrator in conjunction with 
a Hallicrafters SX 28 communications receiver. ‘These instruments were 
calibrated from a frequency standard, and the precision of frequency measurement 
was about +2 kc/s. 


§ 4. RESULTS 
In the table are given the resonance frequencies v, observed in the line | 
F=1, m=1<--+0 of \'Ag at a magnetic field corresponding to the frequencies 
of the line F=2, m= —2<>— 1 of ?3K. 
v (29K) (Mc/s) 7°50+ 0:05 460-0600 + 0-00 460-000 + 0-00 
vz (*4Ag) (Mc/s) 14-384=0-050 428-390 + 0-025 428-415+ 0-025 


The first measurement confirmed that for \//Ag [=4, since v,(141Ag) = 2r(9K) } 
except for a small discrepancy introduced by second-order terms in the field. 
A search was made for resonances at frequencies corresponding to other half- 
integral values of J(!1Ag) but none was found. Several intermediate field | 
measurements not shown in the table led to better and better estimates of Av(1Ag) | 
as the field was increased. ! 
The pair of measurements at »(?9K)=460 Mc/s were made as accurately | 
as possible. They are quoted in the table in a form corrected for drift of the | 
C field, and normalized to a value of exactly 460 Mc/s for v(3°K), the experimental | 
limits of error being lumped together and appended to the value of v,(1Ag). 
The resonance curve of v,(44Ag) = 428-39 Mc/s is plotted in figure 2. The 
vertical bars on each point represent statistical errors of counting after the 
counting rate of the background (with radio frequency off) has been subtracted 
from that with radio frequency on. The horizontal bars represent equivalent 
errors generated by the experimental uncertainty in v(?°K) when this frequency 
is taken to be exactly 460 Mc/s. In the absence of reasons for assigning unequal | 
weights to the last two values of »,(1"Ag) in the table, the mean value of v,(#!Ag) | 
is taken to be 428-403+0-025 Mc/s when »(?9K)=460 Mc/s exactly. The 
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quoted limits of error are arbitrarily chosen owing to the lack of a large body 
of data; they correspond to the possibility of finding the peak of a resonance 
line to within about one-tenth of the half-intensity width. This value of v,(1!'Ag) 
led to an estimated value of Av( Ag) of about 2203 Mc/s. 


Courits per Minute above Background 
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4285 428-6 |4287 


Figure 2. 


The frequency of the o line F=1<—-0, m=0 which is independent of field 
to first order was measured at a magnetic field of 2:3 oersteds. 'The measured 
frequency v,=2204-55+0-05 Mc/s gives a value for the hyperfine structure 
separation of |'Ag: 

| AvAMAg) | = 2204-54 + 0-05 Mc/s. 
The quantities 
Av?44Ag) =2204-54+0-05 Mc/s, »,(@4Ag) =428-403 + 0-025 Me/s 
and y = 367-992 + 0-006 Mc/s 


(corresponding to »(??K)=460-000 Mc/s) were substituted in the Breit—Rabi 
formula. Two unknown quantities remain, namely g,(Ag) and g/(“'Ag). From 
the ratio of the hyperfine structure splittings of |/'Ag and /?Ag and from the 
nuclear magnetic moment of the latter, the magnitude of g;(1"'Ag) can be found 
if the hyperfine structure anomaly (Bohr and Weisskopf 1950) is ignored. 
Av(9°Ag) and g,(#%°Ag) are known from the work of Wessel and Lew (1953) 
and Brun et al. (1954) respectively. ‘The magnitude of g;(1"Ag) is 1-58 x 10. 
Substitution of g;-= +1:58x 10 leads to two values of g,(Ag): for g,;>0, 
gy(Ag)* =2-00242 + 0-00014, for g, <0, g,(Ag) =2-00258 + 0-00014. These are 
to be compared with the value given by Wessel and Lew: 


g,(Ag) = 2-00224 + 0-00020. 


We conclude therefore that g,(4!Ag) is positive, leading to a value 

u(41Ag) = —0-145 nuclear magnetons, 
accurate to about 1°% if a hyperfine structure anomaly is not ignored. As an 
indication of the size of the anomaly to be expected, that for the stable isotopes 
of silver is —0-416 + 0-008°% (Wessel and Lew 1953). 

A new value of g,(Ag) is taken to be the weighted mean of our g,(Ag)* and the 
value given by Wessel and Lew. It is g,(Ag)=2-00235 + 0-00012. ‘This value 
is slightly different from that quoted in our ‘previous publication (Woodgate 
and Hellwarth 1955). 
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§ 5. DiscussIoN OF RESULTS 


The problem of determining the sign of g,; may be reformulated as follows : 
assuming that g (Ag) = 2-00224 + 0:00020 as given by Wessel and Lew, we need to 
know what values of v,(#"1Ag) at a value of y = 367-992 + 0-006 Mc/s would be con- 
sistent with g,(14Ag) = + 1-58 x 10 on the one hand, or g,("'Ag) = — 1:58 10—2 
on the other hand. The frequencies are 

vt =428-360+0-057 Mc/s, v~=428-320 + 0-057 Mc/s. 

In the limits of error quoted, + 0-008 Mc/s is contributed by the uncertainty in y 
arising from the uncertainty in Av(?9K) and g,(K). The remaining figure, 
+0:049 Mc/s, is almost entirely contributed by the uncertainty in g,(Ag). 
This number, 0-049 Mc/s, is greater than the difference vt—v~, which is only 
0-040 Mc/s. Our measured value of v,(#!Ag), 428-403 + 0-025 Mc/s, lies within 
the limits of error of vt, and only just outside those of v-. This evidence for the 
choice of sign of g, is therefore not absolutely conclusive. 

These difficulties arise from the smallness of the magnitude of g)(1!Ag). 
To reach a more convincing conclusion further measurements with increased 
precision (narrow line width) would be called for. ‘The line width in these 
experiments was limited by magnetic field inhomogeneities in the interaction 
region, as described in §3. 

In spite of the large line widths, the resonance curves were symmetrical and 
it was possible to find the peak frequencies to the accuracy quoted. If the curves 
are shifted bodily by the field inhomogeneity, one would expect both potassium 
and silver lines to be shifted in the same direction. A relatively large shift would 
have to be postulated to reconcile the measured values with .,(1"4Ag) >0 because 
only second-order field dependence would affect the calculated result. 

The negative sign of the nuclear magnetic moment of |'Ag agrees with 
the theory of nuclear shell structure, which would not predict this sign to 
differ from that of the moments of the two stable silver isotopes. For reference 
we tabulate here the results for the three isotopes of silver so far investigated. 


Isotope If Av(Mce/s) {4 ,(n.m.) h.f.s. anomaly (%) 
ny oe 4 —1712:56+0-04 —0-113014 + 0:000004 
—(0)-416+ 0-008 
ag 3 —1976:94+ 0-04 —0-129924 + 0-000004 
Ti Ag 4 —2204:54+ 0:05 —0-1454+1% Set: 


Our value for the hyperfine structure separation of 4'Ag is sufficiently | 
accurate for a determination of the hyperfine structure anomaly when 4,(!"Ag) 
can be measured accurately by some other method. 
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Shape of Resonance Curves in Atomic Beam Experiments 


By G. K. WOODGATE anp R. W. HELLWARTH 


Clarendon Laboratory, Oxford 


Communicated by H. G. Kuhn ; MS. received 9th March 1956 


Abstract. In magnetic resonance experiments with atomic beams an atom 1s 
often exposed to a radio-frequency field whose amplitude varies along the path of 
the beam. To obtain an estimate of the shape of the resonance line to be expected 
with various radio-frequency loops, the Fourier transform of a function resembling 
the amplitude of the radio-frequency field has been taken in each case. ‘These 


transforms are compared with experimental curves, and qualitative agreement is 
found. 


§ 1. INTRODUCTION 


(Woodgate and Hellwarth 1955) we have had occasion to use various forms of 

radio-frequency loop for exciting o transitions (Am=0). The resulting 
resonance curves are not of the usual bell-shaped form, but are often double- 
peaked. From informal discussions we understand that other workers: have 
observed these effects, but very little on this subject appears to have been published. 
Exceptions are the well-known Millman effect (Millman 1939) and the resonance 
curves peculiar to a Ramsey double loop (Ramsey 1949). 

Three of the radio-frequency loops we have used are sketched in the insets of 
figures 1 and 2. The purpose of this note is to draw attention to some of the 
characteristics of these loops. Because our main interest was directed elsewhere 
at the time, we present only a few experimental results in support of our conclusions. 


I: the course of a magnetic resonance experiment with an atomic beam 


§ 2. METHOD 


The interaction region, in which an atom experiences a perturbation as it 
passes through an atomic-beam apparatus, is defined by a radio-frequency magnetic 
field superimposed on a steady magnetic field Hy. The length of this region is 
determined by the length / of the loop which supplies the radio-frequency field. 


Rabi (1937, also Torrey 1941) has given an expression for the probability of 
transition from the state p to the state q: 


(26)? sin®}7 [(2b)? + (w — w)?] 4? (1) 
(26)22-(@ =)" ee ee 

in which is the time spent in the interaction region by an atom of velocity V,and 6 
is given by the matrix elements of the perturbation (PIV |q)=hbe and 
(q|V |p)=hbe*”. bis proportional to the radio-frequency amplitude H,. It 
is assumed that no states other than q and p are involved, and that the interaction 
region is an ideal one in which an atom is exposed for a time 7 to a radio-frequency 
field of amplitude H,, which is constant for the duration 7 but is otherwise zero. 
In practice, a radio-frequency loop for inducing 7 transitions (magnetic dipole 
transitions in which Am= + 1) usually consists of a pair of parallel current sheets of 
width / and separation a; the beam passes centrally between these sheets in a 
direction parallel to the dimension /. The ideal case is approached if the ratio J/a 


P(@)= 
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is large and the loop is closely shielded (Kusch 1956). When the expression P (w) 
of equation (1) is averaged over the distribution of atomic velocities, the resonance 
line shape is obtained. 

If the radio-frequency amplitude does not change suddenly from zero to a 
constant value at the entrance and exit of a radio-frequency loop, a rigorous 
derivation of P(w) is difficult. In attempting to find the line shapes for various 
loops, we have adopted the following procedure to obtain approximate solutions. 


1. For each loop, we have calculated the amplitude of radio-frequency field 
in the plane of the beam on the assumption that the loop consists of a pair of thin 
uniform current sheets, infinitely long in a direction perpendicular to the beam and 
to the steady magnetic field. ‘This amplitude is plotted as curve @ in each figure. 
The abscissa is t=./x where w is the position in the loop of an atom travelling 
with velocity «, the most probable velocity in the oven. 

2. Asimple function / (t) is chosen as an approximation to the radio-frequency 
amplitude, of frequency w,, asa function of t. ‘This is curve 6 in the figures. 


3. We have then taken the Fourier transform g(w) of A(t) cos wot, and put the 
transition probability proportional to E(w) =(2/7)g(w)g*(w). This is plotted 
against (w —w,)7, curve c in the figures. In each case t=//« where / is the length 
of the radio-frequency loop in the direction of the beam. 

Terms containing w + w, are neglected since these shift the resonance peak by 
an amount which is negligible for all but the lowest frequencies (Bloch and Siegert 
1940). We have not averaged over the velocity distribution, and have taken no 
account of the variation of line shape with radio-frequency power (Kusch 1956). 

The function 

h(t)=A, constant, |¢|<4, 


= [é|=47, 


describes the radio-frequency amplitude for an ideal 7 loop mentioned above. ‘The 
square of the Fourier transform E(w) of h(t) cos wot is given by 


E(w) _ [seer |! ae VS eee (3) 


AP? 4777 | 3(w—wo)t 


This is a bell-shaped curve, with subsidiary maxima, which has a half-intensity full 
width of 8v=6w/27 =0-88/7 in frequency units. For comparison the half-width 
of the rigorous function P(w) in equation (1), in which 2b=7/r, is 0-8/7. The 
difference between these two curves is small enough to make our procedure appear 
reasonable for the estimates about to be made. For this field distribution, 
(2b)? (7?/A?) E(w) is the transition probability derived from the solution of the 
time-dependent Schrédinger equation by first-order perturbation theory, whereas 
P (w) of equation (1) is derived from an exact solution. ‘This is the justification for 
using Fourier transforms in this treatment. 

Asa further test, the radio-frequency amplitude along the axis of an unshielded 
a loop in which the length / is about twice the separation a of the current sheets 
can be represented fairly well by the function 


h(t)=4A (1+ cos qt) |¢|<$7 (4) 
—() |t|>47, @eenee 


where g=2n/27. The transform of h(t) cos wot gives another bell-shaped curve 
with a half-width ’v=0-73/7. This is slightly narrower than that for the ideal 
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case. The spreading of the radio-frequency field beyond the physical dimensions 
of the loop corresponds to a larger effective 7. As stated before, the ideal case is 
approached the larger the ratio //a becomes. 


§ 3. RESULTS WITH o Loops 


The analysis of the previous section is applied to the shape of a field- 
independent o line (P= 2<>F=1,mp= 0<+0) in the hyperfine structure of 2°Ky 
and is compared with experimental results. | Magnetic field inhomogeneities 
are expected to have no influence on the shape of this particular line. 
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Curve a of figure 1 shows the radio-frequency amplitude parallel to the steady 
magnetic field and perpendicular to the beam for a a loop (inset 1) in which the 


dimensions are /=a=0-3cm. The slits which allow passage of the beam are 
assumed to have no effect on the radio-frequency field. 
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Since in practice the curve a is rounded off, the function 
h(t)=4A (1+2cos pt) —7T<tar 
=(0 Pe ry (hea 
is taken to represent the radio-frequency field. Here p=27/1-57. ‘lhe trans- 
form (curve c) has two peaks. If «=4x 10*cmsec™! for 3°K in this experiment, 
1/r becomes 133kc/s. The peak-to-peak separation in frequency units is 
dv,=135kc/s. The outside width at half peak intensity is 6v,=220kc/s. The 
inside width at the mean of peak and trough intensities is dv; = 80kc/s. ‘The ratio 
of intensities, peak to trough, is 2-5. These values are to be compared with the 
experimental results (curve d): 5v,=128kc/s, 5v,=236kc/s, 6v3=72kc/s. The 
peak-to-trough intensity ratio was difficult to measure, but fell between 2 and 3 in 
various runs. 

One might try to improve the correspondence between curves 6 and a by adding 
more terms to A(t). As the curve 6 is made less rounded, so the subsidiary 
maximum (between 27 and 47) in curve c is accentuated. This might account for 
the ‘tails’, which are quite pronounced, in the experimental curve d. In viewof 
the simplifications made we have not thought it worth going into great detail. 

When tubular shields 1 cm long were fitted to the outside of this loop (figure 1, 
inset 2), the peak-to-peak separation became very small as expected. Its value 
was about 40 kc/s, and the central dip fell only about 2°%, below the peak intensity. 
This curve is not shown. 

A coaxial loop of rectangular cross section (figure 2, inset), with its inner and 
outer conductors short-circuited at the end below the beam, was used to induce o 
transitions in an experiment on !Ag at about 2200Mc/s. This was done to 
reduce radiation losses at this high frequency at which the power available from 
the oscillator was low, but the loop was also used with a beam of *°K near 461 Mc/s. 

If a circular cross section is taken as an approximation to the shape of the 
coaxial loop, curve a shows the amplitude of radio-frequency field, where the dia- 
meters of the inner and outer conductors are d,=0-05cm and d,=0-24cm. 
Curve b is the function chosen to correspond to the radio-frequency amplitude. 
It is 

h(t)=Asinrt —ir<t<hr 


=) t< —47, t>41, 


where r=2z/7 and r=d,/x. The transform again has two peaks (curve c), with 
zero intensity at the frequency w). ‘The latter feature would be expected with any 
odd function h(t). 

With the notation of figure 1, 5v,=364ke/s, dv, =557 kc/s and 6v,= 175 kc/s. 
Here we have taken 1/7 =214kc/s corresponding to d,=0-19 cm, and not 0:24cm, 
in order to fit 5v, to the experimental result. From the experimental curve d, 
dv, = 364 ke/s, Sv, = 670 ke/s and dv, = 170 ke/s. ‘The central minimum of intensity 
is very close to zero. 

Finally, an unshielded 7 loop, mentioned in § 2, was rotated by about 20° about 
a vertical axis through its centre. ‘The plane of the beam contained this axis, 
but was at an angle to the current sheets. With this arrangement both 7 and o 
transitions are excited. The z lines should retain their previous shape, but should 
have a slightly smaller half width. The « component of radio-frequency field 
amplitude is similar in form to curve 5 of figure 1. ‘The experimental result for the 
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o line (m=(0<-->m=() is similar to curve d of figure 1. If the radio-frequency 
loop were to be translated perpendicular to the beam as well as rotated, one would 
expect the resonance curves for both 7 and o lines to be asymmetrical, but we 
have no experimental results to illustrate this case. 


§ 4. CONCLUSION 


In spite of the approximations and simplifications made here, the method gives 
qualitative and, to some extent, quantitative agreement with experiment. ‘The 
special effects described above are prominent largely because the dimensions / and 
a of aloop are nearly equal. ‘This is in contrast with high-precision measurements 
with a single radio-frequency loop in which //a may be quite large, say 25. Short 
loops, giving a large half width, are useful in experiments with radioactive atoms 
which are detected by counting the radioactivity of a beam deposited on a target, 
because this method of detection with its long time constant makes searching 
for a line very tedious. We suggest that in such experiments the coaxial loop of 
figure 2 is convenient in that it provides a large outside half width for ease in 
searching, and at the same time an inside half width only about a quarter as great 
for a relatively precise determination of the centre of the pattern. The Ramsey 
double loop has this same feature together with other more important properties ; 
indeed, the coaxial loop may be regarded as a species of Ramsey loop. 

It should be pointed out that with the low oven temperatures used in these 
experiments, about 10°, of the low-velocity potassium atoms are lost in our 
apparatus. ‘This modification of the velocity distribution in the beam should not 
affect our qualitative conclusions (cf. Hughes et al. 1953, King and Jaccarino 1954). 
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Abstract. ‘The general behaviour of a set of eighteen diamonds of size about 
1 mm? was examined, particularly at applied field strengths from 10 kv cm“! up to 
200kvem™t. ‘The set includes all those high resistance types usually found in a 
sample of gem-quality diamonds. All the specimens were found to give con- 
duction pulses and several type 1 specimens which were hitherto classed as non- 
counters for field strengths below 10 kv cm", were found to give small conduction 
pulses for higher field strengths. The general counting behaviour was similar 
for all diamonds, although the magnitudes of the various effects varied over wide 
ranges from specimen to specimen and within each specimen. At higher applied 
field strengths two additional phenomena were apparent : the appearance of 
large pulses after a short period of counting and, on removing the applied field 
after a period of counting, the presence of depolarization pulses which were in the 
same direction as the normal counting pulses. 

The observed behaviour of all these specimens can be explained by assuming 
the presence of continuous spatial variations in trap density on a microscopic 
scale within each specimen. ‘The mean of these microscopic variations varies 
over macroscopic distances within each specimen and, also, from specimen to 
specimen. 


§ 1. INTRODUCTION 


HE ability of diamonds of gem quality to act as conduction counters under 

x, B and y-irradiation has been widely investigated and reported and has 

been reviewed by Hofstadter (1949) and Champion (1953a). However, 

most of the investigations have been carried out at applied electric fields of the 

order of 10kvcm~ and less. Consequently diamonds as a whole have been 

classed as counters or non-counters according to their behaviour at these fields. 

An account is given here of the behaviour of a wide range of specimens as 

counters of 5-3 Mev «-particles, particularly at higher applied fields up to about 

200kvcm-1._ A set of eighteen diamonds has been investigated, the ultra-violet 

transmission limits varying from one specimen to another in the range 2250 to 
31504. 

A brief account is first given of the experimental method of investigation, 

followed by a general account of the results obtained and, finally, a short discussion. 


§ 2, EXPERIMENTAL 


The electrode arrangement used in the investigation was as shown in figure 1. 
Two phosphor-bronze electrodes were mounted with edges parallel on a flat 
surface, usually the {111} face, of a diamond. ‘The gap between the edges was 
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generally about 0-2 mm and «-particles were incident on the diamond surface in 
a direction perpendicular to the surface. Potentials of up to 4 kv could be applied 
to one of the electrodes giving a theoretical maximum available field of about 
200kvem-!. Owing to the electrode disposition and to the penetration of the 
a-particles to a depth of about 15, this field will be to some extent non-uniform 
in the region in which the counting occurs. However, the use of this electrode 
arrangement was shown to give very similar results to those obtained with elec- 
trodes placed on either side of a diamond with plane parallel faces, a-bombard- 
ment taking place on a surface between the electrodes. Furthermore, changing 
the electrode shape and nature did not alter the readings appreciably, so that 
reliable qualitative results are obtained by this method and quantitative results are 


significant. 


o - Particles 


amplif ier 


Figure 1. Electrode arrangement employed in this investigation. P was a polythene or 
polystyrene block of dimensions 2 4 x 3 in. and the electrodes E were of phosphor- 
bronze. 


The charge pulses induced on the electrode system by the movement of the 
carriers released in the diamond were amplified by an A.E.R.E. Type 201 linear 
amplifier and discriminator. A low frequency head amplifier together with 
differentiation and integration time constants of 8yusec were used in order to obtain 
the maximum sensitivity of which the amplifying system was capable. The high 
voltage was obtained from an A.E.R.E. Type 200 power unit and was applied to 
one electrode through a 10 MQ resistor. The electrode system was mounted in 
a chamber evacuated to a pressure below 1 of mercury in order to prevent break- 
down of the atmosphere between the electrodes at the higher fields. The 
amplified pulses were counted by an A.E.R.E. Type 200 scaler and were presented 
visually on the screen of a Cossor Type 1049 oscilloscope. Pulse spectra were 
obtained by photographing the pulses with a camera attachment and then counting 
the pulses on the projected image. «-particles of homogeneous energy at 
5-3 Mev were obtained from a polonium source placed at a distance of about 2cm 
vertically above the gap in the electrode system, a swinging shutter being used to 
block the «-irradiation when necessary. 


§ 3. RESULTS 


3.1. Initial Counting Behaviour 


In the following results, unless otherwise stated, the pulse height referred to 
is the maximum pulse height observed over a short period of time, usually three 
or four seconds, from the time of commencement of «-irradiation. The largest 
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number of counts above 5000 ion pairs during this interval was about 500. The 
observations are regarded as those for the unpolarized condition of the counting 
volume. 

The eighteen diamonds examined have been found to count with a wide range 
of pulse height—field strength curves and of saturation pulse heights. The curves 
for four representative specimens are shown in figure 2, the range of saturation 
pulse heights extending from 270000 ion pairs down to at least 5000 ion pairs. 
The noise level of the amplifier was equivalent to a pulse height of 3000 ion pairs 
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Figure 2. Typical curves showing the variation of pulse height with field strength in four 
diamonds. 


but because of the occurrence of many discharge pulses, which distorted the noise 
level, counting could not definitely be discerned below 5000 ion pairs at higher 
fields. The range of the slopes of the pulse height-field curves is from 83 ion pairs 
per vcm' to less than 1 ion pair per V cm, the better counters having the greater 
slopes. 

Each diamond exhibited a saturation pulse height which varied according to 
the disposition of the electrodes on its surfaces but for the specimens examined 
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Figure 3. Typical pulse height spectra for three diamonds. 
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the variation was generally only by a factor of five or less whereas the variation 
between good and poor counters was by a factor of fifty or more. The saturation 
pulse heights quoted above are the maxima observed for each specimen and the 
slopes are the corresponding values. 

Each diamond and electrode disposition gave a spectrum of pulses in which 
there were generally many more small pulses than large ones and no diamond so 
far examined has given a monochromatic pulse height in any condition. ‘Three 
typical pulse height spectra taken at saturation fields are shown in figure 3. 

In addition to the pulse height—field curves, several counting rate—field curves 
weye also obtained, counting only pulses above 15000 ion pairs and restricting 
the counting to the first few seconds of «-irradiation. At lower fields, some 
polarization effect and consequent fall in counting rate occurs which makes 
measured counting rates at the lower fields smaller than the true initial values. 
However, for the higher fields the counting rate falls less quickly and the measured 
counting rate is very close to the true initial counting rate. A typical counting rate— 
field curve is shown in figure 4 together with the corresponding pulse height—field 
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Figure 4. Typical curves showing variation of counting rate with field stiength (broken 
line) and corresponding variation of pulse height with field strength (full line). 


curve. ‘The most noteworthy feature of these pairs of curves is that the counting 
rate-field curve saturates at about the same field or at a somewhat greater field 
than the pulse height-field curve taken in similar conditions. The probable 
significance of this observation will be discussed briefly later. 

The above are the main results on the initial counting behaviour of the 
diamonds in an unpolarized condition and, in any particular case, are similar for 
either direction of the applied field. The following observations are on the 
production of polarization fields and other effects which occur with prolonged 
counting. 


3.2. Polarization Phenomena 


If counting was allowed to proceed for a period of the order of one minute or 
more, that is for about 10000 counts, as found by previous workers, a polarization 
field was built up in the counting volume by the trapping of the moving carriers 
{f the applied field was then removed an internal field remained in the crystal ie 
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the opposite direction to the initially applied field. Counting then occurred with 
pulses in the opposite direction to the normal counting pulses. ‘These pulses 
will be called depolarization pulses in order to differentiate them from the normal 
counting pulses. The depolarization pulses are of a similar magnitude to the 
normal counting pulses and reach saturation at similar applied fields, indicating 
that the polarization field is very similar in magnitude to the applied field, provided 
counting with the field applied proceeds for a time sufficient for the polarization 
field to reach saturation. 

However, in addition to the ordinary depolarization pulses, which are of 
course antiparallel to the normal counting pulses, many of the specimens gave 
depolarization pulses in the same direction as, that is, parallel to, the normal 
counting pulses, indicating the presence of a polarization field in the crystal in 
the same direction as the applied field. These pulses will be called parallel 
depolarization pulses. ‘They were not monochromatic but had spectra not dis- 
similar from those for the normal counting pulses and were found to have a wide 
range of heights among those specimens which gave them. In most cases they 
were of the order of a few thousand ion pairs in height and did not appear until 
quite high fields were applied initially. However, in a few cases these 
parallel pulses were very much bigger and, in certain circumstances, even as big 
as the ordinary depolarization pulses occurring at the same time. 

There was no apparent correlation between the numbers and sizes of the 
parallel depolarization pulses and the counting properties mentioned above. In 
fact, one surface of BW2, a ground surface used by Champion (1953b), itself gave 
a wide range of parallel depolarization pulse behaviour according to the electrode 
disposition, although the corresponding initial counting properties varied only 
slightly. An additional feature of these pulses was that their number and height 
differed according to the direction of the applied field, the differences varying over 
a wide range from specimen to specimen and within specimens. In the extreme 
cases the pulses were either similar in size and number or were very prominent 
for one direction of the field and absent for the other. 

A second phenomena apparent at higher fields was the occurrence of large 
pulses during normal counting. ‘These pulses were not present immediately 
counting commenced but grew in number and magnitude as polarization pro- 
ceeded, the rate of rise of pulse height and maximum height reached depending 
very considerably on the previous history of the counting volume. ‘The height 
of these large pulses varied over a wide range from specimen to specimen and 
within each specimen. In some cases they were hardly visible above the initial 
maximum pulse height but in other extreme cases they were very numerous and 
up to 10 million ion pairs and more in height. As with the parallel depolarization 
pulses, a notable feature of these large pulses was that their number and height 
differed according to the direction of the applied field. ‘The differences again 
varied over a wide range, between extremes similar to those for the depolarization 


pulses. 


§ 4. DISCUSSION 


The very wide range of the counting properties and of the many other physical 
features of diamonds is apparent from nearly all relevant published papers. ‘This 
wide range is shown to be still in evidence at high’applied field strengths. In fact, 
several additional phenomena occurring at the higher fields show wide variations 
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which are independent of the normal counting properties, as exemplified by the 
values of the initial pulse height. However, although there are wide variations 
in the magnitude of certain effects, these effects are common to most specimens and, 
no doubt, would be observed in all specimens if greater sensitivity were available 
inthe amplifying system. 

Tt seems evident that the wide range of pulse height—field curves is brought 
about by corresponding variations in trap density from diamond to diamond 
and within each diamond. ‘The pulse height spectra again indicate a varying 
trap density but in this case on a microscopic scale within each specimen. In one 
particular case, that of the best available counter, the spectrum contains pulses of 
all sizes from 3000 ion pairs to 270 000 ion pairs, this requiring a variation in trap 
density by a factor of at least 100 in a distance of the order of 1 mm. 

The counting rate-field curves show that the small pulses are still increasing 
in height until the maximum pulse height reaches saturation and, in some cases, 
even after that. This indicates that a large proportion of the smaller pulses are 
being formed in the poorer counting regions of the counting volume. It is of 
interest to note that, for the case of a crystal having a homogeneous distribution 
of traps broken only by narrow impenetrable barriers at random separations, the 
smaller pulses should saturate at a proportionately lower field than the large 
pulses, which is contrary to the experimental observation. 

The polarization phenomena are now explicable in terms of these variations 
in trap density. Carriers will be trapped on the slopes of the density variations 
in such a way as to increase the field in regions of higher trap density and decrease 
the field in regions of lower trap density. The actual distribution of the trapped 
charges will depend on the strength of the applied field, the mean position of the 
trapped charge moving further up the slopes of the trap density variations as the 
field is raised. The decrease of field in the regions of lower trap density produces 
the normal polarization effects associated with counting. ‘The increase of field in 
the regions of higher trap density produces the additional phenomena noted at 
higher field strengths where saturation of pulse height occurs. Three possi- 
bilities are apparent. Firstly, the movement of carriers in the regions of high 
trap density will now make a more significant contribution to any given pulse 
height. Secondly, the field will now probably be in the pre-breakdown region 
in some places, where carrier multiplication might be expected. Finally, in the 
extreme case, the field may actually reach breakdown value and a discharge will 
occur across a narrow region of very high trap density. These three possibilities, 
or any combination of them, will account for the large pulses which appear after 
some seconds of counting when the polarization fields have had time to build up. 
On subsequent removal of the applied ficld, the field remaining in the regions of 
high trap density will be in the same direction as that applied and will account 
for the parallel depolarization pulses noted for many specimens. 

The wide range of behaviour found within each of these general phenomena 
indicates that widely different variations in trap density are present within different 
specimens. Furthermore, the asymmetric nature of the phenomena would seem 
to show that the density variations are themselves asymmetric, or that the two 
carriers have different sets of variations. Owing to the fact that the trap density 
variations are present on a microscopic scale, it seems likely that an «-particle will 
produce its ionization in several regions of different trap density. ‘Thus, the 
detailed analysis of the production of the pulses will tke very complicated. 
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These results are in general agreement with observations of previous workers 
(Jentschke 1948, Ahearn 1948, 1951) and various suggestions have been made to 
account for the phenomena (Freeman and van der Velden 1950, Ahearn 1951, 
Champion 1953b). Klemens (1952) and Berman, Simon and Ziman (1953) 
have suggested that the results from observations on the thermal conductivity of 
diamond at low temperatures indicate the presence of clusters of defects or im- 
purities in the diamond structure. Furthermore, the number of such clusters 
would have to be about 10° per cm? to account for the magnitude of the thermal 
resistance. The counting behaviour requires there to be, for a medium type of 
counter, of the order of one prominent peak of density in a distance of 0-1mm in 
all three dimensions, that is, approximately 10° peaks of density percm3. Thus, 
there would seem to be general agreement between this result and that from the 
thermal conductivity measurements. 


§ 5. CONCLUSION 


The results indicate that the wide range of counting behaviour of gem-quality 
diamonds is due to continuous variations of trap density from specimen to specimen 
and within each specimen, on both macroscopic and microscopic scales. The 
general phenomena are observed in all types of diamonds, type 1, type 2 and the 
intermediate types. It seems likely that these variations must be considered 
when measuring the electrical conductivity properties of diamonds, such as, for 
example, in measurement of carrier mobilities, ionization energies, trap densities 
and even trap depths, when a counting method is employed. 
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Abstract. It is shown that it is possible to write down a-particle wave functions 
for the ground states of *Be, 12C and 16O, which become, when antisymmetrized, 
identical with shell-model wave functions. The a-particle functions are used 
to obtain potentials which can then be used to derive wave functions and energies 
of excited states. Most of the low-lying states of *°O are obtained in this way, 
qualitative agreement with experiment being found. ‘The shell structure of the 
0+ level at 6-06 Mev is analysed, and is found to consist largely of single-particle 
excitations. The lifetime for pair-production is calculated, and found to be 
comparable with the experimental value. ‘The validity of the method is discussed, 
and comparison made with shell-model calculations. 


§ 1. INTRODUCTION 


+ has been known for some time that the shell-model wave function for a 

light 4n-type nucleus will automatically give something of an «-particle 

structure. ‘This is purely a consequence of the exclusion principle and the 
symmetry properties of the individual orbitals, and holds quite independently of 
‘nter-nucleon forces. A similar result holds in atomic structure; for example, 
it is well known that the sp configuration of carbon can be described by tetra- 
hedrally directed orbitals. The shell-model in its simplest form does not allow 
for correlation between nucleons of differing spin and isotopic spin, and we 
might expect an «-particle model, which emphasizes the positive correlations 
between nucleons, to be a better representation of the structure of the nucleus. 

The a-particle model does, indeed, seem to work fairly well in certain ways, 
for instance in accounting for the binding energies of the 4n nuclei; and Dennison 
(1954) has recently been able to interpret most of the low-lying levels of 1®O on 
this basis. An advantage of such a model is that it requires us to solve a problem 
with only one quarter of the number of degrees of freedom of the individual- 
particle model, using, in general, methods that are well known from the theory 
of molecular spectra. If such a simplification can be achieved it will be very 
desirable, since the algebraic and numerical manipulations of the shell model 
become complex very quickly. 

In this paper we shall use a method which will enable us to predict energy 
levels for «-particle nuclei, and which will also allow us to derive shell-model 
wave functions for excited states. Our aim is to compare our conclusions with 
those of the shell-model, and to see to what extent these are independent of 
particular assumptions about inter-nucleon forces; then, perhaps, we may be 
able to use the method as a guide to the structure of more complex systems. Our 
approach is based on a simple but surprising mathematical identity. ‘This 
enables us to write down a simple and reasonable «-particle wave function which 
turns out to be identical with a shell-model function. 
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§ 2. GENERAL METHOD 
The transformations we shall make depend on the simple and convenient 
properties of harmonic-oscillator wave functions. In the individual-particle 
model we suppose that we can take the nucleon wave functions to be the solutions 
of the equation 


N 
pie (A2/2m)V2+4k(r,-SPJW=EV (1) 


where S is the centre-of-mass coordinate. 
If we measure lengths in units of (#2/Am)!4 and energies in units of (kh?/m)!? 
this becomes 


NV 
E> [-We+(n SPS EF eee. (2) 


The wave functions of the individual particles are then of the form 
(polynomial) x exp {—(r—S$)?/2} and their energy levels are spaced by single 
units. Mlany-particle wave functions are built up of products of these, and there- 
fore contain the factor exp[—} }(r,—$)?]. A general shell-model wave function 
can thus be written 
PE CS RN at) Wey 463) fhe Pd ea) el 0 (RA) Petes (3) 

where P is a polynomial in the 3N variables (r;—$), F(1,...,N) is a spin-charge 
function, and the product is antisymmetrized ale (oped to all the variables. 

Now let us consider an «-particle nucleus consisting of 4N nucleons. We 
may split the coordinates r, into groups of four, with centres R,, say, to correspond 
to «-particles, 


and it is easily shown that 
4N N 
> (i - sy; = > 3 (r;— R44 > (Ry =O) Eee (5) 
e— 1 g=1 i=4)-—3 
In the expression (3) the exponential factor is pape symmetric and can 
therefore be taken outside the antisymmetrization. Then for certain types of 
polynomial P it is possible to express the anti-symmetrized expression & + PF 
as the result of antisymmetrizing an hae 


RTT Pagel h, AR e Ale PY ieee (6) 


where O is asymmetric polynomial and F, is the «particle spin charge function. 
When this condition holds we may re-write the wave function (3) as 


‘S 


> + O(R,,..., Ry)exp {—2 >(R;—$)?} TIL exp{—4.>(n.— Rj} (4) — 3,.--054))| 
j= 
Aree (7) 


each term of which may be thought of as the product of an «particle wave function 


with the internal wave functions of its constitutents. 
These ideas allow us to construct a shell-model wave function, corresponding 


to any «-particle wave function of the form 


db, = O(R,,..- Ry) exp (2 5(R =) a eR ea (8) 
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The converse is not true in general. To any such wave function (8) there is a 
corresponding «-particle potential U(R,,... R,,), such that 


{(—B)SV2+ U(Ry.. Rye Ebene (9) 


We can take this potential to represent the combined effects of the central potential 
and the exclusion principle. The forms of #, and U derived are not unique, and 
it is necessary to impose a further condition on them. If we start from a shell- 
model wave function (3) representing the ground state of the system it is reason- 
able to demand that y, and U shall be such that #, is the lowest eigenfunction Ors 
this excludes some choices, but still leaves a range of functions U. 

Once we have fixed U we can consider other states of the system. ‘There is 
no guarantee that this effective potential U is the same for excited states as for the 
ground state, but in order to make progress we shall assume that itis. With this 
assuinption we can solve the Schrodinger equation (9) to obtain wave functions 
for the excited states, which we can interpret in terms of the rotations and 
vibrations of the system of «-particles. From each new function we can 
construct the corresponding shell-model function, by antisymmetrizing, and 
thus find the fractions of the various configurations which it comprises. 

This procedure is a way of choosing particular configurations so as to keep 
together the «-particle groups. Physically, this is effected by predominantly 
Majorana inter-nucleon forces. The relation between these and our effective 
potential U is rather obscure; the origin of the excitation energy seems to be 
entirely different in the two models. 

We shall now consider in more detail the three simplest «-particle nucle: 
8Be, #2C,16O. We have been most interested in the last because of the possibility 
of comparing our results with the shell-model calculations recently made by 
Elliott (to be published). 


$3. BERYLLIUM 8 


We may expect the ground state of *Be on the shell model to be composed 
principally of the most symmetric state of the configuration s*p*. ‘This we may 
write in the form (3) with 


P=(r5.¥¢) ("7+ ¥g) +(t5. tz) (re hs) + (s+ Fs) ("e+ Fz) i 
W DENY Si @ Beret) ia ee SARS 
‘Phe polynomial P is equivalent under antisymmetrization to the «-particle 
expression Q = (R, —R,)*. This may be verified directly by antisymmetrizing 
each expression in the pairs 1 and 5, 2 and 6, 3 and 7, 4 and 8, when each gives 
[(ry— 5) -(ro— re)] (rs — hz) -(ra— he) + [Cra — Ps) - (Ps — H2)] [Cre — te) - (ta — Fs) 
+ [(ra— ts) -(ra—ts)] [(re— 6) -(rs— Fz). 

It seems to be true in general that it is only necessary to antisymmetrize with 
respect to particles with the same spin-charge function, which is a fortunate 
simplification. We can now write %, as #,= R* exp (— R?) where 

| R=R, = Ryo) UN ae (11) 
This ys, satisfies the Schrodinger equation with U(R)= R?+5/R? in which we 
may regard the second term as a manifestation of the exclusion principle. We 


could have taken for QO any polynomial in R of the fourth degree and obtained 
the same equivalent shell-model wave function (terms of lower degree than the 
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fourth disappear on antisymmetrization). We should then have obtained a 
different U, and %, might no longer have been the ground state of U. The 
present choice is, however, the simplest. 

The first excited state of this potential has angular momentum J=2. (Only 
even angular momenta and even parity states are allowed, since the «-particles 
obey Bose statistics.) ‘The wave function is 

R” exp (— R*)Y,(6,¢) with n=4(4/105—1)—4-62 ...... (12) 
and the energy of excitation is 0-62 unit. It can be seen that there is a certain 
amount of rotation—vibration interaction; a pure rotational wave functon would 
have n=4 in (12). 

In order to obtain the shell-model wave functions we must put (12) into a 
rational form. ‘The minimum of the potential U(R) is at R=5"4. Hence we 
write R*6? = R451? + (R?—51?)1031 and expand by the binomial theorem. The 
leading term gives just the 'D state of the configuration 1s‘1p*; further terms are 
equivalent to higher configurations. 

The first pure vibrational state is (R?—11/4)R*exp(—R?) with an energy 
of excitation of 2 units. The resulting shell-model configurations are those in 
which one particle is doubly excited, e.g. 1s?1p42s. No configurations occur 
for which two particles are singly excited (e.g. 1s?1p°). The reason for this is 
that the present form of the z-particle model implies the exclusive use of configura- 
tions of the maximum spatial symmetry [44]. ‘There are five such states involving 
single excitation of two particles, but all of these are spurious states which describe 
motion of the centre of mass (Elliott and Skyrme 1955; we are indebted to 
Dr. Elliott for discussions on this point). 


$4, CARBON 12 
If we take the ground-state of !2C to be that complementary to *Be, so that the 
four holes have P given by (10), we can carry outa similar analysis. The «-particle 
wave function may be taken as 
ea CR Ace Ps (RO) ieee ae oe ra re (13) 
where N =(R,xR,+R,xRg+RyxR,) s.r ee (14) 
which is twice the vector area of the triangle formed by the three «-particles. 
The corresponding potential is 


U(R,, Re, Ra)=2>(R,—S)?+25(R,—SP/N® aes (15) 


1 L 
which has a minimum when R,, R,, R, lie at the vertices of an equilateral triangle 
of side (4/3)"*. 

Excited states may be dealt with in much the same way as for *Be, except that 
it is not always possible to write down exact wave functions. The analysis may 
be simplified somewhat by eliminating the centre-of-mass motion. Introducing 
the internal coordinates 


ay 


G = 3(R, + aR, + w?R,) 
= 3(R, + w?R, + wRs) aero) 
w = exp 2771/3 j 


(13) then becomes 
by = 3°|G x H|* exp (— 12G.H) Stren eet UL) 
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with the corresponding Schrodinger equation 


1 4 G.H 
G. 
{ - VAL aaa leary (cE our f 


Although the coordinates are complex, all namie appearing in (17) and (18) 
are real. 


Ue Bn ee (18) 


§5. OxycEn 16 


We shall treat the oxygen 16 naetenes in rather more detail. ‘The ground state 
is the closed shell 1s*lp!2, and the corresponding «-particle wave function is 
ty = Viexp—2>(R,-SP ee wees (19) 
where V’ is six times the volume of the tetrahedron formed by Rj, Ro, R3, Ry. 
Analytically, V is given by the determinant whose rows are (1, X,, Y, Z,) where 
X;, Y;, Z;, are the components of the vector R;. 
The corresponding potential is 


U(R,,.. Ry) =29(R,- —S)2+ 5 SDN? ae (20) 


in which the N, are twice the vector areas of the ie of the tetrahedron, and are 
given by expressions similar to (14). U has a minimum for a regular tetrahedral 
configuration of side (108)!/4 = 3-2. 

The analysis can be considerably simplified by eliminating the centre-of-mass 
motion, introducing internal coordinates analogous to (11) and (16): 


F= 2(R,+ R,— R; — R,) 
G = 1(R,—R,+R,—R,) Le os (21) 
H = }(R,—R,—R,+R,) | 


Then V is proportional to the triple scalar product F.(G x H) = (FGH), and 
>, (R,—S)? = 4(F2+ G?2+ H?); so that ¢, = (FGH)* exp {— 8(F?+ G?+ H)} and 
{-L(V 2+ V,2 + Vy?) + 8(F? + G? + A?) + 3[(F x G)?+(G x H)? 
+ (H x F)?]/(FGH)?}), = Beb,. 2.2... (22) 
We can now look for excited states, by analogy with the case of ‘Be, with 
wave functions of the form % = Py, where P(F,G,H) must satisfy 


F Daas 8{(G x H) (FGH)-1— 4F}. V,,]| P= —32(E—E,)P, 


which has elementary solutions (F?— 11/32), F.G,(F,F,—4 6, ;), etc. with 
excitation energy of two units. Now «-particles obey Bose statistics, so we 
must take combinations of these solutions with the correct symmetry. The 
effect of a permutation of «-particles is to permute F, G and H, either with no 
change of sign, or with the signs of two coordinates changed simultaneously. 
Thus allowed forms of P are 


(F24 G2 + H2— 33/32) ae 2) 
. > (RE 1 F%,,). Latens(24) 


The first expression (23) is the wave function for the symmetrical ‘breathing’ 
mode of vibration (w, in the language of molecular spectroscopy), and (24) is a 
combined vibrational—rotational mode with angular momentum J = 2 and even 
parity. The other vibrational modes, which would, if allowed, be degenerate 
with w,, are w,: (F?—G?), (2H?— F2— G?); w,: F.G, G.H, H.F. 


The Alpha-Particle and Shell Models of the Nucleus 605 


We may identify (23) with the 0+ pair-emitting level at 6-06 Mev and (24) with 
the 2* level at 6-91 Mev. The remaining low-lying levels known are a 3- at 
6:14Mev a 1~ at 7-12 Mev (Ajzenberg and Lauritsen 1955) and a 2- at 8-85 Mev 
(Wilkinson 1955). It does not seem possible to obtain exact solutions of (22) 
with odd parity, and we have been forced to use approximate forms, and to seek 
the aid of the variation principle. Expressions for P with the correct symmetry 
requirements are 


t= > F<G)(ESG)(EGH) = > FG)H eee (25) 
BP, GH FG, 

2S (GG GAR FR) (FGRyS ee. (26) 
F,G,H 

3-:  (KG,—1F.G8,,) (Fx G),(FGH)" 
F,G.H * 
> (FGA. — HFS t Fdect Fds)G-H] fo (21) 
F.G.H 


It should be noted that whereas there are two simple tensors of 1~ and 3- symmetry, 
there is only one of 2-. 

If we now work out (b|H|zc)/(%|) for each of these expressions, we shall 
obtain estimates of the energy. Better estimates can be obtained for the 1- 
and 3~ levels by allowing mixtures of the two types of expressions in (25) and (27). 
The levels obtained, after some complicated and laborious algebra, are 
shown in table 1. 

It so happens that the two functions taken for the 3~ state overlap very con- 
siderably, the integral of the normalized functions being 0-92; this explains the 
very high energy obtained for the higher level. If we take our unit of energy to 
be about 3 Mev, to give reasonable agreement for the 0+ and 2* states, we find the 
1- level in good agreement with experiment, but the 2~ and 3~ levels completely 
wrong (see table 1). It should be noted that the second form of P for the 1~ and 
3- states is the more important, the coefficients being in the ratio 0.63: 1 for the 
1- state and 0.18:1 for the 3-. This implies that the main constituents of these 
states should correspond to triple rather than single, shell-model excitations, i.e. 
to configurations such as p~* d® rather than pt d. 

It is possible to obtain some exact results for the states in which P is a quartic 
expression. These have excitation energies of 4 units. ‘Three 0 states are 
obtained, for which the P’s are orthogonal combinations of 


(F2+ G2 + H?)? — (35/16) (F?2 + G? + H?) + 1155/1024 
(F2G? + G?H? + H?F?) — (11/16) (F? + G? + A?) + 363/1024 1 ee28) 
[((F.G)?+(G.H)?+(H .F)?] —(1/16) (F? + G? + H?) + 33/1024 
together with one 2* state 
SF 8) (Gs 37/32) es (29) 
and one 4* state 
YEA -4F%S,){ (AF —4F%,)— (4/35) (P+ G2+H)}, 2...-.B0) 
It seems likely that there are also neighbouring 2+ and 4+ states, the wave functions 
of which can be approximated by such expressions as 
P= DF.G(EG,+ F,G,—3F.G5,;) — (2*), 
P= > F(GG,-36%,) (2+), 
P= > (EG, + F,G,— ZF .G8,;)" (4+), ete. 
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Energies for these functions could be estimated by the variation principle. 
This has not been done, as the algebra involved would be extremely complex. 

Energies for the states given in (28), (29) and (30), are shown together with 
the others in table 1. It is apparent that no precise correspondence with experi- 
ment can be established. The experimental level scheme becomes complicated, 
and is not definitely complete, above 11 Mev excitation. 


Table 1; 
4 Experimental Calculated Energy 
phaoe Energy (Mev) — (units of (kh?/m)'!?) ((kh?/m)'/? =3 Mev) 
Ous 6-06 2) 6:0 
2 6-91 2 6-0 
{i VAL Der) 6:7 
I= 9-58 4-33 13-0 
ie 8°85 4-32 13-0 
be 6-14 0-97 2:9 
3= Ii o2 14-9 45 
0+ (3 states) 11-25, etc. 4 Wea, 
De 9-84 4 12-0 
4+ 10-36 4 12-0 


Experimental data, with one exception, are taken from the compilation of 
Ajzenberg and Lauritsen (1955). The value for the energy of the 2~ state is due 
to Wilkinson (1955). 


§ 6. SHELL-MoOpEL Wave FUNCTIONS 


We shall now reverse our initial procedure, and find to what shell-model wave 
functions the 0+ excited-state wave function (23) corresponds. ‘The method is 
simplified by using instead of the individual-particle coordinate r,, certain com- 
binations of them 


es = a= 
Oe: = 2 + ie Gas — Mate) 


a ili prs eee = 

GO; = 20, — Maat Mize Nasa) 
=i 

T= HA Na Neb Maia) 


so that F= }Xp,, G = jXo,,H =427,. Then P of (23) is proportional to 
>(e? +6?+7,") +2 > (0,-0,46,-0;+,-0,)— 33/2. eee (31) 
7 i>J 


We take the spin-charge functions in the form 


(%;By735,4) (%5Pey75s) tee 


Then we need to antisymmetrize within the four sets (1, 5, 9, 13), (2, 6, 10, 14), 28 
Under a permutation of one of these sets the variables p,, o,, 7, are permuted 
among themselves, with either no sign changes, or two simultaneous changes. 
In particular the triple product (,0,7;) is completely antisymmetric, and is the 


expression of lowest degree which is so. Hence the factor (FGH)* must reduce 
to a multiple of 


(0191 T1)(262T2)(P363T3)(P404T,). +++ee(32) 


The remaining terms in (31) contribute two steps of excitation to the wave 
function ; either a single particle can be doubly excited, or a pair of particles can 
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each be singly excited. For the moment we need consider only single or double 
excitation of sets. Double excitation of a set gives a contribution. 


(PP +072 +7,7)(0,0,7;) nn ee ee (33) 
to the wave function, and single excitation expressions of the type 


O(a,b; c,d) =| Papo PePa 1 
Tgp FeFq 1 


Tay renee Se Oe foe Ay geet (34) 


a 
where a,b,c,d, are coordinate indices. The extraction of the correct constants 
to multiply the expressions (32), (33), and (34) is extremely laborious and will not 
be given in full here. 

If we antisymmetrize with respect to the sets 3 and 4, keeping only the parts 
corresponding to excitations of sets 1 and 2, the wave function reduces to a 
multiple of 


[(e1 + G2)? + (6, + 6g)? + (41 + Te)? — K] (01 +02, 01 + 2, T+ T)*(353T3) (Q454T,) 


where K = 495/56. Antisymmetrizing the part of this which depends on sets 
1 and 2, we find that 
(01 +2, 61 + Gg, Ty + Tp)” > 4(0191 71) (25272) 
which must be multiplied by 
reso ue ) 


i=T,2 
to give the contribution to (35), and 
(0 «Po +1 - G2 + T+ Te) (01 + Po) G1 + Gay T+ Te)” 
ey >: (p;? +02 +7,7) (019171) (P262T2) — 5 DE ane€ur wid, a5 5, 7), u; c, w) 


jie ee 
in which the second summation is over all repeated indices. In this way the 
total wave function is reduced to 


4 
[6 ss (p;? + Ofer te) — 4K] (919,7}) (P2527) (P3637) (P4947) 
i=1 
2 wa Deane w2(4,.4 ) b, v)O,d, uy, ¢, w) (PpOKTK) (p,9;7;)« 


The summations in the second term are over i<j <k<i, and repeated indices. 
It is now necessary to transform back to the original coordinates. Using the 

relations 

1 

(016,71) = — 16 

¥9 a9 


x3 13S 18 


a 
ss 
© 


| 


1 
O(a, ; 6, d) Snekt a4 (1, eat eae) Lt (i, VoasVas"b ro) =f (ly Vo Ve tie) 
+ CL, VV ay rT.) 


this is readily accomplished, and it only remains to transform the elements of the 
determinants into the orthogonal polynomials of the single-particle wave functions. 
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When this is done, and identical terms are collected, the intensities (amplitudes 
squared) of the different configurations found in the wave functions are as shown 


in table 2. 


Table 2: 
Configuration 1s—! 2s lipea2p ip 1d? ip “1d26e" “pes 
Intensity (% 29 ay a7 ie 0-15 


Strictly, we should include the ground state 1s*lp!*, which would amount to 
about 20°. This arises because the method is not self-consistent. However, 
it would not be possible to attach any firm significance to the resulting wave 
function, and we have therefore omitted the ground state. 

A noteworthy feature of these figures is the large proportion of single-particle 
excitation, which is in agreement with the lifetime for pair emission. ‘The 
matrix element for this transition is 

| bo* Dyan) ex aT, 

the mean square radius of the proton distribution, to which only single-particle 
excitations contribute. If we take the excited state to be at 6Mev, the unit of 
length is 3°7x10-%cm. The matrix element is then 11 x 10-%*cm?, which is 
comparable with the experimental value of 3-8 x 10-?*cm? (Devons, Goldring 
and Lindsey 1954). Alternatively, we can take this result to define our unit of 
length, and hence find our unit of energy to be 8-4Meyv. ‘The energy of the 
3~ state then becomes 8-2 Mev, which is too high; however, the change is in 
the right direction. 

This brings out a point of interest: a different unit of length seems to be 
required for properties which depend on the nuclear size—the energy of the 
pure rotational state and the value of the matrix element above—from that 
required for the vibrations, which involve the inter-particle forces. The latter 
makes the nucleus far too large. 


§ 7. CONCLUSIONS 


Considering the crudity of the approximations we have made, the agree- 
ment, though qualitative, is surprisingly good. Starting from a shell-model 
wave function, we have been able to deduce, qualitatively, the *O spectrum. In 
particular, the order of the lowest odd-parity levels, 3-, 1-, 2-, is that found 
experimentally and the ratio of their separations is of the right order. However, 
Elliott (to be published), in a shell-model calculation, has been able to fit these 
levels considering only single excitations, whereas our model predicts large 
amounts of triple excitation in the 1~ and 3~ states. 

The quantitative agreement of the 0+, 2+, and 1- levels with experiment 
seems to be largely coincidental. If we are to obtain quantitative agreement for 
all the lower levels, we must be able to find vibration and rotation constants of the 
order of Dennison’s empirical values. In our model the three vibration frequen- 
cies are equal, whereas Dennison’s are w, = 6-05, w. = 6-77, ws = 4-7 Mev, for his 
scheme (a), and our rotation parameter R = /2/I is far too small. Now according 
to Dennison’s scheme (a) E(0*) = w,, E(1-) = E(2+) = w3+9R/4; since we have 
found w, = ws, and R to be small, we do find that the three levels lie close 
together. However, we cannot fit the remaining low-lying levels satisfactorily. 
Similar reasoning applies to Dennison’s scheme (6). 
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There is a further experimental feature which finds no place in either our 
model or Dennison’s. ‘This is that the threshold for the dissociation ®O — !2C + « 
lies at an excitation of 7-15 Mev (Ajzenberg and Lauritsen 1955) just above the 
first excited states. We should therefore expect the potential for any motion 
which separates one «-particle from the other three to differ considerably from 
the harmonic approximation and to be much more like a Morse function with a 
rather shallow well. The vibration w, is such a motion; we therefore cannot 
expect to find any good agreement between a harmonic-oscillator analysis and 
experiment for the 1~ and 2* levels. Similar considerations will also hold for 
the interpretation of higher levels. 

It seems difficult to devise any satisfactory way of improving the present 
model. ‘To begin with, one has no guide to the validity of the fundamental 
approximation, in which the potential is assumed to be independent of the state 
considered. In order to obtain any better agreement with experiment it would 
be necessary to alter this potential, which would certainly complicate the solution 
of the wave equation. A further problem which would have to be solved is that 
of finding the shell-model wave functions. "The method used in § 6 is extremely 
complex, and it would be impracticable to apply it to a large number of states, or 
to larger nuclei, such as ?°Ne or 4Mg. 
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Abstract. The oscillator strengths of the lso—2sc, lso—3do and 2so—3de tran- 
sitions of HeH2+ are calculated from the exact two-centre wave functions. 
A comparison is made with results obtained from the LCAO approximation with 
and without mixing, both the dipole length and dipole velocity formulae being 
used in each case. 


§ 1. INTRODUCTION 


H,+ from the exact two-centre wave functions of Bates, Ledsham and 

Stewart (1953). Besides giving precise information (which cannot as yet be 
obtained experimentally) on the fundamental properties of homonuclear mole- 
cules, this work provided exact comparison data with which the accuracy of 
approximate methods could be reliably assessed. ‘There are, however, funda- 
mental differences between homonuclear and heteronuclear molecules and it is 
desirable to extend the calculations to a molecule of the latter type. Bates and 
Carson (1956) have tabulated the exact two-centre electronic wave functions of 
a number of states of HeH?* so that calculation of their properties is now 
practicable. 


Ip recent years, Bates and his collaborators have calculated many properties of 


§ 2. CALCULATIONS 
2.1. If the nuclei are regarded as held fixed at a distance R apart, the oscillator 
strength associated with the transition from a lower state A to an upper state 
B is given by 
f(A-B|R) = 4£(A-B|R)G(A-B)|O(A-B|R)P i. (1) 

where E(A-B|R) is the vertical energy difference in rydbergs, G(A-B) is the 
orbital degeneracy factor and O(A—B|R) is the dipole transition integral in atomic 
units (Mulliken 1939). The transition integral is given by 


O'\(A-BIR)t = i xat(r[R)ryp(r[R)dr ae (2) 
in the dipole length formulation and by 
2 - 
iV — —— — 
OY(A-BIR)t RAB | Xa*("[R)Vxe(r|R)dr wo. (3) 


in the dipole velocity formulation (Chandrasekhar 1945), y, and yp, being the 
electronic wave functions in atomic units. The two integrals are equal when 
exact wave functions are used. 
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2.2. ‘he exact two-centre wave functions of HeH?* can be written in the form 
xR) = AQIRIM(IROG) eee (4) 


where A and pu are the usual confocal elliptic coordinates and ¢ is the azimuthal 
angle. A and M can be obtained from tables published by Bates and Carson 
(1956) and ® is unity for the o states considered here. Substituting (4) into (2), 
it follows that for o—o transitions 


R\4 if ee -+1 
O(A-B|R) = 2 (5 1! BAApAL | #M Mody 
4, ey Jig 


re 4H 
=4 AA Aga | weM Maud} pee (5) 
I / Sy 
the wave functions being normalized according to 
3 - 0 mated ee aaa} } 
20 (3) f | Ata | M2du — | Ad) | p2M2 dp ee (eee (6) 
a Clee J =] 1 =2 


Although it is possible to carry out the integrations over A and analytically, 
it is less laborious to perform them numerically. 


2.3. The Lcao approximations to the wave functions of the lsc, 2so and 3do 
states of HeH?~ have the form 


x(1so) = (=)" oo) ae a (7) 
x(2sc) = (=) : { I(R)(1-1,) + m(R)r, cos 6, \ esp (24). Mowe (8) 
y(3de) = ( -) { m(R)(1-17;) —1(R)r, cos 4, } expr) ee (9) 


where r, is the distance of the electron from the helium nucleus, 6, is its polar 
angle measured from the internuclear axis, /? +m? = 1 and the ratio /(R): m(R) 
is determined by minimizing the electronic energy, given in rydbergs by 


r 4 2 
E=- | (¥ — = ) xa, aareie (10) 
v ry i) 


r, being the distance of the electron from the proton. 
Substituting (7), (8), and (9) into (2) and (3) we find 


O'(1so-2sc) = 0-3724,m(R) 1 


O"(1so-3de) = —0-3724,(R) ee. (11) 
O¥(2so-3de) = #{ P(R)-m4{R)} | 
1-1174 
Vv =F 0 
Octo ies esi) | 
—1-1174 ke (uli eae (12) 
V = 0 
OM sere) a ncger=aay) 4) | 
OV(2so-3de) = 0 
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2.4. The choice of the LCAo approximation for the 2so and 3do states can be 
criticized on the grounds that for infinite separation these states have the same 
energy as the 2po state, so that considerable mixing with this state is to be 
anticipated. The Lcao approximation to the 2po state is 


ORL (5) exp(-r9 Pipa (13) 


and as a refinement of (8) and (9), we introduce 
1\ 4/2 é 

-) { L(R)(1-7,) exp (— r) +m,(R)r, cos 4; exp (— r1) 
zi L 


+n,(R) exp (— 72) } ws Reon (14) 


and similarly for y(3de) with /, my and ny in place of 1,, m, and n, respectively. 
The three possible values of the ratio /: m:n (the third set /; : mg: n3 corresponding 
to the 2po state) are determined by minimizing (10). 

The choice of wave function (14) demonstrates a difficulty in the calculation 
of dipole transition integrals; the approximate wave function of the Iso state is 
no longer orthogonal to the approximate wave functions of the 2so and 3do states 
so that the dipole length integrals corresponding to the lso—2so and to the 
1so—3do transitions depend upon the location of the origin to which the electron 
position vector r is referred. The analytical expressions for O' and OQ’ become 
rather cumbersome when the mixed wave functions are used and will not be 
reproduced here. 


/ 
/ 


x(2sc) 


§ 3. RESULTS AND DISCUSSION 


3.1 Figures 1, 2 and 3 show the calculated values of the 1so—2so, 1so—3do and 
2so—3do transition integrals, O being obtained from the exact wave functions 
and QO" and OY from the Lcao approximations, the exact energies being used in 
the evaluation of OY. The integrals O" and OY are in good agreement with each 
other and with O for the 1so—2so transition , QO" being superior to OY except at 
small values of R. For the Iso—3do transition, OY agrees well with O for 
R greater than 3 but overestimates considerably for smaller R. It is superior 
to QO" which, though in fair agreement with the magnitude of Q for large R, 
has the wrong shape. The values of O" and OY for the 2sc—3de transition are 
grossly in error both as regards magnitude and shape at small R, whilst for 
larger values of R, Q" is quite accurate but not OY which vanishes everywhere. 

When mixing is taken into account, the crossing of the exact 2so and 3da 
energy Curves exercises a profound influence on the mixing parameters (see also 
Coulson and Lester 1955), and the values of QO’ and OV derived using these 
approximate orbitals vary in an apparently irregular way. It does not seem 
worth while to reproduce the values obtained, for in the 1so—2so and 1sc—3do 
transitions, Q" is so sensitive to the location of the origin that no meaningful 
prediction can be made and even in those cases independent of the origin, 
agreement with QO is very poor. 

Because of the near crossing of the approximate 2so and 3do energy Curves it 
is difficult to draw any general conclusions from these comparisons. It is clear, 
however, that it is essential to use orthogonal wave functions and that considerable 
caution must be used before accepting any value of O derived from variational 


Oscillator Strengths of HeH?+ 613 


wave functions, especially if the energy of either of the states involved lies near to 
that of some other state at some value of the nuclear separation; it should perhaps 
be stressed that equality of O% and OY is in itself no guarantee of accuracy. 


0-4 


(atomic units) 


Transition Integral 


Internuclear Separation (atomic units) 


Figure 2. 1so—3do transition integral 
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Figure 1. 1so—2so transition integral. 
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Figure 3. 2so—3do transition integral. 


O refers to the exact values and QF and QV to the Lcao approximation. 


All the values of O vanish at the united-atom limit and O (2sc—3dc) at the 
separated-atoms limit also, so that high sensitivity of the transition integrals to 
the detailed nature of the wave functions is to be anticipated. The variation of 
O with internuclear distance at large values of R is very slow for all three 
transitions and suggests that a more hopeful procedure for the prediction of 
transition integrals may be to employ a direct perturbation calculation rather 
than to use variationally determined approximate wave functions (cf. Dalgarno 
and Stewart 1956). 


3.2. The oscillator strengths obtained by substituting O into (1) are given in 
the table. As would be expected since the transition is of the sub-Rydberg type 
(Herzberg 1950) f(2so—3dce/R) is very small and varies rapidly with nuclear 
separation; the change in sign is due to the crossing of the 2so and 3do energy 
curves. ‘The 1lso—2so and 1so—3do transitions are not of the sub-Rydberg type 
and the oscillator strengths are considerably larger than f(2so-3dco) although 
smaller than those of the charge-transfer type which occur in homonuclear 
molecules (cf. Bates 1951). 

Of particular interest is the lso—2po transition and calculations of its 
oscillator strengths and other properties of HeH?* are in progress. 


PROC. PHYS. SOC. LXIX—8A 42 
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Table. Photon Energies and Oscillator Strengths of some Transitions of HeH** 


1so—2sa 1so—3do 2so—3do 

R E a E i E 
0-00 6:7500 0-0000 80000 0-00000 1-2500 0-0000 
0:25 6:1119 0 -0006 7:2657 0-00002 1:1538 0:0006 
0-50 5-3072 0:0025 6°3246 0:00017 1-0174 0:0025 
0:75 4-6926 0-0062 5:5875 0-00068 0:8949 0:0056 
1-00 4-2505 0:0116 5-0383 0-0021 0:7878 0:0096 
1°5 3°7165 0:0253 4-3190 0:0112 0:6025 0:0167 
2°0 3-4502 0:0377 3°8819 0:0319 0:4317 0:0169 
25 3-3096 0-0460 3:5782 0:0540 0:2687 0:0107 
3-0 SOUP TOF 0:0508 3°3548 0:0742 0:1277 0-0044 
$05 Bjorlin 0-0541 3-1960 0:0812 0-0208 0-0006 
4-0 3:1392 0-0562 3-0875 0-0818 —0Q:0517 —(0:0012 
4:5 3:1135 0:0579 3-0170 0-0800 —0:0965 —0:0018 
5:0 3-0943 0:0592 2:9736 0:0772 —():1207 —0:0019 

CO 3-0000 0-:0694 3-0000 0:0694 0-0000 0-0000 
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Abstract. The energies of interaction of H- and H are calculated over a wide 
range of nuclear separations using molecular wave functions based upon various 
forms of atomic orbitals and these energies used for the calculation of the charge 
transfer and diffusion cross sections of H-ions in atomic hydrogen by the perturbed 
stationary state method. The charge transfer cross sections decrease from 
2x10“ cm? at an impact energy of lev to 0-3 x 10-!cm? at 1000ev and the 
diffusion cross sections lead to values of the mobility of H~ ions in atomic hydrogen 
decreasing from 3-5cm?volttsect at 100°kK to 1:8cm?voltsec at 600°. 


§ 1. INTRODUCTION 


HE passage of negative ions through gases plays a significant role in 
various upper atmospheric and discharge tube phenomena (cf. Massey 


1950) but apart from the laboratory measurements of Hasted (1954), of 
Hasted and Stedeford (1955) and of Hasted and Smith (1956) and the quantal 
investigations of Bates and Massey (1943), Bates and Lewis (1955) and Bates 
and Boyd (1956) on some special recombination processes, little precise 
information on low energy impacts involving negative ions is available (cf. Bates 
and Dalgarno 1956). It is generally very difficult to study stow heavy particle 
collisions theoretically but in addition to the curve-crossing cases treated by 
Bates and his collaborators, slow resonance collisions can be treated by the perturbed 
stationary state method (Massey and Smith 1933, Bates, Massey and Stewart 1953) 
provided the energies of interaction of the colliding species are known. This 
method has been applied successfully in one form or another by a number of 
authors since the original work of Massey and Smith (cf. Massey and Burhop 


1952). 


§ 2. THEORY 


The theory of inelastic heavy particle collisions at low impact energies has 
been discussed in detail by Bates, Massey and Stewart (1953, to be referred to 
as BMS) and only a brief description is necessary here. Essentially the whole 
system is supposed in equilibrium with the colliding particles at rest and the 
relative motion is introduced as a perturbation. Then if wt —(R) are the effective 
interaction energies in the g and u modes (BMS eqn 41), R being the nuclear 
separation, and g,;*~ are the solutions, which vanish at the origin, of the 


@ U(1+4 
ie + ub-— oe 1 gi-=0 a. (1) 


equation 
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such that asymptotically (BMS eqn 103) 

gh ~Rsin (RR — Lietajt) see ts (2) 
where k is the wave number of the initial relative motion, it may be shown that 
(BMS eqn 101) the cross section for charge transfer is 


O,(k) = . > (Q1+1)sin2(qyt—ap). tes (3) 
The cross section effective in diffusion (cf. Chapman and Cowling 1941) 1s 

Oa(k) = aD (1+ 1)sin?(6;—oga)) ee (4) 
where 5,,=%,* and 85,4;= er. and the diffusion coefficient D is 

12 6 7/2 

ee (ae er aaaPy wide (5) 

where 
De i. 2°Oq(v) exp {— M,M,o2/2kT(M, + M,)} do, ..--- (6) 


M, and M, are the masses of the atoms, 7, and n, are their number densities, 
k is Boltzmann’s constant, T is the absolute temperature and wv is the relative 
velocity. The mobility « is then given by 

e=eDIRT, te sims (7) 


e being the charge of the ion. 


§ 3, APPROXIMATE EXPRESSIONS FOR THE Cross SECTIONS 


By using Jeffreys’ approximation to the phases (cf. Mott and Massey 1949), 
(3) can be written as (BMS eqn 135) 


O= 2 | “Pun gpjyare © ee (8) 
0 
where 
bel oeUN HGR) v( 00)? ee 12 
eee, | Re OR) jie RE R? dR wena (9) 
(BMS eqn 134) in which 
h?(M,+M 


AE(R)= 8) i) al ee (10) 


MM, 
v(R) is the velocity of relative motion when the nuclei are a distance R apart 
and R, is the outermost zero of the integrand. It is usually possible to replace 
a(R) by v(«) without serious loss of accuracy (cf. Jackson 1954) so that (9) 
simplifies to 

e 1. ? RAE(R) 

((Py~ hv( 20) J p (R?— P22 
For small values of P, sin? {¢(P)} oscillates rapidly and may be replaced by its 
average value of }. Thus if P* is the largest value of P for which ¢(P) equals 
7/2,¢ (8) may be written 


Rare Sy ease (11) 


P*? > 00 
z = 2m | Psnt(QPyae., | wee (12) 
Pe 


O.= 


+ The choice of P* is rather arbitrary and this introduces a small uncertainty into the 
calculated cross sections (cf. Geltman 1953, and §5 of this paper). 


Charge Transfer and Mobility—H- in H 617 


The integral from P* to infinity may be computed from numerical integration 
of (11) and this procedure is then analogous to that adopted in the phase shift 
method (cf. Buckingham and Dalgarno 1952). However (11) shows that the 
major contribution to ¢(P) comes from the neighbourhood of P and if AE(R) 
is fitted in this region of R by an exponential A exp(—ak) where A and « are 
functions of P, we may write 


A ;* Rexp(—«k) 
¢(P)~ io |» (R= PPR aioe |e VW, Weer: (13) 
ee 
= oe EE) Pe | a LAINE tots secs (14) 


(Erdelyi and Cossar 1944) where K,(x) is the modified Bessel function of the 
second kind (Watson 1944) of which adequate tables are available (Bickley 1950, 
1952). A very simple approximation to Q, providing a rapid estimate of its 
order of magnitude, may be developed by breaking (8) into two parts, from 
0 to P and from P to oo where P is such that ¢(P)=7/4 and supposing that 
when sin? {{(P)}<3$, it may be replaced by {¢(P)!?._ Then (8) becomes 


aP2 2A? 


Oe ears t | 7 PAKGP)PdP. (15) 
and if 4 and « are assumed independent of P and «P is assumed large so that 
: 7 
K,(aP) ~ eae CXD le are (16) 
(15) simplifies to 
a P? fe 1 / 
~ —— ==), 1) ot _olsanene 17 
O; D + eg (aP+1+ = )t (17) 
where P is such that 
= = a roe 
Pexp(—2aP)= 3 Gy. silekeverelie (18) 


In order to obtain a simple formula for Og in terms of the impact parameter P, 
certain assumptions can be made depending upon the value of R at which the 
integrand appearing in Jeffreys’ approximation to the phase (BMS egqn 111) 
vanishes. For small values of R, it usually occurs that 


(UPR eFae area a 9) hs a rat « (19) 
whilst at large values of R, ut+(R)=u-(R)= —C/R* and ¢(P)=0. Massey and 
Mohr (1934) have shown that the phases corresponding to this interaction are 
given approximately by 


Oo TCR SS pa) LO) A elders (20) 
from which we estimate 6,—6,,, according to 
6,—S.44~ — Or 3 /SREPH, ahr. (21) 


Thus a rough approximation to Og is 
Ole (OO) ie ee ee (22) 


+ This expression is similar to those obtained by Holstein (1952) and Demkov (1952) 
using a different approach. 
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where Qy» is derived from (21) and may be evaluated in a similar way to (17) 
to give 
22 s 3Cr 
Oyp~ 2a | Psin? {api ily ee OOS (23) 
In §5 the cross sections will be evaluated with and without these various 


approximations. 


§ 4. THE EVALUATION OF THE INTERACTION ENERGIES 


Before the calculation of the cross sections can be completed, a knowledge 
of the interaction energies of H~ and H over a wide range of nuclear separations 
is required. Since we are interested primarily in the energies at large separations 
we select molecular wave functions based upon their form at infinity. If pa(1) 
is the wave function of a hydrogen atom with nucleus A and ¢»(2, 3) is the wave 
function of a hydrogen negative ion with nucleus B, 1, 2 and 3 representing the 
coordinates (including spin) of the three electrons, approximate molecular wave 
functions corresponding to the two possible modes of interaction and anti- 
symmetrical in all the electrons are given by 


1 

K,(1,2,3)= 75 (Fant We) eee (24) 
1a 

Re Le2, 3) = eps ab — ‘F’ba) KG 000 (25) 


where 
b= -, fYia(1)bo(2, 3) + Ha(2)bn(3, 1) + Pa(3)pn(1, 2)}. ------ (26) 


A difficulty arises from the fact that the space part dr(ro, 3), Fg and rz being 


position vectors of the electrons, of (2,3) is not known exactly. We adopt 
three different forms for dp which, in order of increasing accuracy, are 


dp (Ke, F3) = = exp[=(fa, fen) eee (27) 

bo'(rnts)=—exp[—arn tra) tees (28) 
r 1 / y328\12 

bb (te, Fs) = is (=) {exp [— (rep + 2rsp)] + EXP [— (2en +Yrap)]} --+2+ (29) 


where 7.» and rzp denote the distances of electrons 2 and 3 from the nucleus B 
and the parameters are determined from variational calculations of the energy 
of H- (Eckart 1930, Chandrasekhar 1944). ‘The space part of the wave function 
of atomic hydrogen is accurately 


1 
wa(r,)= Gr exp(=fial een (30) 
The energies are given by 


E+(R)= | Xy*HX de | [XX (31) 


(Res | Ke drs | See cin (32) 
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where # is the Hamiltonian of the entire system, and may readily be evaluated 
once the molecular integrals have been computed. The procedure is well known 
and details of the calculation have been relegated to an appendix. Depending 
upon whether the interaction energies are calculated including in # only the 
interaction terms or by using the complete Hamiltonian and subtracting the 
energies computed at infinite separation, different values result (cf. Margenau 
and Rosen 1953) and a comparison of results &,+~-(R) and &+~(R), respectively, 
obtained by the two methods using all three functions (27), (28) and (29) in 
(31) and (32) is given in figures 1 and 2. The discrepancies between &,+~ and 


| oT 0-06 + 
003- | 
| 0-04, 
| 
002+ 
002+ 
\ 
| 
0-01 + ae 
a | | Bo 
=o) = oT 
= | = 
= = 
+0 x 
Bows) 
35 £0-02/- 
J fra 
oS 
-o01 + 
~0-04- 
- 002+ 
-008r- 
0-03 : 
\ 0:08 
\ 
es jo if a =) i L ll = 
0 2 4 6 8 10 0 2 4 6 8 i0 
Internuclear Separation R(a,) Internuclear Separation R (@,) 
Figure 1. Interaction energies of H~ and Figure 2. Interaction energies of H~ and 
H calculated assuming that the H calculated without assuming that 
atomic orbitals are exact. the atomi corbitals are exact. 


&,*>~ become smaller as improved forms of ¢p are used but are still quite large 
even for the best of the H~ wave functions. ‘Theoretically &,+—(R) would 
seem preferable to &,*+~(R) and certainly it is much less sensitive to the form of 
the wave function. 

The molecular wave functions (24) and (25) may be improved by the 
introduction of a scale factor € with respect to which the energy may be varied. 
This has been done previously for the u state of H,~ using ¢p’ by Eyring, Hirsch- 
felder and Taylor (1936) and their results (somewhat extended) are reproduced 
in figure 4, which shows also the values of &,-(R) resulting from the use of ¢p” 
and ¢,," whilst figure 3 shows the values of &,*(R) resulting from yp’, dp” and 
dp". Since these energies are derived from a variational wave function con- 
taining a scale factor, they satisfy the quantal virial theorem (Coulson and Bell 
1945) but no great accuracy can be claimed even for the best values &+~"(R) 
for it has been demonstrated by Hirschfelder and Linnett (1950) and stressed 
recently by Dalgarno and Lynn (1956) that to obtain accurate energies at large 
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separations it is necessary to use trial wave functions which take account explicitly 
of the mutual polarization of one species by the other. However, as will be 
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Figures 3 and 4. Interaction energies of H- and H calculated with a varied screening 
parameter. 


demonstrated later, the cross sections are rather insensitive to the interaction 
energies and no serious error arises from taking 


M,+M, 
~ h?(M,+M,) 


Vig 


fet" Rae a (con ee (33) 
in (2). 


§ 5. CHARGE TRANSFER CROSS SECTIONS AND MOBILITY 


It has been checked that (11) is a very accurate representation of (9) for 
P greater than P* and charge transfer cross sections over a wide range of impact 
energies have been evaluated by numerical integration of (12) using the expression 
for ¢(P) given by (14). It should be stressed that no loss of accuracy occurs 
from the use of (14) in place of (11) in that some curve fitting approximation to 
to AE(R) must be used to overcome the inevitable limitation that AE(R) is known 
only at discrete values of R. The results are illustrated in figure 5 together with 
values obtained using the approximate formula (17). As is to be expected from 
the much more diffuse structure of the negative ion the magnitude of Q, is rather 
greater than those of the cross sections for similar reactions involving positive 
ions, whilst the variation with energy is typical of a resonance reaction. ‘The 
simple approximation (17) is seen to be remarkably accurate except at high 
energies of impact where in any event the perturbed stationary state method is 
inadequate since it ignores transfer of momentum (cf. Dalgarno and Yadav 1953). 
The success of (17) allows an estimate of the sensitivity of Q, to AEF(R) 
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to be easily made, and a comparison of Q, derived from it using &,+~” and 
—/ : . 

&*—" reveals a difference of at most 10% in the two curves of O,. It seems 

not unreasonable to claim that OQ, as given in figure 5 is accurate to within a 


possible error of 10°%. ‘The phase differences required for O, were calculated 


400 

Oe 
53300 me | 
f | 
E 2 | 
= 2 soe 
= = 
— pee 
= 200}- 5 
s Ss 
= 
5 = a 
2 s 
o =< 
. | 

20 

ee (ta ay ! i 


= 100 200 300 400 500 600 


1 | 2 3 4 
10619 X Temperature (°k) 


Figure 5. Charge transfer cross sections Figure 6. The mobility of H~ in H asa 


for H~-+H~H-~H~- computed from function of temperature. 
eqn (12) (curve A) and eqn (17) 
(curve B). 


using Jeffreys’ approximation and it was found that to the accuracy claimed 
for O,, Qa may be taken equal to 20,. The mobility « may be evaluated without 
difficulty and is shown as a function of temperature in figure 6. The values 
are smaller than is usual for positive ions as is again to be expected from the 
more diffuse structure of the negative ion and the temperature variation is similar 
to that observed for the mobilities of Het in He and Net in Ne (Biondi and 
Channin 1955). Reasons have been given elsewhere for supposing this to be 
typical of the mobility of ions in their parent gases (Dalgarno 1956). 
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ACP PEND IGX 
The Evaluation of &*(R) and &(R) 


The expressions for &+(R) and &~(R) can be broken down into combinations 
of one or two electron two-centre integrals, and it is the evaluation of these and 
their combination that provides the major computational burden. 

The techniques of their evaluation are well known (cf. Dalgarno 1954) and 
apart from two of the exchange integrals all were calculated on the Whirlwind 
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electronic computer at the Massachusetts Institute of Technology, the pro- 
grammes being based upon certain auxiliary routines due to Corbato (1956). 


The integrals 
i exp (—Ma— 1p — 22a 37) ar dro/1 12 
and 
i EXP (— 273g — 2» — Yea — JM gp) Ary dts/7 19 


do not play a significant role at large separations and they were approximated 
by the arithmetic mean of the two approximations suggested by Mulliken (1949): 


{| exp (— 27a — 27 yb — Yea — Wop) Ary da/112 


~} | exp(—2na—anp) dry | exp(—yron ran) are (A.1) 
2 xy + 32%y? + 2y3 
x { | | exp (—22r,a— 2yfen) ary dre/T12 + ay he 


~ | exp (— 2a — 2p) ary {| exp (— 28ra—2a— Yap) Ar, dr2/Ty9- (A.2) 


These are compared in the table with the exact values for the case 2/a)=1-0, 
y/ay = 1-04, the error being only 6% even at an internuclear separation of 10dp. 

Neither the values of the screening parameter € appropriate to the three 
wave functions used nor the values of the integrals will be tabulated here, but 
they are available on request. 


Mulliken’s Approximations to [| exp (—71a— rip—1'0472,—1°04rep) dr,dre/r12 


R (Apo) eqn (Al) eqn (A2) Arithmetic Mean Exact 

0-437043 0-441515 0-439279 0-438689 

2 0-178690 0-177776 0-178233 0-180167 

3 0-542915 (1) 0-531990 (1) 0:537452 (1) 0-556643 (1) 
4 0142851 (1) 0:138246 (1) 0:140549 (1) 0°142528 (1) 
5 0339138 (2) 0-297040 (2) 0-318089 (2) 0-326568 (2) 
6 0-746236 (3) 0:610246 (3) 0:678240 (3) 0-688396 (3) 
7 0-154754 (3) 0-118033 (3) 0:136394 (3) 0-136363 (3) 
8 0-306014 (4) 0-217969 (4) 0:261992 (4) 0-257425 (4) 
9 0-581973 (5) 0-388031 (5) 0-485002 (5) 0:467692 (5) 
10 0-107139 (5) 0-670541 (6) 0:870967 (6) 0:823574 (6) 


The figure in brackets indicate the power of ten by which the preceding number 
is to be divided. 
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An Investigation of the y-Rays from the Reactions *Mg(p, y)”Al and 
'2C(p, y)!3N, with a Note on the Positron Disintegration of ZEAL 
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Abstract. “C and #4Mg targets were irradiated by protons of energy +56°8 kev 
and 225-5 kev corresponding to the formation of excited levels in '3N and ?°Al of 
energy 2:37 and 2:50 Mev respectively. "The gamma-ray spectra were investigated 
using a 20mm cube sodium iodide crystal and photomultiplier feeding into a 
Hutchinson-Scarrott type pulse height analyser. 

A single gamma ray was observed from the 2-37 Mev state in 7N. Peaks 
observed from 2>Al could best be explained in terms of excited levels at 0-46, 1-54 
and 2-5 Mev. 

A search was made for y-radiation accompanying the positron decay of ?°Al 
to®>Mg. The only peak observed was one at 0:51 Mev corresponding to annihila- 
tion radiation. It therefore seems probable that a simple positron transition 
between the ?Al and Mg ground state takes place. 


§ 1. EXPERIMENTAL PROCEDURE 


beams of energy 230kev and 460 kev respectively from an air insulated 
electrostatic generator. 

Beam energy measurement and stability was obtained by using an absolute 
electrostatic analyser, followed by a deflecting magnet for mass analysis (Hunt 
1952). ®>Al was produced by resonant capture in the *Mg(p, y)°Al reaction at 
225-5 kev, the yield from other magnesium isotopes at this energy being negligible 
(Hunt, Jones, Churchill and Hancock 1954) and !3N was produced by resonant 
capture in the '*C (p, y) #®N resonance at 456-8 kev (Hunt and Jones 1953). 

The y-ray spectrometer consisted of a 20 mm x 20 mm cubic crystal of thallium- 
activated sodium iodide and a 14 stage photomultiplier tube type EMI 6262A. 
Pulses from the photomultiplier were amplified and fed into a 120-channel pulse- 
height analyser of the Hutchinson~Scarrott type (1951) made by Sunvic Controls 
Limited. ‘This instrument accepted pulses of from 0 to 100 volts and the channel 
width could be varied from 0-83 to 0-042 volt. 

‘The response of the detecting apparatus was continuously checked and cali- 
brated by using gamma rays of known energy from !3’Cs, 124Sb, Co, 22Na. No 
effort was made to collimate the y-rays from the target, since the yield from the 
reactions was low and maximum detection efficiency was desirable. The resolu- 
tion was consequently limited to 12°, at 0-667 Mev and 7° at 2:3 Mev. 


Ta natural magnesium and carbon targets were irradiated by proton 


§ 2. RESULTS 


A diagram of the y-ray spectrum obtained from the carbon target is shown in 
figure 1. A photoelectric peak was observed at 2:37 Mev with the Compton edge 


y-Rays from » Al and °N 625 


at 2-13 Mev and pair peak at 1-35 Mev. A peak at 1-9 Mev is interpreted as a pair 
peak with the escape of one quantum only. 

The positron decay of Al was investigated by irradiating *4Mg for one minute 
and then observing the yield for 20 seconds immediately after irradiation. The 
process was repeated until sufficiently high statistical accuracy was obtained. A 
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Figure 1. 13N spectrum. 


peak at 0-51 Mev corresponding to the annihilation of the positrons was observed 
but there was no indication of the presence of higher energy y-rays. 

The y-ray spectrum observed during the irradiation of 24Mg is shown in figure 2, 
for which a channel width corresponding to 0-04 Mev was used. The results are 
analysed in the table. ‘The region between 0-2 Mev and 0-65 Mev was investigated 
in more detail using a channel width corresponding to 0-01 Mev. It will be seen 
from the spectrum obtained (figure 2) that a peak at 0-46 Mev is incompletely 
resolved from the annihilation peak at 0-51 Mev. This was confirmed by comparing 
the half-width of the composite peak with that of the simple annihilation peak from 
22Na. The half-widths were found to be in the ratio 11: 6. 


§ 3. Discussion OF RESULTS 


The results obtained with the carbon target indicate the existence of a single 
y-ray of energy 2-37 +0-03 Mev. This would be produced by the de-excitation of a 
level at 2:37 Mev direct to the ground state in agreement with the level scheme 
proposed by Jackson and Galonsky (1952). 

In agreement with the work of Elbek et al. (1955) it was found that the positron 
decay of ?°Al was not accompanied by a y-ray, a possibility which had been 
suggested by one of us from an analysis of the positron absorption curve 
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(Hunt, Jones and Churchill 1954). A simple positron transition between the 
25] and Mg ground states is therefore indicated. 


Energy Level Transition Expected Peaks (Mev) Observed Peaks (Mev) 
Dotsy| a 2:50 Photoelectric eS 
(weak) 2:25 Compton 2:26+ 0:04 
1-49 Pair 1-52-..0-04 
b 2:05 Photoelectric 2:0 +0-:04 
(strong) 1-80 Compton 1:78+ 0-04 
1:03 Pair 0:96 + 0-04 
Cc 0:96 Photoelectric 0:96 + 0:04 
0-72 Compton 0:72+ 0:04 
1:54 d 1-54 Photoelectric 1:52+ 0-04 
1:29 Compton 1:28+ 0-04 
0-54 Pair Could be obscured by 0:51 
annihilation. 
e 1:08 Photoelectric 1:10+ 0-03 
0-83 Compton Not observed: could be 
obscured by neighbouring 
peak. 
0-46 it 0:46 Photoelectric 0:46 + 0-02 
(strong) 
Annihilation 0-51 0:51+ 0-02 


of positrons 


y-rays from the reaction *4Mg(p, y)®°Al have been observed previously by 
Casson (1953) who suggested excited levels in %AI at 0-5 and 2:51 Mev, and by 
Green et al. (1955) who suggested excited levels at 0:46, 0-96, 1-92 and 3-04 Mev. 
The 3-04 Mev level would not be excited by protons of the energy used in the present 
irradiations, but the existence of a state at 2-50 Mev is clearly indicated by the 
proton capture resonance at 225-5 kev (Hunt, Jones, Churchill and Hancock 1954), 
assuming a Q value of 2-29 mev for the *4Mg (p, y) *Al reaction (Endt and Kluyver 
1954). Peaks at 2:26 and 1-49 can be interpreted as the Compton and pair peaks 
of the y-ray from this level to the ground state. ‘The photoelectric peak would be 
expected at 2:5 Mev and in some runs a slight increase in yield was noted at this 
energy but it was not sufficient to be statistically significant. A falling off in 
the height of the photoelectric peak from a small crystal at this energy was, however, 
to be expected. The presence of a gamma ray of energy 0-46 and intensity 
comparable with that from the annihilation of the positrons, is in agreement with 
the result of Green et al. (1955). 

All the peaks observed in the present work could be explained in terms of the 
level diagram shown in figure 3. This differs from that proposed by Casson in 
that a 1:-54mev excited level has been introduced. Peaks expected from this 
scheme are compared with observed peaks inthe table. In two instances observed 
peaks could be composite. A peak at 1:52 + 0-04 could be produced by a combina- 
tion of the pair peak from transition a at 1:-49Mev and the photoelectric peak of 
transition d at 1-54Mev ; anda peak at 0-96 + 0-04 Mev to the photoelectric peak 
from transition c plus the pair peak from transition b. ‘Two expected peaks were 
not observed, a pair from the 1-54Mev y-ray and a Compton from the 1-08 Mev 
y-ray, but these were expected to be weak and were in the neighbourhood of much 
stronger peaks. 

It was not possible to obtain a quantitative measure of the relative intensities 
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of the y-rays involved in the transitions, but it was obvious that the direct transition 
from the 2:50 Mev state to the ground state was much weaker than the competing 
transition b via the 0-46 Mey level. Transitions via the 1-54 Mev state appeared to 
be of intermediate strength. 


2:80 
2:74 
2:56 
1-96 

1-61 

0-98 
0-58 


25AL =Mg 


Figure 3. Level diagram of 75Al. G, Green et al.; R, 418:5 Mg (p. y) ?°Al resonance 
C, Casson ; P, present work. Level diagram (Endt and Kluyver) for *°Mg is 
shown for comparison. - 


The only level common to both Green’s proposed level scheme and the present 
one is that at 0-46mev. The possibility of transitions from the 2:50 Mev level to 
one at 0:96 Mev cannot be excluded, but the scheme proposed by Green cannot be 
made to account for all the peaks observed in the present work, particularly the 
peak at 1-10 Mey. 

This, however, does not imply any basic discrepancy between the results since 
in Green’s experiment the 3-04 Mev level was excited and in the present one the 
2-50 Mey level. It can be postulated that transitions between the higher levels in 
the two schemes are forbidden by selection rules so that in order to obtain a more 
complete description of the excited states of *°Al the two schemes must be com- 
bined. A level of 2:70 Mev due to the *Mg(p, y)?°Al resonance at 418-5 kev 
(Hunt and Jones 1953) must also be added. When this is done the level scheme 
obtained is closely analogous to that for the mirror nucleus * Mg (Endt and Kluyver 
1954). 
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RESEARCH NOTES 


The Equivalence of Variational and Perturbation Calculations of 
Small Disturbances 
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Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 16th April 1956 


§ 1. INTRODUCTION 


in the variational method the total energy of the system is minimized with 

respect to a selected trial wave function and the perturbation energy 
obtained by subtracting the energy of the undisturbed system (Hass¢é 1930), 
in the method proposed by Slater and Kirkwood (1931) (see also Lennard-Jones 
1930) the energy of the undisturbed system is subtracted immediately and the 
perturbation energy obtained as an integral involving the solution of a certain 
differential equation, and in the perturbation method (Schrodinger 1926) the 
perturbation energy is expressed as an infinite sum of products of matrix elements 
of the perturbing potential. 


7 HERE are three methods of calculating the energies of small disturbances : 


§ 2. "THEORY OF SMALL DISTURBANCES 


Let H be the Hamiltonian of the undisturbed system and let yw) be its 

(normalized) wave function satisfying the equation 

(= Ope ae eke eee (1) 
Suppose that %, represents any other possible stationary state of the system 
with eigenvalue E,, so that 

(FE hs = One 9) en aga eee (2) 
If a small perturbation, described by an operator h, is applied, the wave 
function ‘” of the disturbed system is the solution of the equation 


AES (Eh) PS Oe (3) 
which may be written alternatively as 
6h =0 oy eee ioe (4) 
where 
B= |Ptee de) | EAE de) va eee (5) 
We wish to calculate the perturbation energy 
6 =F. i. gee an oe eee (6) 
Substituting Popo Se «a eee ee (7) 
into (3) and using (1) and (6), it follows that 
(h—&@)b)+(H—-E,th—-@)bho=0 — .n,ne. (8) 


+ Now at the Mathematical Institute, University of Oxford. 
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which on multiplication by %)* and integration over all space yields 


0  Sbo*hiby dr + [iy *h( hilo) dr 
od 1+ [o* deb, dr ee eee (9) 


2.1. The Slater—Kirkwood Method 
The Slater—Kirkwood method assumes that 
Gy = | Bo *hiby he ee Nd en re (10) 


is Zero (as is usually the case) and & is then evaluated by taking ¢ to be the 
solution of the equation 


Ne ( ¢ Bead OR 9 | (11) 


obtained from (8) when only first-order terms are retained. Thus to the second 
order 


oo | bo*h( dito) dice abe wai rhs (12) 


The method may readily be generalized to cases for which 6,40; to the 
second order of small quantities 


E=E,t+ Ey -E,fo*biode sane (13) 
where ¢, is a solution of 


(h—6y)¥,+(— By )oiip= 00 Fe ee (14) 


2.2. The Perturbation Method 


Writing 
OEE as 8 re (15) 
the well-known second order perturbation formula for & is 
_ gas Olle A109) ; 
é ses oes ae Rt (16) 


where the prime indicates that the term p=O is excluded and the summation 
includes an integration over the continuum. Dalgarno and Lewis (1955) (and 
also Dalgarno and Stewart, in preparation), have recently made use of a sum rule 
technique to evaluate the infinite summation in (16) with the result that 


st Ve leNe Eiht) [¥o*h(dsibo)dr—6,[ubo*drfodr eee. (17) 


Dp p 


where ¢, is a solution of (14). 
The equivalence of (16) to (13) is immediately recognized. It may be 


demonstrated also by expanding ¢,y% according to 
pho = >. Ass ce eee (18) 


substituting in (14) and multiplying throughout by ;5,*. After integration one 
obtains 


_ (p{2]9) : 19 
eT aicotese (19) 


Dp 


and substituting (18) into (13) using (19), equation (16) is recovered. 
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2.3. Variational Method 
In the variational method of calculating small disturbances, the trial 
function (7) is substituted into (5) and quantities of the third and higher orders 
of smallness are ignored. ‘Thus 
wep, 4 Sit Zhbot Wo) de +N pibo)* = Ba) 
: 1+ 2fly* pio ar 
Now for arbitrary variation of the function ¢ (cf. Hartree 1947) the condition 
that (20) be stationary requires that # be a solution of 


(h—6)b)+(H—Ey)bbo=9 sees (21) 
in which case 
Et Eshbo* bio de + fo hb ar 22 
= Les ae (22) 
which to the second order of small quantities is 
a ae [bo Ady dr —E | po* bib di, xpemtereee (23) 


Equation (23) is equivalent to (13) and (16). 

Thus for any calculation of small disturbances the choice of method rests 
upon the accuracy with which it may be applied, the three methods when 
applied exactly yielding identical results. This conclusion is perhaps not 
unexpected but a direct demonstration seemed desirable. Its importance in 
approximate applications of perturbation theory has been emphasized recently 
by Dalgarno and Stewart (in preparation). 
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New Evidence about the Nature of the Liquid Helium Transition 
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Atomic Weapons Research Association, Aldermaston, Berks. 


BGS. received 2nd March 1956 


§ 1. PRESENTATION AND DISCUSSION OF EVIDENCE 


OLDSTEIN AND REEKIE (1955) and Goldstein (1955) have succeeded in 
determining from x-ray data the separate variations with temperature of 
the kinetic and potential energies of liquid helium. According to them 

the ‘kinetic specific heat’ shows a typical \-anomaly even more violent than that 
of the total specific heat. This they interpret as quite definite evidence that the 
transition is related to the momentum space preperties of the liquid partition 
function. They interpret the accompanying anomaly in the ‘potential specific 
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heat’, of inverted A-form, as implying some consequential effect of the transition on 
the liquid structure (cf. F. London 1943). It is the purpose of this note to show 
that these ideas can be made more precise. 

The main difference between Landau (1941, 1947) and Temperley’s models of 
Hell (1952 a, b, 1953) can be stated very simply. According to Landau, 
HelTis to be represented by a Debye-like model which becomes unstable above the 
A-point. According to Temperley, this situation is just reversed and it is Hel that 
is to be represented by the Debye-like model, which becomes unstable below the 
A-point. In this note, we shall show that Temperley’s model gives a simple 
interpretation of Goldstein and Reekie’s result. Unfortunately, the theory 
involves a small energy difference which cannot yet be calculated a priori, so no 
convincing quantitative treatment can yet be given. It is certainly possible 
(Temperley 1952 a) for a simple Debye lattice to become unstable below a certain 
temperature (in comparison with an assembly of free atoms of small energy) asa 
result of the entropy of the lattice passing through a maximum if expressed, at 
fixed energy and volume, as a function of the total number of atoms contained in it. 
This represents a generalization of the Bose-Einstein condensation when inter- 
actions are strong. The picture has been developed further (Temperley 1953) by 
postulating equilibrium between a Debye lattice, representing the ‘large’ aggre- 
gates of atoms present in any liquid, each of which has more than one bound level, 
and therefore some internal degrees of freedom, and ‘small’ aggregates, each of 
which consists of enough atoms to have a bound level, and yet has no excited levels. 
(‘ Small’ aggregates are possible only with weak interaction, otherwise even an 
isolated pair would have more than one bound level.) The condition of equili- 
brium is, as usual, 


0 Eo 3a? INIRT* 

so Bi arr ( 1 5.)hCtCOB ) 
where the sufhx c refers to ‘small’ aggregates, | to ‘large’ ones, represented as 
portions of a Debye lattice, E,° is the total lattice energy at T=0 and Nj the total 
number of atoms in them. £)° is, as many writers have stressed, the algebraic 
sum of the (numerically nearly equal) interatomic interaction and the zero-point 
kinetic energies. £)° is, however, large compared with the temperature term 
describing the intrinsic specific heat of a Debye-like lattice. It is not easy to give a 
satisfactory expression for gc, the partial potential of the ‘small’ aggregates. 
To a first approximation, we could write simply 


Co Coe 0 hls le eee ay re (2) 


where ¢,° represents the mean energy per atom in a ‘small’ ageregate at T7=0, 
Like £)° this represents the algebraic sum of the potential energy and the zero- 
point kinetic energy. Although we are supposing that the ‘small’ aggregates 
have no excited levels and, therefore, no ‘internal’ entropy, we ought really to 
correct (2) to allow for the fact that each ‘small’ aggregate has some energy of 
translation as a whole. If we suppose that, near the transition temperature, their 
number is small, we could probably treat them, from the translational energy 
point of view, as a nearly perfect gas. ‘This would give, instead of (2), 


&e=€e°=kT [log (qVe/Ne) +3 log(27mgqkT/h®)] (3) 
where N¢ is the total number of atoms in the small aggregates, each containing g 
atoms on the average. Equating (1) and (3) we have, in principle, our transition 
43-2 
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curve. If we neglected altogether the variation of such quantities as 0&)°/0Ni, 
© and €.° with Nj and Ne, the numbers of atoms in the ‘large’ and ° small’ aggre- 
gates respectively (with Ne + N kept constant) we should simply obtain an equation 
for the transition temperature at which ‘large’ aggregates were first becoming 
unstable. If we could take these variations into account, we should get an implicit 
equation relating N) (or Ne) with T. Some of the above quantities are probably 
fairly sensitive to N, so we cannot calculate the variation of dF \°/dN, with €c° 
a priori, nor can we compute the expected anomaly in the specific heat which arises 
as a consequence of (1) and (3), since the free energy of the whole assembly 
depends on Nj and thus has an ‘extra’ dependence on 7. Extra terms involving 
the differential coefficients of Ne with respect to T now appear in the specific heat, 
which would drop out as soon as Ne became zero, this being analogous to a Weiss 
type model. (We now know of more realistic models of co-operative phenomena, 
which permit the ‘key’ parameter, here Ne, to remain finite on the high-tempera- 
ture side of the anomaly.) 

We can, however, say that Goldstein and Reekie’s results (1955) are consistent 
with a steady increase of N¢ at the expense of Nj as we drop further below the 
\-point. ‘They find that the rate of decrease of mean kinetic energy with falling 
temperature increases abruptly at the A-point and then diminishes slowly. Now it 
seems certain that the zero-point kinetic energy per atom in a‘ small’ aggregate 
is significantly less than it is in a ‘large >one. This follows very simply from the 
fact that the potential energy per atom must certainly be numerically smaller 
in the ‘small’ aggregates, since each atom has fewer others to interact with, and 
so the ground-level kinetic energy per atom must be smaller also, since an atom 
acquires more kinetic energy if it is more strongly confined. (It is very much 
more difficult to make predictions about the total energies of aggregates in their 
ground-levels.) Nothing about this model requires that N:/N approaches 
unity as 7->0, and it is more likely that it approaches a fraction. When the 
variation of Ne with T becomes small the anomalous part of the specific heat 
becomes negligible, and the model again behaves like a Debye lattice. _ If the 
‘small’ aggregates are just pairs, their zero-point kinetic energy must <grce 
roughly with the depth of the potential well, that is it must correspond to 
3°-5°K per atom, compared with Goldstein’s (1955) best estimates for the liquid 
of 16-2°x per atom near the A-point and 13-0°K per atom near 7=0. This 
would imply that, as 70, the fraction of atoms in ‘small’ aggregates is of the 
order of 0:2-0-3 which seems not unreasonable, though we have no independent 
check on this figure at present. 

We have seen that a small, but definite, anomaly occurs in the ‘ potential’ 
specific heat, in a sense opposed to the much larger anomaly in the ‘kinetic’ 
specific heat. Goldstein and Reekie (1955) couple the former effect with the 
anomaly in the expansion coefficient, attributing both to a ‘defence mechanism’. 
If we take account of the translational energy of the ‘small’ aggregates, it seems 
possible to give a reasonable physical interpretation of this ‘defence mechanism’. 
Consider what we may expect if some of the ‘large’ aggregates partly break down 
into ‘small’ ones. The latter make a contribution to the pressure as the result 
of their translational motion. (We recall that, in a classical assembly treated by 
the Mayer theory, the pressure is strictly proportional to the total number of 
clusters.) Putin another way, at constant total volume, the volume V; ‘available’ 


Cc 
to the ‘small’ aggregates must adjust itself, at constant total volume, until the 
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free energy of the whole assembly is a minimum. If, as is to be expected, the 
mean spacing between atoms in ‘small’ aggregates is greater than in ‘large’ 
ones, the necessary ‘elbow room’ can only be obtained by the ‘larger’ aggregates 
becoming denser. ‘Thus, we get an increase in total pressure as we go below the 
transition temperature at constant volume, that is a negative expansion coefficient. 
As the temperature falls further, this extra pressure will vary roughly like Ne7, 
and should, with the expected variation of N, with 7, thus pass through a maximum 
and fall to zero. At very low temperatures we shall be left with the coefficient 
of expansion of the Debye-like lattice alone, which should be positive, as found 
by Atkins and Edwards (1954). -(In fact, if the estimated contribution of the 
Debye lattice is ‘ subtracted out’, the remaining contribution to the density was 
found to be roughly proportional to py.) Thus, the ‘defence mechanism’, with 
the initial rise in potential energy as we recede from the A-point, is interpreted 
simply as the compression of the ‘large’ aggregates as a result of the extra pressure 
contributed by the translations of the small ones. 

We have mentioned that the ‘anomalous’ part of the change of density is 
roughly proportional to py and we know empirically that above 1°K pn follows 
the specific heat curve fairly accurately, whereas the py for a Debye lattice does 
notdoso. Itis therefore tempting to split pn into a ‘ Debye’ contribution and an 
‘anomalous’ contribution, the latter arising from the presence of the ‘small’ 
aggregates, and probably also as the result of a shift in the ratio N-/N when the 
assembly is set into motion. (‘Temperley (1952a, Appendix) has shown that the 
calculation of the ‘ Landau effective mass’ can be generalized in principle to any 
assembly, it being only necessary to take account of the fact that, if an assembly 
is known to be sharing a certain total momentum among its individual atoms, the 
probabilities of occupation of its various Jevels do differ slightly from those appro- 
priate when the total momentum is known to be zero.) In view of our uncertainty 
about the variations with N. of some of the quantities occurring in (1) and (3), we 
cannot yet compute the expected variation of py with T in the neighbourhood of 
the A-point, though we can still use Landau’s (1941) calculation for the Debye 
lattice when J is small. It seems not unreasonable that the anomalous parts 
of pn, of the specific heat, and of the coefficient of expansion should vary in roughly 
the same way with temperature, since, according to this model, they are all 
consequences of N, being finite and varying with 7, while, according to Landau 
(1947), they are consequences of the presence of ‘rotons’. By ‘anomalous’ we 
mean, in all three cases, what is left when the Debye-like contribution is sub- 
tracted, the Debye © being approximately 25°-30°K, which gives a reasonable 
fit both for Hel and for the low temperature part of the Hell region, besides 
agreeing with the observed velocity of ordinary sound. 

There is other evidence, hard to interpret solely on the basis of a Debye-like 
model and mean free paths, that does seem to show that the structure of Hell is 
unexpectedly sensitive to quite small motions of the boundary, as the above 
ideas require. Heikkila and Hollis Hallett (1955) find that boundary velocities 
have to be very slow to permit proper viscosity measurements, and other complex 
effects (which might be explained on the basis that ‘small’ and ‘large’ aggregates 
attain relative equilibrium only slowly (Temperley 1953)) are being discovered 
(see, for example Hall and Vinen 1955, Winkel, van Groenou and Gorter 1955): 
Hurst and Henshaw (1955) find, by neutron. diffraction, that the shifts in the 
first peak of their liquid distribution function as the temperature changes are less 
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than would be expected on the basis of changes in the observed density. ‘This 
seems consistent with a finite value of Ne/N. They say: ‘“‘A possible model to 
explain the remaining density change is the existence of unoccupied sites in an 
array with separations that are little, if at all, temperature dependent. Increased 
density would then be largely due to increased occupation of these sites, ice. the 
filling of ‘holes’.” 


§ 2. CONCLUSION 

The above evidence lends further support to the hypothesis of the physical 
existence of ‘small’ aggregates in Hell. It is certain theoretically that any 
correct treatment of an assembly of helium atoms would have to take account of 
the formation and dissociation of bound pairs, triplets, etc., at some range of 
densities. An a priori prediction of the range of densities concerned awaits a 
better handling of the many-body problem, meanwhile it is a satisfactory working 
hypothesis that these effects are still important in Hell, even though they may 
not be so in other liquids where interactions are stronger and zero-point effects 
less significant. 

Note added in proof.—Since writing the above, I have seen various attempts 
to derive ‘individual’ and ‘collective’ excitation spectra directly from the many- 
body Hamiltonian rather than via quantum hydrodynamics. See, for example, 
Tomonaga (1955), Zubarev (1953), Brenig (1956). A number of points of detail 
arise, which I hope to deal with in another paper. Although it cannot yet be 
made fully quantitative, Brenig’s (1956) approach seems to give quite natural 
interpretations of the 4-point and the variation of p, with 7’ in terms of the 
properties of the individual spectrum, which seem to be very similar to the 
interpretations suggested above. In addition, Zubarev’s (1953) work on the 
Fermi model seems to be quite consistent with either of the two semi-empirical 
models proposed by ‘Temperley, (1954, 1955) for Heg. 
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§$ 1. INTRODUCTION 


see also Arima and Horie 1954) that the deviations of the magnetic moments 

of most odd 4 nuclei from the Schmidt lines can be explained in terms of 
simple interconfigurational mixing. In the present work an attempt has been 
made to apply the same methods to calculate the magnetic moments of odd—odd 
nuclei and, in particular, to justify the empirical rule for calculating such moments 
(Schwartz 1953). In this it is assumed that each separate odd-group of nucleons 
retains those properties which it displays when associated with an even-group, 
and that the g factors of the separate odd-groups are given by those of the 
neighbouring odd 4 nuclei. We assume that the results and interpretations of I 
are essentially correct and that the empirical g factors of the odd-groups in odd 
A nuclei may be found from them. From this we show that the magnetic moments 
of most odd-odd nuclei will be given by the values calculated using the empirical 
rule together with certain other terms which, in general, are seen to be small. 


[ has been shown by Blin-Stoyle and Perks (1954, to be referred to as I; 


§ 2. ‘THE EMPIRICAL RULE 


Consider an odd—odd nucleus of total angular momentum J which, on the 
jJ-j coupling shell model, consists of an odd-group of protons and an odd-group 
of neutrons outside closed shells. ‘The magnetic moment operator wp of the 
nucleus is assumed to have the form: 


Bao) i Wf Som © Sees (1) 
where j, j’ are the angular momenta of the separate odd-groups and g, g’ are their 
g factors measured from the magnetic moments of the neighbouring odd—even 
and even—odd nuclei. ‘This gives 

Si ee eka : 

Bar eee kor iyia, ee (2) 
We take first the neighbouring odd—even nucleus in which the second group 
has now an even number of nucleons and is assumed to have zero angular 
momentum. Let ¢, be the shell model wave function (ignoring the even group 
of nucleons) and let y,, be any other configuration of the odd nucleons where 


J is the angular momentum and y any other variables needed to specify the 
state completely. As in I, we neglect second-order corrections to the amplitude 


of ¢,, and take as our true wave function 


Vi=bit DG Xe wees (3) 
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To the first order in the «’s we obtain: 


= 4 {slats 234,04 |e bo) see (4) 


where p is the magnetic moment operator of the odd group of particles, i.e. the 
sum of the single particle operators taken over all the nucleons of the odd-group. 
If we let V be the sum of the interactions between the nucleons in the odd-group, 
the «’s are given by perturbation theory : 


oe hee ($V | Xp AE, ; Bo a (5) 
where AE, is the energy difference between the states x,, and ¢;, 
Similarly, considering the neighbouring even—odd nucleus and defining ¢’;, 
Xan bes Vs and AE’,,,, in exactly the same way, we have 


‘ 1 f , / / ’ ! / , 
CaF LOM WHE BA My} (6) 
e tg 
where 
y= — hb eV [xe OE ie oe 8) mae (7) 
Now we consider the odd—odd nucleus. The shell model wave function is 
©,~{¢,¢' tp and since the magnetic moment operator is the sum of single 
particle operators, the only admixtures contributing linearly in their amplitudes 
to the magnetic moment are of the forms 


D(yI)\~1Xys6' tr and D' (yD \~APix' ya tr 
where J can take all half-integral values satisfying I+)’ >J >|I-j'| and 
similarly for J’. The coefficient of the admixture ®,(yJ) is again given by 
perturbation theory to be 


— (O, | V+Viy, | O(y-/) »/AE, 7 ae 4,05; a B,y se eeee (8) 
where Vj, is the sum of the interactions between all dissimilar nucleons, and 
ECAR CHAN Nogn (9) 
Similarly the coefficient of ’;(y'J’) is a’ Op7+ By where 
‘yp = KP [Vig |O'Yy'T) AE yy wee (10) 


Hence for our true wave function we take 
ge Oia 2% PY) Ps 2,078 kyT) a 2 PsP det ZF aa® yd ‘), + (11) 
which, neglecting terms in «”, 6, can be written symbolically as 
bee AC ra 2 Bax (Hs + 2B yax' yar rete (12) 
and to the first order in the «’s and f’s the magnetic moment is 
p= (O, |e +p’ |P,) + 2 [| Pr(yi)) + Dae [eu |®'7)) 
a 2 By <®7 |e | Ply) ) + 2D Per [u' |®'y'J’)). 


Provided that the «,’s and «’,’s are such that the empirical g factors are given 
correctly by (4) and (6), we see that the first three terms in (13) correspond to 
the value of , given by (2), i.e. by the empirical rule. The correction to this 
value is given by 


b= 22 Bsr | OyJ)) + 22 Biya SPr bee! [DST )). 9 sewer (14) 
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In the odd A case we have neglected admixtures corresponding to type (iil) 
of I, i.e. excitation of a nucleon from the even-group, but it is shown in I that 
the effects of such admixtures are generally small compared with those of 
admixtures in which an odd nucleon is excited. In the odd—odd case these 
correspond to the contributions 


228, <Px Je [PG7)) and 2D Bly ADy |e! [®'(y'7’)). 


The case where only this type of admixture is allowed in the odd A nucleus 1s 
considered in § 4. 


§ 3. INTER-CONFIGURATIONAL MIXING 
In order to simplify the calculations and to enable us to use the results of I, 
each odd-group is considered to consist of three nucleons only. Only admixtures 
giving first-order contributions to the. magnetic moment are considered, and 
throughout j=/—3$, k=/+} refer to one group, and j’=l'—4, k’=I' +3 to the 
other. If we write 
b;~li dori XK als cbily 
$%—~[Ce doled es Xer~ dally wee (15) 
and similarly for the primed functions, we need only consider three cases: 
Type (i). The basic state is ),~{d,¢',+, and we consider admixtures of 
the forms 
O(K))~tx Ks? oh and O'(K'J’)~16X esr 
Type (ii). Basic state : O;~ {b,j}, with admixtures 
O(KI)~{x Ks? 1051 and O (KI \~1bex worse 
Type (iii). Basic state : DO ~{\¢,¢' pv}, with admixtures 
O(KI)~{xnb vir and (KI )~1bix'vr ter 
The internucleon interaction is taken to be of zero range, 

Vie es (16) 
and the value e,/es~1:5 where «, €s are the triplet and singlet interaction energies 
(Pryce 1952)... In calculating the coefficients of the admixtures, AE; is now 
the spin-orbit splitting between j and k, and the values of the parameters 
€,=(«s/AE), are taken from the appropriate tables in I. ‘The g factors of the 
separate odd-groups (4), (6), now correspond to the results of I and hence 
to their empirical values, and corresponding to (14) the correction to the 
empirical value of the magnetic moment is 


ou= 29 Baste ar 22 Pert ws seeees (17) 
K. ey 
where 
pgs = (®, |p| PL{KI)),  Bes= — Pr] =V (no) |b KJ) )/AEKy +++ (18) 


and similarly for the primed quantities. 

The calculations proceed exactly as in I, but the final result for du is too 
lengthy to be reproduced here. In each case it is found that 5 is given by the 
sum of terms, each of which is of an order of magnitude smaller than the terms 
occurring in the summation for Au (where Ap is the empirical correction to the 
single particle model value, i.e. the second and third term in (13)) primarily 
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because each involves the square of a Racah coefficient whereas in Ap only 
first-order terms occur. Moreover, in the summation for dp the signs of the 
terms are roughly alternating and hence we may expect du to be appreciably 
smaller than Ap. In the cases where a full numerical calculation has been 
carried out [du |~0-05. 


$4. ExcEPTIONS TO THE EMPIRICAL RULE 


There are, however, certain odd-odd nuclei for which the foregoing des- 
cription cannot be applied, namely when either (or both) of the odd-groups 
consists of one particle in a k=/+} state, or one ‘hole’ in a j=/—4 state. For 
the single particle in a k=/+} state, there will be a first-order contribution 
to the magnetic moment from the state in which this particle is excited to the 
j=l-—34 level. Similarly for an odd-group consisting of one ‘hole’ in a j=l1—3 
level there will be a contribution from the state in which a nucleon is excited 
from the closed k=/+4 subshell to fill the ;=/—4 subshell. Neither of these 
admixtures is allowed in the corresponding odd A nuclei (type (iti) of I) since 
the angular momentum of the odd-group has to be conserved if there is to be a 
first-order contribution to p. Consequently we may now expect deviations 
from the values of the magnetic moments calculated from the empirical g factors. 
Unfortunately, it is difficult to state with any certainty that a particular subshell 
has only one ‘hole’ or only one nucleon except in the case of s,. groups where 
there is no spin-orbit doublet, and p,. odd-groups of which the only example 
is 4N for which both the jj coupling model and the zero-range interaction are 
expected to be poor approximations (Lane 1953). Only in the case of a doubly 
closed L—S shell nucleus in which both the even-groups are plus or minus an 
odd nucleon can such an assignment be made with reasonable accuracy. In this 
case the corresponding odd A nuclei are correctly predicted to show little 
deviation from the Schmidt lines (see I). However, as we have pointed out, 
for the odd—odd nucleus it is clear that there may be some deviation. ‘The only 
stable odd—odd nucleus of this type, other than !4N and ®Li for which our method 
is not suitable (Lane 1955), is °K. For the values of the neutron and proton 
spin-orbit splittings we take AZ,~2mev (Ford and Levinson 1955) and 
AEy~9 Mev (Elliott and Lane 1954). The calculation is again straightforward 
and gives to the first order 


Deis a7 
mit eo ise 
ine; w=yig—0:194en" ee eee (19) 


where py is the single particle model value of —1-68. Thus to obtain the 
measured value = — 1:29 we must take es~—2™Mev. If we take into account 
the second-order corrections to » the experimental value may be reproduced 
using a slightly smaller value for the magnitude of es: egs~—1:7Mev. Such 
values for es are not unreasonable. This result agrees qualitatively with those 
of ‘Tauber and Wu (1954) who show that the observed magnetic moment may 
be obtained using intermediate coupling approached from the L—S extreme 
and for a variety of more realistic (finite range) forces. 

Thus we may expect deviations from the empirical rule for odd-odd nuclei 
whose corresponding odd A nuclei show little deviation from the Schmidt lines. 
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HEN a uniform field of strength F is applied to an atom in an S state a 
quadrupole moment © is induced. Provided that F is not too large 
© may be expressed as a series in FP: 


Oars ie eee (1) 


where «, is termed the quadrupole polarizability§ and y, the quadrupole hyper- 
polarizability, by analogy with the well-known dipole polarizability and hyper- 
polarizability. These quantities may be calculated exactly for the hydrogen 
atom; while it is unlikely that it will be possible to compare them with experi- 
mental values they are nevertheless of some interest since few quantities can at 
present be calculated exactly and those that can provide a test of approximate 
methods. 

Sewell (1949) used a method devised by Coulson (1941) to obtain the wave- 
function VW’ and energy FE of a hydrogen atom in a uniform field of strength F in 
the form of a power series in FP: 


B= Rt E PE. aie (2) 
be 2 2 ats os ay alia aT (3) 
It may be shown that expressed in polar coordinates, and atomic units 
$y =e" | 
wh, = A(r)P; (cos 8) 
wb. = B(r)P, (cos 0) + C(r) Py (cos 6) oie (4) 
ws = D(r)P3 (cos 8) + G(r) P, (cos 9) J 


§ This should not be confused with the quantity which was introduced by Mayer and 
Mayer (1933) in connection with the interpretation of the spectral term defects of the alkali 
metals, and called the quadrupole polarizability by Sternheimer (1954), but which might be 
described more accurately as the field-gradient quadrupole polarizability. 
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where 
Ar) Sere 27/2 ) 
Baier re - 1073 + 1573/24 
Cn =e rr + 618+ 1878}/24 LSE (5) 


D(r) = e-?{2r8 + 187° + 6374 + 847?}/240 
Git) \6r8 + 647° + 34474 + 85273 + 15907? + 3180r}/480 
when the field is in a direction parallel to the polar axis. 
Using (3), (4) and (5) we may express the quadrupole moment 
| W*72P, (cos 0) V'dr 


@=: So A ET ee (6) 
[RE aN ds 


as a power series in F. ‘Then by comparing coefficients with (1) we may deter- 
mine «, and y,. It is found that 


a, = 213/4 = 0-244 < 107" e.6.- 
Yq = 174,081/32= 0-846x 10Ptes.u, eee (7) 
using a) = 0:5292 A where ap is the first Bohr radius. 


Similarly the octupole moment © induced by a uniform field may be 
expressed as 


O=nk i, = ll ere (8) 
or as 
| Y*73P (cos 0) Vdr 
0 eee (9) 
[wr¥ar 
which yields «, = 4905/4 atomic units, ns ee ee (10) 


An alternative method of calculating these quantities leads to an interesting 
physical interpretation of the coefficients of the series development of the energy 
of interaction of a proton and a hydrogen atom in inverse powers of A, the nuclear 
separation. We illustrate this by calculating «,. 

Y defined above may be expressed in terms of the wave functions ¢, and 
energies £,° of the unperturbed hydrogen atom by means of Rayleigh—Schrodinger 
perturbation theory (see, for example, Condon and Shortley 1953): 

1|7P,|0) 
V = y+ PS, qe 


= (|r Pils) G7 Pil) (i| P10)? 
+ F2>’) >’ __ = 
¥| Ve cepcenas—ey eee 
where (i|rP,|j)= | ¢ fs ;*rP, (cos) 6dr and >’ denote ssummation over all discrete 


levels other than z = 0 and integration over the continuum. Use of (11) in place 
of (3) yields 
Ey 2(0| 7° Pole) (lr Pali) Gil Pil0) + Ol rPalé) lr? Pal) (alr Pile) 2 
e (E,0— EY) (Ey — E?) .-.(12) 
which may be evaluated directly by the method of Dalgarno and Lewis (1955). 
Alternatively we may note that the term in R~ in the energy of interaction of a 
proton and a hydrogen atom when calculated using the perturbation 


SIPURA (CI) arcs: (13) 
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involves precisely the same expression (12). Comparing it with the exact 
value of the coefficient obtained by Coulson (1941), we find that «, = 213/4 in 
agreement with (7). 

In a similar way it is possible to interpret the other coefficients of the series 
development. ‘The term in R“™, as is well known, is related to the dipole polariz- 
ability; the term in R to the field-gradient quadrupole polarizability, and that 
in RS to the dipole hyperpolarizability and the octupole moment induced by the 
second derivative of the field. The octupole polarizability and the quadrupole 
hyperpolarizability occur in the coefficients of the Rl’ and R! terms respectively. 
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§ 1. INTRODUCTION 


techniques and reactions (Endt and Kluyver 1954). The energies of the 

lower excited states of 2°Al are reported to be 0-48, 0-95, 1-81, 1-94, 2:51 and 
2:71 Mev. From the reaction *Mg(d,n)”Al Goldberg (1953) has found the 
spin values for the ground and first excited states to be 5/2* and 1/2* respectively 
with a possible spin of 5/2* or 3/2* for the 0-95 Mev level. From the study of the 
reaction “Mg (p, y) 2°Al at E,, = 222 kev Casson (1953) has reported the presence of 
gamma-rays of energies 0-48 + 0-005, 1-95 + 0:06 and 2:35 + 0-1 Mev. 

Since the present work was started Craig et al. (1954) have suggested that the 
222 kev proton resonance level in *Al could have a spin value 1/2 or 3/2. The 
spin value of the 2:71Mev and the 0-95 Mev level is suggested to be 3/2+ 
(Bartholomew et al. 1954). 

In the investigation of the reaction at proton energy of 222 kev presented here, 
gamma-ray spectra, angular distributions and angular correlation of gamma rays 
were studied with the aim of determining the spins and parities of some of the lower 
excited states of ?°Al. 


ap HE levels of 2°Al have been studied by several workers employing different 


§ 2, EXPERIMENTAL PROCEDURE 


The apparatus consisted of two Nal(T1) scintillation counters. The sodium 
iodide crystals, each 2 inches thick and 1-75 inches in diameter, were mounted on 
DuMont 6292 photomultiplier tubes. The output pulses, after amplification in 
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a 


Isotope Development Wide Band Amplifiers type 652, were fed to a 80 channel 
pulse height analyser (Hutchinson and Scarrott 1951). To avoid the low energy 
pulses choking the analyser the input spectrum was gated with itself above a desired 
pulse height. When observing the coincidence spectrum the input to the analyser 
was gated by the output of the coincidence circuit (27 =0-25 psec). In most of the 
measurements the distance between the target and the sodium iodide crystal was 
two inches. 
§ 3. MEASUREMENTS 

A thick natural magnesium target was bombarded with a proton beam of about 
30a at 230key. Figure 1 shows the pulse spectrum observed in the scintillation 
counter due to the emitted gamma rays. The spectrogram indicates the presence 
of gamma rays of energies 2:51, 2:06, 1-57 and 0:94 Mev. The asymmetry of the 
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Figure 1. Pulse-height spectrum in a Nal(T1) counter due to the gamma-rays from proton 
capture in *4Mg as observed with a 80 channel pulse-height analyser. 


annihilation radiation peak at 0-51 Mev suggests the presence of a gamma ray of 
energy less than 0:5 Mev. ‘The fact that the first and second annihilation radiation 
escape peaks for the 2-06 Mev gamma ray fall approximately at the same positions as 
the full energy peaks for the 1:57 and 0-94Mev radiations makes it difficult to 
obtain from figure 1 the intensities of the 1-57 and 0:94 Mev gamma rays with any 
accuracy. However, knowing the contribution due to the 2:06 Mev gamma ray 
in the full energy peaks of the 1:57 and 0-94 Mey radiations, the relative intensities of 
the three transitions can be estimated approximately. The calibration curves 
giving the relative areas of the full energy peak, the first and second escape peaks 
and the Compton contribution as a function of gamma-ray energy were obtained 
by measuring the pulse spectra for known monoenergetic gamma rays. These 
curves are independent of the energy resolution of the scintillation spectrometer 
and, therefore, are preferred to those in terms of peak heights. If the Compton 
contribution and the areas of the first and second escape peaks due to the 2-06 Mev 
gamma ray are subtracted and the proper corrections for the interaction cross 
section are applied, the areas of the full energy peaks due to the 0-94, 1:57 and 
2-06 Mev gamma rays give the relative intensities of the radiations to be 1-0 : 1-4 : 10. 
The intensity of the 2-51 Mev transition was found to be 3% of the 2-06 Mev 
gamma ray. ‘To avoid contribution to the intensity of the 2-51 Mev gamma ray, 
due to the simultaneous detection of the 2-06 Mev gamma ray and the soft radiations 


Research Notes 643 


in coincidence with it, a lead absorber 11 gcm- thick was placed between the 
target and the counter. 

‘The energy and intensity of the soft gamma ray was measured by observing 
coincidences between pulses from the two scintillation counters. The spectrum 
was biased at 0-6 Mey in one counter and at 0-3 Mev in the other. In this way the 
coincidences due to the annihilation radiations were practically eliminated. The 
coincidence spectrum as observed in the pulse height analyser and the single 
spectrum are plotted in figure 2, where the calibration peaks due to the gamma rays 
from '*'Cs and due to annihilation radiation coincidences are also shown. The 
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Figure 2. Coincidence spectrum in the vicinity of 05 Mev. The curves A and B represent 
the single and coincidence spectrum respectively. The calibration peaks C and D are 
from annihilation radiation coincidences and the gamma-rays from "Cs respectively. 


energy of the soft gamma ray from the reaction is 0-453 + 0-005 Mev. From the 
coincidence rate and the geometry of the counters the intensity of the 0-453 Mev 
radiations was estimated to be approximately the same as that of the 2:06 Mev 
transitions. ‘[hese measurements suggest that the 2-06 and 0-453 Mev radiations 
are emitted in immediate cascade, and that the 2-51 Mev gamma ray represents the 
cross-over transition. As previous measurements (Goldberg 1953) indicate the 
first excited state to be in the vincinity of 0-45 Mev, it is reasonable to assume that 
the 0-453 Mev gamma ray is emitted from this level. 

To obtain the spin values of the levels of ?°Al the angular distribution of the 
gamma rays was measured. ‘T’o eliminate the errors due to change in pulse height 
with the position of the counter, and also to study the distribution of all the gamma 
rays simultaneously, series of pulse spectra were obtained for each angle. ‘The 
spectra were recorded for a predetermined number of monitor counts in another 
NalI(T1) counter biased at about 0-8 Mev. ‘The target current (30 ja) and, there- 
fore, the time of observation was kept fairly constant to minimize the variations 1n 
the background in the monitor counter. For the calculation of the angular distri- 
butions the counts in the full energy peaks of the gamma rays were obtained. ‘The 
angular distribution of the 2-06 Mev gamma ray was found to be given by 


W (6) =1—(0-001 + 0-014) cos?6. 


Evidently the distribution is isotropic as was also the whole gamma ray spectrum. 
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The angular correlation of the 2-06—0:453 Mev gamma ray cascade was studied, 
employing two Nal(Tl) counters each subtending a half angle of about 18° at the 
target. One of the counters was biased at 0-66 Mev and the other, which was 
shielded in a lead cylinder, at 0-35 Mev. ‘The coincidence and single counts in the 
two counters were recorded for positions of the movable counter at 90° and 180° 
alternately to the other counter which was placed at 90° to the incident proton 
beam. When the target was bombarded with a beam of 50 wa the coincidence rate 
was 16 counts per minute, of which about one count was background. ‘The random 
coincidence rate was calculated to be about 0-02 counts per minute and was there- 
fore neglected. About 1000 coincidences were recorded in each position of the 
counter and the ratio of the coincidence rates, after correcting for single counting 
rate in the movable counter, was found to be 

C (180°)/C (90°) = 1-00 + 0-06. 

An effort was made to observe the gamma rays that may be emitted in the decay 
of Al (T,,=7:6sec) to *Mg. ‘The proton beam was switched ‘on’ and ‘ off’ 
for 15 seconds alternately with the help of an interceptor. The gamma-ray 
spectrum was recorded in the pulse height analyser during the periods of beam 
cut-off. It was observed that apart from the peak at 0-51 mev, due to the annihila- 
tion radiations, the spectrogram was the same in shape and intensity as the back- 
ground. This indicates that approximately all the 8*-transitions in ?°Al proceed 
to the ground state of ?>Mg. 


§ 4. DiIscUssION 


The assignment of 5/2* to the ground state of *°Al is consistent with the super- 
allowed (log ft=3-5) beta transition to the ground state of Mg having spin 
5/2*. The assignment of 1/2+ to the 0-453 Mev state is in agreement with the 
isotropic angular correlation of the 2-06—0-453 Mev cascade as reported here. ‘The 
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Figure 3. The levels of ?°Al. 


angular distribution measurements show conclusively the spin of the 2:51 Mey 
state to be 1/2. As this spin value could be obtained by both s- and ere 
proton capture the angular distribution measurements do not predict the parity of 
the state, which in this case can be deduced from the intensities of the gamma-ra 

transitions. If the parity of this level were odd the 2-06 and 2-51 mev Aaa 
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would be El and M2 respectively, which from the consideration ot the intensities is 
very unlikely. If, on the other hand, the parity of this level is even, the two 
transitions would be M1 and E2 which, as in the case of heavier nuclei, could 
easily compete to the extent they do in the present case. ‘This leads to the 
conclusion that the parity of the 2-51 Mev state of ?°Al is even. 

The relative intensities of the 0-94 and 1-57 Mev transitions suggest that the 
level at 0-94 Mev is fed by the 1-57 Mev gamma ray and that it decays in part to the 
0-453 Mev state. The branching in the decay of the 2:51 and 0-94 Mev states could 
be explained if all the transitions involved are magnetic dipole, thus giving the 
spin of the 0-94 Mey state to be 3/2*. ‘This conclusion is in agreement with the 
results of Bartholomew et al. (1954). 

The scheme of the lower excited levels of ?°Al thus derived is shown in figure 3. 
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Proton-Proton Scattering at 134 MeV 


By A. E. TAYLOR anp E. WOOD 


Atomic Energy Research Establishment, Harwell, Berks. 


Communicated by D. W. Fry; MS. received 7th March 1956 


§ 1. INTRODUCTION 


ETERMINATIONS of the differential cross section for p-p scattering 

at 90° centre of mass by various authors in the region of 150 Mev have 

shown, unti! recently, some measure of disagreement (Cassels 1956). 
The present note describes the determination of the total cross section of hydrogen 
for 134Mev protons from which a value for the differential cross section at 90° 
centre of mass can be obtained. Similar determinations by this method have 
been reported by Chamberlain, Pettengill, Segre and Wiegand (1954b) at VibKS 
and 330 Mev and by Marshall, Marshall and Nedzel (1954) at 408 Mev. 


§2. Apparatus AND METHOD 


The integrated cross section for the scattering of protons by hydrogen through 
angles greater than @ was determined by measuring the absorption in a liquid 
hydrogen target. Several measurements were made for centre-of-mass values 
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of 6 between 8:4° and 20-9°. Two small scintillation counters C, and Cg, 
lcm diameter, operated in double coincidence defined and monitored the 
external unpolarized proton beam of the 110-in. synchrocyclotron. A third, 
large area, scintillation counter, C;, 17 cm diameter, operated in triple coincidence 
measured the transmission of the target (figure 1). By altering the axial position L 
of the third counter measurements were made for the different scattering angles 0. 
The sensitivity of the large area counter was carefully checked and found to be 
constant over the whole surface. The liquid hydrogen target employed expanded 
polystyrene and a liquid nitrogen jacket as thermal shields, but had only 0-004 in. 
of copper and 2 in. of expanded polystyrene of density 0-07 gcm~? in the direct 
beam. 


Proton Beam 


Figure 1. Counter telescope arrangement. 


A surface density of liquid hydrogen of 2:06gcm~? was chosen as giving 
the largest attenuation without producing undue energy loss or multiple coulomb 
scattering. ‘This meant that the nuclear attenuation was only about 0-03 and 
that therefore particular attention had to be paid to counting losses and the 
stability of the apparatus. With this amount of liquid hydrogen the mean energy 
of the experiment was 134 Mev. 

The short resolving time of the coincidence circuit together with the long 
flight path used gave some energy selection and ensured that low energy charged 
particles in the beam were not detected if their energy was less than 40 Mev. 
Range measurements had shown that the high energy spread in the beam amounted 
to about 1°. ‘There was therefore little distortion of the result to be expected 
from inhomogeneities in the beam. 


§ 3. EXPERIMENTAL DETAILS AND CORRECTIONS 


Without the liquid hydrogen in the target the ratio of triple coincidence 
counts to double coincidence counts was 0-9788 for @ equal to 10-4° and a double 
rate of 6 counts per second. ‘This ratio, which measures the transmission of the 
container, varied slightly with the beam intensity and the position of the third 
counter. ‘The greater part of the difference between the double and triple 
coincidence counts could be accounted for by nuclear and coulomb scattering 
in the hydrogen container, counters and air path and by counting losses. Since 
the protons lost energy in going through the liquid hydrogen, the nuclear and 
coulomb scattering in the container, counters and air path would be greater 
than without the liquid hydrogen, Using values of the cross sections of light 


Research Notes 647 


elements determined in a separate experiment and estimates of the multiple 
coulomb scattering, the transmission of the empty target at the 10-4° position 
was calculated to be 0-9832+-0-0015 as against the measured value, corrected 
for counting losses, of 0:9814-+-0-0010. The estimated transmission at the 
reduced energy was 0-0020 smaller. In view of the agreement between the 
calculated and measured transmissions it was thought justified to correct the 
measured transmissions by 0-0020 in order to take account of the reduction in 
energy. ‘The error in this correction arises from the change in energy and is 
therefore small and has been taken as 0-0002. A further small correction was 
applied for the air displaced by: the liquid hydrogen. 

Tests were made to find the variation of the ratio of triple to double 
coincidences with beam intensity. ‘The double rate was held in the experiment 
within the limits 5—7 double counts per second and the appropriate corrections 
for fluctuations in the beam intensity applied. ‘These corrections changed the 
cross section by 0-1. 

A further correction was considered since the boiling of the liquid hydrogen 
would produce bubbles in the beam path and reduce the surface density of 
hydrogen. The extent of the reduction depends upon the evaporation rate, the 
size and rate of growth of the bubbles and whether the bubbles are uniformly 
distributed throughout the volume of the liquid. ‘The largest correction is 
required for relatively large bubbles travelling slowly through the liquid and 
growing in size slowly. 

The correction for uniform bubbling was estimated to be of the order of 
0-1°,.. However, since the main bubbling occurs at the edges and surfaces of 
the container rather than in the main volume the correction was considered to 
be negligible. The density of the liquid hydrogen was therefore taken as the 
normal value at atmospheric pressure, namely 0-0709 g cm. 


§ 4. RESULTS AND ERRORS 
The integrated cross sections o,(8) for the different values of @ are tabulated 
below, where 6 is the centre-of-mass scattering angle measured from the centre 
of the target. The errors are standard deviations based on total counts. 


8 (deg) 20-9 15-94 12-94 10-35 8-38 
o,(0) (mbn) 21-03 24-09 24-17 22-72 23-29 
+1°5 $155 $1:7 +16 sey 


The largest systematic errors arise from the measurement of the length of 
the liquid hydrogen and from the correction to the transmission of the target. 
These produce errors of 1°, and 0-7%, respectively in the integrated cross section. 
Counting loss corrections only changed the value of o, by 0-1%, and therefore 
the error associated with this correction will be negligible. Since the other 
corrections were very small, the errors associated with them were also taken to 
be negligible. The possible systematic error was therefore thought to be less 
than: 2-0%,,. 

§ 5. DISCUSSION 

Early measurements of the angular distribution in p—p scattering had shown 
the scattering to be isotropic within the errors of the measurements at 75 and 
105mev (Birge, Kruse and Ramsey 1951), at 118, 164, 250) and 345 Mev 
(Chamberlain, Segre and Wiegand 1951), at 147Mev (Cassels, Pickavance and 
Stafford 1952) and at 240mev (Oxley and Schamberger 1952, ‘Towler 1951). 
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Recent measurements at small angles (Chamberlain and Garrison L054: Garrison 
1954, Fischer and Goldhaber 1954, Chamberlain, Pettengill, Segre and Wiegand 
1954a, Taylor and Wood, to be published) have suggested that the isotropy 1s 
maintained down to the angles covered by this experiment. _ The integrated 
cross section o,(0) is then related to the differential cross section for isotropic 
scattering do/dw by the relation o,(0)=27 cos O(do/dw). ‘The results in the 
table would give a value of do/dw of 3-79 + 0:13 mbnsterad“. 


(ZI /) ge (mbn sterad’ ) 
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Figure 2. Variation of the p-p differential cross section with energy. 
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However, recent measurements at 95 Mev (Kruse, Teem and Ramsey 1954) 
have shown that for @ between 40° and 90° do/dw may vary as much as 8%. 
A similar variation is suggested by the work at 170 and 260 Mev (Chamberlain 
and Garrison 1954, Garrison 1954) and indeed the results at 147 Mev (Cassels 
et al. 1952) are not inconsistent with such a variation. If we fit the relation 


do do : 
ee \ ea pence 2 
( a), (= i (1 + acos*@) 


to these measurements outside the region where coulomb scattering is important, 
we find the mean value of a to be 0-14 + 0-02. With this variation, o,(@) is now 
related to (da/dw),,. by the relation 


o,(8) = 2m ES cos6 (1+ < cos? 6 
dw 90° 3 
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which gives from the values of o,(@) in the table a value for (do/dw),9. of 
3-63 + 0-15 mbn sterad-'. The error has been increased to allow for the error 
in a. Both these values are in excellent agreement with other determinations 
as is illustrated in figure 2. 
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LETTERS TOsTHE, EDELOK 
Nuclear Charge Density Distributions 


Experimental observations on the nuclear scattering of 183 Mev electrons 
have been recently made (Hahn, Ravenhall and Hofstadter 1956) for several 
middle and heavy elements. In the case of those nuclei for which asphericity 
may be assumed negligible, these experimental data have been correlated on the 
basis of spherically symmetric nuclear charge density distributions with a con- 
stant charge density in the central region and a smoothed-out surface. These 
calculations have been carried out on the basis of an exact partial wave analysis 
for the nuclear scattering of a Dirac electron. It has been established, from an 
analysis of the experimental data on Au, that the functional forms of the surface 
are not important, but that essentially two parameters, one c related to the nuclear 
radius and the other f related to the surface thickness are significant. 

Out of the various nuclear charge density distributions considered only the 
Fermi distribution p,(r) and the modified gaussian distribution p,(7) may be 
regarded as physically interesting. 

‘These are given by 

pulr)=pr/lltexp(44r—/] see (1) 
po(7)=pag/[1 +exp {2-2(r?—c*)fet}] naan (2) 


where p» and p,, are normalization constants. The parameters c and ¢ are found 
to be the same for both these distributions in the case of Au. Further, it has 
been established that for the Fermi distributions appropriate for different 
elements, c is proportional to A!# while ¢ is independent of A. Presumably, 
the parameters c and ¢ for the modified gaussian distribution behave 
similarly. These parameters have the values c=(1:07+0-02) A4310-%cm 
and ¢=(2:4 + 0-3) x 10-1? em. 

‘The above nuclear charge density distributions, when evaluated for Au, are 
found to be practically identical. ‘Therefore, it has been suggested that experi- 
mental data at a higher energy would be necessary to distinguish between them. 
However, it may be expected that the distribution at the nuclear surface would 
significantly affect the central density and consequently the theoretical differ- 
ential cross section in the case of a light element. The only experimental data 
suitable for the purpose consist of the absolute differential scattering cross sections 
at various angles for the nuclear scattering of 187 Mev electrons by carbon 
(Fregeau and Hofstadter 1955). Nuclear asphericity can be regarded as negli- 
gible for this element also. Neglecting the probable errors on the parameters, 
one has c=2:45x10-8cm, t=2-4x 10-%cm for carbon, which on graphical 
normalization to unity give pp=0-011 x 10°%cm-? and p,, =0-013 x 1089 cm". 

It is quite reasonable to assume the validity of the first Born approximation 
for the nuclear scattering of such high energy electrons by such a light element. 
The differential scattering cross section o(s) for such density distributions 
(Mathur and Gatha 1953) can be written as 


(0) 


o(0)= (G37) ae [f, wlrvsi (ord fae (3) 
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where s=2ksin(¢/2) with k= E/fc. Substituting in equation (3) for p(r) from 


equations (1) and (2), with the parameters appropriate for carbon, o,(s) and o;,(s) 
have been calculated for various values of s by numerical integration for the 
Fermi and the modified gaussian density distributions respectively. These 
theoretical o,(s) and o,(s), together with the experimental values, are shown in 
the figure. 
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Differential scattering cross sections for carbon. Theoretical curves A and B are based 

on the Fermi and the modified gaussian nuclear charge density distributions. The 


points represent the experimental data. 


A comparison of the theoretical and the experimental values of the differential 
scattering cross sections indicates that the modified gaussian density distribution 
may be regarded as superior to the Fermi density distribution for correlating the 
experimental data on the nuclear scattering of high-energy electrons. Con- 


sequently, the modified gaussian nuclear charge density distribution deserves 
further investigation with other elements. 
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Interaction Energy and Charge Exchange between 
Helium Atoms and Ions 


By B. L. MOISEIWITSCH 


Department of Applied Mathematics, Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 2nd May 1956 


Abstract. In Part I of this paper, the electronic energies for the 2X, and 2%, 
states of He,~ are calculated for.a wide range of internuclear distances. : 

In Part II, the electronic energies are used to determine the cross section for 
charge exchange between He~ ions and He atoms for ion energies ranging from 
meV to 100kev. Good agreement is obtained with the experimental results of 
Wolf and of Rostagni for ion energies between 100ev and 1 kev, and also with 


the experimental results of Stedeford between 1 kev and 40 kev. 


PAR WS SIN ve RACTION ENERGY 
§ 1. INTRODUCTION 


HE first detailed investigation of the helium molecular ion was made by 

Pauling (1933) using the variational method for bound states. Further 

work was later carried out by Weinbaum (1935) using a more involved 
type of trial wave function. ‘The work of both Pauling and Weinbaum was 
confined to the region of the equilibrium internuclear distance as they were 
mainly interested in determining a value for the dissociation energy. Pauling 
gives interaction energies corresponding to the lowest states of u and g symmetry 
for internuclear separations less than 4a), whereas Weinbaum gives only the 
dissociation energy. 

The first part of this paper is concerned with extending the study of the 
He,~ ion to much larger internuclear separations than were considered previously, 
the extension being required for an adequate investigation of charge exchange 
between He-* ions in He gas. 


§ 2. "THEORETICAL DISCUSSION 


The wave equation for the helium molecular ion is 
(HS EN e= 0 TS oar 8 Pe ers (1) 
where the Hamiltonian is given in Hartree units by the expression 


IGS —V,?-V,?-V3?— : i o z iu z es 


Trav Thy Tag Tee. fas (Bs 
2 2 Z 8 
ie eee heh ae ee crs (2) 
Rip meets 42 ate AUB 
and E is the electronic energy. ‘The helium nuclei are denoted by A and B, and 


the electrons by 1, 2, 3. 
If ¥,(1, 2, 3) is the trial function used in the variational method, then an 


upper limit for the electronic energy is given by 
E<|V*H¥,ar / me (3) 
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In the limit of infinite nuclear separation the helium molecular ion in the; ae 
and 2%, states dissociates into a He+ ion and a He atom in their ground states. 
This behaviour can be allowed for by choosing a trial function of the form 


V1, 2, 3)= > [A(raa Pasb(rps) + 6(rpr "p/(ras)lx C1, 2; 3). qasieieee (4) 


ae. 


yay 


1 
where x-(1,2;3)= v7) (a Bo — By%)ag ery (5) 


is a doublet spin function antisymmetrical in the interchange of electrons 1 
and 2. ‘The summation in function (4) is cyclical, and the + sign corresponds 
to the g state while the — sign corresponds to the u state. Also ¢ and #& are 
given by the expressions 


A(t, 2) = = {u(a;ry)u(B; re) +u(Bsry)u(asts)}, eee (6) 


bry=ulysr), 9 ee (7) 


1/2 - 
where u(Z3r) = (=) Sanh) | ih Oe eee (8) 


In the investigation carried out by Pauling, it was assumed that «= 8 =, whereas 
Weinbaum supposed that «=f only and varied « and y independently. ‘They 
obtained dissociation energies of 2-47 ev and 2-22 ey, and equilibrium internuclear 
separations of 2:05a) and 2-07a, respectively. 

The primary aim of the first part of this paper is to obtain fairly accurate 
potential energy curves for large internuclear distances. In the dissociation 
limit 4(r,, r,) is the wave function of a normal helium atom and ¢(r) is the wave 
function of a normal singly charged helium ion. For the purpose of this paper 
it is adequate to take «, 8 and y fixed at their appropriate values in the separated 
atom-ion limit since the variation of these parameters makes only negligible 
changes to the electronic energies at large internuclear distances. "Three cases 
were considered : 


(i) ¢=B= 10878, y=22 2 eee (9) 

(ili) a=2:19, B=1-18, y=2. | 
In case (i) it is assumed that the two electrons of the helium atom do not screen 
each other. ‘This is a rather crude approximation and the results obtained with 
this trial function should be rather poor. ‘The function 4(r,,1r,) of case (11) is 
the simplest Hylleraas wave function for a helium atom. It has been used widely 
in collision problems involving helium atoms and has proved very satisfactory. 
Case (11) corresponds to a two-parameter helium atom wave function which 
gives a somewhat better value for the binding energy than does the simplest 
Hylleraas wave function (Hylleraas 1929, 1930, Chandrasekhar 1944, Moiseiwitsch 
1954). One would expect this function to yield the most satisfactory results for 
the electronic energies of the helium molecular ion at large internuclear 


separations. 
§ 3. DiscussIon of RESULTS 


: ihe values of the electronic energies E,, and E, obtained for the attractive 
*X, and repulsive *2, states of He,* using functions (i), (ii) and (iii) are given 
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in the table. The effect of the polarization of the helium atom by the helium ion 
has not been taken into account. The values of the dissociation energy D for the 
He,* molecular ion given by the three functions are 3-lev, 2-Oev, and 1:5ev 
respectively, while the values of the equilibrium internuclear distance are His Wale 
2:2a) and 2:5a, respectively. Pauling (1933) has also carried out calculations 
with function (i) and quotes a value for the dissociation energy of 2:9 ev but this 
appears to be a misprint. The dissociation energy given by (ii) is only 0-2 ev 
less than the value obtained by Weinbaum. It thus seems that in this case the 
effect of varying the parameters is slight, even for quite small internuclear 
separations. ; 


Electronic Energies (in units of e?/2a9) for the 2X, and 2%, states of He,t 


221, State i "i, state 
R (i) (i1) (iii) (i) (ii) (ili) 
USS PATI: 8:19 8:58 14:5 10-2 8-10 
1-0 1-01 ihes¥7/ 1:58 4-24 3690) 3-64 
1-5 —0-108 0-084 0-188 ihe ieSyil eS 
2-0 IPRs: —0-147 —0-090 0-607 0-630 0-642 
Pes — O3b63 —0-142 =O 0:258 0-283 0-291 
3 —-0919 —0-095i —0-0823 0-114 0-135 0-141 
+ ==() —0-0308 = (OA0 82 0:0231 0-0336 0-0374 
5 —0-00451 —0-00837 —0-0101 0-00455 0-00855 0-0107 
6 —0-000853 —0-00211 —0-00304 0:000854 0-00212 000313 
7 —0-000154 —0-000507 —0-000886 0:000154  0-000508 = 0-000893 
8 —0-000027 —0-000119 —0-000248 0-000026 0-000118  0-000246 
9 —0-000004 —0-000027 —0-000066 0-000004 = 0:000027 ~— 0000065 
10 —0-000001 —0-000006 —0-000016 0-000001 0:000006 ~=0-000016 


(i), (i) and (11) refer to the three wave functions defined in the text. 


Herzberg (1950) gives 3-1 ev for the dissociation energy of He,+ but remarks 
that this value is uncertain. This makes it rather difficult to decide which 
theoretical value for the dissociation energy is most reliable. The most involved 
calculation which has been done so far is that by Weinbaum, and his value for D 
of 2-2ev is usually quoted as being correct. However, it is not certain that this 
is so, and it could be that some of the less detailed calculations have fortuitously 
given a value of D which is closer to the true value. 

At large internuclear separations it seems likely that function (111) gives the 
most reliable values for the electronic energy. It can be seen from the table 
that the electronic energy falls off more slowly with increasing internuclear 
distance for function (iii) than for either (ii) or (i). Also, the equilibrium inter- 
nuclear separation given by function (iii) is somewhat larger than those given 
by the other two functions. 


Part Il, CHARGE EXCHANGE 


§ 1. INTRODUCTION 
Theoretical investigations of charge exchange between He* ions and He 
atoms have been made by Massey and Smith (1933), Dallaporta and Bonfiglioli 
(1943) and more recently by Firsov (1951), Demkov (1952) and Jackson (1954). 
45-2 
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Massey and Smith used the electronic energies for He,* calculated by Pauling 
which they extended to larger internuclear distances by means of crude wave 
functions. ‘They employed the method of perturbed stationary states and 
covered the range of energies from 500 ev to 12 kev. The most recent calculations 
are those of Jackson. He also used Pauling’s electronic energies for He,* but 
did not take into account the tail of the potential curve corresponding to inter- 
nuclear distances greater than about 4a). He used the impact parameter method 
(Mott 1931, Firsov 1951, Demkov 1952, Bates, Massey and Stewart 1953) and 
covered the range of energies from 200ev to 100 kev. 

In the present paper, the electronic energies calculated with functions (1), (11) 
and (iii) are used in conjunction with the impact parameter method to obtain 
cross sections for charge exchange between He* ions and He atoms. The use 
of reasonably accurate electronic energies for He,* extending out to large inter- 
nuclear separations has made it possible to cover the wide range of energies from 
tev to 100kev. 


§ 2. "THEORETICAL DISCUSSION 


The impact parameter method of Mott has been used by Bates, Massey and 
Stewart (1953) to obtain an expression for the cross section for elastic scattering 
with charge exchange. They show that the cross section is given by 


O=In| Psmtide yg. ieee (10) 
J0 
, 1° R(E,—E,) 
where COE) FES TR? paz AR oe siieiteliy (11) 


v( 0) being the initial velocity of relative motion, R the internuclear distance 
and E,, E, the electronic energies for the lowest states of u, g symmetry 
respectively. 

The integral (10) can be split up into two parts corresponding to 0<P<P, 
and P)<P<. P, is so chosen that in the first region sin ¢ oscillates sufficiently 


rapidly for it to be possible to replace sin?¢ by its average value 3. ‘Then we 
have : 

Oa 0” apes 

O=5 +7 | m P sin? GdPs Tell ot Wee eee (12) 


The cross section O for resonance charge exchange is essentially determined 
by the difference AF between the electronic energies for the lowest states of u 
and g symmetry. Thus the etfect of polarization can be neglected in obtaining 
E,, and E£, as it cancels to good approximation. 

The expression for {(P) given by (11) is valid provided the relative velocity 
v(R) of the particles never changes significantly from the initial velocity of relative 
motion v(0). This condition should hold down to very small values of v( 0) 
as at low energies P, 1s large and consequently AF is small for R greater than P,. 

For large values of v( co) the impact parameter method breaks down as the 
the collision can no longer be regarded as adiabatic. ‘The method is applicable 
provided momentum transfer is unimportant and provided aAE/hv(«)>1 
where a is the effective range of interaction, which gives an upper limit for the 
energy of the incident ion of the order of 10 to 100 kev. 
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§ 3. Discussion oF RESULTS 


’ Displayed in figure 1 is a comparison between the values of the cross section 
for resonance charge transfer between He* ions and He atoms calculated in this 
paper with the values of the same cross section calculated by previous investigators. 


Cross Section (units of 1a.’) 


4 6 I 2 3 
log (Energy (ev) of Incident He* ion) 


Figure 1. Comparison between theoretical cross sections. Full lines correspond to 
present and broken lines to previous calculations. (i), (ii) and (iii) refer to the 
different wave functions defined in the text. D, Demkov; J, Jackson; MS, Massey 
and Smith. ‘The crosses show values given by Firsov. 


The cross section curve obtained by Jackson should coincide with the cross 
section curve obtained by using function (i). ‘That it does not do so is probably 
due mainly to the neglect by Jackson of the effect of the interaction energy for 
internuclear distances greater than 4d). 

Firsov (1951) and Demkov (1952) have also used the impact parameter 
method to obtain the cross section for charge transfer between He* ions and 
He atoms. It can be seen from figure 1 that Firsov’s results lie close to 
curve (ii). ‘The cross section curve obtained by Demkov is parallel to(i) but 
is displaced upwards. 

In figure 2, the cross sections calculated in this paper are compared with 
experiment. Between 100 ev and 1 kev the agreement between curves (ii) and (iit) 
and the data of Wolf (1935) and Rostagni (1935) is seen to be very good, though 
for energies below 100 ev the results of Wolf tend to fall below these curves and 
the results of Rostagni rise above them. However, at such low energies the 
experiments are rather difficult and are not very reliable. ‘The experimental 
results of Hasted (Stedeford and Hasted 1955) in the same energy range lie 
close to curve (i) but it does not seem likely that this curve can be correct in view 
of the rather crude He,+ wave functions on which it is based. 

Between 1kev and 100kev the theoretical curves (i), (ii) and (ii) lie close 
together. he experimental data of Stedeford in this energy range are in excellent 
agreement with theory, particularly with curve (ii). Experimental work has also 
been done by Smith (1934) and by Keene (1949). Their results lie respectively 


somewhat below and above the cross section curves obtained in this paper. 
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Owing to the uncertainty in the experimental data, it does not seem possible 
at this stage to decide whether the cross section curve (iii) is superior to (ii) or 
not. More experimental investigation is still required. 


36 
32 
28 
24 


20 


Cross Section (units of 1a,2) 


3 4 5 


J 2 
log (Energy (ev) of Incident He* ion) 


Figure 2. Comparison between theoretical cross sections obtained in this paper (full lines) 
and experimental cross sections (broken lines). (i), (ii) and (111) refer to the different 
wave functions defined in the text. H, Hasted; K, Keene; R, Rostagni; 5, Smith; 
St, Stedeford; W, Wolf. 
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Abstract. The cross section for the elastic scattering of slow electrons by 
molecular hydrogen is calculated by use of the variational methods of Hulthén 
and of Kohn, full allowance being made for electron exchange. The trial wave 
function is assumed to have a form which in spheroidal coordinates resembles 
the analogous functions in spherical polar coordinates used in discussing elastic 
scattering by hydrogen and helium atoms. Quite good agreement is obtained 
with observed data—an agreement which disappears when exchange is neglected ; 
this is a situation similar to that which arises in the case of helium. 


$1. INTRODUCTION 


EYAILED applications of variational methods have already been made 
1) to the theory of the scattering of electrons by hydrogen and helium 

atoms. ‘lhe most extensive work of this kind has been carried out 
using the variational methods of Hulthén (1944) and of Kohn (1948) with trial 
functions of a similar quite simple form. The results obtained have been 
encouraging. ‘Thus if the elastic scattering is treated on the assumption that 
polarization effects are ignored but full allowance is made for exchange as well 
as direct potential interaction, so that the problem is reduced to one of solving 
an appropriate integro-differential equation, it was found that the variational 
method gave results for both atomic hydrogen (Massey and Moiseiwitsch 1950) 
and helium (Moiseiwitsch 1953) which differed only slightly from those obtained 
by accurate solution of the equation (Allis and Morse 1933). Because of the 
relative simplicity of the method it seemed desirable to apply it to the simplest 
axially symmetrical molecular scattering problem—the electron scattering of 
slow electrons by molecular hydrogen. 

Comparatively little work has been done on the theory of the scattering of 
slow electrons by diatomic molecules. Stier (1932) showed that the observed 
scattering by N, could be fitted on the assumption of a certain empirical 
scattering potential. This approach was developed by Fisk (1936) who showed 
that observations, not only for N, but for a number of other molecules including 
H,, could also be fitted reasonably well in this way. ‘The only attempt, however, 
to calculate the scattering from a molecular potential derived from the quantum 
theory of the molecule is that of Nagahara (1953, 1954). Even in his work, 
however, no allowance was made for exchange effects. Since these are well 
known to be of major importance for the scattering of slow electrons by the 
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nearest two-electron atom of helium and are also quite large for atomic hydrogen, 
it is unlikely that they are unimportant for molecular hydrogen. It has proved 
possible, because of the relative simplicity of the variational method, to treat 
exchange scattering on the same basis as direct scattering and in this paper an 
account is given of the detailed application of the method and of the results 
obtained. ‘These results show that exchange is indeed important, at least for 
electron energies below 15ev. Furthermore, they agree with observed data 
to an extent which is probably closer than warranted when allowance is made 
for the various approximations which have to be made in treating a molecular 
scattering problem. 


§ 2, GENERAL ACCOUNT OF THE METHOD 


The only appreciable contribution to the scattering of sufficiently slow 
electrons by atoms comes from those electrons with zero angular momentum 
about the nucleus. he scattering is therefore determined by the distortion of 
the wave function of these electrons by the atomic field. If k is the wave number 
of the incident electron this wave function F(r) will then have the asymptotic 
form 

FQ) ~r sin (kr 65) ee (1) 
or alternatively 
~(1+a)-"2(sinkr+acoskryr*+ =. see (2) 


where 5,=arctana, is the zero order phase shift due to the atomic field. The 
zero order scattering cross section is then 47 sin? 6,/A°. 

The determination of the phase shift 5), allowing for exchange, may be carried 
out approximately by a variational method as follows. 

We consider from the outset a three-electron problem, that of elastic scattering 
of electrons by helium atoms (Moiseiwitsch 1953). The three electrons are 
distinguished by the suffixes 1, 2, 3, and the corresponding spin functions for 
electron i by «,, 8, according as the z component of spin is + 3h. If so(74,72) is 
the wave function of the ground state of helium, electrons 1 and 2 being the 
atomic electrons, then the wave function representing the scattering is taken to 
have the form 

— 73 es W157 )ET)OXiR tee es (3) 
where 


Xik— 3 (@;Ri—020;)) eo ee ere (4) 


This wave function is antisymmetric in each pair of electrons and each term is 
an eigenfunction for total z component of spin}. ‘To determine 6) approximately 
we consider the integral 


L=[¥(H-—E)¥ dr, dry dry, 


where H is the Hamiltonian of the three-electron system and £ is the total energy 
Ey +k?, Ey being that of the ground state of helium and k the electron wave 
number in atomic units. ‘The integration is supposed to include summation 
over the spin coordinates. 

If Y were an exact solution of the three-electron problem with F having the 
asymptotic form (2) then L must vanish, but if instead a trial form for F(r) is 
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used which is everywhere bounded and has the same asymptotic form (2) except 
that the exact a is replaced by a varied form a+8a, it is easy to show that 


JA ale peekan ee (6) 


Variational methods for determining a and hence 8, approximately are based 
on the assumption of a trial form F;(r) involving arbitrary parameters c,, Cy, ..., 
¢,, and with asymptotic form (2). In Hulthén’s procedure the 2 parameters 
and a are determined from the equations 


oL 

og. oP amis tga @ == Oy fa Ore ee 5S TNE en cig Card) == Ome. Sana ao (7) 
An alternative is to work from 

7 ae OL 2 IL, 

Be = co eee ae a0), Sy =aretan (a z): ee (8) 
This has the advantage that, if the parameters c,, ..., c,, @ appear linearly in the 


trial function, the equations (8) are all linear, whereas the last one of (7) is 
quadratic. On the other hand there is some empirical evidence that Hulthén’s 
equations give slightly better results in practice. ‘To distinguish which is to be 
taken of the two roots for a which they give, resort may be made to the integral 
equation for the phase shift or to the choice of that solution which is closest 
to the one given by Kohn’s equations. 

Moiseiwitsch (1953) applied this procedure to scattering by helium using as 
trial function a form suggested by Huang (1949) and used by Massey and 
Moiseiwitsch (1950) for electron scattering by atomic hydrogen: 

Hin=7 {sin kr + (G40) coskr esate (9) 
This gave quite good results as may be seen by reference to their paper. 

This method may be extended to apply to scattering by a molecule provided 
appropriate modification of the trial function F, is made. ‘Thus in (3) (74,72) 
now becomes the space wave function of the ground state of molecular hydrogen 
and the spin functions are unchanged. ‘The function representing the relative 
motion of electron and molecule will, however, depend not only on the distance R; 
of the electron from the centre of the molecule, but also on its angular coordinates 
é,, @, and the angle of orientation A, of the molecular axis. Previous calculations 
for scattering of molecules have worked in terms of spheroidal coordinates €, , 
where 


—— Se er Nh erersters 


ar aie 
ry and p being the distances of the electron from the respective nuclei, and d the 
nuclear separation. In terms of these coordinates a plane wave propagating in 
the direction (6), ¢)) relative to the nuclear axis and azimuthal reference plane 
may be expanded in the form (Morse 1935, Stratton et al. 1941) 


a oP (10) 


e%=2 ¥ cosm(¢—d 9)" ai 0, m Aon Ae} cos ED) Peseeud (is cos 6) RACE) 


1 


where 7=cos6, c=}kd. The functions S\), are spheroidal harmonics. ‘They 
may be expanded in terms of spherical harmonics in the form 


S,,(¢, 6088) = S! dy"(c)Pxt (C089), eevee (12) 
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where the prime indicates that the summation is over even values of s if 7 is even 

and over odd values if n is odd. For values of c much less than 1 all values of d,” 

are very small except that for which s=n. In the limit d>0, Sm, n> Pm'tn(cos 8). 
The functions R,“),(€) may similarly be expanded in the form 


(€?— 1)? is (s+2m)!. 
RY (€) —————— Ss; qm—2q ” Sn ee (cé) ere (13) 
me es Py s+2m)! = u s! 
Em > d, ( 5 ) F 


where j,,,, is the usual Bessel function 
Jh2)= (7/28) Vat) ee (14) 


The normalization is adjusted so that, for large Ge 
Re) ~3 sin {c&—4(m+n)z}, See Cl) 


and this ensures that when d->0, R,(),(€) tends to the usual solution in spherical 
polar coordinates. 

A,,,, is a constant whose value need not concern us at the moment. 

If the wave equation, including the scattering potential, is separable with the 
7 equation unchanged, the scattering may be described in terms of phase 
shifts ¢,,,, which are such that the solution of the € equation, with scattering 
potential included, has the asymptotic form for large € 


& sin{cef—3(m+n)t+ Cmts = tn te es (16) 


For impact velocities which are so small that uc <1 where uw is the ratio of 
the effective range of interaction to the nuclear separation, the only important 
phase shift is 5). Hence if the equations are approximately separable, the 
scattering at these velocities will be described to a good approximation in terms 
of a function 


Fén)=Sol AG) sees (17) 


where A&(c,é) has the asymptotic form (16) with m=n=0. Furthermore, if 
¢<1, So does not differ very much from unity (the zonal harmonic Poy). ‘Thus 
even for c=1 in (12) d}=0-948, d?=—0-102, d§=0-0017. Since for a light 
molecule such as hydrogen wu will not be much greater than 1, it seems that, 
for velocities for which c<1, suitable trial functions could be taken of the form 


F(E)\=AXKe)*- = ee (18) 
with no dependence on 7 introduced. A simple improvement would be to take 
FE, nN=Z, (6.6) 1 en?| re (19) 


where g is an additional adjustable parameter. However, in this paper the 
simplest form was first assumed. As unexpectedly good results were obtained, 
it was not considered worth while, because of the additional labour involved, 
to extend the calculations with the function (19). 


By an obvious analogy to the atomic cases (see (9)), &(c, €) was taken of the 
form 


1 
Ac é\=(tea*)a HE=1) [sin {c(€ — 1)} 


+ {a+ be Y} 1 —e “ED cosc(E—1)]. ...... (20) 
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This has the asymptotic form 
ee 
Bic, €) ~ sin (Ve) ee ene: (21) 


where 


Co=(arctana)—c. aes (22) 


Hulthén’s and Kohn’s formulae apply immediately for the determination of a 
and hence of {. The scattering cross section to this approximation is given by 


Ang 
Fein TC ee OMe ee (23) 
§ 3. DETAILS OF THE CALCULATION 


We require to evaluate 


= L={| | | WH BY dr dreary, = as (24) 


3 1 1 1 
ta ${-sps2(242)) 25) 

24 ts EP, Luz, 
E=E&, +k’, 


E, being the energy of the ground state of H,. 

‘The integration is assumed to include also summation over the spin coordinates 
of the three electrons. Substituting (3) for ’ with F given by (18) and (20) and 
carrying out this summation we find L=L,)— Ly, where 


where 


Ly=— | (rn re) PRG)| Vet = +5 +B = — = | FG) dr dred, 
d Pp 3) Vag 
ene: (25) 
oT Bs 2 
Ly=— | W(r,,r2)F(E)| Vet — + — +R- = — = | FE W(ts, re) dry dry dry 
: 1, pi "12 "13 
nt (26) 


Ly, being the contribution from exchange. 
If V(r.) is the mean potential interaction of an electron with the molecule so 


that 
eee R: y) 2 


V(rs)= | ror 5-5 to + oh drdr «2-7 
we have 
= — =-| FE F(E5)[Va2 + k2 —V(rs)|F(Ex)drq ct ees (28) 
V(r,) may be written in the form 
8és 
V(r3)= ~ d(é,2- 2 in, ar) a AC) (29) 


where the first term represents the Coulomb field of the nuclei. 

A choice is available of many approximate forms for #(r,, 1). It was found 
that considerable simplification of the rather extensive analysis could be made 
if the self-consistent function given by Coulson (1938) is used. ‘This is given by 


(ry t2)=H(r)b(), nee (30) 
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where ; se, 
2 2 sd ote PP AF) T =(). soit oiete 31 
Iv rer 5-2/0 0a | o(r,) (31) 
On substitution in (26), using (31), we find that 
lg==(Jgards)a lon PAine. Wieeoie (32) 
where 
Ty=(B-NUONF dr ees (33) 
J= | Healer PE) Te Gr) diee a ee (34) 
Coulson (1938) gives 
o(r)= Ne**(1-an* + BE), el) eee (35) 


where «=0-2195, B=0-07957;, y=0-75, N=0-693. This does not satisfy (31) 
exactly but is a sufficiently good approximation for (33) and (34) to be assumed 
correct. There is no difficulty in evaluating the integrals involved in the 
calculation of Ly and Ly if (35) is assumed for ¢ and (20) for F, with y as in (35). 
It is of interest to note the form obtained for the mean molecular potential 
interaction. To quite a close approximation it can be written in the form 


, 8& 
Vrs) = — ae — 7) 2c) ee (36) 
where u(€) is tabulated in table 1. 


Table 1. Function u(£) appearing in expression (36) 
for Mean Potential Interaction of an Electron with a Hydrogen Molecule 


é u (&) é u (€) g u (&) 
1-0 19022 2°6 1:0869 4-0 0:7243 
fe NENTS OS 1:0183 AD 06898 
{hos 1-6595 3-0 0-9563 Aaa 06583 
1-6 15454 Sow 0-9003 4-6 0-6294 
iL 6) oarsy a Be 08497 4°8 06029 
Za) 1:3378 3°6 08038 5:0 05784 
Die 1-2461 3°8 OO27, 6:0 0:4805 
2°4 1-1626 


§ 4. RESULTS 
The phase shifts ¢) obtained are given in table 2. 


Table 2. Phase Shifts ¢, obtained by use of Hulthén and Kohn 
Variational Methods 


—— Co (radians) —— a 


kd k (A.U.) (Volts) 1 Exchange ignored Exchange mela 
H K H K 
0-1 0-143 0-52 2:103 2:095 2-941 3-001 
0-2 0-286 1-05 1:778 e722) 
: 0-429 1:58 1:514 1-457 2352, 2°785 
0:5 0-714 2°63 1:228 1-234 1:830 1-749 
1-0 1-429 D5 0-748 (1-644) 1-056 1-027 
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Apart from the case kd=1-0, the Hulthén and Kohn methods both give 
closely similar results when exchange is ignored, i.e. when L=L. This suggests 
that the trial function assumed is quite good under these circumstances. On the 
other hand when exchange is included the two methods do not agree so well, 
so that the trial function must be deemed less satisfactory. Nevertheless 
comparison with the observed data shows that the phases given by the Hulthén 
method are not far from correct. 

The figure gives a comparison of observed and calculated cross sections. 
The observed results fall into two groups which are only very roughly consistent. 
Curve I gives the total cross séction measured by the Ramsauer method as a 
function of electron velocity in (volts)"?, while curve II refers to the mean cross 


Cross Section (units of 1a,’) 


2 3 
(Volts) # 


Comparison of observed and calculated cross sections for scattering of electrons 
by molecular hydrogen: I, observed by Ramsauer method ; II, observed by swarm 
diffusion methods (in this case the ordinate is the mean cross section and the abscissa 
the mean electron velocity in (volts)'/*); III, calculated by the method of the present 
paper, ignoring exchange ; IV, calculated by the method of the present paper, including 
exchange ; V, calculated by Fisk using an empirical molecular scattering potential 
with adjustable constants. 


section as a function of mean electron velocity measured by swarm methods. 
These measurements include the recent extension to very low mean electron 
energies by Crompton and Sutton (1952). Even allowing for the somewhat 
different significance of the coordinates for the two types of observation it is 
clear that they do not agree very well. This must be borne in mind when 
considering the relation to the calculated values. 

The cross sections obtained from the Hulthén phases ¢, in table 2, ignoring 
exchange, are much too large at low electron energies (curve III of the figure). 
On the other hand when exchange is included the departure from the observed 
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curve II is not greater than the discrepancy between the two sets of observed 
curves, while the shape of the cross section velocity curve is given correctly. 
The calculated cross section can be expected to fall below the observed at the 
higher electron energies, for two reasons. The observed cross sections include 
inelastic collisions and in any case contributions to the elastic scattering from 
partial cross sections other than the (0,0) which we have considered are 
becoming important. Our simple trial function becomes less satisfactory as 
the energy increases for reasons already indicated in the preceding section. 

For comparison the cross section calculated by Fisk (1936) using his empirical 
molecular scattering potential is also given. At the higher energies it agrees 
quite closely with that calculated from our phases ignoring exchange. ‘The 
fact that Fisk adjusts the interaction to fit the data at low energies means he is 
essentially allowing empirically for exchange effects. 

The situation is very similar to that in helium. If exchange is neglected the 
calculated cross section is much too large at low energies because the phase 
shifts are not close enough to 7. Inclusion of exchange increases the phase 
shifts so that they approach 7 much more rapidly at low energies; thus even 
in the low velocity limit the calculated cross section is not very seriously wrong. 
This indicates that polarization effects are not very marked in this case. It is 
perhaps not surprising then that they do not seem to be of great importance for 
molecular hydrogen. 

The agreement obtained when exchange is included is perhaps closer than 
might be anticipated from the rather crude form of trial function assumed and 
from the simple form of molecular wave function used. It is of some interest 
to note also that the Kohn phases give less satisfactory agreement with observa- 
tions as they give smaller cross sections than do the Hulthen phases. ‘There 
seems no doubt, however, of the importance of exchange effects at low energies 

On the other hand, Nagahara (1953, 1954) has obtained a cross section which 
is in reasonably good agreement with observations without including exchange. 
He uses the molecular wave function given by Inui (1938) which takes the form 


P(r, r2) = Nexp {—a(& + &)} cosh Bq — 12) 


where «=1-75, B=1-375, and calculates the scattering by the corresponding 
mean molecular potential (27) by a method of expansion in spheroidal wave 
functions which does not assume separability. It is not clear from the small 
amount of detail given in his second paper (Nagahara 1954) how the coupled 
differential equations involved in his method were actually solved. ‘There is 
obviously room both for further theoretical and experimental work on the subject. 
Thus it would be of interest to approach the problem using spherical instead of 
spheroidal harmonic analysis. When spheroidal coordinates do not introduce 
separability it is likely that any ‘naturalness’ they possess for the particular 
problem is more than offset by the comparative complexity attendant on their 
use. 
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Abstract. The effect of the surface interaction, based on A. Bohr’s collective 
model, on the inelastic scattering of nucleons by a nucleus at medium energy 1S 
discussed. ‘The wave function is expressed as a sum of amplitudes, which 
correspond to various states of target nucleus and incident nucleon. From the 
Schrédinger equation one can derive a set of coupled equations for the amplitudes, 
which correspond to a state of the surface excitation while the effect of the other 
amplitudes is replaced by distorting potentials. The interaction between the 
states considered explicitly is assumed as the surface interaction proposed by 
A. Bohr, and taken to have a 6-function type radial dependence. The coupled 
equations are solved without further approximation. The distorting potential is 
chosen so as to give the right result for the elastic scattering in the presence of the 
surface interaction. If that interaction is strong enough, the distorting potential 
differs considerably from the usual optical potential, which would give a good 
result for the elastic scattering in the absence of surface interaction. The theory 
is applied to proton scattering by 24Mg at 10 Mev, and the result shows that the 
strong angular dependence of the inelastic scattering is due to the surface inter- 
action while the main contribution comes from the compound nucleus. 


§ 1. INTRODUCTION 


HE elastic scattering of a nucleon by nuclei has been investigated by many 
authors, and it has been found that the cloudy crystal ball or optical model 
gives fairly good agreement with experiments. On the other hand, for in- 
elastic scattering or for reactions we have only succeeded in obtaining a qualitative 
explanation by the so-called statistical model, and there remain many serious 
quantitative discrepancies between the theory and the experiments. Among 
them the angular distribution of inelastically scattered protons shows a strong 
angular dependence at medium energy, which is far from being explained by the 
conventional statistical model and, in fact, the angular distribution is sometimes 
asymmetric about 90° (see for example Saxon et al. 1955). Most published work 
on this subject assumes that the direct process is more important than that 
involving formation of acompound nucleus. ‘These problems were treated by the 
Born approximation as well as the method of the distorted waves. Hayakawa and 
Yoshida (1955) and Brink (1955) also discussed the importance of the surface 
interaction, based on the collective model of A. Bohr and Mottelson (1952, 1953) 
in terms of the latter method. 
When we use the distorted wave, the most important problem is how to choose 
a distorting potential. As the method for obtaining the distorting potential for the 
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inelastic scattering has not yet been thoroughly investigated, we were obliged in 
our previous paper to use the optical potential, which was adjusted so as to give 
the correct elastic scattering. This choice of the optical potential will give a good 
approximation, if the surface interaction is weak. But if the surface interaction is 
strong, it also affects the elastic scattering in second and higher orders, and the 
optical potential must therefore be readjusted to fit the elastic scatteringt. 

‘To take into account the higher order processes which are involved in the strong 
interaction, we start from a wave function composed of a sum of various amplitudes 
corresponding to various excited states of the target nucleus. If we put this wave 
function into the Schrédinger equation and use the orthogonality of different 
eigenfunctions of the target nucleus, we obtain a set of coupled equations for the 
amplitudes, the coupling term being the matrix element of the interaction between 
the incident nucleon and the target nucleus, evaluated between the ground and the 
excited states of the target nucleus. It is convenient to classify the states into two 
groups, strongly coupled and weakly coupled states, according to the magnitude of 
the matrix element, which connects each state with the ground state{. We can 
eliminate the weakly coupled amplitudes in an approximate way. We then 
obtain coupled equations in terms of the strongly coupled amplitudes, in which the 
diagonal matrix element of the interaction together with the terms corresponding 
to the second order processes in weak interactions may be replaced by optical 
potentials (we shall call these distorting potentials hereafter). In the case of 
strong coupling these may be quite different from the usual optical potential which 
fits the elastic scattering without allowing for the coupling. ‘The resulting equa- 
tions should be solved without using a perturbation method. It is still difficult 
to solve them in the general cases, but we shall see that they can be easily solved 
exactly in the case of the 6-function type surface interaction used in our previous 
paper. Our next problem is to evaluate the distorting potential. It is clear that 
if we eliminate amplitudes other than those corresponding to the ground state of the 
target nucleus, we get the effective potential for elastic scattering, 1.e. the usual 
optical potential. This has been investigated thoroughly phenomenologically 
and we can make use of this knowledge to evaluate the distorting potential in our 
equations. 

We can evaluate the contribution to the cross section from the direct interaction 
by the method outlined above, but the contribution which comes through the 
weakly coupled states is also important. This may be treated by the conventional 
statistical model by calculating the cross section of compound nucleus formation 
and using detailed balancing, neglecting the interference terms. ‘The angular 
dependence of this contribution is probably weak, but its magnitude may be large 
compared with the direct contribution. 

A numerical result will be given for the case of the scattering of protons by 
24g. The parameters which come into our theory may be determined by other 
experiments such as the elastic scattering and the quadrupole moment of neigh- 
bouring nuclei or the lifetime of y-transition in this nucleus. 


+ The author is indebted to Dr. A. Bohr and Mr. A. M. Lane, who drew his attention 


to the work of C. F. Wandel (Thesis, Copenhagen 1954, unpublished). 
+ The strongly coupled state is not necessarily connected to the ground state directly. 
For example we may treat the spin 4 and 6 states as the strongly coupled state in the 


rotational spectra of even—even nuclei. 
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§ 2, ELIMINATION OF THE WEAKLY COUPLED STATES 


The solution to our problem can be stated in terms of the S-matrix. In this 
section we shall discuss the method for simplifying our equation by eliminating 
the weakly coupled states and shall introduce the distorting potentials. First we 
write the wave function of the whole system, which has a definite total angular 
momentum J, its Z component M and parity and consider only one incident channel 
specified by the quantum numbers of the target nucleus «, the channel spin s and 
the orbital angular momentum / of the incident nucleon. The wave function 


is given by 
’ 1 ] 
Ya = | [Hsasil7) Diag F a Usvsel) Payst + & wypvr(7) bays] .-- (2.1) 
Sy ral 


where the first term of the right-hand side corresponds to the entrance channel ; 
the second represents the strongly coupled amplitudes which correspond to a few 
excited states as well as some channels, other than the entrance channel, with the 
target nucleus in the ground state. The third term represents the weakly coupled 
states, which we want to eliminate. r is the radial coordinate of the incident 
nucleon and u, v, w are its radial wave function whose asymptotic form must be 
chosen as follows: w is an outgoing plus an incoming wave, v and w are outgoing 
waves only, or exponentially decaying if the incident energy is not enough to emit 
nucleons. 4,24 represents the spin—-angular wave functions which form an 
orthonormal complete set and may be written as 
w= > (slM—mm |slJM)1'V i (09) Xeem—m tt 2) 
m 

where (slM—mm |slJM) is the usual Clebsch-Gordan coefficient, Y;,, (Op) are 
spherical harmonics whose arguments 6, y are the angular coordinates of the 
incident nucleon. The phase factor 7'is introduced in order to give the right phase 
change for the time reversal according to Huby (1954). y,.:7—-m 18 the wave function 
of the channel spin and the target nucleus and has the following form : 


XasM =>: (olyM =y | ol SM) y.,4iee | eee (2,3) 


In this equation y,,, is the spin wave function of the incident nucleon and %,;y 
is the target nucleus wave function whose spin 1s /, its s-component M, energy 
state xand satisfies the following equation, 


(A — €y) barat - =A), ole Lelie? s (2.4) 


H,, is the Hamiltonian of the target nucleus and «, is its eigenvalue. “The wave 
function defined above does not satisfy the Pauli principle. As it is difficult in 
practice to make the functions antisymmetric, we shall neglect this requirement 
throughout this work. 

The total Hamiltonian H of our system is expressed as a sum of the kinetic 
energy 7 of the incident particle, the Hamiltonian of the target nucleus H,, and 
the interaction between the incident particle and the target nucleus lV’: 


fe EON bi all @ Fe: a anne Re a Per sierec (25) 
Then the Schrodinger equation is 


(HE) V2.0 le ee (2.6) 
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where £ is the energy of the total system. Putting the equations (2.1) and (2.5) 
into the Schrédinger equation (2.6), we get the following coupled equations 


(Dit €y—) tjaa (1) + Voss ad Ub yyg(7) + > V st, ve Vsga'ey (1) 
01 


a 2. V as, pet Wy aiylT) =O. aeaenis (az) 

(Ly + € — E) vyyey (r) + Pee Uy (r) + oe Le aes A ee Ga) 
ee 4: Viigo Opp OO Pees (2.76) 

(Ly + eg — EB) Waren (1) + Vier, ast Usast(1) + oat Viner, xeon Usarerr() 
+ Veer, eet Oper (N=0. 2... (2.7¢) 


where ‘ 
A a UL +1) 
SM de ONT 


and V,,. 7 is the matrix element of V evaluated between the states Jus, aNd 
and is a function of r. 

We now eliminate the weakly coupled amplitudes w from our equation by 
solving equation (2.7c) in terms of wandv. As the weakly coupled amplitudes are 
probably small compared with the strongly coupled ones wu and v, it seems to be a 
good approximation to neglect the non-diagonal matrix element V,,. arg 1D. 
the last equation (2.7c). “Then we can solve that equation in a formal way as 


W ype (1) = Az p51 LV pop, w't Usasy (1) + ma V esi, Fay Ore) cnet (2.8) 
as 


JOST 


where 
== . 7 4 iS 
Ajay =[E+ 7p —- Tt. V set, perl 


is an integral operator and 7g is the notation to specify the asymptotic boundary 
conditions. Next we put (2.8) into equations (2.7a) and (2.7b) and get the 
following simplified coupled equations 


Ogata a yeg i) 2, Veta Ory (0) 0. ne ere (2.10a) 
a's’ 
(Ty + Urpeit + eae E)eyrer (1) + Viner, st Maa (0) + Vorwr ecb Payer (1)=0. 
as 
oats (2.105) 
Una U Jas] (7) Se Vdt la U Js] (r) i Z V st, atl” Apr V psy’, ot U Fs] (r) 
s 
seals Ng eas doen Voria set aug Len (2.10) 
ps"l” 
User Vyysy(1) oa V ye, we Usui s'V (r) ar poe V yer, Bet" ype V grrr, nd U Fos] (r) 
s 
BS omg rasa Pe tawn ora eet co (2.10d) 
Bs’V’ 


In the first two equations the weakly coupled channels are eliminated, and instead 
of them we have introduced the distorting potentials U to take into account the 
effect of these eliminated weakly coupled channels. Now our equations are 
reduced to coupled equations for u, v, U, and they should be solved in a self- 
consistent way. ‘This method is a natural extension of the method of Brueckner 
and Levinson (1955) and of Cini and Fubinr (1955) in calculating the optical 


potential for elastic scattering. 
16 
a ae 
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§ 3. CALCULATION OF THE SS-MATRIX 


It is still difficult to solve the equations (2.10) in the general case. However, if 
the strong interaction is approximated by a surface interaction, which has a radial 
dependence of 5-function type, the equation can be solved without further 
approximation. The distorting potential U will be assumed to be a complex 
square well for convenience in the practical calculation. However, in our previous 
paper we had not given a method for finding the distorting potential. In this 
section the S-matrix will be derived without further approximation when the 
distorting potentials are given, and a later section will describe a method for 
finding the magnitude of the distorting potential. According to the assumption, 
we express the interaction as 


h* s 
V asia = 80 — Ro) ag R, Vii ode, ee 7 (3.1a) 
} 2 
Uy) (1) =Vab (1) +90 — Ro) ae Waste ve (3.14) 
3 2MR, 
V3 (= -Vi r<R,y ae 
26 pe Rom wea (3:12) 


where R, is the nuclear radiust. If we put these potentials into the coupled 
equations (2.10 a, b) the coupling interaction vanishes except at the nuclear surface 
(r= R,), and we get the following uncoupled equation 
(T,4+ Vaj(r) +€,—E) jet (T)=9O. wee we (3.2a) 
(Ty t+ Vue tee — E)0jrey(=9. ve eee (3.25) 
The solution of the above equation for both sides of the nuclear surface should be 
connected to satisfy the original coupled equations (2.10, b) and the given boun- 
dary condition. To carry out this step we define the following logarithmic 


derivatives 
AU yu9i | 
fia = Ro Biot IE |e aie (3.3a) 
U Fas] r=R,* 
dv jzyyy [ar 
Bx =R,| Set BOE (3.34) 
Usui sl’ r= Ro 
du yy [dr 
Sis =R,| Seal | sigesige (3.3c) 
Just \r=R- 
dv jzyyy/ar 
Sreer =Ro [ee ae (3.3d) 
Usa’ s't’ pathy 


‘The first two logarithmic derivatives are evaluated just outside the nuclear surface ; 
the last two are evaluated just inside the nuclear surface and may be evaluated from 
the solutions of equation (3.2). As the boundary condition at infinity for the 
wave function other than the entrance channel is an outgoing wave, we can easily 


evaluate g\. The only unknown quantity is f$'.) which will be determined by 


the conditions at the nuclear surface. In the presence of the 5-type interaction at 
the nuclear surface, the following relations must be satisfied at r= Rp: 


(—) _ (+) SF Ti 
(Bip J pate a tel) UG es > Woo wit Ory i (3.4a) 
a’s'l’ 
Coes 7 ree J 
(Lys Ex! ae W THESE ws) U ya's’ e W yer, asl “i sasl 7 > Wor, ws" OMS 0. 
sat: 
Pelee (3.46) 


+ The 6-type interaction in equation (3.15) may be dropped, if we change V7 so as to 
include the effect of it, but this VY must be allowed to depend on energy and angular 
momentum. | 
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‘The quantities vu and v without arguments represent the values at the nuclear 
surface. Here we define the S-matrix by the following equations 


bia) bt (7) tS ae eee) Ce Me meee (3.5a) 
Opp) — lata)! ery cate ey (| eta (3.55) 
where uw}; ’(r) is the outgoing nee wave defined by Blatt and Weisskopf (1952) 
and have the following asymptotic form 
uj, (r)~exp[+i(kyr—dlr—y,In(2k,r)] for kyr Sl ..... (3.50) 
The quantity &, is the wave number of the particle in channel «, and y, = Zze2/(Av,) 
where Ze and ze are the electric charge of the target nucleus and incident nucleon 


respectively, and wv, is the velocity of the particle in the channel x. To simplify 
the equations (3.4) we introduce the following matrix O 


ae k\12 ul? 
Sate ie i — & O's 8, + (3) . 24 Sa O, Dey? Fi] Hi Aa ee) (3.6) 
a 


al’ 
where s,,=k,Ro/|us; |? is the penetrability. ‘Then the amplitude of the wave 
functions and the unknown logarithmic derivative at the nuclear surface are 
expressed simply by 


U fxs] — i 5 Oa x81 tad ) ot sieolene (3.7a) 
Migs ae Oh a tn De, Pasieer (3.76) 
4 Joa! = oF (Ou ed rs on Ra ae (3.7c) 
By using equation (3.7) equation (3.4) reduces to 
(25st =e fs Weg me) Oe ar a pa. ny 2 sl 1 O,, 3T, ail = Meco (3.8a) 
(255. eV oy" WV, ae LS, cc" 7) Over, ve te Wy, um, ei 
te. <x > . Wav, Ve OL Oe mane (3.85) 


If we define the matrix H by 
(A1).,si, ver = SO s9’Oir (gys0 — gt ’) ai W asi, wart 
equation (3.8) is written as 
HO = Ue ee gh ee PS POR en (3.9) 
where I is the unit matrix. 
Further, by definining the following diagonal matrices 
(P) asi, 2917 = San’ seOy § 


oul? 
‘eae ovsi, o's’ — Oyo’ Oas'Orr Us; (OLA ele } pigs 79. Cy) 
the S-matrix is given by 
Se" [lin PAP ee Sirah (Ceiba) 


Here we note that the resulting S-matrix is symmetric for the exchange of 
suffices Syoy = Sys,vs'/- This character follows from the fact that the off- 
diagonal matrix element of H (1.e. W) is symmetric, because of the right choice of 
the phase of the wave function for the time reversal and Hermitian character 
of interaction V. 


§ 4. CALCULATION OF THE MATRIX ELEMENT AND THE CROSS SECTION 
In order to evaluate the matrix element it is necessary to assume a concrete 
form of the interaction, for which we use the interaction proposed by A. Bohr 
(1952) in his collective model, 


Va WV, Radi Raion dor) — ii,  dsslowsh (4.1) 
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where r, 6, y are the polar coordinates of the incident particle, Ry the average 
nuclear radius and «,, is the parameter which determines the shape of the nuclear 
core. We shall treat only the case of A=2. ‘This is the same interaction as in our 
previous paper, and accordingly we shall not repeat the calculation, but give the 
results only. ‘The matrix element defined by (3.1) are 


ens, ( 2MR2 


) Vo( Vea tA thd (25a 1)"2(2s’ + 1)¥2 W (Isl’s’ ; Jd) 


OSI acs a h2 
Wists’: oCITY, TEC lies It) ee (4.2) 
where W(abcd; ef) is the Racah coefficient (Racah 1942). The reduced matrix 
elements are given by 
,,f (2A+ 1)(2' + 1) 2? 
(IY, Pea us z 33 | (VAO0 |PAIO) ee (4.3) 
and 
ae 1/2 4 pon | 
(KT || a, || KQ)=(2r' + 1)e%{—)*"* 7 (=) 3 «ALOK (ARES) aeoaeaee (4.4) 


if we take the strong coupling approximation of A. Bohr (1952). ‘The formula for 
the other approximations will not be given here; the detailed account was given in 
our previous paper. In equation (4.4), K is the component of spin J along the 
nuclear symmetry axis and « is the ratio of the difference of the major and minor 
axes of the nuclear core to the average nuclear radius, and is expressed in terms of 
the intrinsic quadrupole moment QO, and charge number 7 by 
Pan, 5G; 
€== R, <= 4ZR 2 we ee al iatalte lim 
From the formula for the matrix element, we can calculate the S-matrix by the 
equation given in the previous section. The differential cross section may be 
obtained from the S-matrix by using the formula of Blatt and Biedenharn (1952), 
dO w Raa rat \ a 
Fie 2. (21+ 1)(2o41) 2 Byla sos) PP; (Cos) 99 sane (4.6a) 
By (a’s’, aS) = >i (eas 


Jahly’ A: 
J globo’ 


xR [Sx bys On, a Swish, ie (Bx bys nts a Syst, ale 


ZL, BIL VL le Tae) 


In this equation P,, is the Legendre polynomial of order L and Z 1s the revised 
Z-coefficient defined by Huby (1954). In general, we must use the revised 7 
instead of the original Z defined by Biedenharn, Blatt and Rose (1952), because of 
the choice of the phase factor in the wave function; however, in our case, both 
Z’s give the same results since the interaction (4.1) (A=2) does not change the 
parity of the incident particle. 

So far, we have worked out the general case by using the channel spin coupling 
scheme. But for some special cases it may prove more convenient to use another 
coupling scheme. First, we consider the case when the distorting potential 
includes a spin-orbit interaction. In this case it is convenient to use the coupling 
scheme in which first the spin o of the nucleon and the orbital angular momentum / 
are coupled to make the total nucleon angular momentum j._ The wave function 
(2.1) should be written as 


i 
p M ] , 
Tig 7 [esi (7) $ sat re, Uy X) Pyajt + DE Wyayy (1) by air] 
Ge ) 


~ 
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and all the formulae must be changed. But the change is only replacement of the 
sufhx s by j and the matrix element is given by 


‘ F: DANN AS i. =k ll Re Re a i Ny sLS ee ee 
ob gues a 4) aes ia 1 (2742 Gy + DW GLY; oA) 
<WGGTs Dx OWV MOE aM. see (4.7) 
‘The S-matrix in this coupling scheme will be transformed into the channel spin 
coupling scheme by 


Syer.aa= 2h (SWI [ol G WI) Sar ch lOGLT [oT yo. (4.8) 


where transformation function is expressed by the Racah coefficient 
(ol(s)LJ | ol(j)IJ ) = [(2s + 1) (27+ 1)? Wg, oJ). oe... (59) 
Next we consider the case when the distorting potential is spin-independent. 
In this case we should first couple the spin / of the target nucleus and the orbital 
angular momentum / of the incident nucleon. By a similar procedure to that used 
in the first case, we can show that the correct result is obtained in this case by 
neglecting the spin of the incident nucleon throughout the calculation. 


$5. PERTURBATION APPROXIMATION 


We have chosen a few excited states which are connected to the ground state 
by the strong interaction and treated them without approximations. <A strong 
interaction means one which is not small compared with the effect of the distorting 
potential. [fall matrix elements W appearing in equation (3.8) are small compared 
with the discontinuity of the logarithmic derivatives g \,,) — g\’,then we can apply 
the perturbation approximation. In fact we encounter such a case when at a 
certain incident energy a group of partial waves, say even parity waves, are far from 
resonance. In this case the perturbation approximation should be used for 
calculations relating to even parity, because it makes the calculation less involved. 

We now separate the matrix H, appearing in equation (3.9) into two parts: 


fey | i a a i ier (20) 
(G) 00, wel = One Ses’ ow (25a =e ’) a (5. la) 
where W has been defined by (3.1). ‘Then we assume that the matrix elements of 


W are small compared with those of G. The matrix O can be expanded in terms 
of W, and if we stop at the linear term we get from equations (3.9) and (5.1) 


OG Wor G i AWG ees save (5.2) 
Since the matrix G is diagonal, the S-matrix can easily be calculated as 
(=) g(-) _ gl)" i 
Uo § al (0) 7 J, (0) 
Syst, be a = Boa! by Oss ie 2R, (RvR,)Ue UW Jey's/1/ W 81, 84 Js 
Un 8 yusl — Sul 0 eee 
agers (523) 
where 
= 2is ju? 
KO} (os ee Oa x 
U Jas) = wae (EN 9 OI OD (5.3a) 
Ssast — Sal 


First we consider the elastic scattering. The first term of the right-hand side of 
equation (5.3) gives the same result as the usual optical model, provided the 
distorting potential (3.15) is independent of the angular momentum. ‘The second 
term is the contribution from the surface interaction. ‘This term vanishes if the 
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spin of the target nucleus is 0 or 5, otherwise we can make it vanish by changing the 
distorting potential to take into account the effect of surface interaction, although 
the distorting potential then becomes dependent on angular momentum and energy. 
Therefore the same result will be obtained for the elastic scattering if we allow the 
optical potential to be angular momentum and energy dependent. For the 
inelastic scattering, (5.3) gives the same result as was given in our previous paper 
(Hayakawa and Yoshida 1955) and by Brink (1955), since u)_ is the wave amplitude 
which is distorted by the optical potential, evaluated at the nuclear surface. Now 
we see that the previous calculations by Hayakawa and Yoshida and by Brink 
can be used only when the direct interaction is not strong, provided the distorting 
potential is assumed to be the usual optical potential adjusted to give the correct 
results for elastic scattering. 

Although when G< W,, it is possible to expand Q in powers of G, we can hardly 
expect such a case to be realized because all the partial waves appearing in G must 
be at resonance simultaneously. 


§ 6. CONTRIBUTION OF THE COMPOUND NUCLEUS IN THE STATISTICAL MODEL 


In the previous section we have considered only the effect of the strong 
interaction, but the contribution from the particles which are absorbed in the 
weakly coupled channel is important at a medium incident energy. In this 
section the effect of the absorbed particles will be estimated on the basis of the 
statistical model. Since we used a complex potential as the distorting potential, 
the resulting S-matrix is not unitary. Therefore if we calculate the net flux 
which comes into the nuclear surface we may obtain the cross section for the 
formation of the compound states. 


2J +1 
(Cy He J 
= 73 » Fert en eee (6.1) 
P= 1 Dl Savas ie Oe gens eee (6.2) 


This expression is slightly different from the one in the usual statistical model 
because in the usual model all channels except the ground state are regarded as 
compound states. In our case the compound states are the channels other than 
the strongly coupled ones. 

‘The compound states decay into various excited states of the residual nucleus 
by emitting particles. [he branching ratio may be calculated from the cross 
sections of the reverse processes, the formation of the compound states by the 
reciprocity theorem. Here the effect of the interference between different 
channels is neglected according to the statistical assumption. The differential 
cross section was given by Wolfenstein (1951) and by Hauser and Feshbach (1952) : 


dort, 1 c hoe 
10) =P Et (pT eee) Caterer (6.3) 
(Ofc! este! Ty (tr yy ‘yy , 
BY (a's', as) = 4 > 7p GZ (WILI 3sL)ZUIVS 5s | gee ore (6.4) 
Wo ae Lyre 


The sums over «”s”/” should be carried out for all possible channels into which the 
compound state with spin J and certain parity can decay, that is to say the possible 
strongly coupled channels as well as the weakly coupled channels. When we 


calculate 7,7 for the weakly coupled state the usual optical potential may be used. 
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In this way we can calculate the contribution from the compound states not only 
for the strongly coupled channels but also for the weakly coupled ones. These 
cross sections should be added to the one from the direct interaction for the 
strongly coupled channel. 


§ 7. EVALUATION OF THE DISTORTING POTENTIAL 


In our calculation we assumed the complex square well potentials take into 
account the effects of the weakly coupled states, but the values of their parameters 
have not yet been estimated. Many elastic scattering data have been analysed by 
the complex square well potential and it has been shown that the agreement 
between theory and experiment is fairly good, at least below 10 Mev for light and 
medium nuclei. Nevertheless, it will be shown that we cannot use these optical 
potentials as the distorting potentials in our theory when the surface interaction 
is strong. 

From equation (3.7c) we can obtain the value of the logarithmic derivative for 
the elastic scattering just outside the nuclear surface in terms of O. This matrix O 
is a function of the assumed distorting potentials V,% and V,,,//, because of equa- 
tions (3.8) or (3.4) which contain g~. Therefore we get the logarithmic derivative 
as a function of the distorting potentials 


: pe (Visy V vst) = gs’ ar [Ova val ( V ap Vive) 


As the diagonal matrix element of O or f;,) determines the elastic cross section, we 
can obtain a complex square well potential V,°" (we call this effective potential) 
which gives the same elastic scattering when there is no surface interaction. If 
we use the notation f,°4 (V,“1) for the logarithmic derivative at the nuclear surface 
in the usual optical model, the following equation must be satisfied 
fast V ssa) =F at Vast Vere) = Sed + [Qua att Vast Varo I 

From the above equation we can get the effective potential, V3), when the 
distorting potentials V,,7; and V,,7 are given, and conversely the distorting 
potentials may be obtained if the effective potentials are given. 


It is easily seen that V, is very different from V,“, when the surface inter- 


action is strong, and that the V,/ is not independent of «, s, /and J evenif V 7"f) is 
assumed to be independent of them. The energy dependence of V,;; is different 


from that of V,{". 


§ 8. NUMERICAL EXAMPLES 

In this section our theory will be applied to the inelastic scattering of protons by 
24\Ig at 10Mev. ‘The reasons for choosing *4Mg as an example are the following. 
Firstly, measurements of the differential cross section are available both for the 
elastic and inelastic scattering. Also we have the necessary knowledge about 
spins, parities and energies of the excited states of the nuclei. Secondly, **Mg 1s 
supposed to be a strongly deformed nucleus. ‘Therefore we are dealing with 
strong coupling in this reaction, and the surface interaction becomes important. 

The level scheme of 24Mg is shown in figure 1. ‘The spin assignment is taken 
from papers by Endt and Kluyver (1954), by Newton (1954) and by Grant et al. 
(1955). The first and second excited levels are considered as rotational levels, 
because they have spins and parities 2* and 4*, and the ratio of the excitation 
energy is 3-0 which is very close to that of the rotational spectra, 10/3. In fact, 
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24g is one of the nuclei whose first excitation energy satisfies the criterion for the 
rotational state by Bohr and Mottelson (1955). As the strongly coupled states 
we ought to take the excited states up to the second in this nucleus. But for 
simplicity we shall take only the ground state and the first excited state in the 
actual calculation. ‘The neglect of the second excited state may not be justified, 
but at any rate it is not connected directly to the ground state and its effect will be 
taken into account as a weakly coupled state. 


63 
Toles crercels + 
508, a 3 
4-23 jee 
4122 4t 
1-368 +——— 2° 


Figure 1. Energy scheme for *4Mg. 


The figures on the left of the energy levels show the excitation energies in Mev measured 
from the ground state of 24Mg with a zero energy proton. The figures on the right 
of the levels show spins and parities of the excited state of **Mg. The data are 
taken from Endt et al. (1954) except the 5:23 mev level of #4Mg which is taken from 


Newton (1954) and Grant et al. (1955) and used as the fourth excited state of #*Mg 
in our calculation, 


‘lo make a numerical calculation it is necessary to fix the values of parameters. 
The ratio of the difference between major and minor axes of the nuclear core to the 
average nuclear radius « is determined from the quadrupole moment of the 
neighbouring nuclei. ‘he data of the quadrupole moment of ?°Na and Al are 
taken from the papers by Sagalyn (1954) and Klinkenberg (1952); «=0-33 + 0-20 
for Na and 0-20 + 0-04 for ?“Al. From them we choose the value 


e=(3 Boric) tens.) 
for *Mg. If we calculate « from the moment of inertia for the rotational motion 
on the basis of the irrotational liquid drop model, we get «=0-74. But the ¢ 
calculated from the moment of inertia is always about twice as large as that calcu- 
lated from the quadrupole moment and the lifetime of the quadrupole y-transition 
for heavy nuclei, because of the deviation from irrotational flow of the nuclear 
matter (cf. Ford 1954, Sunyar 1945 and Bohr and Mottelson 1955). Provided 
that this is true also for ™*Mg we obtaine=0-37. There is another way to determine 
c; this is by the lifetime of the y-transition from the first excited state to the ground 
state. ‘I'his lifetime was measured by Coleman (1955) and gives the value 
«= ()-08 + 0-04, which is quite small compared with the other two data. We shall 
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use the value (8.1) in our calculation because the cross section based on the smaller 
value 0-08 seems to be similar to the result calculated by the perturbation approxi- 
mation. 

Next we must evaluate the distorting potential. If we know all the diagonal 
elements of the S-matrix for the strongly coupled channel, the distorting potential 
for each channel may be uniquely determined. However, as it is impossible to 
obtain from experiments the diagonal element of the S-matrix, we are forced to 
make some assumptions about the angular momentum dependence of the potential 
to obtain the distorting potential from the experiments on elastic scattering. For 
simplicity we consider the following two cases : the distorting potential is the 
usual complex square well independent of the angular momentum; or alternatively 
the effective potential for the elastic scattering is independent of angular momentum. 
‘The former assumption seems to be less unreasonable than the latter because the 
distorting potential is a sum of contributions from many weakly coupled states 
and seems to be less angular momentum dependent than the effective elastic 
potential. On the other hand the effective potential for the elastic scattering is 
composed of contributions from the weakly coupled as well as strongly coupled 
states and seems to be rather angular momentum dependent. Nevertheless, 
to avoid laborious numerical calculations, we shall make the assumption that the 
distorting potential is dependent only on the total angular momentum./, while the 
effective potential is the usual complex square well potential independent of the 
angular momentum. ‘Then we can neglect the spin of the incident nucleus 
throughout the numerical calculation as discussed in § 4. 

The angular distribution of the elastically scattered proton at 9-8 Mev 1s calcu- 
lated by using the following two effective potentials. 


ye" = (35 + 57) Mev Res Vas 10r eae cm (8.2a) 
ve" — (30+ 57) Mev Rae 10 cm 0 ec ce (8.25) 


The results are shown in figure 2, together with the experimental result by Fisher 
(1955), and Greenlees and Souch (1956). From these curves it is difficult to 
decide which potential is better. The difference of the two potentials is that the 
former gives a p-wave resonance while the latter an f-wave resonance. Since the 
experimental angular distribution for the inelastic scattering for the first excited 
state has a large component of fourth order spherical harmonic (see figure 3), it 
seems likely that the latter potential is better than the former for the inelastic 
scattering. ‘The even parity waves are far from the resonance for both potentials, 
so the perturbation approximation may be used for them. If we estimate the 
distorting potential by the method of §7, we get the results shown in table 1. ‘The 
imaginary part of the distorting potential is smaller than that of the effective 
potential. This is reasonable since the effective potential must include the effect 
of the absorption into the first excited state. 


Table 1. The Parameters for the Distorting Potentials for *4Mg(p,p’)*Mg 
at 9-8 Mev 


Effective potential for elastic 35+51 30+-52 
scattering (MeV) 
f ‘ { eal 37°80 -- 2-022 33:09 + 2-002 
Distorting potential 
L pfs 


(tev) 35-42-+3-09: 27:53-+3:36i 
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© Greenlees and Souch (1956) 9-62 Mev 
x Fisher (1954) 9-94 Mev 


Differential Cross Section (mbn sterad™') 


| 2 See a 
0 20 60 90 120 150 180 
Scattering Angle (c.m system) (deg) 


Figure 2. The elastic scattering of protons by **Mg. 


The curve a is the theoretical result for the optical potential V=(35-+-5z) Mev and the 
curve 6 for V=(30+-57) Mev both without the surface interaction (for 9°8 Mev 
protons). The curve c is also the theoretical result for the effective elastic scattering 
potential Veff=(30+ 52) Mev. The contribution from the compound nucleus is 
included and the 5:23 Mev level is assumed to be 3~. 


A Eee 


Thenretical Cross Section (mbn sterad~') 
Experimental Cross Section (mbn sterad”) 
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Figure 3. The inelastic scattering of protons by 74M¢g for the first excited state. 

The curve a is the theoretical result by the perturbation approximation assuming the 
distorting potential / =(30 4-57) Mev and the curves 6 and ¢ are results assuming the 
effective elastic potential (Vef—=(35 57) Mev and Veff==(30-+ 57) Mev respectively). 
These theoretical curves are calculated for the 9:8 Mev proton energy. 


‘The differential cross section for the inelastic scattering which leaves the 
residual nucleus in the first excited state is shown in figure 3. Although the 
contributions from the weakly coupled channels, which are supposed to have an 
almost isotropic distribution, must be added to the cross section in figure 3, it is 


clear that the potential (8.26) gives a much better agreement with experiment 
than the potential (8.2a) as we expected. 
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The contribution from the weakly coupled channels is calculated on the basis 
of the statistical theory by the method of §6. As shown in figure 1, the threshold 
energy of the (p, n) reaction is very high, so it is enough to consider only proton 
emission from the compound states. We shall take into account excited states 
up to the fourth in our calculation. 

The optical potentials used for the higher excited states are given in table 2. 
‘They are chosen on the following basis. It 1s assumed that the imaginary part 
of the optical potential for the excited state is the same as that for the ground state 
bombarded by a proton whose energy is smaller than the original energy by the 
excitation energy of the excited state. The imaginary part for the ground state 
is fixed by interpolating between the potentials used in this work for 10 Mev protons 
and by Feshbach e¢ al. for 1 Mev neutrons. ‘The energy variation of the real part 


Table 2. Optical Potentials for the Higher Excited States of *4*Mg(p, p’)*Mg 


at 9-8 Mev 
Excited states 2nd and 3rd 4th 
V’ (Mev) 30+ 37 30+-2°57 


owing to the small effective mass of the nucleon (Brueckner and Levinson 1955) 
should be considered, but we neglect it because the difference is small for energies 
below 10mMeyv. For the ground and first excited states we use the S-matrix 
calculated before by assuming the effective potential (8.25) for the elastic scattering. 
The calculation has been done assuming the parity of the fourth excited state as 
even or odd. However, the result for the elastic scattering is shown in figure 2 
only for odd parity. The other choice of parity gives almost the same cross 
section for the elastic scattering. In figure 4 the resultant cross section for the 
first excited state is shown with the surface and compound state contributions 
included. We see from this figure that the contribution of the compound states 
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ao 8-86 Mev 
o 9-62 MeV 5 
x 9-94 MeV Fisher (1955) 


80F Greenlees and Souch] 
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Figure 4. The inelastic scattering of protons by **Mg for the first excited state. 
The curves a and a’ are the theoreiical cross sections which include both the surface and 
compound contribution, while b and 6’ are the contribution from the compound 
state only. The fourth excited state is assumed 3~ for a and 6, on the other hand 
3+ for a’ and b’. All theoretical curves are calculated assuming that the incident 
proton energy 9°8 Mev and the effective elastic scattering potential /ef—(30+ 57) Mey. 
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is twice as large as that of the surface interaction, but the angular dependence is 
mainly due to the surface contribution. Figure 5 shows the results for the doublet 
of the second and third excited states and for the fourth excited state. 


7 T a= Cal eas 1 es 
| 
e Doublet state 
| o 4 excited state 
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Figure 5. The inelastic scattering of protons by *!Mg for the higher excited levels. 
The curves a anda’ are the theoretical results for the doublet of the second and third excited 
states while 5 and 0’ are for the fourth excited states. The parameters used are the 
same as those in figure 4. The fourth excited state is assumed to be odd parity for 
a and b and even parity for a’ and 6’. The experimental values are by Greenlees 
and Souch (1956) (9:62 Mev protons). 


There exist also measurements by Greenlees and Souch (1956) for the inelastic 
scattering at 8-86 Mev for the first excited state; these are shown in figure 4. It is 
surprising that the component of the first-order spherical harmonic in the angular 
distribution increases very much with a change of less than 1 Mev in the incident 
energy. This difference seems to be difficult to explain without taking into account 
the effect of a resonance level. The contribution from the weakly coupled states 
which is the main contribution to the 9-8 Mev cross section has no component of odd 
spherical harmonics at all because of the statistical assumption. The surface 
interaction also will not give a large difference by changing the incident energy by 
only 1 Mev because the contribution is small itself. Furthermore, the change of 
1 Mev in the incident energy is not enough to give rise to an appreciable interference 
of the even and odd parity waves. 

We also performed the calculations by using the perturbation approximation 
for all partial waves; the resuit is shown in figure 3 assuming the distorting 
potential (8.26). ‘This angular distribution has a fairly large component of the 
fourth order spherical harmonic, but its sign is wrong. It shows that the effect 
of the higher order terms in the perturbation theory is very important. In fact, 
the orders of magnitude of W and G in equation (5.2) are the same for odd parity 
states. 

The perturbation calculation has also been applied to the reactions *C (p, p’)?C 
and ?°Ne (p, p’)2°Ne for 9 Mev protons and for the first excited state. In both cases 
the optical potential (35 + 57) Mev gives a good fit for the elastic scattering, therefore 
we used it for the distorting potential. ‘The result for C is shown in figure 6 
together with the experimental result by Burcham et al. (1954). ‘The agreement 
between the calculation and the experiment is not good; the signs of the coefficients 
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ot the fourth order spherical harmonics are opposite. We therefore introduce the 
spin-orbit interaction V,, = aS (r — Ry)(6.1),a=3 x 10-8 Mevem. The valueofa 
was chosen to give the correct energy separation between the ds. and d;/. states of 
“OQ. The result with the spin-orbit interaction included in the calculation is 
shown in figure 6. Both theoretical curves in the figure are normalized to give the 
same total cross section as the experiment. 
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Figure 6. ‘The inelastic scattering of protons by !C for the first excited state 
(9 Mev protons.) 

The curve a is the theoretical result by the perturbation approximation using the distorting 
potential I’ —(35~— 52) Mev, while the curve 6 is the result assuming the distorting 
potential which includes the spin-orbit interaction. All cross sections are normalized 
to give the same total cross section. 


For ?°Ne the perturbation approximation gives poor agreement with expeti- 
ment (Freemantle et al. 1954) as shown in figure 7. If we calculate without using 
the perturbation approximation, it might be possible to get a better result, but 
we have not tried doing this because the intrinsic quadrupole moment, or e, is 
difficult to determine. The plane wave approximation, in which the distorting 
potential is not used, gives a good agreement as shown in figure 7. ‘This is curious, 
but it may be accidental, because the plane wave approximation always gives a 
similar angular distribution provided that the excitation energy is not very large 
compared with the incident energy for various nuclei near ?°Ne. 

Although the agreement between theory and experiment is not excellent, it is 
not altogether unsatisfactory when we consider the many simplifications which were 
made during our calculation. ‘The potential was assumed as a square well; 
however, we may improve our calculation by using the smoothed square well 
potential (Saxon ef al. 1955) which is known to give a better result for the elastic 
scattering. If we use the smoothed square: well potential, it seems reasonable 
to replace the 5-function type surface interaction by some smoother surface 
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interaction. If the second excited state is taken into account as a strongly coupled 
state instead of weakly coupled state, it might also improve agreement between the 
theory and experiment, especially for the doublet state of the second and third 
excited states. 


| Freemantle e¢ aZ. (1954) 
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Figure 7. The inelastic scattering of protons by 20Ne for the first excited state 
(9 Mev protons). 
The curve a is the theoretical result in the plane wave approximation while the curve } 


is the result by the perturbation approximation, in which the distorting potential 
assumed V=(35-+ 52) Mev without the spin-orbit interaction. All cross sections 
are normalized to give the same total cross section. 


§ 9, CONCLUSIONS 


The main conclusions may be summarized as follows. The surface inter- 
action which is considered in this work plays a very important role in the angular 
distribution of the inelastic scattering of nucleons even if the bulk of the contri- 
bution comes from the compound state, provided the surface coupling is strong. 
The angular distribution is very sensitive to the choice of the distorting potential 
and the particular approximation adopted. When the surface interaction is 
strong, the distorting potential should not be taken to be the same as the optical 
potential, which gives the best fit for the elastic scattering, but should be deter- 
mined so as to give the best fit to the elastic scattering data by solving a coupled 
equation. For such a strong surface interaction the perturbation approximation 
is very poor. ‘The contribution from the compound states seems to be important 
irrespective of their widths. If the widths are large enough compared with the 
level spacing, or if we take an average of the cross section over energy, the statistical 
theory gives a large cross section in the intermediate energy region although the 
angular dependence is weak. If, on the other hand, the widths are small, the 
effect of individual resonance levels seems to be important. 

We have investigated a simple example of the direct interaction which can be 
solved easily, but the above conclusions and the method of calculation are con- 
sidered to be just as applicable to the general interaction. As it is difficult to solve 
the equation in the general case, we shall be obliged to use further approximations. 
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Abstract. Absolute differential cross sections are given for the elastic and in- 
elastic scattering of 9-62 Mev protons by Mg for an angular range of 25°-145° 
(laboratory coordinates). For scattering by the 1-37 Mev level of *4Mg, the 
angular distribution is also given for an incident energy of 8-86Mev. A marked 
difference in angular distribution at the two energies is noted. 


§ 1. INTRODUCTION 


HE scattering of protons by Mg at incident energies in the region 
9-510 mev has been studied by Baker ef al. (1952) and by Fischer (1954) 
using, respectively, 9-6 Mev and 9-94 Mev protons. ‘The two sets of results 
for elastic scattering show good agreement in their general form as regards angular 
distribution and absolute cross section. The angular distributions for inelastic 
scattering by the 1-37 Mev level of 24Mg show a marked difference, though neither 
distribution is symmetric about 90°. Fischer suggests that the asymmetry is 
due to the presence of a direct collision effect between the ingoing proton and a 
surface nucleon. é 
it was decided to investigate these reactions further to confirm the asymmetry 
of the inelastic angular distribution and to decide whether the differences between 
the two sets of results were due to the different incident energy, or to an error 
in one set of measurements, 


§ 2, APPARATUS 


The Nufheld 60 inch cyclotron was used to provide a beam of approximately 
20 Mev H,tions. Such ions split into two protons of 10 Mev on striking a target. 
The extracted beam was focused in a horizontal plane, by means of a subsidiary 
magnet, into a scattering chamber located in a radiation screened room. A beam 
intensity of 1-5-2 acm ? was available. 

The scattering chamber was a modified version of that described by Westcott 
et al. (1954). In this chamber the detector is 7m vacuo and can be set at any angle 
between + 145° to the line of the incident beam. ‘lhe beam was measured by 
collection in a Faraday cup and, because of interference in the beam collection 
by the detector, the effective minimum forward angle was 25°. 

The detector was a triple proportional counter with common cathode and 
total depth about l1lmgcm™ Al. A gas gain of about 50 was used. ‘The pulses 
from the three counters were separately amplified and passed through three two- 
level discriminators and thence to a coincidence circuit. By suitable choice of 
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level settings of the three discriminators it could be arranged that only protons at 
the end of their range gave a coincidence output. Varying thicknesses of Al 
absorber could be placed in front of the counter in steps of about 1-5 mg cm and 
hence a differential range spectrum obtained at any angle. 

The defining telescope was 20 cm long with slits 6mm x 2mm, the 6mm side 
being perpendicular to the scattering plane. ‘The angular definition was +1°. 
Provision was made for introducing Al foils in front of the defining telescope in 
order to obtain reduced energy beams of the same angular definition. The con- 
sequent reduction of beam intensity limited the amount of absorber which could 
be used and hence the range of energies avaiable. 


§ 3. PROCEDURE 


With the bias levels adjusted to record only protons entering the counter at 
the end of their range, counts were taken for a given integrated beam at various 
absorber settings. In this way differential range spectra were obtained at a 
number of angles and the groups observed assigned to known energy levels. It 
can easily be shown that the optimum resolution is obtained in such a system 
when the normal to the scattering foil bisects the angle of scattering. In the 
present arrangement the foil angle could be adjusted independently of the counter 
setting. To determine the angular distributions it was considered desirable not 
to reset the foil for optimum resolution at each angle since this might introduce 
errors due to uncertainty in the effective thickness. he foil was therefore 
left at a fixed setting and a particular group counted at a number of angles. 
Because of loss of resolution there is a limit to the range of angles which can be 
used at any one foil setting. The angular distribution was therefore measured in 
four parts with an overlap between successive angular ranges. ‘I'he ranges used 
were: 25°-60° with foil. setting 20°, 45°-90° (foil 35°), 75°-120° (foil 50°) and 
105°-145° (foil 70°). 

The differential cross section for any observed peak will be proportional to 
the area of that peak. A plot of peak area mg 'cm ® of scattering foil against angle 
was found to give consistent results with good fitting between the sections of the 
curve in the region of overlap of angles. ‘The constant of proportionality 
needed to convert these relative cross sections into absolute values is uncertain 
because of difficulties in estimating the fraction of particles detected by the 
system for any given setting. Absolute values were therefore obtained by 
measuring the elastic scattering from gold at forward angles and assuming that 
this obeyed a Rutherford law. The gold scattering showed a Rutherford angular 
dependence in the range 25°-45° and it was felt that this assumption was reason- 
able at the energies used (~10 Mey). 


§ 4. EXPERIMENTAL RESULTS 


The target used in these experiments was a piece of pure Mg foil weighing 
3-25mgem. A typical range spectrum is shown in figure 1. ‘This curve was 
taken at 60° with an incident energy of 9-83 Mev. Several well resolved groups 
are apparent. The table gives average O values, found from a number of 
such curves, together with their probable assignment to isotopes. Angular 
distribution measurements were made for‘the four groups Q = 0 (elastic), 


Q = —1:37Mev, Q = —4-22Mev and Q= —5-24Mmev (inelastic *4Mg) at full 
47-2 
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energy which corresponded to an energy of 9-62 Mev at the foil centre. In the 
case of the 24Mg inelastic group 0 = — 1:37 Mev, the angular distribution was 
also measured at a reduced incident energy (8-86 Mev at foil centre). 
Mg(pp’) Mg Q values using 9-62 Mev protons, together with probable isotopic 
assignment and comparison with other data (Endt and Kluyver 1954, Grant ef al. 
1955). 


—Q(mev)+0-05 Mev 0:55 0:98 1:37 4:22 4°77 5:24 6:00 6:42 6-9 
present data) : , 
Isotopic assignment Mg Mg Mg *4Mg *°Mg or °Mg 4Mig %Mgor2@Mg Mg Ms : 


4:122 4-62;4-86 


Other data (Mev) 0:58 0:98 1:368 4.93 4-84 -4-92 5-26 5-94 56°15 6:40 6:9 | 
U= -137 Mev 
400- 
Q= -4:22 Mev wth 
@=0 
300F 
x!o 
¢ 
3 200 - + 
100 
{ 
0 ae 1 L 1 se) ft J 
50 90 100 130 150 


Range (mg cm Al) 
Figure 1. Differential range spectrum for the scattering of 9°83 Mev protons by Mg at 60°. 


The angular distribution for elastic scattering is given in figure 2, that for 
O = —1:37Mev inelastic scattering at two energies in figure 3, and that for 
OQ = —4:22mev and Q = —5-24mev inelastic scattering in figure 4. The 
relative values for the cross sections are thought to be accurate to 3%, but the 
absolute values may be in error by 10%. ‘The angular distribution obtained by 
Fischer (1954) is also plotted in figure 3. 

The angular distribution for the O = — 1-37 Mev inelastic group, obtained 
in the present experiment (9:62 Mev) is very similar in shape to that obtained by 
Fischer (9-94Mev) though the present cross sections are about twice those of 
Fischer. Since the cross section increases considerably at forward angles, in 
the present experiments, with a reduction of incident energy to 8-86 Mev, this 
difference between the 9-62 Mev and 9:94mev results might be real and not 
instrumental. However, the 8-86 Mev and 9-62 Mev cross sections at large angles 
are approximately equal but twice those of Fischer (9-94 Mev); this is suggestive 
of some systematic difference in absolute values.t+ 


+ Note added in proof. ‘This experiment has recently been repeated, and the results 
obtained show that the differential cross sections given by curves 2 and 3 in figure 3 are 
too high by a factor or two. 
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§ 5. Discussion 

From these results an estimate of the total proton inelastic scattering cross 
section for *4Mg at 9-62 Mev can be made. The value obtained is 782 + 100 mbn. 

The results for elastic scattering (figure 2) show a characteristic form and this 
type of angular distribution is well represented on the basis of scattering by a 
complex potential (cf. Burge et al. 1956). 

The most noticeable feature of all the inelastic scattering results for 
O = — 1-37 Mey (figure 3) is the asymmetry about 90° of the angular distribution. 
The marked forward peaking and increase of cross section of the angular distri- 
bution at the reduced energy (8-86 Mev) is suggestive of some type of resonance 
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Figure 2. Angular distribution for the elastic 
scattering of 9-63 Mev protons by Mg. 
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scattering (Q=—1-:37 Mev) of protons by 
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igure 4. Angular distributions for the inelastic 
scattering of 9:63 Mev protons by **Mg. Curve 1, 
O= —5-24 mev; curve 2, Q=—4:22 Mev. 


effect. It is difficult to see how this can be explained on the basis of a compound 
nucleus with an excitation energy of 12 Mev as in the present case. ‘T'wo alter- 
native suggestions have been made. Fischer (1954) suggested the presence of a 
direct collision effect between the ingoing proton and a surface nucleon (Austern 
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et al. 1953). Such an interaction produces forward peaks in the angular distri- 
bution. Hayakawa and Yoshida (1955) and Yoshida (1956) have discussed the 
problem on the basis of scattering by a complex potential combined with an 
effect due to the surface oscillations expected on the basis of the collective model. 
This treatment predicts an asymmetry about 90° but not of sufficient magnitude 
to fit the present data. 


ACKNOWLEDGMENTS 


The authors wish to thank Messrs M. Petravic and B. C. Haywood for assis- 
tance in recording the results. They are also grateful to Dr. Yoshida for many 
helpful discussions. 


REFERENCES 


AusTERN, N., BuTLER, S. T., and McManvus, H., 1953, Phys. Rev., 92, 350. 

Baker, C. J., Dopp, J. N., and Simmons, D. H., 1952, Phys. Rev., 85, 1051. 

Burce, E. J., Fuymmoro, Y., and Hossain, A., 1956, Phil. Mag., 1, 19. 

Enot, P. M., and Kiuyver, }. C., 1954, Rev. Mod. Phys., 26, 95. 

Fiscuer, G. E., 1954, Phys. Rev., 96, 704. 

Grant, P. J., RUTHERGLEN, J. G., Fiack, F. C., and Hutcuinson, G. W., 1955, Proc. Phys. 
Soc. A, 68, 369. 

Hayakawa, S., and Yosurpa, S., 1955, Proc. Phys. Soc. A, 68, 656, and Prog. Theor. Phys., 
Japan, 14, 1. 

Westcott, C. H., ALLwoop, H. T. S., Dopp, J. N., Suvmons, D. H., and Baker, C. J., 
1954, F. Sct. Instrum., 31, 371. 

Yosupa, S., 1956, Proc. Phys. Soc. A, 69, 668. 


691 


A Study of Positive Pion Production in p—p Collisions at 383 Mev 


By MARGARET H. ALSTON, A. V. CREWE?+, W. H. EVANS 
AND G. voN GIERKE ft 


Nuclear Physics Research Laboratory, University of Liverpool 


Communicated by H. W. B. Skinner ; MS. received 2nd February 1956, and in 
final form 8th May 1956 


Abstract. An 18in. diffusion cloud chamber filled with 28 atmospheres of 
hydrogen and in a magnetic field of 11200 gauss is used to investigate the 
production of 7*-mesons in p—p collisions at 383 Mev. ‘The energy resolution is 
of the order of 2Mev and the spectrum obtained can be divided into mesons 
from the ‘bound’ and ‘unbound’ reactions. The angular distributions found are 
3 (bound) (0-19 + 0-06) + cos? @’ and a 
The branching ratio o (unbound)/o (total) =(47 + 8)%. The shape of the un- 
bound spectrum is not in agreement with that predicted by the phenomenological 
theory but this spectrum and also the high experimental branching ratio can be 
explained by the inclusion of a term o4)"(Pp)=1-27max* in the theory. 


unbound) o<(0-21 + 0-07) + cos? 6’. 


§ 1. INTRODUCTION 


phenomenological theory proposed by Brueckner and Watson and later 

extended (Brueckner and Watson 1951, 1953, Brueckner 1952, Watson 

1952) has been used with great success to explain meson production 
processes in nucleon-nucleon collisions. The subject has recently been exten- 
sively reviewed by Rosenfeld (1954 a) and Gell-Mann and Watson (1954). ‘They 
show that by using semi-empirical expressions for the cross sections the behaviour 
of the reactions can be predicted in most cases, but one obvious discrepancy 
remains. This occurs in the relation between the cross sections of the deuteron 
forming reaction p + p> 7* +d (1), the ‘bound’ reaction, and the corresponding 
reaction producing an unbound neutron and proton p+p—->7*+n+p (2). 
The value of the ratio « (unbound)/c (total) is found by experiment (Cartwright 
et al. 1953, Peterson et al. 1951, Rosenfeld 1954b, de Carvalho et al. 1954) to be 
much larger than that predicted by the theory. 

The total meson spectrum of reactions (1) and (2) consists of a line spectrum, 
due to the bound reaction (1), which lies just above the high energy cut-off of a 
continuum due to the unbound reaction (2). The separation of these spectra in 
the centre-of-mass system is about 2mMev; the binding energy of the deuteron 
corrected for relativistic effects. ‘The energy resolution in most experiments is 
poor, making the division of the spectra unreliable and a detailed study of the 
unbound reaction impossible. Further errors are often introduced by neglecting 
low energy mesons and also, since measurements are usually only made at a 
few fixed angles in the laboratory system, the conversion of the spectrum to the 
centre-of-mass system is inaccurate. 


+ Now at the Institute for Nuclear Studies, University of Chicago. 
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The present experiment is a study of the reactions 

(1) p+po7t+d Bound reaction 

(2) ptpoa7t+n+p Unbound reaction. 
The high intensity external proton beam from the synchrocyclotron is well 
collimated and observations are made on the production angle and momentum 
of the pions using a hydrogen-filled diffusion cloud chamber in conjunction with 
a pulsed magnetic field. ‘This method has the advantage that all production 
angles and meson energies can be observed accurately in one experiment and the 
accuracy of the momentum measurement is closer than 2%. ‘The ‘bound’ and 
‘unbound’ spectra can be separated, and a detailed study of the unbound spectrum 
and angular distribution can be made. ‘The results show that there is a definite 
discrepancy between the experimental and predicted values of both the ratio 
o (unbound) / o (total) and the unbound spectrum. However, this discrepancy 
can be explained by an extension of the theory. 


§ 2, APPARATUS AND TECHNIQUE 


2.1. The Diffusion Cloud Chamber 


Figure 1 (a) is a schematic diagram of the 18in. diameter diffusion cloud 
chamber. The bottom section is of non-magnetic stainless steel with total height 
7in. ‘The lower part of the walls are 5/16in. thick and the base lin. thick. ‘The 
two illumination windows are of lin. thick Perspex and are placed on the ends of 
short extension ports which are rectangular in shape, 10in. wide and 4in. high. 
The incident particles enter the chamber through a rectangular beam entry port 
placed midway between the illumination ports and with its centre 13 in. above 
the base. 

The top section of the chamber embodies the vapour tray which contains 
about 200cm* of liquid. It is made of cast phosphor bronze and is electrically 
insulated from the rest of the chamber for the application of a clearing field. 
Above the tray is a 15in. diameter armour plate glass 1}1in. thick. It is clamped 
in position by a cast phosphor bronze ring, which leaves an aperture of 13 in. 
diameter. With pressure in the chamber the glass is pushed against the top ring 
and the seal is of the Bridgman type. All the seals are made with rubber gaskets. 
The chamber can withstand 600 1b in. and is used with hydrogen gas fillings of 
between 300 and 4501bin.~?. 

A good photographic background is obtained by having ‘ nigrosine’, a black 
dye, dissolved in the pool of alcohol at the bottom of the chamber and by covering 
the walls with black velvet to prevent reflection. A 70mm stereoscopic camera 
is placed 20in. above the top glass window on a light-tight mounting. ‘Two 
Mullard LSD 17 quartz flash tubes are mounted in light-tight boxes at the ends 
of the illumination ports, and illumination of the tracks is provided by discharging 
400uF at 2000 volts through each tube. 

The base of the chamber is cooled to — 60°c by passing cold acetone through 
copper pipes soft-soldered to the base (Alston, Crewe and Evans 1954). Heat is 
applied to the top part of the chamber by a heating tape wrapped round the top 
ring and heating wires passing through a tube soldered to the side walls just 
above the ports. ‘The wire is in four sections because less heat is required above 
the side ports than between them since the thermal paths are different and a uni- 
form temperature around the wall must be maintained at any height above the 
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(a) 


Temperature (°c) 


0 2° (e 


ence 8 10 12 
Height (inches) 
Figure 1. (a) Schematic drawing of the 18 in. diffusion cloud chamber : A, armour-plate 
glass window ; B, insulated alcohol tray ; C, rectangular Perspex window ; 


D, beam entry port; E, heaters. 

(6) Operational temperature distributions : 1, hydrogen at 20-28 atmospheres ; 
the gradient in the sensitive region is 5 deg cm~! ; 2, air at 1 atmosphere ; the 
gradient in the sensitive region is 7-5 deg cm?. 

base. The top glass is kept just above room temperature by a stream of hot air. 
The best operational temperature distributions, as measured on the outside of the 
chamber wall, for operation with 1 atmosphere of air or 20-28 atmospheres of 
hydrogen, exposed to cosmic-ray background, are shown in figure 1(b). With 
these temperatures a sensitive depth of 2} in.-3in. is maintained. It can be seen 
that the temperature gradient for hydrogen is only 5degcm™', a much lower 
value than that quoted by other authors (Fowler et al. 1953, Sargent et Gi 0950). 
For the experiment the chamber was filled with 28 atmospheres of hydrogen and 
the temperature gradient was increased to 5-5 degcm™ to cope with the larger 
ionization level. 


2.2 Magnetic Field and Timing Sequence 


A uniform magnetic field was produced in the sensitive region of the chamber 
by passing a large pulsed current through a pair of air-cored water-cooled coils 
mounted as a Helmholtz pair with their axes vertical. The exciting current of 
the generator was controlled by a metadyne and the output was extremely stable. 
For calibration a low steady field was compared with a known field to obtain the 
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coil constant of the field coils. The field profile on the median plane (figure 2(a)) 
and the field variations in the chamber were also measured. The field variations 
in the sensitive region were less than 3%. ‘The absolute value of the pulsed mag- 
netic field at any time during the pulse was then found by a current measurement. 
‘The measurement of the pulsed field was accurate to 15% and the pulse shape is 
shown in figure 2(b). The value of the field from one pulse to another was found 
to be constant on the latter part of the curve, but to be slightly variable at the 
beginning. 
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| Ip Sec --———+, 330-4 
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Figure 2. (a) Magnetic field plot on the median plane of the field coils. (6) Magnetic 
field pulse shape and timing sequence. 1, Clearing field off 5 seconds before the 
beginning of the main sequence ; 2, start of sequence ; 3, magnetic field on ; 
4, pulse to synchrocyclotron indicating that particles are required ; 5, magnetic field 
measured ; 6, magnetic field off ; 7, lights flash ; 8, clearing field on ; 9, film 
wound on, 

Since several consecutive pulses of particles were accepted from the synchro- 
cyclotron for one cloud chamber picture, the particles were admitted to the 
chamber about 1} seconds after the magnetic field pulse began, so that the field 
was as constant as possible for about 100 msec and was also the same from one 
pulse to another. ‘The timing of the control sequence was not required to great 
accuracy and so a mechanical control system was used because of its simplicity 
and reliability. ‘lhe timing sequence is shown in figure 2 (6). ‘The value of the 
magnetic field when the particles entered the chamber was 11 200 + 200 gauss, 


2.3. Experimental Arrangement 


A very high intensity proton beam of flux 4 x 101° protons cm? sec + is produced 
by the Liverpool 156in. synchrocyclotron (Crewe and Gregory i955). ‘lhe 
absolute value of the energy of this beam has been measured as 383 +3 Mev by a 
range method and the beam energy spread is negligible. ‘lhe synchrocyclotron 
produces beam pulses as 10 msec intervals and a selected number of consecutive 
pulses can be obtained from the machine when the cloud chamber magnetic field 
has reached a steady value. For the experiment very good collimation of the 
proton beam was required to prevent background from obscuring the tracks 
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coming from the main beam. Collimation was made more difficult by the large 
fringing field of the cloud chamber magnet (figure 2 (a)) which bent the proton 
beam considerably. 

The beam entry window of the chamber was made of 0-006 in. thick Dural and 
was $in. in diameter. It was placed on the end of an extension tube 10in. long, 
so that any unwanted low energy particles produced in the window were bent 
away from the main beam by the magnetic field and did not enter the sensitive 
region of the chamber. 

A diagram of the experimental arrangement is shown in figure 3. A pre- 
liminary collimator with an aperture 6in. long by }in. diameter was placed just 
outside the cyclotron tank at the object point of the proton bending magnet, giving 
a beam profile in. high by 1}in. wide at the focus of the magnet. The main 
collimator was placed at this focal point, about 5 feet in front of the chamber. It 
would have been desirable to place the collimator closer to the beam entry window 
to reduce multiple scattering in the air, but this was not possible because the 
collimator must be placed outside the fringing field of the cloud chamber coils. 
The collimator consisted of a brass tube with an accurately machined centre hole 
and copper plugs with various sized centre holes which fitted into the tube. Each 
plug was 2! in. long, the half range of the protons in copper. ‘The beam direction 
was determined by exposing x-ray film at two points in its path and the collimator 
was then set up optically with its axis in line with the centres of the beam profiles. 
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Figure 3. Experimental arrangement. 


The chamber was then placed behind the collimator so that the beam passed 
symmetrically through it when no magnetic field was applied. ‘The best com- 
bination of collimator plugs and the final position of the collimator was found by 
making visual observations of the proton beam as it passed through the chamber. 
The final arrangement was: 5 in. x § in. dia. +2} in. x Lin. dia. + 24 in. x } in. dia. 
421in.x4in. dia. +24in. x jgin. dia. (figure 3.) The actual collimation was 
produced by the first 5in. x gin. dia, hole and the other apertures removed slit 
scattered protons as much as possible. In order to find the trajectory of the 
beam when the pulsed magnetic field was applied to the chamber an x-ray film 
was exposed at the approximate position of the beam entry window. ‘To obtain 
a sufficiently dense image about 100 beam’ pulses were required. ‘The cloud 
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chamber was then moved so that the beam entered the chamber through the 
beam entry window and passed through the extension tube, when the magnetic 
field was at its correct value. Final adjustments were made by observing the 
collimated beam in the chamber. Protons scattered by the main collimator 
produced a low energy ‘fan’ in the chamber. These were removed by 
placing a wall of lead blocks in front of the chamber, the position of the 
aperture in the wall being found by trial and error. ‘The intensity of the low 
energy ‘fan’of protons provided a sensitive method of judging the efficiency of 
the collimation and the intensity of the main beam could be estimated from 
the number of p—p elastic collisions observed in the chamber. 

The beam profile obtained at the beam entry window of the chamber is shown 
in figure 4 (Plate). The beam appeared in the chamber as a very intense core 
about | in. wide surrounded by a ‘fan’ of scattered protons. A typical picture is 
shown in figure 5 (Plate). The beam intensity was reduced to give about 2 x 10* 
protons per picture. This yielded one acceptable meson (dip angle < 20°) per 
7 pictures, and was the maximum number for easy reprojection as found from a 
preliminary experiment. With this intensity the repetition rate was 2 minutes 
and the chamber was completely recovered. An argon-filled ionization chamber 
placed behind the cloud chamber was used as a crude monitor. 1300 stereo- 
scopic pairs of pictures were taken on 70 mm Ilford 5G91 film, giving 182 accept- 
able mesons. 


2.4. Reprojection 


The geometry used for the reprojection is shown in figure 6. ‘The repro- 
jection table was tilted about the horizontal axis AB which could be moved verti- 
cally (y direction) and in two mutually perpendicular directions horizontally 
(x and x), but always remained in the same direction. The axis AB gave 
the approximate direction of the proton beam MN which was bent 7° by the 
magnetic field as it passed through the chamber. 


Figure 6. The geometry used in reprojection. AB, axis of rotation of the table ; MON, 
incident proton beam ; OP, 7-meson track ; «, dip angle ; ¢, measured angle ; 
@, production angle, y, correction angle. AB is horizontal and can be moved in the 
x, y or x directions but always remains in the same direction in space. 


‘The camera and a glass plate, identical with the one used as the top window 
of the chamber during the experiment, were placed above the reprojection table 
so that the geometry of the experiment was reproduced. The film was replaced 
accurately in the camera and the images of the tracks were projected on to a piece 
of white paper placed on the reprojection table. The pictures were carefully 
scanned for mesons which could be recognized by their curvature and their 
specific ionization. ‘This was particularly useful in distinguishing between a 
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proton and a 7* meson near 90° in the laboratory system and a 7+ meson and a 
positron at large scattering angles. 

A pion track OP was measured if its dip was less than 20°. It was impossible 
to see the origin of the track and the track was assumed to start in the middle of 
the proton beam; if there was any possibility that it did not start in the chamber 
gas, it was rejected. Measurements were made of the radius of curvature of the 
track p by comparison with curves of known radius drawn in ink on pieces of white 
paper, the angle ¢ between the tangent to the beginning of the meson track and 
the axis AB, and the dip angle x. The coordinates x, y, and z and the direction of 
the track (i.e. left or right) were also noted. ‘The measurements were made by 
three observers independently and the results were always within +2°/ and 
usually +1. Scanning was obviously inefficient in the forward and backward 
directions because the 7-meson track was masked by the incident proton beam 
and there was also considerable uncertainty in the origin of the pion track. At 
intermediate angles scanning efhciency approached 100°% with no bias between 
mesons from the bound and unbound reactions. 

Measurements were also made on a few p-p elastic scattering events to make 
sure that the distribution in the centre-of-mass system was isotropic, showing 
that the geometry of the experiment was correct. 

The angle y between the proton beam and AB was also measured for various 
values of z so that the production angle @ could be obtained from the measured 
angle ¢. Then 6=¢+y, the sign depending upon whether the track was to the 
left or right of the proton beam. ‘The momentum of the pion is given by the 
expression p = HeR, where H is the magnetic field, and R= p (1 —sin? « sin? ¢)/cos «. 
The value R could be calculated from the measured value p and gave a 
measure of the momentum. 

Small corrections were applied to R to take into account the loss of energy of 
the pion in the gas of the chamber and also the slight variations in the magnetic 
field in the sensitive region. 


§ 3. RESULTS 


3.1. Conversion to the Centre-of-mass System 


The 182 acceptable mesons, with dip less than 20°, are shown on a graph of 
R (corrected) and @ (lab. angle) in figure 7. 

The energy of the incident proton beam is not very well known but prior to 
our experiment its absolute value had been measured as 383 Mev by a range method. 
The accuracy was to +3 Mev and there was no measurable energy spread. An 
energy of 383 Mev is assumed and calculations to relate 0, R, 6’ (the centre-of-mass 
angle), and 7(the kinetic energy in the centre-of-mass system) are based on this 
figure. The energy 7 of the pion from the ‘bound’ reaction is then 40:5 Mev 
and the high energy cut-off 7, of the ‘unbound’ spectrum is 38-5 Mev. Values 
of Rand @are then calculated for a pion emitted at an angle ’ in the centre-of-mass 
system with kinetic energy 7. Curves of equal angle 9’ at 20° intervals, and equal 
energy 7 at intervals of 4mev between 8 and 36Mevy, and 2 Mev between 36 and 
44 mev, are shown in figure 7. 


3.2. The Total Spectrum and Angular Distribution 


Mesons at angles 6’ below 40° and above 160° are neglected because of the 
inefficiency in scanning already discussed. A total spectrum of the remaining 
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161 mesons between 40° and 160° is similar to that shown in figure 9 (a). The 
energy of the peak indicates that either the choice of incident proton energy is 
not correct or the magnetic field measurement is inaccurate. Since an error of 
3 Mev in the proton energy makes more error in the meson energy than an error 
of 13°, in the magnetic field measurement, the momentum measured in the 
experiment is considered to be correct and all subsequent calculations are based 
on this value. The inaccurate choice of proton energy makes no appreciable 
error in the curves already drawn in figure 7. 


ISYASE Neice e : 
80 1c0 120 140 160 180 
Lab. Angle @ (deg) 


Figure 7. A plot of the acceptable mesons on a graph of R (the corrected radius of curvature) 
and @ (the laboratory angle). Lines of equal angle 9’ in the centre-of-mass system 
are drawn at 20° intervals. Lines of equal kinetic energy T in the centre-of-mass 
system are drawn. at 4 Mev intervals from 8 to 36 Mev and 2 ev intervals from 36 to 
44 Mev. 


The accurate separation of the ‘bound’ and ‘unbound’ spectra is difficult 
because they overlap. Since the peak energy of the line spectrum is 41-42 Mev 
the upper limit of the unbound spectrum, ignoring the experimental spread, is 
39-40 Mev and its maximum should be at 37-38mMev. The spectrum (40° to 
160°) is divided at 38 Mev to ensure that the number of mesons from the unbound 
spectrum is not over-estimated. Our experimental angular distributions will 
not be affected by a possible error of 2 Mev in the point of division, since they are 
found to be similar. 

The angular distributions in the centre-of-mass system are plotted in 20° 
intervals (figure 8). The distribution for the bound reaction shows that there is a 
decrease in scanning efficiency below 80° (<45° in the laboratory system) since 
this distribution should be A + cos? 6’, i.e. symmetrical about 90°. ‘The decrease 
in efficiency is not surprising as some mesons at low angles are certain to be lost 
in the ‘fan’ round the proton beam. 

A least squares fit of A + cos? 6’ to the ‘bound’ distribution between 80° and 
160° gives: 

do ey do’ a 

am ound) = qm (0:19 40-06) Coss = meee (1) 
The semi-empirical formulae of Rosenfeld (1954a) give 4=0-1+40-6yp?, 
where 7p is the momentum of the pion in the centre-of-mass system in units of pc. 
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From our spectrum (see later), 7) =41-8 Mev, and yp) =0-83; this gives A=0-19, 
in agreement with the experimental value. 
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Figure 8. The angular distributions. (a) The bound reaction. A least squares fit 
gives 0:19+0-06+cos?@’. (6) The unbound reaction. A least squares fit gives 
Q-21+ 0-07-+ cos? 6’, 
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The angular distribution of the unbound reaction should be B +cos? since 
all contributions are either isotropic or of the form C + cos? 6’, where C isaconstant, 
and there is no asymmetric interference between the contributions. A least 
squares fit to the experimental distribution between 80° and 160° gives: 


u 


da do 2 9 
i (unbound) = ee CA0-ZERO UT) 4 Cost Be aaa (2) 


aw 


3.3. The Branching Ratio, o (unbound)|o (total) 

The total spectrum of the 109 mesons lying between 80° and 160° in the 
centre-of-mass system is plotted in figure 9. A gaussian is fitted to the mesons 
above 38Mev giving a maximum at 41:8Mev, 7)=0-83, and an experimental 
standard deviation of 2Mev. With this choice of energy the upper limit of the 
unbound spectrum is 7, = 39:8 Mev and ymax = 0°807, where ymax is the maximum 
possible momentum of a pion from the unbound reaction in the centre-of-mass 
system in units of yc. A calculated standard deviation of 2 Mev is obtained by 
considering the uncertainties in the curvature measurements, angle measurements, 
magnetic field, and the spread in energy of the incident protons. 

If it is assumed that the experimental error of 2Mev remains constant in the 
energy range 32-48 mev the unbound distribution can be folded into this error 
(figure 9) and shows that the initial division of the spectrum at 38 Mev under- 
estimates the number of mesons from the unbound reaction by one meson. 
Mesons in the energy range 36-42Mmev are shared between the bound and 
unbound reactions in the ratio of the areas under the two curves. 

o (unbound) (80°-160°) Bley, 


Tes o (total) ~ 109+11 


= (47560 eee (3) 
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Since the angular distributions of the mesons from the two reactions are so 
similar the branching ratio from 0° to 180° is the same as (3); 

Possible cross sections involved in the unbound reaction are (Rosenfeld 1954 a, 
Gell-Mann and Watson 1954) o49"(Ss), o10’(Sp); %10’ (Pp), o1(Ss), 644(Pp), o1,(Ps). 
[We use the notation of Gell-Mann and Watson. The subscripts denote the initial 
and final isotopic spin values of the two-nucleon state; the primes denote the 
reaction:’, bound;”, unbound; the capital letter gives the angular momentum 
of the final state of the two nucleons, and the small letter the angular momentum 
of the pion with respect to the nucleons.] ‘The cross sections o,,(Sp) and o,)’(Ps) 
are missing since considerations of parity and spin conservation show that all the 
transitions contributing to these cross sections are forbidden. 
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Figure 9. (a) Total spectrum of mesons between 80° and 160° in centre-of-mass system. 
Note. Change of energy interval at 36 Mev. (The gaussian has a maximum at 
41-8 mev and a standard deviation of 2 Mev.) 
(6) Unbound spectrum of mesons between 80° and 160° in centre-of-mass system 
showing the contributions from 0)” (Ss--Sp) and o” (Pp). j 


The experimental ratio can be compared with a ‘ predicted’ branching ratio 
R, obtained by Rosenfeld (1954 a) and Gell-Mann and Watson (1954) by assuming 
that o,)’(Pp) and o,, are negligible: 
ne o (unbound) z oro ( Ss+ Sp) 
o (total) Gyo (SS+ Sp) + oy 


=30°% at ourtenergy, .7.2., (4) 
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This strongly suggests a discrepancy between the predicted ratio and the experi- 
mental ratio and indicates that a contribution of appreciable size has been neglected 
in expression (4). 


3.4. The Unbound Spectrum 


The unbound spectrum is redrawn in intervals of 8 Mev, figure 9, because 
the statistics are too poor in 4+Mev intervals. 

The contribution o,)’(Ss+ 5p) is expected to be predominant but gives a 
spectrum which is sharply peaked at the high energy end. It is difficult to explain 
the shape of our experimental spectrum by this contribution alone. Division of 
the total spectrum at a higher energy would reduce this discrepancy but would, 
however, increase the difference between the branching ratios (3) and (4). Division 
at a lower energy would have the opposite effect. ‘he shape of the experimental 
unbound spectrum and the discrepancy in the branching ratios can be explained 
by assuming that in addition to o,)’(Ss+ Sp) and the small contribution o,, there 
is an appreciable contribution a poe 


doy, 


ne. 77 (unbound) = oe. p (Pp )+ oe (5) 
From Gell-Mann and Watson ane 
doy ar ml) 1/2 1 “141° x 
TT (Ss+ Sp)= 7, (9: 147 + 1-073 ys B T—T+B millibarns 


where B=deuteron binding energy=2:23 Mev, 7>=maximum energy of pion 
in centre-of-mass system=39-8mev. The shape of the spectrum of o,, is 
uncertain because the predominant transition could be (Pp) (Rosenfeld 1954 a) 
or (Ps) (Rosenfeld, private communication). However, since this cross section 
is small and the shape of the spectrum will have little effect upon the value of 
a1)’ (Pp) required to fit our experimental spectrum, we assume that o,, is 
composed entirely of (Pp) transitions. 
Then 
do” (Pp) = Si (Pp) + FU (Pp)=Ka(Ty- TY eee (7) 
where K is an unknown constant. No correction is applied to the experimental 
spectrum 80°-160° to obtain the spectrum 0°-180° since comparison of the 
‘bound’ and ‘unbound’ angular distributions indicates that the angular distri- 
butions of the possible o,)’(Pp) contribution is similar to that of o49"(Ss + Sp). 
Any errors introduced by this procedure would be comparatively small. 
A least squares fit of the spectra (6) and (7) to the experimental spectrum, 
figure 9 (4), gives a ratio 
asi Ee ey) 2038-5030, | saeere (8) 
a (unbound) — o”(Pp) + o49(Ss + Sp) 
where 0-30 is the mean error. 
The contribution o"(Pp) has an 7° dependence. By normalizing to the 
calculated value of o4)"(Ss + Sp) a value of o”(Pp) is obtained from the shape of 
the unbound spectrum: 


(Bova (OO \jmaxs> - 0. | tkaanids (9) 
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An independent value of o”(Pp) 1s obtained from the measured branching ratio 
alone since 
ee ra = Dish Sss eee ae Abs: (10) 
o (total) 49’ (Ss + Sp) +o"(Pp) + o10 
Then | 
o” (Pp) =(1:8 + 0°8)nmax*- Aneeac (11) 
These two values of o”(Pp) agree within the large statistical errors and the weighted 
mean 1s 
o”(Pp)=(1:4+0-6)ymax® tees (12) 
Experiments on the reaction ptp—>7+p+p give a value for oy, but the 
results are rather inconsistent. A value 0,,;>0-2ymax* is in fair agreement with 
the experimental cross sections for incident energies between 340 and 450 Mev 
(Rosenfeld 1954 a and private communications from Rosenfeld and Squire). If 
this value is assumed then o,9"(Pp)=1-27max°*. 


§ 4. COMPARISON WITH OTHER EXPERIMENTAL RgesULTS AND CONCLUSIONS 


The results of our experiment show that the discrepancy between the observed 
and ‘ predicted’ branching ratio can be explained by taking into account the (Pp) 
transitions in 04)’, which have been neglected in all previous papers. The 
absolute value of the cross section is rather unreliable. 


Comparison of Experimental and Calculated Branching Ratios 


bound “(Ss 5 
Pit Old pesdicted wren ee 
o (total) O10 +9 (SS+H5p) 
a@(unbound) — d49 (Ss+ Sp) +o"(Pp) 


R,=New predicted ratio = 
o (total) O49 O19 (SS+Sp) +o (Pp) 


Values Used 


T.—T 1/2 1 
B TTR 


ns qt 
bn 


dy (Sst sp) — | (o-Hey  0n9( 


0 
O19 (Pp) =1:27 max ®mbn 
ro (Pp) = 1:47 max §mbn 
04,(Pp) = 0°27 max * mbn J 


O49 =(0-14yD+-1-0nD*) mbn 


Incident 
Author Energy (Mev) 1D Exptl Ratio (%) R;'@%) Ry (%) 
Cartwright 340 0:59 35: 10 25°5 20 
Peterson 340 0:59 45+ 10 25-5 20 
Our result 384 0:83 47+8 44 30 
Hildebrand 400 0:95 60+ 15 55 33 
Rosenfeld 440 1:07 Sas ie 67 36 


Experimental results for the total reaction p+p—>7a*+nucleons have been 
found by other authors (Cartwright et al. 1953, Peterson et al. 1951, Rosenfeld 
1954b, Passman et al. 1952) using nuclear emulsions. Counter techniques have 
been used by de Carvalho et a/. (1954) and Dzheiepov et al. (1955). ‘Total cross 
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sections for the reaction n+ p-—> 7+ nucleons have been measured by Rosenfeld 
(private communication) and Pontecorvo and Selivanov (1955) and a branching 
ratio has been obtained by Hildebrand (1955, p.245). 

The experimental results for incident energies from 340 to 460 Mev are com- 
pared with the values given by the theory including a term o”(Pp) = 1-4 ymax°. 
For this comparison the cross sections obtained from the reaction 

n+p—+7°+ nucleons 


should be corrected for the different cross sections involved (oo, instead of o,,) 
and multiplied by the statistical’ factor 2. The first correction is small and very 
uncertain and a direct comparison of 
with 2o(n + p+ 7° + nucleons) 

o(p+p—>7* +nucleons) 
is made. ‘The table shows the experimental branching ratios and the values 
predicted by the theory when a term o”(Pp) is included (R,) and also when this 
term is neglected (R,). A comparison of the total cross sections is made in 
figure 10. No accurate results on the unbound spectrum have been obtained 
and comparison is not possible. A preliminary result by Stork (1955) showed 
disagreement between the spectrum and the old theory which neglected GED): 


ef 
| o (tot) meas. 
2 Ref. ND (mbn) 
| + o(p+p+7*+ nucleons) € 0-58 0:28+ 0:10 
cEo 20 (n+p=m? +nucleons) ee 0-615 0:39+ 0-10 
"| T= O9+ Og (SS+Sp) +0, (Pp) ptp ort | 0-73 0:59+0-18 
t- +0y(Pp) -+-nucleons | 0-81 0-96+ 0:25 
| { D 0-94 Sols) ap Hoi 
e4r 0104-011 | 1-14 4-1] +2-0 
S | de C 1-05 4:75 + 0-24 
= L LR EO, Soil se(OoSi! 
= 3 n+p—+7° ( 
a SE) R,H 0-84 0:62+0-12 
= , kien) | Po 0-94 0-40 + 0-20 
3S 
C, Cartright; Pa, Passmann; D, Dzhelepov; 
Z de C, de Carvalho; R, Rosenfeld; H, Hildebrand; 
Po, Pontecorvo. ‘The values of Passmann et al. 
' have been corrected because the excitation 
function of the reaction C(p,pn)!4C, which 
: was used for monitoring in the experiment, 
0 has been redetermined recently (Rosenfeld, 
05 06 0-7 08 09 1-0 Il 12 ; 4 : 
Momentum 7), of Meson from Bound Reaction private communication). 


(units of A_+€) 
Figure 10. A comparison of the experimental total cross sections of the reactions 
p-+p—-7*-+ nucleons and n+p-+7°+ nucleons with cross sections calculated assuming 


the values given in the table. 


The results of these comparisons show that better agreement can be obtained 
between the phenomenological theory and the experimental results if the (Pp) 
transitions in o,)” are included in addition to o,, and a value opal Wega) = 1-27 max" 
The large value of the cross section is surprising and seems to indicate 

48-2 


is used. 
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that the interaction between two nucleons in a P-state may be larger than 
anticipated although the presence of a meson may very possibly influence this 
interaction. 
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The Proton Gamma Angular Correlations in the *“Si(d, py)??Si 
Stripping Reaction 


By K, W. ALLEN}, B. COLLINGE, B. HIRD, B. C. MAGLICt 
AND P. R. ORMAN § 


Nuclear Physics Research Laboratory, University of Liverpool 
Communicated by H. W. B. Skinner; MS. received 16th January 1956 


Absivact. Vhe angular correlation between the protons and y-rays from the 
reaction *Si(d,py)?*Si has been measured. Protons were selected which corre- 
spond to the excitation of the 1-28 Mev level in 2°Si, the proton counter being 
set on the maximum of the stripping angular distribution at 30° to the deuteron 
beam direction. ‘The angular correlation in the plane of scattering was found 
to be in agreement with the simple stripping hypothesis, but measurements in 
a plane perpendicular to the direction of the absorbed neutron, which according 
to the simple theory is an axis of symmetry, showed significant anisotropy. 


§ 1. INTRODUCTION 


HE measurement of the angular distribution of protons and neutrons 

in (d, p) and (d, n) reactions has proved to be a useful technique in nuclear 

spectroscopy. From a comparison of the measured angular distributions 
with the theory (Butler 1951, Bhatia, Huang, Huby and Newns 1952) it has 
been possible to determine parities of states which agree with determinations 
made by $-decay and other methods so that some confidence can be placed in 
the basic assumptions of the theory. Several authors (Biedenharn, Boyer and 
Charpie 1952, Satchler and Spiers 1952, Gallaher and Cheston 1952) have 
pointed out that because only one particle within the deuteron is assumed to 
interact with the target nucleus, the process is formally analogous to resonant 
capture of a neutron (or proton) with orbital angular momentum /p satisfying 
Jitln+on=jr where ji, j; and op are the spins of the initial state, final state and 
the neutron (or proton) respectively. If the capture leads to a bound state of 
the residual nucleus which decays to the ground state by y-ray emission, then 
these y-rays should be correlated with the direction of the captured neutron 
in a simple way (Devons and Hine 1949) which depends only on the angular 
momenta involved, and not on the detailed mechanism of the stripping process. 
The direction of the captured neutron, which we shall refer to as the neutron 
axis, is given by kn=ka—kp, where kq and kp are the wave vectors of the 
deuteron and proton respectively. If, on the other hand, the simple stripping 
hypothesis is not valid and the outgoing particle does interact with the target 
nucleus, Horowitz and Messiah (1954) have shown that the symmetries about 
the direction of the captured particle are modified. ‘Thus a study of the (d, py) 
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angular correlations would be expected to throw some light on the mechanism 
of the stripping process. 

Recent investigations by Williamson and Cox which include such angular 
measurements have been briefly reported (1955). They find qualitative agreement 
with simple stripping theory for *Be ‘Be and 24Mg(d, p,”) angular correlations. 

The experimental work described in this paper was begun by Allen, Collinge 
and Orman, who studied, in the plane containing the proton and deuteron, the 
angular distribution of the y-rays emitted in the decay of the 1-28 Mev excited 
state of 29Si formed in the reaction **Si(d, p)?*Si at a deuteron bombarding 
energy of 9:02 Mev. Partly due to faulty operation of the cyclotron, the experiment 
proved to be difficult. The distribution appeared to show the expected symmetry 
about the neutron axis (ka—kp) and was of the form 1—0-30+0-10 cos?@ 
referred to this axis but the results were not sufficiently consistent for certainty. 
After two of the authors had left Liverpool, these preliminary measurements 
were repeated with improved apparatus and technique by Hird and Maglic, 
who also studied the angular correlation in the plane perpendicular to the neutron 
axis. It is only these later results, which had much improved statistical accuracy, 
which will be discussed in detail in this paper. 

28Si was chosen as a target nucleus for a preliminary study of the (d, py) 
correlation for three reasons: 

(i) The angular distribution of the proton group leading to the first excited 
state of 29Si has been measured, figure 1, and shows that ln =2 for this 
state (Holt and Marsham 1953). 

(ii) The spin—parity assignment of the 1-28 Mev state is known to be 3/2, even, 
from the -decay of 2°Al and 2°P (Endt and Kluyver 1954). 

(iii) The spin of *8Si is zero, so there is no channel spin ambiguity. 


Differential Cross Section (arbitrary units) 


Degrees 


Figure 1. Angular distribution of the proton group leading to the first excited state of #°Si. 
Taken from Holt and Marsham (1953). 


A disadvantage of this choice of y-ray transition 3/2, even, 3/2, even, is the 
possibility that E2 radiation will compete with M1, leading to an uncertainty 
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in the coefhcient 4 in the correlation function 1+ 4 cos?@ depending on the 
amount of mixing. In the event that the E2 admixture should prove to be 
negligible, as was hoped (Blatt and Weisskopf 1952), the correlation function 
would be of the very anisotropic form 1—0-6 cos? 4. 


§ 2. EXPERIMENTAL ARRANGEMENT 


‘The extracted deuteron beam from the Liverpool 37 in. cyclotron was focused 
at an external point about ten feet from the exit port of the tank. A heavy concrete 
wall two feet thick separated the apparatus from the cyclotron, and background 
was further reduced by the use of gold slits to define the beam. Self-supporting 
targets were made by breaking off suitable flakes from bubbles blown in fused 
silica. ‘The targets used varied in thickness from 3 to 7 mg cm, and were carried 
by a wire frame. A gold beam stop, sufficiently thick to absorb the deuteron beam 
completely, was mounted behind the target. It was possible to rotate the target 
frame, so that the target could be removed from the path of the beam. In this 
way, the effective background in the y-ray detector was determined. 

The beam energy of 9-02 Mev was determined from the measured range in a 
nuclear emulsion of deuterons elastically scattered from a piece of gold leaf. 

Disintegration protons were detected by means of an anthracene flake approxi- 
mately 13mgcm ? thick. This was mounted on a short light pipe so that the 
y-ray counter could pass behind it. Provision was made for mounting aluminium 
absorbers in front of the scintillator, and it was found possible to choose an 
absorber and discriminator bias level to select the proton group leading to the 
1-28 mey level with very good discrimination against y-ray background. 

The y-ray detector was a lin. cube of Nal(Tl) viewed by an EMI 6260 
photomultiplier. There was a considerable background of y-rays from (d, p) 
and (d,n) reactions in silicon and oxygen, from the gold beam stop and defining 
apertures, and also from induced activity in iodine produced by room scattered 
slow neutrons. It was found that most of the y-rays came from the gold beam 
stop and defining apertures, and not from the target. ‘he direct y-ray flux from 
the cyclotron was quite small. Some improvement was obtained by rejecting, 
with an anticoincidence circuit, pulses from the counter larger than those 
corresponding to 1-28 Mev, the energy of the first excited state of ?°Si. 

The general design of the electronic circuits followed that of Bell, Graham and 
Petch(1951). ‘These authors combined a fast coincidence circuit using amplitude 
limited pulses with a conventional microsecond coincidence unit operated from 
pulse height discriminators at the output of slow amplifiers, thus obtaining 
pulse height discrimination with millimicrosecond resolving times. "Two systems 
of this type were used: one recorded the total coincidence rate, while the other, 
by interposing a suitable delay between the channels, recorded simultaneously 
the random coincidence rate. As a cyclotron beam is naturally bunched at the 
radio frequency applied to the dees, it was necessary to make the delay one 
radio-frequency cycle (80 mysec). ‘The resolving times of the order of 40 mysec, 
while less than the interval between beam pulses, were considerably greater than 
the expected duration of each burst (~10~* sec) so that the random coincidence 
rate was not very dependent on small differences in the resolving time. 

The resolving times of the circuits were measured using a Co source and 
decreasing the anthracene scintillator bias so that y—y coincidences were counted, 
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A geometry was chosen with both counters subtending large solid angles so that 
the proportion of random counts was small. The coincidence count was then 
plotted against input delay for each counter in turn. The circuit not being 
investigated was used as a monitor to normalize the count of the other. The 
delay curves are shown in figure 2, The slow rise time of Nal(T1) is responsible 
for the displacement of the centre of the curves from zero delay. In the 
experiment this was compensated by delaying the proton pulses 8-5 mpsec. 
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Figure 2. Delay curves showing the resolving times of the coincidence circuits. 


To check the correct functioning of the circuits, both units were arranged 
at intervals during the experiments to count either the total coincidence rate or 


the random rate. Several hundred counts were then observed to see that the 
two units behaved identically. 


§ 3. RESULTS 
3.1. Angular Correlation in the Plane of the Reaction 
The arrangement of target chamber and detectors is shown in figure 3. ‘The 
proton counter was set at the maximum of the stripping angular distribution 
(30° to the deuteron beam). ‘The neutron axis is then almost exactly at 60° to 
the deuteron direction and is rather insensitive to the exact proton direction. 
The proton counter was therefore allowed to subtend a large solid angle 


(0-03 steradian) with negligible loss of definition in the direction of the neutron 
axis. 
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Figure 3. Target chamber used to measure the correlation in the plane of scattering 
(@ plane). 
Inset: Target chamber used to measure the correlation in the plane perpendicular to 
the neutron axis (azimuthal plane). 


Throughout the experiments the deuteron beam current was adjusted so that 
true and random coincidence rates were approximately equal. The magnitude 
of the current was 0-01.48. Even with this small current the random rate equalled 
the true coincidence rate, both being approximately 100 counts per hour. 
Measurements were made at 26 angles in the region 0°<0<190° and 
290° <8 <360° where @ is the angle between the y-ray counter and the neutron 
axis. At least two counts were taken at each position. There was no evidence 
for any systematic drifts. All measurements were normalized to the proton 


counting rate. 
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Figure 4, Experimental angular correlation and least squares fit in the plane of scattering. 


Figure 5. Experimental angular correlation and least squares fit in the azimuthal plane. 


Corrections were made to allow for the finite angular resolution of the proton 
detector (<1°) and for the absorption due to the proton detector when the 
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Nal crystal passed behind it. ‘This absorption cross section was calculated to 
be 5-3°,, and measured experimentally with Co y-rays at 4-95 %,. The uncertainty 
in the solid angle subtended by the y-ray detector due to misalignment and errors 
in centring was estimated to be + 2%. 
The final result is shown in figure 4. ‘lhe solid line is of the form 
F(6)=1—0-177 + 0-04 cos? @ 

and represents a least squares fit under the assumption /(6)=1+ A cos?6 
where 6=0 corresponds to the neutron axis. The error quoted in the anisotropy 
coefficient is the standard deviation obtained from the least squares analysis. 
Probable errors from counting statistics are shown on the experimental points 
in figure 4. Further support comes from a x? test which gives a 55°, probability 
for a fit of the form 1+A cos?@. A separate least squares fit to the form 
F(@)=1+ cos?(@+6) and treating 5 as an extra parameter, gave 6=2-6+ 13°, 
showing that there is certainly no large difference between the neutron axis and 
the axis of symmetry. 


3.2. Angular Correlation in the Azimuthal Plane 

‘he target chamber used for these measurements is shown in figure 3 (inset). 
Protons were detected in a direction 30° below the horizontal deuteron beam, so 
that the neutron axis coincided with the axis of the target chamber. The turntable 
carrying the counters was then inclined so that the axis of rotation coincided 
with the neutron axis and counting was carried out as before, at the three angles 
¢=0', 180° and 90°. The directions represented by these angles are shown 
in the three-dimensional diagram, figure 6. The correlation was found to be 
anisotropic and of the form 1—0-171 + 0-044 cos? ¢ if a distribution of the form 
1+ 4 cos?¢ was assumed, figure 5. 
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Figure 6. Three-dimensional diagram showing the planes of measurement. 
(Direction kg should read kg.) 


§ 4. Discussion 


Certain symmetries must occur in the three-dimensional (d.py) correlation 
#(6, 6) on any theory. In the general theory of angular correlations (Biedenharn 
and Rose 1953) the degree of complexity is limited by the angular momentum 
of the particle captured, the multipolarity of the radiation emitted, or the spin 
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of the intermediate state. For the ?°Si transition studied here, jf=3/2 resulting 
in a correlation function which contains only spherical harmonics P? with k=0 
or 2 when referred to an axis ka—kp.t ‘The distribution must also take into 
account symmetry of reflection in the reaction plane, which restricts q to even 
values. ‘This results in a distribution such that if it is represented by a vector r 
whose direction is (@, ¢) and length [F(@, ¢)]-"?, then r describes the ellipsoid 
aX*+bY*?+cZ?=1 where a, b, c are the intensities along the principal axes. 
One of these must be the normal to the reaction plane (we have chosen this as 
the X axis). Further assumptions must be made to fix the direction of the other 
two and the lengths of all three axes. 

According to the simple stripping theory, the principal axes in the reaction 
plane are the direction kp and the perpendicular to ky, and there should be 
rotational symmetry about ky. The correlation in the plane of the reaction is 
easily obtained from the tables given by Satchler (1953) extended to the case 
of mixed radiations as discussed by Biedenharn and Rose (1953). It should be 
given by 


F(8, 90°) = [3q,? + $92” —(/3/2)qiga] + $ cos? O[ — gy? +42? + 2/3448] 


where gq,” and gq,” are the radiation widths for M1 and E2 decay respectively. 
Any isotropy from 1—0:6 cos?@ to 1+1-2 cos?@ can therefore be fitted by 
assuming the appropriate mixture of radiations. Our experimental value of 
1--0-177 cos?@ may therefore, on the simple theory, be accounted for by an 
E2/M1 radiation width ratio of 0-04 which is not unreasonable for this transition. 

The anisotropy in the azimuthal plane represents a definite departure from 
the simple theory. This may be due to the inadequacy of the simple theory 
or to the influence of a compound nucleus type of interaction. It seems unlikely 
however that a compound nucleus reaction amplitude could disturb the dis- 
tribution in the azimuthal plane without destroying the symmetry about the 
neutron axis in the plane of the reaction. 

It is possible that our results may be interpreted on the lines of a more general 
theory such as that of Horowitz and Messiah (1954). This allows for certain 
types of interaction of the outgoing proton with the nucleus. Unfortunately, for 
our purpose, their analysis is confined to reactions where /, <1. ‘Their interaction 
allows for processes which may polarize the outgoing proton and they show that 
this results in a decrease in the magnitude of the anisotropy in the plane of the 
reaction and destroys the rotational symmetry characteristic of the simple theory. 
The semi-classical model of Newns (1953) dealing specifically with polarization 
of the protons shows the same effects. The polarization is expected to be 
greatest when the neutron axis is perpendicular to the direction of the outgoing 
proton which is true in our experiments. Experiments to search for polarization 
of the protons in (d, p) stripping reactions are being planned at Liverpool. 
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r-Centroids for the O,* Second Negative, N, Lyman-Birge—Hopfield, 
and N, Vegard—Kaplan Band Systems 
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N a previous paper (Nicholls and Jarmain 1956, to be referred to as I) the 
r-centroid 7... of the (v’—v") molecular band has been defined as 


Tee [be rise dr / i Vite | © seroty (1) 


and its properties have been discussed. yw, and ¢, are vibrational wave functions 
and r is internuclear separation. One application of the r-centroid concept has 
been made in another paper (Nicholls 1956 a, to be referred to as II) in which the 
behaviour of the electronic transition moment with internuclear separation was 
inferred from a knowledge of band intensities, r-centroids and Franck—Condon 
factors for a number of band systems. 

Arrays of r-centroids were given in I for ten important band systems. It is the 
purpose of this note to present arrays for three more important systems, namely, 
the O,* Second Negative, the N, Lyman-Birge—-Hopfield and the N, Vegard— 
Kaplan band systems. 

It will be recalled from | that one useful property of an r-centroid array was 
the fact that approximately constant differences Ay, (A7=7,, +041 F yryt)s 
existed between neighbouring r-centroids in sequences v’—v” =constant. 
Complete arrays of r-centroids may therefore be built up from a knowledge of the 
leading observed members (usually, but not necessarily always, 7,9 or 79. ,”) of 
sequences and of the constant difference appropriate to the sequence. 

In tables 1, 2 and 3, r-centroids of the leading members of sequences together 
with the appropriate constant differences and wavelengths are presented for the 
O,*+ Second Negative, N, Lyman-Birge-Hopfield and N, Vegard—Kaplan 
systems. From these tables the reader may construct the complete arrays quite 
simply. In each case the r-centroids were determined by the graphical method 
described in I and the basic molecular constants needed were taken from the 
compilation of Herzberg (1950) and the leading bands of sequences have been 
taken from the compilation of Pearse and Gaydon (1959). 

In each of the three band systems studied here, the equilibrium internuclear 
separation r,, of the upper state is greater than r,, that of the lower state and it will 
be observed that in each case 7,,,,, therefore increases smoothly with increase of 
X,,»” in accordance with the discussion of I. 
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A study of the Franck—Condon factor surfaces formed when 4q,,, is treated as a 
function of v’ and v” has been found useful (Nicholls 1956 b). It is therefore 
natural to inquire what may similarly be learned of the surfaces which are formed 
when 7,,,” is treated as a function of v’ and a”. Unlike the q,-,,-surfaces, which are 
in general undulatory, the r-surfaces exhibit slopes which do not change sign. 
The two general forms of surface may be inferred from the form of the A, ,,-surface 
and the two possible forms of relationship which can exist between 7, and A,,,. 
The X,,,.-surface for a band system is a sheet which rises steeply as v" increases and 
v’ remains small, and which falls as v’ increases and v” remains small. For band | 
systems where r,> 1,” (and thus where 7,,,” rises with A,,,”), the 7,,,. surface will | 
follow the above general form of the A,,,. surface. For band systems where 7,,<1r,» 
(and thus where #.,,, falls as X,,,, increases) the F y,r-surface will be a smooth sheet 
which rises steeply when v’ increases and v” remains small and which falls when wv” 
increases while vw’ remains small. Because Af is a constant for each sequence 
(Av=const.), the surface profile at the line Av=const. will in each case be a 
straight line whose slope is A7/ 4/2. 


Table 1. r-Centroids and Wavelengths: O,*, Second Negative System 


Band A yr yA) T yr yA) Ar(A) 
Oe 1 54418 1-472 0-009 
Os ih) S0Saak 1-449 0-009 
0, 10 4678°5 1-426 0-009 
0,9 4363-1 1-405 0-009 
0,8 4082-4 Lesiekss 0-009 
OM 3830°5 1-°365 0-009 
0, 6 3603-7 1-346 0-009 
Om 3397-8 1-328 0-009 
Gea: 3300-3 Sg) 0-009 
il, & Sas 1-301 0-009 
2,4 3043-6 1203 0-009 
Yi 3) 2890-3 AIT) 0-009 
3, 2823-7 1-269 0-009 
3, 2 2688 °5 1-254 0-009 
42 2632-7 1-248 0-009 
4h, il DSN BES 1-233 0-009 
By. il 2465°8 1227) 0-009 
6, 1 2421-8 1220 0-009 
6, 0 OMY SD 1-207 0-009 
A) 2281-3 1-201 0-009 
8, 0 2246-9 1-196 0-009 
90 22ASsS) Ll QZ 0-009 
10, 0 ZAS3-9 1-187 0-009 
LTO LES 1-183 0-009 
12, 0 2128-4 PAS) 0-009 


A. ,(A)=wavelength of head of R, branch > yr y7=r-centroid of first observed leading 
member of sequence ; Av(A)=constant difference (7/21, ./-41—Tyy") down 
sequence. 
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Table 2. r-Centroids and Wavelengths: N,, Lyman-—Birge—Hopfield System 


Band Ayy(A) Fyyr(A) Ar(A) 
0, 6 1273°7 1-308 0-007 
OS 1299-0 1-279 0-007 
0, 4 1325-8 5 0-007 
0,3 1354-2 ons 0-007 
OF 1384-4 1-200 0-007 
Ona 1416-5 1:176 0-007 
0,0 1450-7 del 52 0-007 
1,0 1501-3 1135 0-007 
2) 1554:9 1-119 0-007 
35:0 1611-9 1-103 0-007 
4,0 1672°3 1-088 0-007 
5, 0 1736°8 1-074 0-007 
6, 0 1805-2 1-06 0-007 
A, (A) =wavelength of band-head ; 7 » pA) =r-centroid of first observed leading member 


of sequence ; A7(A)=constant difference (7, “41 —T »’y »”) down sequence. 
, Ore?) ark COPENH 


Table 3. r-Centroids and Wavelengths: N, Vegard-Kaplan System 
Band Nn Poe Ay(A) 


v 
0, 14 5060-1 1-471 0-008 
2,15 4837-1 1-459 0-007 
ye 4319-8 1-427 0-007 
0, 11 3889-2 1-397 0-006 
0, 10 3603-0 1-372 0-007 
(0, 9) 1-352 0-007 
(0, 8) 1-331 0-007 
0,7 2935-7 1-310 0-007 
0, 6 2760-6 1-291 0-007 
iS 2603°8 1-271 0-007 
0, 4 2461-6 1-252 0-007 
b3 2332°8 1-234 0-007 
(0, 2) 1-217 0-006 
(0, 1) 1-202 0-006 
(0, 0) 1-186 0-006 
(1, 0) 1-176 0-006 
(2, 0) 1-166 0-007 


d 41 (A) =wavelength of band head ;_ 7 ,-,”(A) =r-centroid of leading observed member of 
sequence ; note bands in parentheses ( ) head unobserved sequences ; A7(A)= 
constant difference (7/44, »”41—7 yy”) down sequence. 


Following the comparable study of Franck—Condon factors (Nicholls 1956 b) 
the way in which these surfaces are influenced by the character of the transition, 
and the possibility of using an interpolation process to find preliminary values of 
7». for new systems is being investigated. 
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REVIEWS OF BOOKS 


Darstellungen von Gruppen (mit Beriicksichtigung der Bediirfnisse der modernen 
Physik) (Group Representation Theory), by H. Boerner. Pp. xi+287. 
(Berlin : Springer, 1955). (Die Grundlehren der Mathematischen 
Wissenschaften. Bd. LXXIV.) 


‘This book presents in a self-contained and elegant form the mathematical 
theory of the irreducible matrix representations of the permutation groups and 
of the continuous groups of non-singular linear transformations in n-dimensional 
space (including the unitary, rotation and generalized Lorentz groups but not 
the symplectic groups). Only in the introductory chapter on matrices are 
theorems stated without proof, otherwise proofs are everywhere complete. 
The treatment specifically avoids abstract mathematical generalizations and 
concentrates on the main classical problems. Specific applications to physics 
are brought only in one or two isolated instances (Kemmer, de Broglie algebra). 
The theoretical physicist wishing to apply group theory will find however that 
there is little in this book which he does not need to know (but much that he will 
still have to learn !). 

The representation theory of the permutation group follows the Young 
treatment (it is a pity that only the Young ‘ natural’ representation and not the 
orthogonal one is treated, as the latter is the one which is most used in physics). 
The representation theory of the full linear group follows the Weyl treatment 
with bisymmetric transformations. It is known of course that Weyl came to 
this method by considering the problems of quantum mechanics and it seems to 
the reviewer a pity that a physicist wishing to apply this 1s left to translate the 
pure mathematics back into the original quantum physics form from which it 
originated. Detailed instructions are given for the construction of the matrices 
of representations of continuous groups and the reader is left here with the 
words “‘ the rest is numerical calculation The mathematician might here 
again follow Weyl’s example and look at what the physicist is doing. In the 
hands of Racah, by means of a subclassification through subgroups, a tensor 
operator form for infinitesimal operators and the use and generalization of 
Casimir operators, considerable progress has been made here in recent years 
and it is not all just numerical work. 

The relation between the characters of the linear and permutation groups is 
treated as in Weyl. For the permutation group a useful formula of Gamba 
generalizing work of Murnaghan is derived. ‘The reduction of product repre- 
sentations of the linear group is treated by means of character formulae: a 
reference here to Littlewood’s simple recipe would have been welcome. 

‘The rotational group in #-dimensional space receives a very detailed treat- 
ment, whilst the symplectic groups and the Cartan exceptional simple groups 
(which have found application in Racah’s hands to atomic and nuclear spectro- 
scopy) are mentioned only ina footnote. ‘lhe detailed treatment of the rotation 
groups makes much use of two recent papers of Stiefel (1942, 1945); it might 
be mentioned that the Stiefel diagram occurs in an earlier paper by Cartan (1927); 
the symmetry group of the diagram was of course considered by Weyl and 
plays an important part in the work of Racah referred to above. ‘The treatment 
of the spin representations of the rotation groups follows Brauer and Wey! and 
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again of course there is much ‘ stealing’ from quantum physics. ‘The book 
closes with a valuable chapter on the representations of the Lorentz group, 
although with no reference to Wigner’s contribution to this subject. 

In conclusion we might comment on the well-known reluctance of theoretical 
physicists to use openly group theoretical language in their work, and the 
converse which one seems to detect in the present book: the mathematician’s 
dislike of physical concepts. Both tendencies are of course regrettable, as it is 
where the two disciplines of pure mathematics and theoretical physics meet that 
the most fruitful ideas of both are to be found and both would become sterile if 
there were no meeting at all. Unfamiliarity with each other’s language and 
literature is the cause and there still seems need of a book which would weld 
together the mathematical theory and its physical application in a common 
language agreed to on both sides and with balanced literature references. ‘The 


present book should make the writing of that second book an easier task. 
H. A. JAHN. 


Proceedings of the International Conference of Theoretical Physics, 1953, Kyoto and 
Tokyo, edited by I. IMar. Pp. xxvilit+ 942. (Tokyo: Science Council of 
Japan, 1954). 

The published proceedings of the International Conference on theoretical 
physics, held in Kyoto and Tokyo in September 1953, form an enormous volume 
of some nine hundred and forty-two large pages. ‘The contents cover most 
aspects of modern physics. Three hundred pages are devoted to Field Theory 
and Elementary Particles, Nuclear Physics takes up another seventy pages, 
Statistical Mechanics one hundred and eighty, Molecules and Solids three 
hundred and ten, and Liquid Helium and Superconductivity the remaining 
space. The name index of those taking part in the conference contains one 
hundred and sixty names, and includes many of the world’s leading authorities 
in each of the above-mentioned fields. In addition to the printed version of the 
lectures there are many pages devoted to reporting the discussions which took 
place at each session. Both the lectures and the discussions were tape-recorded, 
and the reports have been constructed from these records with the minimum of 
modification. 

Facts such as these ensure that the volume under review is an important 
addition to the literature of theoretical physics. Perhaps its most valuable 
aspect, to those not privileged to attend the meetings, is the opportunity which 
it gives to the reader of learning the views of the experts on unsettled and stll 
controversial topics. Apart from this and the valuable synoptic view which 
the collection of articles provide, many readers may feel disappointment at their 
inability to understand quite a large fraction of the whole work. Many of the 
lectures are summaries, or reviews, of matter published in greater detail else- 
where and are readily intelligible only to those already well acquainted with such 
work. Nevertheless much of value may be gleaned by the diligent reader, and 
the organizers of the conference are to be congratulated on the production of 
this report. | 

As this was a truly international conference it is, perhaps, necessary to 
mention that, with only one exception, all papers are in English, or at least in 


that very nice international language for scientists : broken English. Even the 
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articles by authors for whom English is the mother tongue are refreshingly 
colloquial in style as a result of the direct transcription from the tape-recordings. 
H. JONES. 


Spectroscopy at Radio and Microwave Frequencies, by D. J. E. INGRAM. 
Pp. xii+332. (London: Butterworths Scientific Publications, 1955.) 


This book is a useful survey of the experimental techniques and applications 
of microwave and radio-frequency spectroscopy. In view of the wide field to 
be covered, it is not surprising that many topics are treated very briefly, par- 
ticularly gaseous spectroscopy and nuclear magnetic resonance. On the whole 
however, the most important experiments in each branch of the subject are 
clearly emphasized, and are supplemented by an admirable set of references. 

After a short introduction, the first 90 pages are devoted to the experimental 
techniques of microwave spectroscopy. ‘These are described in some detail 
with many diagrams of apparatus and electronic circuits, and give a useful idea 
of the requirements for setting up a microwave spectroscope. There follows an 
account of microwave spectra in gases (30 pages) and in liquids and solids (80 
pages). Much of the latter consists of a rather detailed discussion of the spectra 
from transition group ions in crystals, and the balance of the book might have 
been improved, with no loss of clarity, if this discussion were reduced and more 
space allocated to other topics such as nuclear magnetic resonance. 

The very short section of the book on radio-frequency spectroscopy deals 
with atomic and molecular beam experiments (12 pages), and nuclear resonance 
techniques and experiments (25 pages). The discussion of the nuclear reso- 
nance results might profitably have been enlarged by a greater reference to 
specific examples. ‘The book ends with an interesting summary of the appli- 
cations of high-frequency spectroscopy to various physical and chemical problems, 
ranging from the determination of nuclear spins and chemical parameters to the 
establishment of frequency standards. 

The book can be recommended for its extensive survey of the literature over 
the whole field, for making clear the many useful applications of high-frequency 
spectroscopy and for outlining the kind of experiments that are performed. On 
the other hand, with so condensed a treatment, it is difficult for the non- 
specialist to obtain any real understanding of many of the topics discussed with- 
out recourse to references. J. OWEN. 


Descriptive College Physics, by H. E. WuiTE. Pp. x+485. (New York: 
Van Nostrand; London: Macmillan, 1955.) 42s. 

This well-written book is a survey of Physics based on a course given by 
the author at the University of California for “ students not majoring in any 
of the physical or life sciences”. The text is consequently largely non-mathe- 
matical, demanding only a knowledge of simple algebra. 

It is an attractive book to read. Beginning with the simple fundamental 
concepts of mechanics, the text includes clearly written accounts of the properties 
of matter, heat, sound, light, electricity and magnetism and, finally, atomic and 
nuclear physics. Perhaps the outstanding merit of the work is that it shows how 


a very considerable knowledge of physics can be gained with little mathematical 
equipment. 
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Much of the material included can be found in the usual physics textbooks 
for schools, though the author often illuminates aspects of the subject with 
comments and examples not found in the average text. On the whole, the author 
displays excellent insight into the difficulties of a beginner and avoids many of 
the faux pas often taken by those writers who write popular expositions of 
science. Many escellent diagrams assist the reader, but lapses occur occa- 
sionally. For example, a diagram of three basins containing water and labelled 
‘cold’, ‘warm’, and ‘hot’ seems unnecessary to a reader who is going to 
persist until he encounters diagrams and a description of the bevatron | 

Is this book likely to be of interest to students and teachers in Britain ? 
Much is said now-a-days about the necessity for a liberal education of scientists 
and technologists. Less is said about the need for educating the student of 
arts and commerce in science, though this would appear to be just as desirable 
and might even be profitable! If courses for this latter purpose existed to any 
significant extent in Britain, this book would serve admirably to give an outline 
of physics. It lacks, indeed does not pretend to possess, the more rigorous 
approach necessary in school and university teaching for the science student. 
At the same time, it could well be read with profit by physics masters since 
they would be sure to find new ideas, illustrations and examples in this text 
which would be heipful in compiling lectures. j. YARWOOD. 


Relativity: The Special Theory, by J. L. SYNGE. Pp. xv+450. (Amsterdam : 
North-Holland Publishing Company, 1956.) 76s. 


The reader who is familiar with the numerous papers which Professor Synge 
has written will expect the subject matter of any book of which he is the author 
to be treated in a novel and interesting.manner and will hope to gain a fresh 
outlook on old problems. ‘These readers will not be disappointed with the book 
under review and will look forward to the appearance of a second volume on 
General Theory. ‘The student who is learning the subject is advised to read 
one of the more elementary text-books before attempting to digest Professor 
Synge’s work as some of the ideas and algebra are quite intricate and occasionally 
a result is mentioned which is obtained further on in the book. It must also be 
mentioned that the reader is expected to be equipped with some knowledge of 
the tensor calculus and matrix algebra. 

The book, written in a delightful manner, is never dull. In fact, here and 
there, in the middle of a complicated argument the reader comes across a witty 
and amusing phrase—a rare event in mathematical literature. 

The book is divided into ten chapters, each of which is subdivided into a 
number of paragraphs. ‘These subdivisions, some 145 in all, are listed in a 
Table of Contents, which together with a full Index, enables the reader to find 
any particular topic without difficulty. All the most important practical 
applications of the special theory are dealt with and on this account the book is 
extremely useful as a work of reference. Its chief value, however, lies in the 
manner in which the fundamental ideas are discussed. ‘The most important 
of these are listed on the jacket cover. 

In the first three chapters the Space—Time Continuum is described in some 
detail. Chapter IV is devoted to the Lorentz ‘Transformation and Chapter V to 
its applications. ‘The reviewer found these’ two chapters, which form about a 
quarter of the book, most absorbing. ‘The transformation is regarded as a 
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rotation in space-time and the part played by invariant null-lines is emphasized. 
The optical applications of the Transformation are discussed thoroughly—the 
topics including the expanding universe in Special Relativity. 

The mechanics of a single particle is described in Chapter VI, and several 
collision problems are considered. ‘The mechanics of a system of particles 
(Chapter VII) is based on the assumption that momentum and energy are 
conveyed from particle to particle by elementary impulses travelling with the 
speed of light. By representing angular momentum by a skew-symmetric 
tensor a number of collision problems involving particles possessing intrinsic 
angular momentum are solved. 

In Chapter VIII the transition is made from a discrete system to a con- 
tinuum by means of a statistical argument and the concept of incompressibility 
is discussed in some detail. 

The Electromagnetic Field in vacuo is treated in Chapter [X by means of 
skew-symmetric tensors. In the final chapter the fields due to and the influence 
of fields on electric charges are considered. 


Five useful subsidiary calculations are presented in an Appendix. 
Gala. 


Errors of Observation and their Treatment, by J. 'Toppinc. Pp. 119. (London : 
Institute of Physics (Monographs for Students), 1955.) 5s. 


Dr. Topping’s monograph is compact and competent within the limits aimed 
at and should help academic students who want to acquire a knowledge of the 
simpler methods of treating observational data. No attempt is made to go 
beyond the needs of the kind of laboratory work that students of the physical 
sciences normally encounter. ‘The contents will appear thin to the professional 
statistician, but I suspect that Dr. Topping takes a very realistic view of what 
students, already burdened with the learning of basic science, are likely to be 
able to manage. It would be something achieved if all students of science did 
have an acquaintance with the simple theory of errors, least squares regression, 
and the common distributions. 

Dr. Topping’s book will be a real help to both students and teachers, both 
for its clear explanations and for the many numerical examples. Some teachers 
who are not themselves familiar with statistical methods and may suffer from 
lack of confidence will regret that no answers are given. ‘The references for 
further reading struck me as a rather odd assortment. ‘They vary considerably 
in scope and standard of treatment. It is a pity Dr. ‘Topping does not help the 
student by indicating (a) paralleland(b) nextstep reading. Some of the references 
given are moderately advanced in style and the impression gained is that the 
bibliography as a whole is something of a random sample. M. J. MORONEY 


Les fonctions orthogonales dans les problémes aux limites de la physique mathé- 
matique, by 'T. VoGEL. Pp.iv+191. (Paris: Editions du Centre National 
de la Recherche Scientifique, 1953.) 1200 fr. 

This monograph is written for physicists and engineers who have occasion 
to deal with the solution of what are loosely known as ‘ the equations of mathe- 
matical physics ’. 

The first chapter gives an account of the general theory of orthogonal 
functions. It begins with an account of the basic properties of functional 
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spaces and of the concept of orthogonality in such spaces, goes on to discussions 
of the theory of systems of linear differential equations (ordinary and partial), of 
the closure of certain sequences of functions and concludes with a brief 
discussion of classical perturbation theory. 

The second chapter is devoted to the study of the properties of those sets of 
orthogonal functions which occur most frequently in applications to physics— 
trigonometric functions and Fourier series, Bessel functions, Legendre functions, 
Mathieu functions and the polynomials of Jacobi, ‘T’chebycheff, Laguerre, 
Hermite and Charlier. 

The application of these functions (and their associated series expansions) to 
the solution of boundary value problems in classical and quantum physics is 
considered in the final chapter. ‘The problems considered are taken from wave 
mechanics, potential theory, diffusion theory, elasticity and the theory of wave 
propagation. — 

There is a sufhciently full bibliography at the end of each chapter to enable 
the reader to continue his study of the topics raised, and (at the end of the 
monograph) a very useful table giving the sums of certain Fourier series with 
simple coefficients. “Chis monograph will make difficult reading for a physicist 
who has not also studied mathematics extensively. It is beautifully written 
but it assumes on the part of the reader a high degree of maturity and an 
acquaintance with such abstract topics as Lebesque integration. (The brevity 
of the exposition can be judged by the fact that the theory of Bessel 
functions is dealt with in less than ten pages.) It should prove a valuable 
textbook for students of applied mathematics or theoretical physics. 

I. N. SNEDDON. 


Numerical Analysis, by Z. Kopat. Pp. xiv+556. (London: Chapman and 
Hall, 1955.37 63s: 

With the development of the subject of numerical analysis, and with the 
prospects of considerable further developments in view of the particular 
facilities and limitations of automatic calculating machines, there has come to 
be room for two kinds of books on the subject, one concerned with the alge- 
braical and analytical theory which may lie behind practical procedures for 
carrying out numerical calculations, either by hand or with an automatic 
machine, and the other concerned with those procedures themselves. ‘This 
book is of the first kind, and its main value, which is considerable, will be to 
those concerned with the development of practical numerical procedures rather 
than to the users of those procedures; it will not be of much help to the 
physicist or engineer who has a specific numerical problem and wants some 
practical advice, as brief as possible, on how to set about finding a solution. 
Nor is it a suitable book for a beginner : it is too comprehensive and too general. 
For example, the beginner is likely to be confused rather than helped by being 
presented with a whole array of interpolation formulae, those of Newton, Gauss, 
Stirling, Bessel, Everett, Steffensen, Chebycheft—Bessel, Chebycheff-Everett 
and the modified forms of the two last, all with their algebraic derivations; 
what he wants is one or two formulae which are easy to use in practice and will 
give the results he wants; and, if he is a physicist or engineer, these results are 
likely to be numbers of five figures or fewer, rather than numbers of ten figures 
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or more which may be the main field for some of the more sophisticated 
formulae. 

Some of the treatment seems rather unrealistic from the point of view of the 
reader who really does want to carry out a practical numerical calculation. 
For example, concerning the Picard method for integration of a differential 
equation the author gives a formal proof, and emphasizes by printing in italics, 
that “ the maximum error of the nth approximation can be made less than any 


preassigned quantity provided only that » has been taken large enough”’. ‘lo 
anyone who has really considered what would be involved in evaluating, say, 
e >0 by Picard’s method applied as a numerical process to the equation y’ = —y, 


the word ‘ only’ here might seem to be meant ironically! ‘The emphasis here, 
and similar wording elsewhere, suggests the outlook of the pure mathematician 
rather than an appreciation of the realities of practical numerical work. To 
generalize a statement of Jeffreys, “in order that a series should be useful for 
numerical computation, it is neither necessary nor sufficient that it should 
converge’; and this should never be far out of mind for a writer on numerical 
analysis. Another example of unreality is the dismissal of the subject of 
integration of a first-order linear equation by a footnote stating that such an 
equation ‘‘ would be integrable in terms of quadratures”’; so it would, but it 
does not follow that this would be the best practical way of dealing numerically 
with such an equation. However, the possibility that other methods may be 
needed in practice is not even mentioned. 

For a book of this size there are some surprising omissions besides that 
just mentioned. Almost two whole chapters—about 100 pages—are devoted 
to boundary-value problems, in the restricted sense of characteristic-value 
problems of homogeneous linear differential equations with homogeneous 
boundary conditions. However, other problems of differential equations with 
‘jury’ conditions (to use L. F. Richardson’s term) are dismissed in a single 
sentence, ‘‘ non-linear systems would call for an essentially different method of 
approach’; so they would, indeed, but this bare statement is not much help 
to a reader faced with such a problem and needing some advice about how to 
deal with it. And even for linear equations there is no mention of the method, 
which may be more useful in practice than any mentioned in the text, of inte- 
grating from both ends of the range and matching at some intermediate value 
of x. Nor would the reader get any hint of the scope of the relaxation process 
applied to ordinary differential equations with two-point boundary conditions, 
or of the application in this context of Choleski’s matrix factorization procedure, 
as developed by Thomas and by Fox. Some of the detailed algebra of Chapter V 
could well be spared to give space for consideration of these procedures. 

However, the reader with some previous knowledge of the subject, and with 
practical experience of the realities of numerical work, will find much of value 
in this book. ‘Topics which may be selected as being of particular interest are 
the optimum size of interval in numerical differentiation, a thorough treatment 
of quadrature formulae of Gauss type, the use of Chebycheff polynomials in 
approximate representation of functions by polynomials and in interpolation, an 
original study of methods for replacing a differential equation by a difference 
equation of higher order without introducing a dominant spurious ‘ solution ’, 
and the numerical treatment of integral and integro-differential equations. 
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And not the least merit of the book is that it provokes thought and discussion 
on many of the topics with which it is concerned. D. R. HARTREE. 


The Theory of Games and Linear Programming, by S. Vaypa. Pp. 106. (London: 
Methuen’s Monographs on Physical Subjects, 1956.) 8s. 6d. 


The present vogue for the theory of games dates only from 1944 when a 
monumental original work on the subject was published by von Neumann and 
Morgenstern. ‘The subject is by no means as frivolous as the title may suggest 
since many situations arising in economics and in warfare are illuminated by it. 
Linear programming ts a related but quite distinct subject. Here the object is to 
maximize or minimize a linear function of a given number of variables subject to 
constraints expressed as linear inequalities. An example of a practical problem 
which can be solved by linear programming is that facing a housewife who is able 
to buy a variety of foodstuffs each containing a different proportion of protein, 
carbohydrate, etc. and who wishes to provide her family with a balanced diet at 
minimum cost. 

Both the theory of games and linear programming are subjects which may 
prove to have applications in unexpected places and Dr. Vajda has presented 
their essentials in an admirable manner. His book can be highly recommended, 
not only to the general scientific reader who has heard of the subjects and who 
wishes to know what they are about, but also to the student who is embarking on 
a serious study. M. V. WILKES. 


Champs de vwecteurs et de tenseurs. Introduction a Télectromagnétisme, by 
E. Bauer. Pp. vii+204. (Paris: Masson et Cie, 1955.) 2200 fr. 


In the preface to this beautifully written account of the vector and tensor 
calculus, the author says: ‘‘J’ai toujours pensé que, pour bien comprendre la 
physique, pour distinguer nettement les lois données par l’experience, ou les 
hypotheses théoriques, de ce qui est simple identité mathématique, il est néces- 
saire de préciser d’abord le langage mathématique, d’en faire un cadre abstrait, 
général, dans lequel pourra venir s’insérer ensuite notre connaissance des faits. 
Une fois achevé ce travail préliminaire, le terrain est déblayé, les réalités physiques 
fondamentales se dégagent de la gangue de calculs dans laquelle elles sont trop 
souvent noyées.” 

Professor Bauer has succeeded admirably in his aim of showing that an 
elegant abstract mathematical scheme provides the natural setting for the des- 
cription of the physical world. His book includes a detailed account of the 
theory of vector and tensor fields in three dimensions, a chapter on general tensor 
theory and an excellent brief modern introduction to electromagnetic theory. 
The lucid simple style of the book should commend it particularly to readers 
(such as the reviewer) whose command of the French language is limited, and 
its treatment of the subject should serve as an example both to those who still 
regard ‘applied mathematics’ primarily as a parade ground for the exercise of 
pure mathematical tricks, and to those extremists of the opposite camp (if any 
still exist) who remain to be convinced of the need for precise mathematical 
language in the description of nature, ; E, H, SONDHEIMER, 
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Figure 4. Beam profile (actual size) obtained when x-ray film was exposed at the beam 
entry window of the chamber. ‘The lead blocks in front of the chamber were 
moved slightly after this picture was taken so that the lead did not obstruct the 
beam on the left-hand side. 


Ce 


Figure 5. A typical cloud chamber picture taken during the experiment. A well collimated 
beam of 383 Mev protons of intensity ~2 x 10* enters the chamber at the top of the 
picture. A7-meson of radius of curvature 11 cm is produced to the left of the beam 
at an angle of 135° in the laboratory system. ‘This 7-meson can be seen decaying 


in the chamber gas into a z-meson. 
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The Momentum Spectrum of u-Mesons at a Depth of 40 Metres 
Water Equivalent 


By W. F. NASH anp A. J. POINTON 


Physics Department, University of Nottingham 


Communicated by L. F. Bates: MS. received 22nd March 1956 


Abstract. Scattering distributions, obtained in two lead plates, each 2 cm 
thick, placed ina cloud chamber situated at a depth of 40 metres water equivalent, 
have been used to determine the momentum spectrum of u-mesons in the range 
0-22-1-0Geve*. The spectrum is in good agreement with the spectrum derived 
from the sea level data of Holmes and co-workers. 


§ 1. INTRODUCTION 


underground or under thick absorbers at sea level to investigate the properties 

of the z-mesons present in cosmic radiation. George, Redding and Trent 
(1953), Leontic and Wolfendale (1953) and MacDiarmid (1955) investigated the 
large angle scattering of u-mesons in absorbers contained in a cloud chamber. 
Leontic and Wolfendale used a form of analysis to give results independent of the 
momentum spectrum of the «.-mesons, but in the other experiments the analysis 
was performed using an assumed form for the underground spectrum to enable 
the experimental results to be compared with those obtained theoretically. 
Similarly, Kannangara and Zivkovic (1953), working on the large angle scattering 
of z-mesons in photographic emulsions, required a knowledge of this spectrum. 
In all these experiments and others (see Lloyd and Wolfendale (1955) for summary) 
there was found to be ‘anomalous’ large angle scattering which apparently 
could not be accounted for by ordinary Coulomb scattering theories. In all 
but the experiments of Leontic and Wolfendale the evidence for the existence of 
anomalous scattering depends on the form of the spectrum assumed. 

George and Shrikantia took for the momentum spectrum the form 
N(p)dp =(p +o) ?'"dp, where py is the momentum loss due to ionization in the 
earth above the apparatus and the exponent — 2-7 is based on the data of Barrett 
et al. (1952). A similar spectrum was assumed by Kannangara and Zivkovic. 
This form has since been shown to be inaccurate (Rochester and Wolfendale 
1954). 
MacDiarmid obtained a more accurate form than the ‘ power law’ spectrum 
of George and Shrikantia by applying an ionization cut-off to the sea-level 
spectrum found experimentally by Holmes et al. (private communication). 
An attempt was made to estimate the low-momentum part of the spectrum by 
applying a statistical analysis to the scattering distribution obtained in the 
experiment. The method was not rigorous and the final result depended on 
the form of the spectrum assumed, since the high momentum part of the spectrum 
was found by subtracting the estimated low momentum part from the assumed 
spectrum which, in the low momentum region, may have been 1n error. 


I: the past few years a number of experiments have been performed 
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It is possible that the derived forms of the underground spectrum of the 
j-mesons are in error due to neglect of the effect of the scattering of the w-mesons 
in the earth above the apparatus and the differences in path lengths of particles 
which are not incident vertically. If such errors existed the results of some 
of the above experiments would be affected. 

It was therefore decided to measure the underground momentum spectrum 
and compare it with the forms derived from the ‘ power-law’ spectrum and the 
experimental spectrum of Holmes et al. ‘The method consisted of analysing the 
scattering of u-mesons in the lead plates of a cloud chamber and applying a 
statistical method to obtain the form of the momentum spectrum in the apparatus 
consistent with the observed scattering. 


§ 2, EXPERIMENTAL ARRANGEMENT 


The experiment was performed in a cave situated beneath 19-85 metres of 
sandstone rock equivalent to 39-7 metres of water. The upper surface of the 
rock was flat over that part covered by the solid angle of the counter telescope 
used. The rock ensured that the incident flux of penetrating particles was 
sensibly free from any nuclear interacting component. 

The apparatus consisted of a cylindrical cloud chamber, of diameter 28cm 
and illuminated depth 8cm, containing two 2cm lead plates and triggered by 
a three-fold coincidence counter telescope shown in figure 1. Between the 
second and third trays of the counter system was placed a thickness of lead & 
which gave a low momentum cut-off to the momentum spectrum of the particles 
observed in the cloud chamber. ‘The counter system introduces a bias in the 
momentum spectrum of the observed particles since they may be scattered out 
of or into the counter system by the lead plates of the cloud chamber. ‘This 
effect must be taken into account when a comparison is made between the 
experimental results and the derived spectrum. 
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Figure 1. Experimental Arrangement. 
C,, Cy, Cs counter trays, Lj, L,, L; and & lead absorbers. 
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The tracks produced by the «u-mesons were photographed stereoscopically 
by a camera with two lenses situated 7 cm apart and 50cm from the front plate 
of the cloud chamber. The projected angles of scatter of the -mesons in the 
lead plates were measured by projecting these photographs on to a circular 
protractor as described by MacDiarmid (1954). The angles could be read to 
i. 

To check whether any systematic errors existed in the measured angle of 
scattering, a frequency plot of the positive and negative deflections of some 
250 particles (i.e. some 500 angles) was made for each set of readings. From the 
symmetry of the histograms obtained it was found that if any systematic errors 
occurred they were certainly less than 0-2°. 

‘The effect of random errors or ‘noise level’ scattering, which is much larger 
than that of the systematic errors, will be discussed in the next section. The 
3cm of lead was placed above the chamber to enable events occurring therein 
to be examined inside the chamber. Its only effect in this experiment was to 
modify slightly the momentum spectrum of the particles observed. 


§ 3. ESTIMATION OF THE MOMENTUM SPECTRUM 


From previous measurements on the scattering of u-mesons (Whittemore 
and Shutt 1952, MacDiarmid 1955, Lloyd and Wolfendale 1955) it has been 
shown that the angular distribution follows closely the gaussian form as given by 
Rossi and Greisen (1941) and others, at least up to energies of the order 10 Gev. 
Thus a probability distribution for the momentum of a slow particle, penetrating 
a small number of plates, can be obtained. ‘The method follows Annis et al. 
(1953) and Lloyd and Wolfendale (private communication). Instead of the 
momentum p the independent variable pf was used, where fc is the velocity of 
the particle considered. 

If <d) is the measured r.m.s. angle of scatter for a particle traversing 7 plates 
in a cloud chamber and o is the value of this angle for an infinite number of 
traversals (ignoring momentum loss) then the probability that (f) lies between 


{¢) and (¢)+d<¢) is ou ae 
Dy MRD mre lace esas (- 5 ) ace) ae! (1) 


og” o2 


where f,(”) is a normalizing constant. 
Now, if PoB> is the value of pf obtained from the measured value of <4), 
the probability that the true value lies between pf and pf + d(pf) is, from (1) 


Px(p2 puBo)a( 98) =fun) (PE-)" exp] - 3(45-)' | a( 28) ...@) 


since Poby<¢)=constant (Rossi and Greisen 1941); f,(m) 1s a normalizing 
constant. The form of this distribution has been checked by Lloyd and 
Wolfendale by experiment. ‘The distribution given in (2) is applicable only if 
there is no ‘noise’ or random scattering and there is a ‘flat’ incident momentum 
spectrum. Since neither of these conditions is satisfied in practice these effects 
must be taken into account. 

If the ‘noise level’ scattering is represented by an r.m.s. angle o, and the ratio 
of the measured angle of scattering (¢) to o, by m, then the momentum distribu- 
tion for a given particle is given in terms of p,f,/p,fy instead of pB/p By where 
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This new distribution is obtained by replotting at any particular value of pB/pPofo 
the ordinate found at p,f;/Po8) on the curve given by (2). The effect of the 
‘noise’ is to introduce an asymmetry into the distribution and an asymptotic 
value equal to the ordinate at pB/Po8> = (m? — 1)!” on the original curve given by 
(2). Figure 2 shows the distributions for the present experiment (i.e. m= 2) 


for m equal to 2, 4 and infinity, the latter corresponding to the form given by (2). 
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Figure 2. Momentum distribution functions for n=2. 


MacDiarmid (1954) showed that the value of o, may be found from the 
distribution of the measured r.m.s. angles of scattering. When the values of 
pf tend to infinity the measured scattering will be mainly that due to ‘noise’ 
and if a frequency plot of the measured r.m.s. angles is made there will be a peak 
value (d)p at small angles, given by 

on 


ib p= at Pe ™ Sa- 4 Oe Rea (4) 


where 7 is the number of plates in the chamber. Hence the value of o, may be 
obtained. The results of (4) were checked by Lloyd and Wolfendale (1955) 
using a more rigorous method. 

Since the momentum spectrum is not ‘flat’ there is another probability 
distribution introduced into the pf distribution for a given particle. ‘Therefore, 
to obtain the final form of the pf distribution, the theoretical form must be 
multiplied at any given point by the corresponding value of the pf spectrum. 
The form of the spectrum at large values of pf is well known and can certainly 
be used, but at small values of p8 an assumed form must be taken. It is the 
determination of the true form of this spectrum at low values of pf that is the 
object of the present experiment. 

The resulting distributions are then normalized to the observed number 
of particles corresponding to the pS) and m values considered. ‘These normalized 
distributions are then summed and a form of the spectrum results. Ifthe resulting 
spectrum is different from the assumed form then the procedure is repeated 
using the derived form of the spectrum until a self-consistent spectrum is obtained. 
Since the method is one of successive approximation the initially assumed form 
of the spectrum is not critical. ‘he lead = between the second and third counter 
trays gives a low-momentum cut-off to the assumed, and hence to the resulting, 
form of the spectrum. 

Only the spectrum below 1-0 Gevc' is considered in this experiment, since 
above this value the derived spectrum is uncertain because of the effect of 
‘noise level’ scattering which renders angles smaller than about 1-0° unusable. 
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In the present case the p 8) and m values were taken as the means for groups 
of particles with r.m.s. angles within a range of 0-2°. 


§ 4. EXPERIMENTAL RESULTS 


Two series of photographs, referred to as Series I and Series II, were obtained 
with different values of %, the thickness of lead beneath the chamber. Series I 
was taken with = at 9-5 cm and Series II with ¥ at 19cm giving low-momentum 
cut-off at p8 equal to 0:22 Geve and 0:35 Gevc— respectively. In each series 
some two thousand photographs (corresponding to some four thousand angles of 
scatter) were measured, and the angles of scatter of the tracks found as described 
above. Only tracks satisfying the following conditions were accepted: (a) there 
must be little obvious distortion in the track, (b) the particle must be 
unaccompanied: otherwise it might be part of a secondary penetrating shower 
and therefore may not be a p-meson. 

In Series I, 993 tracks were used in the determination of the ‘noise level’ 
scattering angle o,, the value of which was found to be 0-7°.. Another 845 tracks 
(having <¢)> 1°) were used in the estimation of the p§ spectrum. In Series IH, 
851 and 818 tracks were used respectively, and the value of o, was found to be 
0-53°. The difference in the values of o, is because better thermal conditions 
obtained for Series II than for Series I. The self-consistent form of the 
spectra found after three successive approximations are shown in figure 3 for 
the two series. 

§ 5. CONCLUSIONS AND DISCUSSION 

It will be seen from figure 3 that the peaks of the spectra, Series | and Series IT, 
are for pB equal to 0-6Gevc"! and 0-68 Gevec! respectively, but that otherwise 
the curves are similar. A calculation of the difference produced by the scattering 
of the particles in the lead = beneath the chamber showed that the effect was 
sufficient to account for the difference in the peaks, but would not otherwise 
affect the spectrum to any great extent. ‘To give a direct comparison between 
the spectra, the estimated percentage of particles with values of pf in the range 


Relative tntensity 


PAR (Gev/c) 


Figure 3. Measured spectra compared with the form derived from the sea level data of 
Holmes et al. 


0:5-1-0 cevc-! for each series was found. The values were 6:22 +0-53% and 
6-18 + 0:55%, which are in close agreement. ‘The curves of figure 3 have been 
normalized to give corresponding areas for that section of the spectrum in the 
range 0:5-1-0Geve!. The errors stated are purely statistical. 

The experimental spectra were compared with the spectra derived from the 
sea-level spectrum of Holmes et al. and from the ‘power law’ form N(p)dp =p“dp, 


730 W. F. Nash and A. }. Pointon 


with y equal to 2:7. These spectra were adjusted for the ionization loss in the 
rock above the apparatus and for the scattering of the particles inside the apparatus. 
The scattering correction, calculated on the assumption that all the particles are 
incident vertically (MacDiarmid 1954 and others), gave spectra with a peak at 
about 1-6Gevc-! and the number of particles in the p8 range 0-5—-1-0cev Ca 
much less than the percentage found experimentally. When, however, a refined 
calculation was performed taking into account the variation of incident angle 
(see Appendix) the agreement between the experimental forms and the derived 
forms of the spectrum was good. For comparison the form derived from the more 
accurate spectrum of Holmes et al. is shown in figure 3 normalized in a similar 
manner to the experimental curves. The peak of the spectrum is at pB equal to 
0-72 ev c and the number of particles in the pf range 0-5-1-0 Gevct is 6°42% : 
for the ‘ power law’ spectrum the peak was found at 0-61 Gev c-! and the percentage 
of particles 7:9%. 

It will be seen that above about 1-0Gevc"! the experimental forms of the 
spectrum fall off more rapidly than the spectrum derived from the result of 
Holmes ef al. This effect is caused by the ‘ noise level’ scattering which excludes 
from the analysis particles which would have contributed to this part of the 
spectrum. Since the ‘power law’ form of the spectrum is empirical, it is only 
to be expected that the percentages found for the given range should not agree 
very well. 

If there were any anomalous scattering as suggested by the work of Leontic 
and Wolfendale (1953) and others, it would be apparent in the part of the spectrum 
considered here, since it is the larger angles which are considered in this analysis. 
However, while such scattering might have an appreciable effect on the shape 
of the spectrum at low values of pf, due to the large normalization factors, there 
would be a negligible effect on the percentages involved since the experiments 
mentioned above have shown the number of anomalous scatters to be only a small 
fraction of the total number. 

Recently George and Shrikantia (1956) have obtained a form of the u-meson 
spectrum at a depth of 56 metres water equivalent using photographic emulsion 
techniques but direct comparison of their results with those of the present 
experiment is difficult. This is partly due to the difference in the techniques, 
the location and the range of spectrum considered. In all, George and Shrikantia 
measured 317 particles in the momentum range 0-40 Gevec! of which only 13 
occurred in the range 0:5—1:0Gevet. All that can be said is that the results of 
the present experiment and those of George and Shrikantia are not incompatible. 

From the results of these experiments it is seen that the percentage of particles 
with small values of pf is only slightly less than the percentage given by the 
derived form of the spectrum. It therefore appears that the derived form of the 
spectrum is sufhciently accurate (e.g. for use in anomalous scattering experiments 


(cf. § 1)). 
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APPENDIX 
CORRECTION TO THE DERIVED SPECTRUM DUE TO SCATTERING IN THE APPARATUS 


It is required to calculate the probability that a particle incident on the top 
counter tray with a given value of pf will also cross the bottom counter tray. 

For the purpose of calculation the Coulomb scattering distribution given by 
Rossi and Greisen (1941) is assumed. This assumption is justified by the 
experiments of Whittemore and Shutt (1952) and others who found that the 
scattering of u-mesons, at the values of p8 considered here, follows a gaussian 
form. It is also assumed that the three lead plates act as one lead plate situated 
at their centre of gravity. Further, the front view, or x direction, and the side 
view, or y direction, are considered to be independent since, to a good approxi- 
mation, the projected angles of scattering in planes at right angles are independent. 
Thus only the x direction is considered in detail as the results for the y direction 
will be formally analogous. The system for the x direction is shown in figure 4. 


ae Counter Tray 


<---Q--> 


—= Scattering 
Material 


' \ 
‘eo \ Counter 
a Tray 


Figure 4. Schematic diagram of apparatus, used for purpose of calculating 
the scattering correction. 


It is assumed that the particle is incident on the top tray in a distance w to 
x +dx from O with a projected angle 6 to 0+dé in this plane. ‘The probability 
that the particle is incident on the top tray in the interval dw is dx//,, and that 
it is incident in the interval d@ is K,cos?@d@ where A, is a constant. ‘The 
assumption of a cos?@ distribution is not critical. ‘The probability that the 
particle crosses the bottom tray is given by 


PO») =3] AMA+L| MBE vee (Al) 
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where f(#)d¢ is the probability of the particle being scattered by the lead block 
through a projected angle ¢ to ¢ + dd, and ¢, and ¢, are given by 


@; =tan ee =| me: 


L-a 
4(/, -1,) +x + atané 
S| = —— z =i a. 
go, = tan | ae | + 


Rossi and Greisen (1941) give 
1 5 Bh 
f(pyag= = PE exp| - (fr) | ap 


where E,=21 x 10% ev and ¢ is the thickness of the absorber in radiation lengths. 
When ¢, becomes negative the probability given by (A 1) becomes 


P@,x)=1{" fd)db—3 


- 0 = i() 


(s 


The probability of observing a particle with a given value of pf (i.e. that it will 
pass through the top and bottom counter trays) is obtained by averaging P(@, x) 
over all values of @ and x, and is given by 


| Ms “$s 
“Ls eyab+3 |" /0b)dh | costa dade ...(A2) 


Le ast Leah bh tan ONE 
ae Dame 2 Bo Ut 
Ky ( 2 jen . 7!) - | 


The limit tan“*{(d, —x)/a}, epee: on 6 is et since for angles greater 
than this value the particle would miss the scattering material. ‘The probability 
for the y direction is given by a similar expression and the total probability is given 
by the product of the probabilities in the two directions. 

The integrals (A2) cannot be evaluated analytically but must be calculated 
numerically for each value of p8 required, using error function tables. The value 
taken for pf is the value at the centre of the chamber. Since in the present 
experiment there is a minimum acceptable value of p8 defined by the thickness 
of lead & the maximum ionization loss in the absrober is about 4%. Hence the 
value of pf used will not be greatly different from the incident value. 

The correction function obtained is shown in figure 5, 
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Figure 5. Calculated correction function. 
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It should be noted that, in general, in experiments on jz-mesons underground 
no account has been taken of the angular variation of incident direction and that 
in the present experiment the correction function, calculated assuming all the 
particles to be incident vertically and assuming a variation of incident angle, 
differ by as much as a factor two at the lower values of pb. This is due to the 
fact that, while the incident intensity is not greatly affected by a small variation 
of incident angle, the probability of loss of a particle is affected, since at small 
values of p8 the particle, while missing the bottom counter tray in its original 
path, may be scattered in such a-way that it will pass through this tray. 


REFERENCES 


ANNIS, M., Bripce, H. S., and OLsert, S., 1953, Phys. Rev., 89, 1216. 

BarreTT, P. M., BoLtincer, L. M., Cocconi, G., EISENBERG, Y., and GreIsEN, K., 1952, 
Rev. Mod. Phys., 24, 133. 

GeorceE, E. P., REDDING, J. L., and Trent, P. 'T., 1953, Proc. Phys. Soc. A, 66, 533. 

Grorce, E. P., and Surikantia, G. S., 1956, Nuclear Phys., 1, 54. 

KANNANGaRA, M. L. T., and ZivKovic, M., 1953, Phil. Mag., 44, 797. 

LEonTICc, B., and WoLFENDALE, A. W., 1953, Phil. Mag., 44, 1101. 

Lioyp, J. L., and WoLFenpate, A. W., 1955, Proc. Phys. Soc. A, 68, 1045. 

MacDiarmip, I. B., 1954, Phil, Mag., 45, 933; 1955, Ibid., 46, 177. 

RocuestTer, G. D., and WoLFENDALE, A. W., 1954, Pail. Mag., 45, 980. 

Ross1, B., and GREISEN, K., 1941, Rev. Mod. Phys., 13, 240. 

Wuittemore, W. L., and Suutt, R. P., 1952, Phys. Rev., 88, 1312. 


~I 
Ww 
TR 


The Fermi, or Exchange, Hole in Atoms 


By V. W. MASLEN 


Mathematical Institute, Oxford 


Communicated by C. A. Coulson; MS. received 22nd March 1956 


Abstract. Slater has recently introduced the concept of an averaged exchange 
hole as a basis for an approximation to the exchange potential, which arises in 
the Hartree-Fock equations. Use of the density matrix leads to a natural 
definition of the exchange hole which is identical with that obtained in a different 
manner by Slater. The distribution, size and shape of the exchange hole have 
been studied for neon and argon, using Slater wave functions, and the results 
give further information concerning the nature of the hole. The Slater 
approximation of a spherical exchange charge, centred at the electron, is discussed. 


§ 1. INTRODUCTION 


N recent papers, Huntington (1942) and Slater (1951) have shown that the 
| normal form (1) of the Hartree-Fock equations, 


Hyb(t)+ | > | be Mba2)aralrae |) 
—[ Sher nearer | v= BAA). 


may be alternatively written 
Hybit)+[ | beta) een (1) 
=| S| WA ibe* 2rtaCDh(2) dra teACA WKY} | #1) = Eb. 


H, is the one-electron part of the Hamiltonian for electron 1, y,,, 5, ... are the 
orthonormal set of one-electron wave functions and (1), (2), ..., (V) indicate 
the coordinates, both space and spin, of electrons 1, 2, ..., N. Integrations 


over dr, include summation over spins and therefore the exchange terms vanish 
unless ¢,, #;, have their spins parallel. 

In equation (2), the exchange term has the standard form of a potential 
energy term in a one-electron Schrodinger equation. Slater has interpreted it 


to be the potential, at the position of the first electron, of an exchange charge 
density 


= >) b*( (2) eC b(2)/f CC). eee (3) 


| spins 
[his exchange charge density, he points out, integrates to minus one over the 
space of electron 2. Being mainly negative, it has the nature of a hole within 
the total charge distribution and accounts for the fact that no other electron of 
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the same spin can occupy the same position as electron 1 and is unlikely even 
to be near it. In form (3), however, the exchange charge differs for each 
solution %. of the Hartree-Fock equations. ‘To make the problem tractable 
Slater forms a weighted average over all occupied orbitals of the same spin, 
thereby obtaining, for the average exchange hole, the expression 


N N 
-[>5 Hs" sbe* batt) |/[ > MMOD | eee (4) 
| spins 

Unfortunately, even calculation of the potential due to (4) is too difficult for 
many purposes and so Slater has approximated to it with a spherical distribution, 
centred at the electron. 

With this approximation of a spherical exchange charge, Pratt (1952) has 
solved the Hartree-Fock equations for Cut. The energy values in this instance 
showed little improvement over the Hartree values, but the wave functions 
obtained are generally an accurate approximation to the Hartree-Fock solution. 
Gaspar (1954) claims that an exchange potential equal to two-thirds of the Slater 
value gives better results in the case of Cu, but this claim deserves further 
investigation. 

Whether or not the exchange potential due to an averaged exchange charge (4) 
is in good approximation to that due to the correct distribution (3) has already 
been discussed by Herman, Callaway and Acton (1954) and will not be pursued 
further here. 

In the present paper it is shown that use of density matrices yields a definition 
of the exchange hole which is identical with Slater’s average exchange hole 
(cf. also Léwdin 1955). The distribution of exchange charge density is examined 
for neon and argon, using Slater orbitals, and the Slater approximation of a 
spherical distribution of exchange charge is discussed. 


§ 2. Density Matrix ForMULATION oF THE Fermi HoLe 


For a system of N interacting particles in the state oF (lids ee eawre 
define the density matrix to be 


pil, 2,...,.N; 1’, 2',..., N’)=NI¥(1, 2, ..., NYP*(1’, 2, ..., 9. 
Gee (5) 


The diagonal element p,(1,2,..., N; 1,2, 7.4 IN) -18" the probability density 
for one particle to be at point 1, another at point 2, etc., simultaneously. The 
factor N! accounts for the N! possible permutations of the electrons among 
these positions. (It is to be noted that the convention of using the factor N! 
is not universal. We follow here the definition given by McWeeny (1955).) 
To find the probability of N—1 electrons having coordinates 1, 2, 3, ..., N—1, 
simultaneously, we integrate Pull, 25..5,IN 1,2. ..,0) over ally values: of 
the coordinate N. With suitable normalization, we may therefore define a 
‘reduced density matrix’ 


ee No 1 2s (Mets 


=N(N-1).....3.2[¥(1, 2, ...,.N—1,N) ¥¥(1', 2',...,(N-1), N)dry 
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and, by continued integration, 
ply 25, 2) = GY) | (12h INU E25 Saree) Os ening 
and 


pac "=n | W(1, 2, ..., NYW*(1, 2, ..., N) dry... dry. 


Dirac (1931) has shown that, when (1592, . ) GN payee approximated as 
a single determinant of one-electron functions, 


W(1, 2,..., N)=(N!)-1? det | ¢1(1)¥2(2). ..%(N)| 


then 
pil; l’)= bs (1), (LY iene eee (6) 


and all higher order density matrices may be expressed in terms of pa bal). 
In particular, 


PCa anes MeL Aaly RUE) are ale pr? 10) 
When the space and spin variables are separable, we may divide p, into two 
parts. ‘lhus ¥ 

pls V)=prX( 5 V)a(1)a(1) +020 3 VBO)BA (7) 
and 


pal, 251’, 2) =par(1, 2 5 1, 2’)a(1)a(2)2(1')2(2”) 
+ por®(1, 2 3 1’, 2’)a(1)8(2)a(1')B(2’)+ similar terms. ...... (8) 
If, further, we integrate equations (7), (8) over the spin variables to obtain the 
‘spinless density matrices’ P,(1 ; 1’), P,(1, 2; 1’, 2’), then 
Pst oP COR eats) 
and 
Pi, 23 1, 2.) = P(e 12) Pa (ae a ee) 
se Pe Ne eee) 
where 
UR Gna i Meza end CPR TaN eh a Gu ke) 
and 
Pea re 2 =P ee) Pe 2 Ve ee ie come a) 
with similar expressions for P,’* and P,*?. 1, 1’, 2, 2’ refer now only to space 
coordinates and P,, P, to spatial distributions. ‘The diagonal element of (9) 


gives the well-known result that, in the one-electron approximation, there is no 
spatial correlation between electrons of opposite spin. From (10), 


Pyo(1, 25 1, 2)=Py(1 5 EP (2 ; 2)— Pal ; 2)P,2(2 ; 1)/PAU. 5 1). 


Expressed in this form, P,**(1, 2 ; 1, 2) is interpreted as follows. The first 
factor on the right-hand side is the probability of an electron being at 1. The 
second factor is the probability that another will have position 2, subject to there 
being an electron at 1. ‘The second term within this factor is dependent upon 
the coordinates 1 and is therefore a correlation term. Being mainly negative, 
it has the nature of a hole within P,°(2 ; 2) and we adopt it as a definition of 
the: Fermi ‘hole, fl 2)5 Winns 


Fo(1 ; 2)=—P,(1 ; 2)P,(2 ; 1)/P,(1 ; 1). 
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If we substitute (6) into equation (12) then this definition is seen to be equivalent 
to (4), obtained by Slater. 


In the next section the form of (12) in simple cases is examined. 


§ 3. EXCHANGE CHARGE DISTRIBUTIONS FOR NEON AND ARGON 


The wave function of a closed shell atom may be approximately expressed 
as a single determinant of one-electron functions and the exchange charge 
distribution is examined for two such atoms, neon and argon. 

For neon, the normalized Slater wave functions, in atomic units, are 

(1s) = 17-04e-97", (2s) = 4-67re?9, 

(2p) =8-08xe29" } 
yielding an exchange charge density, for electrons of the same spin, of 
Biol A) 

= [290-4 exp { —9-7(r, +r,)} + 21-757,7,(1 +3 cos y) exp {—2-9(r, +7,)}]? 

[290-4 exp (— 19-4r,) + 87-0r,2 exp (— Semi be waste . (14) 
where y is the angle between r, and r,. Contours of constant F(1 ; 2) are shown 
in figure 1 for four values of 7,, the distance of the electron from the nucleus. 
Both from the figure and from (14) it is evident that, for r, small, (and, conse- 
quently, electron 1 most probably in a 1s state), F(1 ; 2) approximates to a 


0-01 


© Position of fixed electron’ 
(a) x Density maxima 


Figure 1. Contours of constant exchange charge density in neon, for various values of 
ry. (a) 1=0, (6) 7; =0-2a,, (c) 71; =0'4a,, (d) 7;=0-7a,. (The figure gives charge 
in, units of +e). 
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1s distribution. Similarly, for 7, large, with the electron most probably in 
the second quantum shell, F(1; 2) tends to a 2(sp*) distribution. That it 
does approximate to a 2(sp*) distribution for large 7 is due to the use of the 
same exponent in the 2s and 2p functions so that their energies are the same 
and the average electron in the second quantum shell may be assumed to occupy 
a 2(sp*) orbital. 

In Slater’s spherical charge approximation, the exchange charge is centred 
at the electron. ‘The distributions plotted in figure 1 indicate that this is, as 
expected, not strictly correct. In figure 2 is plotted the variation in R, the 
distance of the centre of gravity of the exchange charge from the nucleus, 
against 7,. Due to the spherical symmetry of the atom, R and r, lie in the 
same direction. The nature cf this variation of R is particularly interesting 
at its extremities. For r, small, R20 and the exchange charge ‘follows’ the 
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Figure 2. The full curve shows R, the centre of the exchange charge, plotted against 7, 
for neon. The broken curve gives the radial distribution of 1s2s2p’. 


L Shell 


R (units of ao) 


a) 04 0:8 1-2 1:6 2.0 
rm (units of Qo) 


Figure 3. The full curve shows R, the centre of the exchange charge, plotted against 7, 
for argon. The broken curve gives the radial electronic distribution of 1s2s2p33s3p°. 


electron only slowly. Again, for 7, greater than a critical value, R is roughly 
constant. Its value is then that of the centre of gravity of a 2(sp%) hybrid, to 
which the exchange charge rapidly converges. ‘Thus, again at large distances 
the exchange hole ceases to ‘follow’ the electron radially. 

‘The exchange hole in argon is very similar to that in neon. The exchange 
charge distribution alters, as 7; increases, from that of a predominantly 1s orbital 
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to a 2(sp’) hybrid and, for very large r,, to a 3(sp’) hybrid. In figure 3 is shown 
the variation of the centre of gravity R of the exchange charge with the distance 
of the electron from the nucleus. This exhibits, for r, small and r, large, those 
features which were observed for neon. 


§ 4. Discussion 


Slater has stated that the exchange charge density for, Say, % spins is equal 
to P,*(1 ; 1) at the position of the electron, gradually falling off as we go away 
from this point. This observation is used as the basis of an argument both for 
the averaged exchange charge approximation and for the further approximation 
of a spherical exchange charge. We see, however, that although the exchange 
charge density does have the value P,*(1 ; 1) at the position of the electron, 
as it must in order to satisfy the Pauli exclusion principle, this is not necessarily 
its maximum value. Nor does the density always fall off as we go away from 
the electron. And, as we noted above, in the outer parts of the atom the exchange 
charge no longer ‘follows’ the change in r,. It rapidly converges to a constant 
distribution. 

The nature of the exchange hole for neon leads to an interesting interpretation 
of its general form. The one-electron density distribution for neon is 

tis eB (17-04 exp (— 9-71.) }? + 4{4-677, exp (—2-9r,)}2 eeu (15) 

This result follows immediately from (6) and (13). The first term on the 
right-hand side of (15) is the contribution of the 1s electron and the second 
comes from the four electrons in the second quantum shell. If the only 
information available is that the electron is at r;, then equation (15) indicates 
that the probability of its being ina 1s orbitalis proportional to {17-04 exp(—9-7r,)}? 
and that of being in the second quantum shell to 4{4-67r, expi(—- 2:97) 
Now, the average electron in the second quantum shell may, as mentioned 
above, be considered to occupy a 2(sp?) hybrid orbital, with wave function 


(2sp*) = 2-335(1 +3 cos y)re2" 
so that the expected wave function of the electron is 
(1/N)[{17-04 exp ( — 9-7r,)}{17-04 exp (— Out); 
+ 4:67{4-67r, exp (—2-9r,)}(1 +3 cos y)r exp (—2-9r)] 
where NV, the normalizing factor, is given by the expression 
N= {290-4 exp (— 19-4r,) + 87r,2 exp (— 5°87r,)}2, 
Comparison with (14) shows that the exchange charge density distribution is 
identical, except for sign, with that corresponding to the most probable wave 


function of the electron at that point. From the form of (4) and (6) it is clear 
that this interpretation holds also in the general case. 
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The Interpretation of Intensity Distributions in the CN Violet, C, Swan, 
OH Violet and O, Schumann-Runge Band Systems by use of their 
r-Centroids and Franck—Condon Factors 


By R. W. NICHOLLS 


Department of Physics, University of Western Ontario, London, Ontario, Canada 
MS. received 26th April 1956 


Abstract. Intensity distributions in the CN violet, C, Swan, OH violet and 
O, Schumann—Runge band systems are examined to determine in each case 
the dependence of the electronic transition moment Re(r) upon internuclear 
separation 7, with the aid of Franck—Condon factors q,,,, and r-centroids 7,,,. 
It is found that Re(r)=const(—1+2-579r) for the CN violet system, that 
Re(r) =const (1 +0-056r) for the C, Swan system, that Re(r) = const (1 — 0-7567) 
for the OH violet system and that Re(r)=const (—1+2-416r —0-897r?) for the 
O, Schumann—Runge system. ‘Smoothed’ arrays of relative vibrational 
transition probabilities have thereby been determined for each band system. 


§ 1. INTRODUCTION 


CHARACTERISTIC internuclear separation 7/,,,,, associated with the v’+v” 
AN band of a diatomic molecular band system and called the r-centroid of 
the band was discussed in a previous paper (Nicholls and Jarmain 1956, 
to be referred to as I). 
It will be recalled from I that 


pede yt aar asia dy ne (1) 
| 

| th tb yp dr = (Frye)? | ay A (2) 
[bef erdr=fFow) | bathed wena (3) 


The wide range of conditions under which it is possible to write equations (1), 
(2) and (3) have been established by Fraser (1954a, b) and are stated in detail 
in I. In these equations %,,, %,,, are vibrational wave functions of the levels v’ 
and wv” respectively, 7 is the internuclear separation, m is an integer less than 
about 10, f(r) is a polynomial function of 7, of degree less than about 10. Arrays 
of r-centroids for a variety of band systems were presented in I. 

In the present paper a practical application of equation (3) to the interpretation 
of arrays of intensities of band systems will be discussed and illustrated for 
four band systems for which intensity measurements are available. 


1.1. Factors which control Band Intensities 
The integrated intensity in emission J,,,, of a band may be written 
Weight a NE a er re Ae (4) 
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where H is a constant which allows for units and the geometry of the optical 
system, N,, is the population of the level v’, E,,,” is the energy quantum of the 
band and P,,,, is the transition probability of the band. In fact 


4 2 
IE baa Evy? | beRelr)ber dr 


ve Bh 


where R,(r) is the electronic transition moment of the transition and 


R&n)= | ae) es ee (6) 


Here ie, per are the electronic wave functions of the upper and lower states 
of the transition and WM is the multipole moment associated with the transition. 
The vibrational transition probability p,,,., may be defined as 


[ eRelrbe- dr] 


and its variation from band to band is a measure of the distribution between 
the bands of the oscillator strength of the electronic transition involved. 

Equation (4) may then be rewritten as 

Lyp=KNgbve Poe... 9 ee (8) 

where K incorporates all the constants. ‘Thus an array of relative p,,,, may be } 
determined from I,,,N,Ey,* when the integrated band intensities /,,,,, have | 
been measured and when information is available on the change in vibrational 
population NV, with v’. Such experimentally determined arrays of p,,, have | 
been published in a few cases (see below) and while valuable, suffer from the 
defect that the individual values of p,,,. vary in relative accuracy because the 
percentage error in measurement of high intensities is much less than in the 
measurement of low intensities. In cases where no information on NV, is available, 
L,,Eyy* provides a relative measure along a v" progression (v=const) of the 
variation of p,,. Suitable rescaling procedures (‘Turner and Nicholls 1954b) 
may then be employed to place all the p,,,. on the same scale, but the objection | 
of possible large variation in relative accuracy from band to band still remains, 
however. 

A superior method (Fraser 1954a, ‘Turner and Nicholls 1954a, b) which 
leads to a ‘smoothed’ array of p,,,. is outlined briefly below. 

The right-hand side of equation (7) is similar in form to the left-hand side of 
equation (3). Re(r) is expected to be a smoothly varying function of r and thus 
equation (7) may be rewritten as 


Py Ca REF yy") 


P Oe a 


2 


= REGS \gui— ee (9) 


2 


| bebe dr 


where Hee | | yao dr 


is the Franck—Condon factor of the band in question. 

Tables of Franck-Condon factors have been computed for a number of 
important band systems (see, for example, Jarmain, Fraser and Nicholls 1953, 
1955, Fraser, Jarmain and Nicholls 1954, Pillow 1951, 1953a,b, Bates 1949, 
1952, and papers referred to therein). 

From equations (8) and (9) 


= 4 ; 
pg = KNGEY MREG Oy dee 
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This equation may be used to determine the form of R.(r) for a band system. 
Equation (9) may then be employed to determine a ‘smoothed’ array of p,,,, for 
the band system. Finally, in some cases, the variation of N,, with v’, from which 
source mechanisms may be inferred, may be found from equation (11). 


1.2. Determination of Behaviour of Electronic Transition Moment 


If the integrated band intensities J,,,,, be measured for a system for which 
arrays of 7, and q,,,. are available, the relation 


(Lore dve Bye? = (KN y)PRe(F yy) fysn( 12) 


which follows from equation (11), may be employed to determine the relative 
variation of Re(r) with r for each v" progression by plotting the left-hand side 
against 7,,,... A rescaling procedure, described in more detail for particular cases 
below, may be employed to place the points for each progression on the same 
ordinate scale. A smooth curve fitted by a least squares criterion through the 
resulting points then shows the relative variation of Re(r) with r for the band 
system. Examples of the application of this procedure may be seen in the work 
of Turner and Nicholls (1954a, b) and Wallace and Nicholls (195 >) aly is 
important to note that a// of the measured intensities contribute to the determina- 
tion of the curve and also that application of the least squares criterion smooths 
out to a large extent the effect of experimental scatter. Scatter is introduced 
from two main sources: intensity measurements and Franck—Condon factors. 
‘he experimental error in integrated intensity measurement decreases with 
increasing intensity. “lhe Franck—Condon factors are computed to 2-3 significant 
figures, on the basis of some assumed model of molecular potential (parabolic, 
Morse, etc.). Inaccuracies arise, particularly at higher quantum numbers, when 
the assumed model is only of limited applicability to the molecule in question. 
Apart from this, the larger factors are more accurate than the smaller factors. 


1.3. Determination of ‘ Smoothed’ Array of Vibrational Transition Probabilities 


Once a smooth curve has been obtained which shows the relative variation 
of Re(r) with r, equation (9) may be employed to determine a smoothed array 
of py». Values of Re(7,,,.) are read from the curve at values of 7,,,,, appropriate 
to each band. R,?(7,,,.)q¢,,” is then a relative measure of p,,,, for each band. 
The array of p,,,. thereby obtained may be normalized such that ppp = 1. 


§ 2. INTERPRETATION OF INTENSITY DISTRIBUTIONS 


Very few arrays of reliable integrated band intensities have been published, 
probably because of the many difficulties associated with accurate intensity 
measurement. It is worth while therefore to examine some of the few published 
arrays for evidence of variation of electronic transition moment with internuclear 
separation and thereby to derive ‘smoothed’ arrays of relative vibrational 
transition probabilities. In this paper band intensities of the CN violet 
(B2x +x?) (Ornstein and Brinkman 1931), C, Swan (aII,>x°I,) (King 
1948), OH violet (A?= +x? IT) (Dieke and Crosswhite 1949) and O, Schumann— 
Runge (BX, >x®X,) (Ditchburn and Heddle 1954) systems are examined. 

Apart from purely instrumental difficulties, the ease by which integrated 
band intensities may be reliably measured greatly depends upon whether or not 
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individual bands are overlapped by the structure of neighbouring bands. In 
cases where there is no overlap or only a very small overlap between adjacent 
bands, e.g. N, First Positive (B5T],—>a?d,+) (Turner and Nicholls 1954a, b), 
N, Second Positive (c*Il,,>B*I1,), N, + First Negative (B2d,, + >x2d,, +) (Wallace and 
Nicholls 1955), true integrated intensities may be obtained from areas beneath 
band profiles. However, in cases where severe overlap occurs one is forced to 
employ the intensity vested in unoverlapped parts of bands (e.g. band heads), 
as indicative of the intensity of the whole band. Such ‘fractional band 
intensities’ should be most useful when the fraction of the band chosen is 
known with accuracy. As indicated in §§2.1 and 2.2, the fraction of intensity 
associated with a well-developed band head will depend upon v’ and may 
therefore be expected to be roughly, constant in 0” progressions. When 
sufficient dispersion is available, individual band lines may be used as indicative 
of the intensity of the whole band (see §§ 2.3, 2.4). In the following J,,,,,,, denotes 
band head intensity. 


2.1. The CN Violet (B?X+—+x?X+) Band System 


Bands of this system are strongly overlapped within the sequences Av==Z, 
—1, 0 and the sequences are fairly well separated from each other. Consequently 
Ornstein and Brinkman (1931) measured band head (P branch) intensities in 
emission by photographic photometry of the bands which lie in the wavelength 
range 4606-3584. ‘The bands were excited in a carbon are in air. Each band 
head intensity was corrected for the effect of overlap with the tail (R branch) 
of the preceding band. Ornstein and Brinkman determined the vibrational 
temperature T from the slope of the line flog (Ly -Ly/Eyy4),v']. They then 
determined N,,/No from 


NylNg=exp(= Ey RE)e es) ee) ee eee (13) 


and evaluated a set of relative vibrational transition probabilities p,,,..., by use 
of equation (8) on each of the measured bands. A partial list of these measured 
Pno'w” iS given in table 1. 

The variation of electronic transition moment with internuclear separation 
was obtained from the band head intensities as follows: A plot (figure 1 (a)) 
was made for each v” progression of (hy /Qyy yy) against 7. The 
published values of J,,,,./Ey,.. of Ornstein and Brinkman were employed for 
those bands (0<v’ <3; 0<v"<3) for which the Franck—Condon factors com- 
puted on the basis of a Morse model were available (Fraser, Jarmain and 
Nicholls 1954), and also for which the r-centroids were available (see I). 

It will be noticed in figure 1 (a) that although the points for each progression 
evidently indicate a rise of Re(r) with r, there is a displacement in ordinate from 
progression to progression. ‘The displacement is due to two causes: (a) the 
variation in N, from progression to progression and (6) the variation with wv’ of 
the fraction of the total band intensity vested in the head. The effect of (5) will 
be discussed in more detail in the case of the C, Swan system below. In order 
to represent the behaviour of Re(r) over the complete range of r for the system 
the segments, one for each progression, must be placed upon the same ending 
scale. The objective rescaling procedure which was employed has been described 
by Turner and Nicholls (1954b). ‘The segment which extends over the greatest 
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Table 1. Basic Data for the CN Violet (B22+—+x?+) Band System 


Band Ay yt fA) yf Pho'v”’ Qy'y"’ F yryer(A) Pasta’? 
0,0 3883-4 1000 1000 0-92 1-166 1000 
Od 4216-0 55 55 0-074 1-046 58 
(Oe 4606-1 3 3 0-005 0-966 3 
1,0 3590-4 97 160 0-079 1-291 120 
it 3871-4 514 870 0:787 1:176 880 
£2 4197-2 57 95 0-121 1-046 94 
1,3 4578 4+1 7 0-014 (0-982 9 
DF 3585 102 290 0-137 1-305 210 
29 3861-9 271 770 0-691 1-186 790 
Pye 4181-0 43 . 120 0-147 1-943 110 
32 3583-9 51 240 0-180 1-320 280 
ae 3854-7 137 670 0-625 1-198 740 


X wry (A) =wavelength; Th 7y7:/Eyy? (arbitrary units)=reduced band head. intensity 
(Ornstein and Brinkman 1931); pp,-,-, (arbitrary units) experimental relative vibrational 
transition probability (Ornstein and Brinkman 1931); q,,,,,—Franck-Condon factor 
(Fraser, Jarmain and Nicholls 1954); 7,.,,(A)=r-centroid (Nicholls and Jarmain 1956); 
Py», smoothed relative vibrational transition probability : from equation (9), arbitrary 
units adjusted to make py, =1000, third significant figure ‘ indicative of trends’ only. 


range of r was adopted as standard (v’=1 segment in this case) and the other 
segments are plotted on the same ordinate scale by use of a scaling factor for 
each segment. he factor is derived from the quotient of the areas under the 
two segments in the region of overlap. 
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Figure 1. Variation of the electronic transition moment with internuclear separation for 
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the CN violet band system; (a), plots for individual v’’-progressions; (6), plot, after 
rescaling data of individual progressions, for the whole system, 


The apparent rise of R(r) with r here was most simply represented by an 
empirical linear relationship. By applying the least squares method the best 
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straight line was found to be 

Rg(r) =const..x (35-357 =13:-42) eee (14a) 
or, in ‘standard form’ 

Ra(r)=const..x (—14-2°3797).5 a ae menace ee (14 d) 


These equations adequately represent the behaviour of the electronic transition 
moment for the CN violet system over the range of 0-95 A<r<1-32A. Equation 
(14a) and rescaled points are represented graphically in figure 1(6). For the 
purposes of comparison with other band systems equation (14a) has also been 
recast, by virtue of the arbitrary multiplicative constant, into the ‘standard 
form’ of equation (144). Here the magnitude of the constant term in the 
polynomial in r (linear in this case) has been adjusted to unity. ‘The scatter of 
points in figure 1(b) about the line is due to varying errors both in measured 
band intensities and also in the Franck—Condon factors. ‘The errors in intensity 
measurement have been referred to in §1. Errors in Franck-Condon factors 
may arise from inadequacy of model of molecular potential adopted. A set of 
‘smoothed’ values of R.2(7,,,,.) was obtained from equation (14a) and multiplied 
by the appropriate Franck-Condon factors q,,, to give a ‘smoothed’ set of 
Pw» for the system. The resulting p,,,, are expressed in table 1 on a scale where 
Poo= 1000: 

Table 1 contains the basic data used for the system and compares the 
‘smoothed’ values of p,,,. with the values p,,,,,.. originally published by 
Ornstein and Brinkman. Agreement between the two is fairly good: this 
may be due in part to the fact that Ornstein and Brinkman used a smoothing 
procedure (which involved all of their measurements) to determine N,,. 


2.2. The C, Swan (a*II,>x°I,) Band System 


King (1948) measured band head intensities J,,,,,,, photographically over the 
wavelength range 4305-6191 A for the system which was excited in emission in 
a graphite tube furnace. He made the reasonable assumption that the band 
head intensities were proportional to the integrated band intensities and that 
the vibrational population followed equation (13) where T was the pyrometrically 
measured temperature of a graphite plug in the furnace. He was thus able to 
determine, band by band, the relative vibrational transition probability ),,,,, 
where, from equation (8) 


DiiScOnst, <1 Nake a ee (15) 


It would be expected from equation (9) that (p,,.,-/¢,)"? when plotted 
against 7,,,.. would show the trend of R.(r) with r. Such a plot is shown in 
figure 2(a). ‘The values of q,,,,, used were those of Fraser, Jarmain and Nicholls 
(1954) and the values of 7,,,.. were those of Nicholls and Jarmain (1956). 

It will be observed in figure 2(a) that approximate constancy of Re(r) is 
obtained in each v” progression, but that there is a regular displacement in 
ordinate from one v” progression to the next. The displacement seems to be 
due almost entirely to a dependence upon v’ of the fraction of total band intensity 
vested in the band head, as in this case allowance has been made by King for the 
variation of N,, with v’. The effect of variation with v’ in fraction of band 
intensity located in the band head may be seen as follows: 
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Figure 2. Variation of the electronic transition moment with internuclear separation for 
the C, Swan band system; (a), plots for individual v’’-progressions; (6), plot, after 
rescaling data of individual progressions, for the whole system. 


The intensity 7, of the Jth band line may be written as 
I,=const. x Ej*S,;exp(—ByJ(J +1)/RTR)  —.- - (16) 


where S, is the line strength factor and depends upon the character of the 
electronic transition and upon J. £E, is the energy quantum associated with 
the line, and (Phillips 1948) the rotational constant B,, of the a®II state of C, is 


B,,=1-7527 — 0-01608(v’ + $) —0-001274(v' +3)?cm™. ...... (17) 


v 


The fraction f, of the band vested in the head will be 


y= > yl. Dt Sige (18) 


Head Ban 


The exponential term in equation (16) is dominant in determining f,, which 
by equation (17) is dependent upon v’. 
Thus equation (15) should be rewritten as 


opt = COUBts Mp lee Ngligge: 9 | ween 19 
P VU v 


Figure 2 (a) shows that the p),,,,, reported by King do evidently depend somewhat 
upon /,,. 

The plots for different v” progressions on figure 2(a) have been placed upon 
a common ordinate scale by the scaling procedure outlined for the preceding 
system and the result of this rescaling is seen in figure 2(b). <A best straight 
line fitted by a least squares criterion to the rescaled data is 


R-(r)=const. x (1:16+0-0657r). ee ae (20 a) 


Thus in ‘standard form’ 
RAr)=const.x(1+-0-0567), wa ee (206) 


As R,.(r) varies so little over the significant range of 7 (LIV AS7at-OZ 48), 
it may be considered constant and it is therefore safe to conclude that for this 
system the Franck-Condon factors are a relatively reliable measure of the 
vibrational transition probability. 

Table 2 contains the basic data. #5), which is not included in I, was obtained 
by the graphical method described therein. 75, and 74, were then determined 
by a small extrapolation on a curve of 7, against Ay». 
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Table 2. Basic Data for the C, Swan (a?I,>x°I1,,) Band System 


Band DQ yry (A) Pho'v”’ Ty'y"’ 7 yy’ (A) Poy” 
0,0 5165 1 0-731 207 1 
0,1 5635 0-224 0-211 1-229 0289 
0,2 6191 0-043 0-042 17 0-058 
EO 4737 0-358 0237 1-349 0-324 
Lil 5129 0-520 0-363 1298 0-497 
he 5585 0-470 0-280 1235 0-383 
ihe 6122 0-123 0-088 1-178 0-120 
2,0 4382 0-044 0-024 1-600 0-033 
Oeil 4715 Nes. 5 0-356 1-385 0-487 
2,2 5097 0-256 0-162 1-303 0-222 
235 5540 0-497 0-280 1-240 0-383 
2,4 6059 0-188 0-124 1-184 0-170 
Fall 4371 0-111 0-060 1-610 0-082 
Sy 4697 0-718 0-405 1-394 0-554 
3,4 5501 0-802 0-265 1-245 0-360 
4,2 43605 0-252 0-097 1-620 On133 
4,3 4684 0-952 0-427 1ESOF7 0-584 
yy (A) =wavelength; fpyy (arbitrary units)=experimental relative vibrational 
transition probability (King 1948); q,,/,,-.-=Franck—Condon factor (Fraser, Jarmain and 
Nicholls 1954); 7,,-,/(A) =r-centroid (Nicholls and Jarmain 1956); Py'y =smoothed relative 


vibrational transition probability from equation (9), arbitrary units adjusted to make poy = 1. 


2.3. The OH Violet (a2i+-+x?X+) Band System 

Photographic intensity measurements of individual band lines of the system 
were made by Dieke and Crosswhite (1948) and reported in the well-known 
‘Bumblebee Report No. 87’ in the form of relative vibrational transition pro- 
babilities. Improved photoelectric intensity measurements upon the P branches 
of bands between 2811 and 3428A were made by the same authors Dieke and 
Crosswhite (1949). Measurements were also made upon the R branch in the 
case of the 0-0 band and were interpreted as measured relative vibrational transition 
probabilities p,, y.”- 

Figure 3 shows a plot of (Puyy/Qyo)! against 7,,,., for the system which, 
according to equation (9) is equivalent to a plot of Re(7),,,, against 7... The 
Pm Were taken from the 1949 data of Dieke and Crosswhite, the q,,,,, were 
evaluated upon a Morse model by Jarmain, Fraser and Nicholls (1955) and the 
Fy» Were computed by Nicholls and Jarmain (1956). 

As figure 3 appears to be linear, a least squares best straight line was fitted 
over the range 0-8<r<1-3A to the points in the figure. It was 


Re(7) = const; 2c( 185-1407) eens: (21 a) 
which can be recast in ‘standard form’ as 
Re(r) = const.« (4 —0°7567)- ee (216) 


{+ The author is very grateful to Dr. R. C. Herman of the Johns Hopkins University 
for making available a copy of the Quarterly Report, Oct. 1st-Dec. 31st, 1949, Contract NOrd 
5036 JHB-3 Problem A, in which the improved measurements were reported, and also to 
Dr. G. H. Dieke for permission to use these unpublished results. 
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Shuler (1950) has also used the intensity measurements of Dieke and Crosswhite 
(1949). He assumed that 


Relr)=const. (1 ar) *© eal (22) 


and evaluated the integrals [i ,,, dr, Ib 2b,-r dr numerically for a Morse model. 
From the integrals, the intensity ratios [,,/Iy9, I,/Io, Igo/I53 and equations (7), 
(8) and (22), Shuler determined three values of a, the average of which was —0-75. 
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Figure 3. Variation of the electronic transition moment with internuclear separation for 
the OH violet band system. 


It will be noted that equation (216) confirms this value and, together with 
figure 3, also confirms the asswmption made by Shuler of a linear relationship 
between R,(7) and 7 for this system. 

In so far as the scatter of points about the line in figure 3 is concerned, it is 
probably due to error not only in the intensity measurements but also in the 
Franck—Condon factors. Chamberlain and Roesler (1955) have shown that the 
ground x?II state of this system is not too well represented by a Morse potential 
and thus except for the lowest values of wv”, the q,,,,, may be somewhat in error. 
However, as has been previously pointed out, the smoothing procedure reduces 
the effect of errors in Franck—Condon factors and intensities and allows a 


Table 3. Basic Data for the OH Violet (a? +—x?I1) Band System 


Band DVyry fA) Reine “oh egy F yt (A) Pyy 
0,0 3064 1000 0-907 1-010 1000 
0,1 3428 5 0-089 1-270 3 
1,0 2811 480 0-086 0-835 DBI 
ileal 3122 780 0-716 1-050 601 
(le?) 3484 13 0-186 1-300 1 
Poel 2875 680 0-169 0-885 366 
Do 3185 520 0-514 1-090 313 
Bee 2945 810 0:237 0-925 423 
B55 3254 300 0-321 1-130 134 


Ay y(A)=wavelength; Pmyy (arbitrary units)=experimental relative vibrational] 
transition probability (Dieke and Crosswhite 1949);  q,,-,,-=Franck-Condon factor 
(Jarmain, Fraser and Nicholls 1955); 7,,/,,,(A)=r-centroid (Nicholls and Jarmain 1956) 
Poy smoothed relative vibrational transition probability from equation (9), arbitrary 
units adjusted to make poy) =1000, third significant figure ‘ indicative of trends’ only. 
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‘smoothed’ array of relative vibrational transition probabilities to be derived in 
which all the data contribute to the determination of each p,,.. 

Table 3 contains the basic data employed here together with a set of smoothed 
values of py. The values of 749, 7, and 732 were obtained by extrapolation 
using the almost linear (7,,,,, Ay») relationship which exists in this case. 


2.4. The O, Schumann—Runge Band System (BX, >X°X,-) 

Although brief reference has been made elsewhere (Nicholls 1956) to the 
treatment of the intensity measurements of Ditchburn and Heddle (1954) for 
this system, it will be appropriate to include here the results of this analysis. 

Ditchburn and Heddle measured photographically the relative vibrational 
transition probabilities /,,,,,,. in absorption of the bands 0<v’ <20, vo” =0 over 
the wavelength range 1768-20304. Franck-Condon factors for this system 
have been computed upon the assumption of a Morse model by Pillow (1950), 
Fraser, Jarmain and Nicholls (1954) and Jarmain, Fraser and Nicholls (1955). 
In the last of these papers particular attention was paid to the very small factors 
for the bands 0<v’<15, v’=0, 1,2 which are of importance in absorption. 
r-centroids for this system have been computed by Nicholls and Jarmain (1956). 
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Figure 4+. Variation of the electronic transition moment with internuclear separation for 


the O, Sechumann—Runge band system. 


To find the form of Re(r) equation (9) was employed. Values of (Pimy-/Gyy)'? 


are plotted against 7,,,., in figure 4. It was found that the empirical ‘least 
squares’ parabola 


Re(r) = (— 8257? + 22207 —919) eee (23 a) 
could be fitted to the points over the range 1:295A<r<1-375A. As the values 
of Pm» » given by Ditchburn and Heddle are absolute oscillator strengths, no 


arbitrary constant is involved in equation (23a). However, the standard form 
of equation (23 a) for comparison with other systems is seen in equation (23 b) 


Re(r) = const. x (—1+4+2:416r—0-8977?), (23 bd) 
A relatively large variation of R.(r) with r is noted. 
Smoothed relative vibrational transition probabilities p,,, computed from 


equation (9) are included in table 4 which contains the other basic data. At the 
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Table 4. Basic Data for O, Schumann—Runge (B?,->x*2,-) Band System 


Band Nyy AA) Pmv'v”’ Guy’ Tyr (A) Poy’ 
0,0 2030 SSIS nO} SE Be Se AOT= © 1-372 Z-0SeclU a: 
1,0 1997-5 (SOR a Oms 2-69 < 105° 1F865 DUS MO 
2,0 1971-4 Ion ktsy Se TOE 1O4< 10st LoSs5ys) 1-48 x 10-6 
3,0 1946-7 Beso Oime 6:94 x10-" 133 5:84 x 10-6 
4,0 1923-5 Deioys< Os DOS Saat 1-348 2:64 x 10-5 
SU, 1901-9 6:65 10% OccmaliOm? 1-343 Hoila7 < O~2 
6,0 1881-7 Neshy/ Sen los) Seal 337 1:26 x 10-4 
7,0 1863 Ss = salksr< 1lse is52 Crt Or all me 
8,0 1845-8 9x 10 Onl Same O27, Botsey sc Oe 
9.0 1830-1 6-40 x 10-4 LOSS S< TO) =" e323 lei S< l=" 
10,0 1815-6 9-45 x 10-4 less <Q 1-318 (gal <0) 
11,0 1803-1 1-44 «10-3 POTTS NO = 1-314 Les or elOme 
15,0 1767-1 2 ONO a f-04 < 1058 1-298 2 04am 
Ayry (A) =wavelength; py, (absolute oscillator strength) experimental relative 
vibrational transition probability (Ditchburn and Heddle 1954); q,,,,,,,=Franck—Condon 


factor (Jarmain, Fraser and Nicholis 1955); 7,,,,-(A)=r-centroid (Nicholls and Jarmain 
1956); p,,-,,.-=smoothed relative vibrational transition probability from equation (9). 
suggestion of Dr. Heddle,t data for the (12-0), (13-0) and (14-0) bands have 
not been used owing to the inadequacies of the Morse model for the v’=12, 
13, 14 levels of the upper (B*X,,-) state. 


§ 3. Discussion 

From the above analyses, and also those of ‘Turner and Nicholls (1954a, b), 
and of Wallace and Nicholls (1955) it is clear that for the seven band systems 
involved, the electronic transition moment is not independent of internuclear 
separation, except possibly in the case of the C, Swan system. ‘Thus, the 
assumptions often made that R,(r) is independent of 7, and that the Franck—Condon 
factors q,,,. control almost entirely the intensity distribution within a band system, 
are by no means necessarily valid. A knowledge of the variation of Re(r) with r 
and of the factors which determine the variation for a system is thus important. 

One very crude index of the variation of Re(r) with r over the significant 
range of r for the system is AR-/Re. Here ARe is the maximum variation of Re 
encountered, and R, is its average value, over the system. ‘Table 5 records 


AR, Ee for the seven band systems for which information is available. ‘The 
relative change in R,(r) across a band system appears to vary by a factor which 
lies between 0-017 and 1-83 for the seven band systems. 


Table 5. Relative Variation (ARe/Re) of Electronic Transition Moment 
over Band System 


Band System AR,|/Re 
1. C, Swan (a* Ll, = ONE) 0:02 
2. N,t First Negative: (B72 yt > x*Z 1) O25 
By ON Violet? (B22 as x72) 0-47 
4. N, Second Positive: (c*Il, > B*II,) 0-54 
5. O, Schumann—Runge : (B°Xy~ > X*X_g7) 0-72 
6. Ng First Positive: (B°ll, > a®Xy*) 0-86 
7. ‘OW Violet = (a227 = x70) 1°83 


Note: (i) AR, is the maximum variation of R,(r) over the system. 
(ii) Rp, is the average value of R,(7) for the system. 
(iii) For 1, 3, 5, 7 see this paper; for 6 seé Turner and Nicholls (1954 a, b); for 
2, 4 see Wallace and Nicholls (1955) 
{The author would like to acknowledge with thanks valuable correspondence with 


Professor Ditchburn and Dr. Heddle. 
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The variation of R.(r) withr is not unexpected, as the electronic wave functions 
and also the multipole moment which occur in equation (6) are in general dependent 
onr. A relatively larger variation in Re(7) over a band system would be expected 
when there is a large change in the configuration of the electron charge cloud 
between the two electronic states involved in the transition than when there is 
a small change in the charge cloud configuration. While no detailed conclusions 
can be drawn concerning the change in electron cloud configuration from the 
information in table 5, it is consistent with the suggestion of Bates (1949) that 
the variation of R,(r) with r will be larger for perpendicular band systems 
(AA = +1) than for parallel band systems (AA=0). The N, First Positive and 
OH band systems are perpendicular (Il<->%) while all the others are parallel 
(<>, II<— Il). 

It is very desirable to perform a theoretical study of the electronic transition 
moment (Fraser 1954b). A major requirement in such work is extreme accuracy 
in the electronic wave functions and a start has been made in this direction 
(Sahni 1955a, b, c, 1956). It is also very desirable to measure the intensity 
distribution of further band systems in order that the behaviour of the electronic 
transition moment may be studied experimentally. Arrays of smoothed relative 
vibrational transition probabilities which are still not available for many important 
band systems could thereby be obtained. 

For some band systems whose intensity distributions have not been measured, 
it has been found possible to use the published eye estimates (after application 
of a criterion of quantitative significance) together with Franck-Condon factors 
and r-centroids to derive preliminary information on the behaviour of Re(r) 
with 7 and on the source conditions (Nicholls 1954). For the N, First and 
Second Positive systems, eye estimates lead to substantially the same conclusions 
regarding Re(r) as do the measured band intensities. This fact increases confidence 
in the method for use as an interim procedure until measured band intensities are 
available. It is interesting to record in this connection that R,(r) appears to be 
almost independent of r for the NO 8 (B?II-+x?IT) and NO y (a? x? IT) systems, 
while it appears to be strongly dependent on r for che O, Herzberg (A?X,,*>x®X,,) 
system (Nicholls 1956). For NO the eye estimates were taken from The 
Identification of Molecular Spectra (Pearse and Gaydon 1950), while for O, the 
estimates of Broida and Gaydon (1954) were employed. 
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An Investigation of the Reactions: 1oB(d, n)''C and ''B(d, n)?C 


By E. E. MASLIN, J. M. CALVERT} anp A. A. JAFFE 


Nuclear Physics Research Laboratory, University of Liverpool 
Communicated by H. W. B. Skinner; MS. received 21st March 1956 


Abstract. The B(d,n)!4C and “B(d,n)#C reactions have been investigated 
by bombarding the separated isotopes of B and ™B with a beam of 9Mev 
deuterons and analysing the neutron groups with a fast-neutron spectrometer. 
Angular distributions and cross sections for a number of neutron groups have 
been measured. The theory of the stripping process has been applied to assign 
parities to levels in 'C and C and to obtain information about the spins of 
these levels. 


§ 1. INTRODUCTION 


>) 


neutron groups from the reactions: 'B(d,n)'"C and IB (ds ane 

initiated by the bombardment of targets of the separated isotopes 
1B and 'B with a beam of 9mev deuterons from the Liverpool University 
37 in. cyclotron. The ground state Q-values of the two reactions are 6:47 
and 13-7 Mev respectively giving maximum neutron energies of 15:5 and 
22:7 Mev. 

The reaction !B(d,n)!4C has been studied previously by Paris and Endt 
(1954) at the low deuteron energy of 0-3 Mev. They measured the angular 
distributions of the three highest energy neutron groups, using the photographic 
plate technique. Johnson (1952) has measured the neutron spectra for both 
WB(d,n)#C and 'B(d,n)#C, at 3-6 Mev, with photographic plates and these: 
measurements proved of value in identifying certain neutron groups, while 
Gibson (1949) using deuterons of 0-8 Mev has also measured the neutron spectra 
from these two reactions. Previous work on the reaction /B(d,n)#C has been 
done at 0-6mev by Ward and Grant (1955), at 0-83mev by Ihsan (1955), at 
0-85 mev by Graue (1954) and at 8-1mev by Gibson (1953) again using the 
photographic plate technique. 


‘ N investigation has been made of the angular distributions of certain 


§ 2. EXPERIMENTAL 


The neutron spectra were analysed with a fast-neutron spectrometer using 
scintillation counters which has been described in a previous paper (Calvert et al. 
1955). In the present investigation the experimental arrangement was similar 
to that of the previous work. The targets of the separated isotopes of '°B and 
1B were deposited on a gold backing, and were of thicknesses 2-2 mg cm“? and 
2:3mgcm respectively. Neutrons from these targets were analysed, over an 


+ Now at the University of Manchester, 
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energy range of from 7 to 23 Mev, at various angles between 0° and 60° with 
respect to the direction of the incident neutron beam. 


§ 3. RESULTS 
Figure 1 shows one neutron spectrum obtained from each of the reactions 


studied. It should be noted that the relative intensities of the neutron groups 
in these spectra depend upon the efficiency of the spectrometer which is a 
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Figure 1. (a) Neutron energy spectrum obtained at 20° from !°B(d, n)'!C. 


(6) 30° spectrum from !!B(d, n)!?C. 


function of neutron energy. Angular distributions have been plotted for those 
neutron groups which could be identified and resolved, and are shown in figures 2 
and 3, the errors on the points being statistical probable errors. ‘The distributions 
are seen to be characteristic of those expected according to stripping theory and 
have been compared with theoretical curves calculated by means of the theory of 
Butler (1951), using a value for the radius parameter of (1:7 + 1-22A") x 10-¥ cm. 
In addition, the absolute cross sections for the reactions were measured and a 
summary of the experimental results is given in the table. 


3.1. The Reaction B(d,n)'C 


The angular distributions of the neutron groups (no, n,) corresponding to 
the formation of !!C in its ground and first excited states are shown in figure 2. 
Theoretical curves, calculated by means of Butler’s theory for an angular 
momentum transfer of /=1, are drawn in each case and show a good fit to the 
experimental points. Paris and Endt working with deuterons of (0-3 Mev suggest 
J=1 and /=3 for n, and n, but in view of the low deuteron energy it is not certain 
that the stripping process is responsible for their distribution. 

On the basis of the neutron spectra obtained by Johnson we conclude that 
the two prominent neutron groups designated n,, n; and ng, ny in the spectrum 
of figure 1 consist of, in each case, two closely spaced levels not resolved by us. 
Thus we can only plot distributions for the combined levels and these are given 
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in figure 2. Both these distributions show the anomalous forward dip which 
has previously been observed in certain cases of neutron groups with negative O 
and /=1 (Middleton et al. 1953). ‘The distributions are predominantly /=1 and 


(1) (2) (3) (4) (5) (6) 
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(1) Neutron group; (2) excitation energy of level in Mev, as listed by Ajzenberg and 
Lauritsen (1955); (3) /-value; (4) spin of state where known or alternative values derived 
from stripping theory; (5) parity; (6) differential cross section at centre-of-mass angle 
shown; (7) reduced width of level in c.g.s. units, multiplied by (2j¢+1) where j¢ is equal 
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Figure 2, Angular distributions of neutron groups corresponding to the ground state of 14C 


and states at 1-90, 6:46 and 8:68 mevy, 
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so, on the basis of the relative intensities of n,, n; and of ng, ng given by Johnson 
(at 0° and 3-6 Mev), we can say that the more intense member of each of the two 
groups, namely n, and ny are formed by capture of /=1 protons. It is possible 
to make a better fit to both the distributions with a curve that is a mixture of 
/=1 and /=2 and so one could interpret this as showing that the weaker members 
of the groups, i.e. n; and ng, have an /=2 distribution which would agree with 
the smaller intensities of these groups. However, this cannot be said with 
certainty in view of the doubt which attaches to the shape of an /=1 distribution 
at these O-values. Although groups n, and n, are not resolved by us their intensity, 
as given by Johnson, is less than 5° of n; and so will not appreciably affect the 
shape of the distribution obtained. Groups n, and nj were not of sufficient 
intensity to enable angular distribution measurements to be made; an upper 
limit to the cross sections appears in the table. 


3.2. The Reaction “B(d,n)C 


The angular distributions of three neutron groups from the reaction 
MB(d,n)C are given in figure 3. The distribution of group np is seen to be 
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Figure 3. Angular distributions of neutron groups corresponding to the ground state of 17C 
and states at 4:43 and 9-61 Mev. 

characteristic of /=1 and is thus in agreement with the previous measurements 

at low bombarding energies of Ward and of Graue which indicated that this 

group has an /-value of unity. At the larger energy of 8-1 Mev, Gibson also 

obtained an indication of /=1. 

Group n, shows the characteristic shape of an /=1 curve, in agreement with 
the work of Gibson. 

We cannot resolve a group (n,) reported by Graue and can only give an upper 
limit to the cross section for the formation of !2C in this state. ‘The shape of the 
group nz is that of an /=2 curve and confirms the indication of /=2 found by 
Graue. Points for 0° and 5° could not be obtained since at these angles the group 
could not be resolved from other groups of lower energy which appear to peak 
very strongly in the forward direction suggesting the presence of components 


having /=0. 
§ 4. Discussion 


The spins and parities of the ground and first excited states of 1'C have not 
been previously measured. ‘The /-value for ‘the corresponding neutron groups 
(/=1) shows the parities of these states to be odd while the spins are restricted 
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to the values given in the table. In terms of the shell model the ground state 
would be expected to be 3/2 corresponding to the configuration (psj)’ and this 
is compatible with our measurements. Groups ny and ng also have odd parity 
since the /-value is again one and this must be regarded as superseding the 
tentative assignment of even parity made by Johnson. ‘This assignment was 
made on the basis of intensity measurements at 0° and 80° which were 
interpreted as indicating /=0 behaviour. 

It is interesting to compare the !°B(d,n)!!C reaction with the corresponding 
(d, p) reaction, namely !B(d, p)!!B which gives information about the levels of 
the mirror nucleus |B and has been the subject of an investigation by Evans 
and Parkinson (1954). ‘The form of the distribution for the ground state proton 
group in their work, being /=1, is in agreement with that of the neutron group 
observed by us. ‘They also find /=1 for the transition to the first excited state 
in agreement with our result for 'C. This is of especial interest because an 
angular momentum transfer of /=1 means that the first excited state cannot 
have a spin of 1/2. The first excited state of 1'B has previously been assigned 
spin 1/2 by Jones and Wilkinson (1952) and this has also been suggested by Inglis 
(1953) on the basis of the intermediate coupling model. However, the results 
of both (d, p) and (d,n) stripping seem to show that the spin of the first excited 
state of 'C and "B cannot be 1/2. A possible way out of this difficulty has been 
suggested by Evans and Parkinson by supposing that the order of filiing of the 
P32 and pj shells is interchanged and thus that the levels are excited states of 
the configuration (pj/.)*(p3io)*. If this is so, then the levels arise from the coupling 
of three pz. nucleons for which the order of levels in j-+/ coupling has been 
calculated by Edmonds and Flowers (1952) to be 3/2, 7/2, 5/2, 3/2 and 1/2 for 
long range forces. Further support for a view of this kind comes from the 
calculation of the magnetic moment of the "B ground state by Flowers (1952) 
in which better agreement is obtained using the configuration (p3/2)°(py2)? rather 
than (pyj.)’. 

‘The energy levels of 1?C have been tabulated by Ajzenberg and Lauritsen 
(1955). Spins and parities of the ground and first excited states are known to 
be 0* and 2* respectively and, as the present work shows both these levels to 
be formed by capture of /=1 protons, this is in agreement with the generally 
held view that these levels are states of the (p)* configuration. 

As has been remarked, the neutron group from the formation of the second 
excited state of !*C is too weak to be observed by us and a possible explanation 
for this reduced intensity is that the /-value is large, as would be the case if the 
level were 4* for which the lowest possible /-value would be three. Alternatively, 
if this level is 0* as has been suggested by Harries (1954) then angular momentum 
conservation alone will not explain the absence of the neutron group. In this 
case the reason would be that the state does not come from the (p)$ configuration 
but from something more complex which cannot easily be formed from the 
ground state of |B. 

Since the level at 9-6 Mev is formed by protons with /=2, the parity of this 
level is odd and so probably represents the beginning of the (p)‘(d) configuration. 
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Abstract. The differential cross section for the scattering of neutrons by protons 
has been measured at an effective neutron energy of 130Mev using a diffusion 
cloud chamber. 

An asymmetrical distribution with a minimum at a scattering angle of about 80° 
in the centre-of-mass system was obtained. This is in contrast to the near 
symmetry about 90° indicated by measurements at 90 Mev and with the observation 
of a minimum at about 100° at higher energies. 


§ 1. INTRODUCTION 


X TENSIVE measurements of the differential cross section for the scattering 
k of neutrons by protons have been made with 90Mev neutrons (Hadley, 
Kelley, Leith, Segré, Wiegand and York 1949, Brueckner, Hartsough, 
Hayward and Powell 1949, Fox 1950, Wallace 1951, Selove, Strauch and Titus 
1953, Chamberlain and Easley, 1954, Chung Ying Chih 1954, Stahl and Ramsey 
1954) and with those of much higher energies, between 300 and 400 Mev 
(Dzhelepov and Kazarinov 1954, Hartzler, Siegel and Optiz 1954, De Pangher 
1955). In addition, Kelley, Leith, Segré and Wiegand (1950), Guernsey, Mott 
and Nelson (1952) and Easley (1954) have worked at energies between 180 and 
290 Mev. 

Earlier measurements of n-p scattering using neutrons from the Harwell 
110in. synchrocyclotron have been reported; Randle, Taylor and Wood (1952) 
have used counters to detect the recoil protons over a range of angles extending 
from 178° to 50°, Thresher, Voss and Wilson (1955) detected scattered neutrons 
from 61:5° to 6:5°, while Griffith (to be published) observed recoil protons in 
photographic emulsions over the angular range 58:5° to 19-5°. All the angles 
mentioned refer to the centre-of-mass system. The effective energies of the 
neutrons used in these three experiments were 153, 137 and 140Mev respectively. 
The present experiment, using a diffusion cloud chamber, was undertaken to 
supplement and to some extent to integrate these earlier observations. ‘The 
cloud chamber has the advantage over counting techniques that a very wide angular 
range can be covered, although it is unfortunately necessary to accept a wide spread 
in neutron energy and the analysis of the results is extremely laborious. 


§ 2. EXPERIMENTAL METHOD 
2.1. Apparatus 
Neutrons, produced from a lithium deuteride target bombarded by the internal 
proton beam of the cyclotron, were filtered by 22 in. of polyethylene to increase the 
relative number of high energy particles. After passing through a horizontal 
collimator lin. wide by 21n. high in the main shielding wall the neutrons entered 
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the 18in. diffusion cloud chamber (Snowden 1953) which contained hydrogen at a 
pressure of 288lbin-*. A pair of Helmholtz coils produced a vertical magnetic 
field of 12000 oersted uniform to + 1:5°% over the sensitive volume of the cloud 
chamber. Recoil proton tracks were photographed by a stereoscopic camera 
arranged with the optical axes of its lenses vertical and in a plane containing the 
incident neutron beam. Reference marks fixed to the bottom of the cloud chamber 
were aligned with the neutron beam and were recorded in each photograph. 

Exposures were made once every 30 seconds following the sequence of event* 
shown in table 1, the cyclotron being pulsed for about 0-06 sec to produce neutrons. 
After an interval of 0-2sec, which was adequate for the growth of recoil proton 
tracks, a pair of photographs was taken with an exposure time of about 100 psec, 
determined by the duration of the flash. The magnitude of the magnetic field, 
measured by a calibrated electronic fluxmeter (Snelling and Lewis 1952), was 
recorded for each photograph. ‘The voltage applied to the clearing field electrode 
to remove background ions was restored for the remainder of the cycle. 


Tables! 
Period elapsing Operation 

(sec) 

Warning bell 
1-0 Magnetic field on 
2 Clearing field off 
0-3 Start of cyclotron pulse 

Fluxmeter read 
D2, Lights flashed 
0-1 Magnetic field off 
0-3 Clearing field on 


The period elapsing is that between succeeding operations. 


2.2. Track Measurements and Calculations 


Measurements of the radius of curvature and the scattering angle of each recoil 
proton track were made on a scanning table, using the stereoscopic camera to repro- 
ject the photographs (Whitby 1953). The position in space of a proton track was 
found by moving the table until the stereoscopic images of the track coincided. 
For curvature measurements the table was adjusted to be in the plane defined 
by (i) the chord of the curved proton track and (ii) the horizontal line perpendicular 
to the start of the track. The following measurements were made on each track : 

(a) the coordinates of the start, (b) the curvature p measured by matching the 
track to a series of arcs of known radii and choosing the best fit, (c) the length of the 
track, (d) the inclination « of the start of the track to the horizontal, (e) the horizontal 
projection 6’ of the proton recoil angle. ‘The proton recoil angle @ was calculated 
using the formula 

cos #=cos«cos 6’. 


The proton kinetic energy Zp,was usually calculated from the relation 
100Ey (E,, + 1878) = (3Hp cos «)? 
where H is the magnetic field in kilooersteds, p isin cm and Ey inMev. However, 
for protons with an energy less than 30Mev there was an appreciable change of 


curvature along the length of the track. The curvature measured by arc matching 
was shown experimentally to be the curvature near the mid-point of the track and 
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therefore, using the range-energy relation for protons in hydrogen, it was possible 
to apply a correction to give the initial energy of these lower energy protons. Ifa 
proton came to the end of its range within the sensitive volume of the cloud chamber 
the length of the track was used to determine Ep; such a proton was distinguished 
from one leaving the sensitive volume by the heavy ionization and abrupt end that 
occurred in the former case. 

From the values of Ey and 6, the incident neutron kinetic energy Ey was then 
obtained using 


Ey 
By = Eysec?® | (1- igigtan*#) 


and the scattering angle ® in the centre-of-mass space from 
1878 tan? 3(7— ©) =(Ey+ 1878) tan? 


where Ey and Ey are in Mev. 


2.3. Track Acceptance Conditions 


Proton tracks were included in the angular distribution provided that, (a) the 
angle between the plane of scattering and the horizontal was 30° or less, (4) the 
start of the track was within a defined volume in the cloud chamber and (c) the 
calculated energy of the incident neutron was greater than 90 Mev. 

Since a distorted angular distribution might have been obtained had any of 
these conditions varied with scattering angle, the results were examined for any 
possible sources of variation. It was shown, for all scattering angles, that there was 
a uniform distribution of the angles which the scattering planes made with the 
horizontal. It was also verified that the spatial distribution of the start of the tracks 
was the same for all scattering angles. Distortion caused by any variation in the 
accuracy of the neutron energy measurements is shown to be small (see § 2.5). 


2.4. Backgrounds 


It has already been stated that measurements were carried out on proton 
tracks which started within a certain volume of the cloud chamber. Part of this 
volume was traversed by the collimated neutron beam and part was not. Events 
starting in the former part were used for the angular distribution and those in the 
latter part gave a measure of the number of events from uncollimated neutrons. 
‘These background events were divided into the same angle groups as were used for 
the angular distribution and this enabled the background to be subtracted for 
each angle group. The largest value of this background was 2-6°% of the genuine 
events. 

Some of the tracks used in the angular distribution were from the oxygen and 
carbon content of the methyl alcohol vapour present in the cloud chamber. Their 
number was estimated by examining photographs taken with the cloud chamber 
filled with nitrogen. ‘The ratio of single prong to multiprong events produced by 
the neutron beam in the nitrogen was measured and the ratio was assumed to apply 
also to oxygen and carbon. From the number of multiprong stars recorded in the 
np experiment it was estimated that not more than 1-5°% of the total number of 
tracks used in the n-p angular distribution were from oxygen and carbon. No 
correction was applied for this background, but as the number of these one prong 
events was small and did not have a strong dependence on angle, their effect on the 
shape of the n—p angular distribution was negligible. 
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2.5. Measurement of Neutron Energy Spectrum 

The energy spectrum of the neutrons from the lithium deuteride target was 
measured in a separate experiment. Recoil protons from matched carbon and 
polyethylene scatterers were detected at an angle of 10° to the incident neutron 
beam by a double coincidence scintillation counter telescope which had been 
calibrated in the external proton beam of the cyclotron. ‘The second counter 
was thick enough to stop the recoil protons of maximum energy. Making proper 
allowance for the background and for the energy variation of the neutron—proton 
scattering cross section at 10°, a pulse height analysis of the output of the second 
phosphor was converted into a neutron energy distribution (Curve A, figure 1). 
Curve B in figure 1 is the energy spectrum of the neutrons which caused the events 
used in the angular distribution ; it is derived from curve A by applying a cut-off at 


N (4) 


60 90 (20 150 180 
Neutron Energy & (Mev) 


Figure 1. Energy spectrum of neutrons from the lithium deuteride target. Curve A, 
drawn through the experimental points, shows the distribution in energy of the 
neutrons entering the cloud chamber. Curve B shows the energy spectrum of 
neutrons used in the angular distribution measurement. 


9() Mev since events caused by neutrons of lower energy were not meant to be 
included. ‘The assignment of a neutron energy to each scattering event was, of 
course, based on measurements of the recoil proton track in the reprojected cloud 
chamber photographs. Errors in these measurements will lead to the inclusion 
of some events caused by neutrons with energy less than 90 Mev and to the rejection 
of others which were in fact caused by those with energy greater than90Mev. ‘To 
allow for the effect of these errors on the effective energy of the experiment a 
gaussian distribution with a standard deviation of 18 Mev was used in calculating 
the shape of the cut-off. Since most of the neutrons were well above 90Mev in 
energy small variations with scattering angle in the shape of the cut-off will not 
distort the results significantly. 


§ 3. CALCULATION OF EFFECTIVE NEUTRON ENERGY 


The effective energy E of the neutrons used in obtaining the angular distribu- 
bution was calculated from the equation 


o(E) i N(E)dE= is o(E) N(E) dE 


which defines the mean total n—p cross section o (LE). N(E) is the number of 
neutrons per Mev as given by curve B, figure 1, and o (£) is the total n—p cross section 
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for neutrons of energy E obtained from the results of Taylor and Wood (1953). A 


value of (130 + 2) Mev was obtained in this way for E. Strictly, an effective energy 
for each scattering angle © should be defined by substituting o(®, £), the appro- 
priate differential cross section, in place of o(£) in the above equation. The 
variation with energy of o(®, £) is not yet known in detail ; using the published 
results to give the general trend, the effective neutron energies for values of © 
equal to 155°, 90° and 25° were calculated to be 131, 129 and 129 Mev respectively. 
Therefore, it would appear that the effective neutron energy 1s constant over the 


angular distribution within the limits of error assigned to E. 


§ 4. RESULTS 


The total number of useful events on the 1200 photographs examined was 
1261. The number of proton recoils in each angular range of 10° in centre-of-mass 
space was corrected for background and divided by the corresponding solid angle 
to obtain relative values of the differential cross section as a function of scattering 
angle. Each value has a standard deviation of about 10%, arising from the number 
of events included. A cross-check on the work of the three observers concerned 
with the scanning showed that the accidental omission of a track which satisfied 
the acceptance conditions was unlikely to occur and that the observational error on 
the scattering angle in centre-of-mass space had a standard deviation of about 1°. 
Neither this error, nor the grouping of the points into 10° angular ranges, produces a 
significant distortion of the distribution. The results were placed on an absolute 
scale by normalizing to 55-2 mbn the value obtained for the mean total cross section 
(see §3). The extrapolation to 0° and 180° necessary for the normalization was 
such that o (0°) and o (180°) equalled 10 and 12 mbn sterad“ respectively. Errors 
in this extrapolation together with the error in the mean cross section can affect the 
absolute values of the differential cross section by not more than +4%. ‘This error 
will not distort the angular distribution but only shift the results bodily up or down. 


Table 2 
(1) (2) (1) (2) 
20-30 6:55 + 0°75 90-100 2:54+ 0°30 
30-40 §°59+ 0:59 100-110 3:13+ 0°34 
40-50 3°86 + 0-44 110-120 3-80 + 0:39 
50-60 3°31+ 0-38 120-130 5:31+ 0-48 
60-70 2:-45+ 0°31 130-140 5-23+ 0:51 
70-80 2:96 + 0°33 140-150 6-132 0-62 
80-90 2:64+ 0°31 150-160 8°75+ 0°87 


(1) c.m. scattering angle (deg); (2) differential cross section (mbn sterad~+) 


The results shown in table 2 include events with centre-of-mass scattering 
angles ® from 20° to 160°. Events with ® less than 20° were excluded because of 
the possibility of missing the short track of the recoil proton. The length of the 
shortest track used was 2:3cm. Events with ® greater than 160° were excluded 
because of the reduced stereoscopic effect for protons moving almost parallel to the 
line joining the two lenses of the camera. The errors quoted in table 2 are the 
standard deviation of the relative values of the differential cross sections. 
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§ 5. Discussion 


The results of the present experiment are shown in figure 2 together with 
those obtained at the neighbouring energies of 137mev (Thresher ef al. 1955), 
140 Mev (Griffith, to be published) and 153 Mev (Randle et al. 1952). ‘Together 
they cover scattering angles from 6-3" to 178°. The agreement between the values 
of the differential cross section obtained at angles common to two or more experi- 
ments suggests that the main features of the angular distribution do not change 
very greatly over this range of neutron energies. The trend of the results obtained 
near 90 Mev and in the range 290-400 Mev is included to illustrate the effect on the 
angular distribution of a large change in neutron energy. 


This work 130 Mev 
Thresher et aZ 137 Mev 
Griffith 140 Mev 

Randle et @Z 153 Mev 


Oox0 @ 


do/dw (mbn sterad-') 


0 2 «40 «60 = 80S: 100.-s«d20”~=:é«d4O”~SCté«CGO—=*8] 
Scattering Angle (c.m.system) (deg) 


Figure 2. Neutron=—proton differential cross section against scattering angle in centre-of- 


mass space for different values of neutron energy. The 90 Mev line is based on 
Thresher et al. (1955, Fig. 5), and that representing the 290-400 Mev results on the 
work of Easley (1954), Hartzler et al. (1954), Dzhelepov and Kazarinov (1954) and 


De Pangher (1955). 


The approximate symmetry about 90° which is shown by the 90Mev results 
is not present at the highest energies. ‘The present experiment shows that 
asymmetry occurs at an energy as low as 130Mev and that the differential cross 
section has a minimum value at a scattering angle of about 80°. ‘This is in agree- 
ment with the conclusion of Randle et al., and contrasts with the results obtained 
between 290 and 400 Mev, where the minimum occurs at about 100°. At 130Mev 
the cross section at scattering angles less than 90° is smaller than it is at the supple- 
mentary angle but the ratio is nearer to unity than that found at much higher 
energies. A  ?-test applied to our results gave 0-1% for the probability of their 
being drawn from a symmetrical distribution. ‘This lack of symmetry implies 
that the interaction between neutrons and protons cannot be described by a Serber 


force. 
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The Bindng Energy of the Nitrogen Molecule 
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Abstract. A recent self-consistent field molecular orbital calculation on the 
nitrogen molecule by Scherr is extended to include configuration inter- 
action. In this way the calculated binding energy De is increased from 1-19 
electron volts to 3-29 electron volts. The extended calculation is then modified 
to make allowance for the effects of intra-atomic electron correlation. The result 
of this modified calculation (De >9-18 + 0-5 ev) is consistent only with the higher 
of the two spectroscopic values (7-52, 9-91 ev). Configuration interaction is much 
less important in the modified calculation than in the orbital calculation. 


§ 1. INTRODUCTION 


N recent years it has been found that the wave functions employed in the 

molecular orbital and valence bond theories of molecular structure are 

not sufficiently accurate for the quantitative calculation of many important 
molecular parameters. For exampie, even if all electrons are included explicitly 
in the wave function and all configurations involving unexcited atomic orbitals 
are considered, the calculated binding energy may be so inaccurate that it is of 
no practical value (Kastler 1953). 

If useful estimates of binding energies are required it appears that two pro- 
cedures are possible. On the one hand the basis of the calculations may be 
greatly enlarged to comprise a large number of determinantal functions, some 
of which involve orbitals which do not correspond to valence or inner shell orbitals 
of the atoms in the molecule (Boys 1955). ‘This, of course, involves a great 
increase in the labour of computation. Alternatively, the accuracy of the orbital 
wave functions may be increased by re-interpreting the role of atomic orbitals. 
In practice the latter procedure, which was first suggested by Mofhtt (1951), is 
semi-empirical in that it involves the use of atomic spectral data, but in principle 
this data could be obtained by very accurate atomic calculations. In effect one 
uses the atomic spectral data to infer the existence of atomic wave functions 
which are more accurate than those appearing in the orbital calculation. 

In a recent series of papers (Hurley 1955, 1956a, b) it has been shown that 
Moffitt’s original procedure, the method of atoms in molecules, is not wholly 
satisfactory, but that a closely related theory employing an intra-atomic corre- 
lation correction leads to useful estimates of molecular binding energies. In 
this paper the intra-atomic correlation correction is applied to a recent molecular 
orbital calculation on the nitrogen molecule (Scherr 1955). Before the correction 
is applied Scherr’s calculation is extended to include configuration interaction. 

+ On leave of absence from the Chemical Physics Section, Commonwealth Scientific 


and Industrial Research Organisation, Melbourne, Australia; now at the Solid State and 
Molecular Theory Group, Massachusetts Institute of Technology, U.S.A. 
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§ 2. THE ORBITAL CALCULATION 


The basic atomic orbitals are taken as orthogonalized Slater functions centred 
on the nitrogen nuclei a and b: 


\ 12 : 
1s,= (=) exp (—cra), 
‘ 


5\ 1/2 
2su=N1(5) ra XP (— pa) —%. Isa 


y\ 12 
2pira = (=) Xa exp (— pa), 


res ee = 
2pma= | — Va exp (— pra); 


with a corresponding set of orbitals centred on nucleus b. 

Here rg is the distance from nucleus a; xa, Va and 2 are Cartesian coordinates 
centred on nucleus a with the zg axis Hineeted towards nucleus b; ~=1-95 and 
C07) 

In order to keep the degree of the secular equation as small as possible, 
hybridization of the 2s and 2pc orbitals is introduced at the start of the calculations. 


This leads to an orthonormal set of hybrid orbitals centred on nucleus a 


Raa tse 

l, =cos@.2sa—sin@.2poa, 

ha=sin@.2sat+cos@.2poa, $= = = — acecce (22) 
Xa —2pTa, 

Wii 2p7a, 


and a corresponding set on nucleus b. 
From these hybrid orbitals the following aaeneieed symmetry orbitals are 
constructed : 


he={2(1-+5,)} (Rat ho), y= {21 —s_) }42(Ra— hn) 
he ek "2(1, + Tp); = {2(1—5)}- Mla bb), 
hg={2(1+5,)} 22a thy), hy = 21 —5,) } 2° ta— tn) (2.3) 
x, = {2(1+s,,)}-1?(xa + xp), =i 2( Ves) re pe Xp); 
Ya= (20 +5, ya ty), Ye= {2(1—s,)}(ya— iat 


where 
os | kakndo, 5= | laude, 5, =;| halnnde, Se | XaXpdv = | vaynde. 


The molecular orbitals are now obtained by a Schmidt orthogonalization of 
those orbitals of the set (2.3) which belong to the same symmetry class. 


(1) lo, =R,, (2) lo, =A, 

(3) Qe a.hoebeke (4). 2 ade ee 

(5) 30y=Cghytdylyt ee, (10) 30, =eyhy +dyly +eykys -(2-4) 
(6) ltue= Vy (8) Itty, =X gy 

(7) Wray =D (9) Ingy=Ve- 


In order to simplify the expressions for the configurational functions these 
molecular orbitals will be designated by the numbers in parentheses in equations 


(2.4). 
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The hybridization parameter 6 of equations (2.2) is now chosen so that the ratio 
of the coefficients of the functions 2s, and 2po, in the orbital 20, is the same as 
that obtained by Scherr (1955) in his self-consistent field molecular orbital 
calculation. ‘This ensures that the lowest configurational function constructed 
from the functions (2.4), namely 


Br (14 here, 25 36445956, 67), ee (2.5) 
differs from Scherr’s optimum molecular orbital function only in as much as we 
have omitted any contributions to the orbitals lo, and 1o, from the two-quantum 
atomic orbitals. = 

Since the function (2.5) is almost an optimum molecular orbital function it 
will not interact appreciably with any singly excited configurational functions. 
We therefore confine our attention to doubly excited configurations and use just 
enough of these to ensure that, as the nuclear separation tends to infinity, the 
pairs of electrons in the bonding orbitals (5), (6) and (7) each go over on to one or 
other of the nitrogen nuclei. From the properties of the paired-electron orbital 
wave function (Hurley, Lennard-Jones and Pople 1953) it is clear that the 
necessary configurations are those corresponding to the double excitations 
(o,)° >(¢,)? and (7,)*>(7,)?.. Thus in addition to the function (2.5) we use the 
following excited configurational functions: 


0,= ais U2 det (1, 1, 2, 2, 4,-4,.10;10; 

oe raid OE 2 ec det(1, ie Oye Taos. 

~ 4 (141)22 det (1, 1 Oye, Gea 4, af: 

), = 2-414 !)-4? det (1, 1, 2, 2, 3, 3, 4, 4, 10, 10; 6, 6, 9, 9 
+ (14!)-!? det (1, I, "5 oro; 45-2, LOL 10MS 

Oe (is! det, 1, 2, 2, 3, 3, 4, 4, 5,.5,.8, 8,9; 

Pe (4 Pet (1, 1, 2, 2,.3,.3, 4,4, 10, 10, 8, 8,.9, 5). 

This orthonormal set of configurational functions will be designated by the row 

vector ©. 


3, 3, 4, 4, 
SAO eae 


4, 
4, 


O=(91, OF OO pg Ore Oe). awe (2.7) 

The energy matrix H® between the functions (2.7) may be evaluated by 
standard methods (Condon and Shortley 1935). ‘The ground state wave function 
® and energy # are then given by the equations 

®=OF°, det (H°—JE)=0, (H°-JE)I=0, . ....(2.8) 
where J is the 6 x 6 unit matrix. 

In order to apply the intra-atomic correlation correction to this orbital calcu- 
lation we must find the expression for the total wave function © in a valence bond 
representation. This expression is most easily obtained by a direct expansion 
of the determinants (2.5), (2.6) as sums of determinants of atomic orbitals. For 
example we have, 

©; =(14!)-U2 det (Ry, Re, Rus Rus 4% LO Fee aig +P Ra Gln Ouka, 
Ayhy + byRy, Cgltg + dyly + Cghg, Chg + dgly+ eggs 
Le) eS C2) 
=(14 1) 07a7c. det (R,, Re, Re, Res vee bs ie ie is hg, Xay Xo, Vey Va), 
NY 1+ Y,— 212 ¥, — 21 2s +¥54+%), 
t The functions 2c, and 3a, differ markedly from those of Scherr, and, strictly speaking, 


are not molecular orbitals at all. However, since log, 2c, 3¢g form a completely filled 
class this has no effect on the function (), (Scherr 1955). 
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2-32q 2a, 2 c2 
Gai) YS tia’ 
ue ere eae (ha —hp, Xa — Xp, Va— Yp)> 
e 2s ei (Vege , Xa — ae — yp) + ‘F(hp? Xa — Xb, Va—Vb)}> 
Y a o-2eh (ha — hp, Xq2,Va — yo) + E'(ha— hp, Xv", Va — Yb) 
coh a ee Xp, Va ea +P (ha — hn, Xa— Xp, Vb I) 
7g a ae a Nae > Va —Y¥p,) +E 1 “(hp ; Kon ey Oe yp) 
49 (ha, Xa — xp, a2) + E (hv? , %a — Xb, Vb") 
+PURE, x oe paler Elie NOV yee Vp) 
te (he 5 he — Xp. 2) + V(h Fee eer — pW ts Se ewalete (2.10) 
fe . = 2-320" (a hy» Xa2, Va?) + V'(ha— hp, Xp" ma 2) 
= (hy — hy, a2, Yo» as (Ita — hin, n° Jar 
ye ga 2 FAL (ha?, x02, var) + P(hp?, xn” Vp?) + “FE ie an > Yb?) 
ats if (m2, Op 8: 2) +P (ha Gree ¥p2) + E(hp? Cis Va =) 
(ha? sXe Va aya Et hp? 1 XQ” SD Dye 
The ‘f’s occurring on the right of equations (2.10) are bond-eigenfunctions 
in which the doubly occupied k and / orbitals have been suppressed. Each of 
these bond-eigenfunctions is constructed from 2% determinants where N is the 
number of bonds (0, 1, 2 or 3) (Eyring, Walter and Kimball 1944). For 
example, the function ‘ (Aa—/p, Xa, Vp?) 18 defined by the equation 
(ha —hy, Xa”, Yp") 
= (14 pn {det (Ra, Bs. Ry, kp, ba. ib, by, ies 1 hy, Xay Xa Veo Vb) 
+ det (Ra; Ta Rp, kp, (iB lex Lp, bos hp, lie Bp Xa, Vb, Yb) }. 


where IN — 


The normalization factors in equation (2.10) have been so chosen that V’,... ‘ls 
are each normalized for infinite separation of the nuclei. This (non-orthogonal) 


valence bond basis will be denoted by the row vector Y’: 
Wahi ¥, YT eigen oy 

The transformation matrix 7 an relates the two bases (2.7) and (2.11) 
may be derived by the same methods which led to equation (2.9): 


== ToT ae Min anal MMI Rae (2.12) 
where 
N,, Neto QUAN A. DR Ne Ns 
ING N,, —2'2N;, —242N,,.~ N,, Nea 
212N,, — 212N,, 0, 0, 212N,, D2N, | 
TN eyian mRN, 0 0, re 
N, EN 21B NG ona ee Fai | 
Ke N;; NS 2 aN, DING IN; N, | 
with 
Of 3/2, Re) As C 2 Cn 2 
Neos See PL icata ies 
G=3=39? > payee eee 
Ce" c.2 ee 
N. = - BS N = Se ees ee 
“tase “* (anlaay = Geass 
oe 


ao ine (CERN 
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The overlap matrix M and energy matrix H in the valence bond represen- 
tation are now given by the equations 


Meas He Stis@e le al) occu (2.14) 


where S= 7-1, and the symbol + denotes the Hermitian conjugate. 
In this representation equations (2.8) may be written as follows: 


O®=Y"T, det(H—-ME)=0,(H-ME)P=0. ...... (2.15) 


All the quantities appearing in the above equations are evaluated for the 
equilibrium nuclear separation (2:0675 atomic units) using Scherr’s (1955) 
values for the necessary integrals over the atomic orbitals (2.1). The results 
obtained in this way are discussed below (§ 5). 


§ 3. VALENCE STATE ENERGIES 


If the internuclear separation is made very large without altering the atomic 
orbitals (2.2), the wave functions (2.10) yield the following valence states : 


> N(Phxy, V3)+ N(ihxy, V3), 
a> N(Ph?xy, V.)+ N*(Pexy, Vz), 
3—> N(Phx*y, V.) + N*(Phx, V,), 
NE Phaery, Vay IN (PV 2) ENC EN (Px2y-V is aca) 
"5 SL N2(Phx?y?, V1) + N?+(Ph, V,))+4[N(Phx?, V,) + N(Phx*, V,)], 
[N2(Phix*y?, V5) + N8+(12, Vo)] + $[N-(Ph2x?, Vo) + N+(2x2, V,)] 

+4 NV (Pxty?, Vo) + Nt(Ph,Y))- 


nal 
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ii) al 
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The incomplete separation of the valence states derived from ‘’y, ‘’; and ’, 
is due to the use of a restricted basis. If the basis (2.7) were extended to ten 
configurational functions instead of six, each of the corresponding ten valence 
bond functions ¥’,... 4) would yield unique valence states. However, since 
the valence states which are artificially coupled in the expressions (3.1) are all 
of minor importance, such an extension of the bases would produce only a small 
improvement in the results. 

The valence states (3.1) are constructed from hybrid orbitals. ‘Their empirical 
energies are estimated using the interpolation formula given by Mofhtt (1950). 
The theoretical and empirical energies of valence states in first order hybridization 
which are required for this calculation are given in table i. ‘The theoretical 
values in this table are calculated using Slater’s values for the atomic screening 
constants, namely, 


Ne+ N2+ N+ N N- N2- N3- 
c 6-7 6:7 6-7 6-7 6-7 6-7 67. ie (3.2) 
u Bags™ 2-400) 2ADS=) 41950" 4-775" 41-6000)" 912495 


The empirical values given in table 1 are those of Pritchard and Skinner (1953), 
supplemented when necessary by reference to Moore’s (1949) tables of atomic 
spectra. The origin of the energy scale is taken as the energy of a nitrogen atom 
in the ground state (4S). 
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Table 1. ‘Theoretical and Empirical Valence State Energies (ev) 


State Theoretical Empirical State Theoretical Empirical 
N?*(s?, V9) 90-03 91-58 N_ (sp2pp, 3) 17-24. 14-23 
(p?,Vo) 111-61 116-90 (s*p?p, V,) 4-48 DY 
N?*(s?p, V1) 41-93 44-15 (sp4,V,) 20-03 17-01 
(sp?, V4) 54-97 58-10 (p*p, V;) 35-65 28-88 
(p’p, V1) 68-00 71-01 N- (s?p?pp, V2) 6-99 0-32 
Nt (s2pp, V2) 13-30 15-02 (sp*p, V2) 22-86 12-65 
(sp?p, V2) 27°93 28°55 (s*p?, Vo) 9-54 132 
(p?pp, 2) 42-57 41-73 (p°, Vo) 41-35 22-42 
(s?p?, Vo) 16°35 17-08 N?2-(s2p*p, V4) 23-67 6:5041-0 
(p4,Vo) 45-62 43-79 (sp°, V4) 39-25 15-5022 LO 
No \G2p°-5) (0-00) (0-00) N®-(s2p®, Vo) 49-26 19:1445 
(s?ppp, 3) 1-68 ions 


Most of the empirical values given in table 1 are obtained either directly from 
atomic spectral data or by short reliable extrapolations, with errors of about 0:2 ev 
or less. ‘The empirical energies for the states of the ions N2 and N* are, how- 
ever, much less reliable as is indicated by the probable errors assigned to these 
values in the table. Fortunately, these states play a minor role in the calcu- 
lation and the final results are only slightly affected by large changes in their 
energies. 

The diagonal elements of the asymptotic energy matrix W, that is the energies 
of the valence states (3.1), are calculated from table 1 using Mofftt’s (1950) inter- 
polation formula. Except for a few states this formula reduces to an interpolation 
which is linear with respect to cos?@, where @ is the hybridization parameter 
(equation (2.2)). 

The resulting values are given in table 2, together with two theoretical 
matricesW and W’. The matrix W, which is required for determining the atoms 
in molecules correction, is calculated using the values j= 1-95. c= 6-7 of che 
screening constants for all the valence states irrespective of their ionicity, The 
matrix W’, which gives the intra-atomic correlation correction, is calculated 
using the values (3.2), which are effectively optimum values for each valence 
state (Hurley 1956 b). 


Table 2. The Asymptotic Energy Matrix (ev) 


Diagonal ms From table 1 Extrapolated 

element (7) Wy: Wi W;; We ee 
1 . 7:08 7:08 5-48 (7:08) (5:48) 
2 Wt Nhe =29-117 25-46 20-06 (25:46) (20-06) 
3 W toe =27°85 23°94 18-43 (23:94) (18-43) 
4 W tan Jicy 40-98 42-31 32-96(+ 0:5) 42-32 33-01 
5 as SD oss =48-61 40°85 31-30(+ 0-5) 40-86 31-39 
6 Wt ?F xxt J p= 10°69 59-24 46-01(+ 1-2) 59-17 45-96 


As shown in table 2 the matrix W has an especially simple structure. The 
differences between its diagonal elements are just integral multiples of the two 


coulomb integrals J, = | A2(1)4(2)(1/ryp)de,de», and T = [(1)2°(2)(1/r1a)de.dey, 


As a consequence of this simple structure the elements Ws, Wes, Weg may be 


a 


extrapolated exactly from the vaiues of W11, Wo, Wy. Indeed, the following 
equations are satisfied : 


Waa = Woe ay Wes = Wu, 
Wes=2W/e— Wat) ete (3.3) 
Wee — Woe + 2Was ant Za 
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In table 2 the extrapolated values of the elements of W’ and W are obtained 
by assuming that equations of the form (3.3) are valid for these matrices also. It 
is clear from the table that this procedure leads to negligible error in the case of 
the matrix W’, and that the values obtained for W,,, W;; and W,, are well within 
the limits set by the uncertainties in the energies of the N2- and N® states. This 
extrapolation procedure enables us to calculate the asymptotic energy matrices 
solely from the asymptotic energies of the covalent structure Y’, and the singly 
ionic structures ‘’, and ‘’,; the labour involved in calculating the matrix W’ is 
halved and it is unnecessary to estimate the empirical energies of the very in- 
accessible states of the ions N2- and N®-. For these reasons the extrapolated 
values of the matrices W and JW” are employed in the modified calculations rather 
than those derived wholly from table 1. 


§ 4. THE MopirieED CALCULATIONS 


In the modified calculations the basic functions (2.10) of the orbital theory 
are regarded as approximations to a more accurate set of functions 


a = Cis be pe Vs Ba Ws): SV eee es (4. 1) 
In the atoms in molecules theory the functions (4.1) are taken as exact wave 


functions for the valence states (3.1). The modified energy matrix H, is then 
given by the equation (Moffitt 1951) 
H,=H+3(M(W-—W)+(W-W)M]. sd... (4.2) 

This procedure has been shown to be unsatisfactory (Pauncz 1954, Hurley 
1955). In the present case it leads to an uncorrected binding energy of 11.85 
electron volts for the N, molecule if only the first three states of the basis (4.1) 
are used. When the functions Y’,, ‘’; and Y’, are included in the calculations 
binding energies around 15 electron volts are obtained. ‘These values are much 
too high. 

In a calculation employing the intra-atomic correlation correction the basic 
functions (4.1) are taken as the best possible (lowest energy) wave functions for 
the valence states (3.1) subject to the restriction that the total charge density for 
each valence state remains the same as that given by the functions (2.1) of the 
orbital calculation. The modified energy matrix H is now given by the equation 
(Hurley 1956 a) 


H=H+3[M(W-W’)+(W-W)M]. a (4.3) 
The ground state wave function ® and energy E are then given by the equations 
®=WT, det(H—-ME)=0,(H-ME)r=0. —....... (4.4) 


In the molecular orbital representation equations (4.3) and (4.4) become 
Bom Ea We (WoW yi, 
O= OI, det (H®—JE)=0,(H°—JE)T=0, na eee (4.5) 
where (W—W’)=T-(W-W’)T. 


§ 5. NUMERICAL RESULTS 


The numerical values which result from the orbital calculations (§ 2) and from 
modified calculations employing the intra-atomic correlation correction (equations 
(4.3), (4.4) and (4.5)) are given in table 3 together with the two possible spectro- 
scopic values (Herzberg 1950). The table includes calculations using all six 
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valence states (3.1) and less complete calculations involving a smaller number of 
functions. 


Table 3. Calculated and Spectroscopic Binding Energies of N, (ev) 


Orbital calculations Modified calculations Spectroscopic 
Basis De Basis De De 
scrmot 1-19 7:52 or 9-91 
©, 1-07 Qe, >8:47(+ 0-2) 
Yi —2:62 
a 2-74 Y,, Vs, Ps >7:62 
1:6 3°29 OO es >9-18(+ 0:2) 
Ce 3:29 Bree PONS E82) 


t From Scherr (1955). 
The results of the orbital calculation show several features of interest. 


The small difference between the energies for the single function @, and 
Scherr’s self-consistent field function shows that it is a good approximation to 
ignore any contributions from the valence shell orbitals to the inner shell mole- 
cular orbitals (§ 2). 

The very poor binding energy obtained with the covalent function vy, is 
rather surprising. This function is seen to be much worse than the best single 
determinant molecular orbital function. In part this result is to be attributed to 
the choice of the hybridization parameter 6. In § 2 this parameter was chosen 
as optimum for the molecular orbital function @,. The value obtained in this 
way gives cos 0=0-938, sind=0-345. This corresponds to 12% s character in 
the bond atomic orbitals of ’,. An increase in the value of § would probably 
improve the function ‘f', somewhat, but even with this refinement it is unlikely 
that ‘¥’, would lead to a positive binding energy. 

Configuration interaction is seen to be quite important in the orbital calcu- 
lation. The inclusion of the excited configurations ©, . O¢ lowers the total 
energy by more than 2ev and almost trebles the calculated. binding energy. 
Nevertheless, it is clear that even the full six-term orbital function is much too 
crude to distinguish between the two spectroscopic values of the binding energy. 
The six-term orbital calculation yields the following total wave function ®: 


@ =0-96180, — 0:05080, — 0:26620, + 0-014104 
+0-03610, — 0-00190 
=0-3571¥, +0-1612", +0:2440P,4+0-1107%, sae (5.1) 
+ 0-0824'7, + 0-0375¥,. 


The modified calculation, on the other hand, decides unequivocably in favour 
of the higher of the two spectroscopic values. Since the basis (4.1) of the modified 
calculation includes the exact* wave function for the system at infinite nuclear 
separation, the values obtained for the binding energy are lower limits (to within 
the accuracy of the approximations underlying equation (4.3)). 

The errors quoted in table 3 for some of the modified calculations correspond to 
assumed errors of + 1 electron volt in the energies of the N2- states and +5 electron 
volts in the energy of the N* state (table 1). It is felt that this allowance for error 


* Here we ignore the difference between the exact charge density of an isolated nitrogen 
atom in its ground state and the charge density given by the orbital functions Gas 
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in the energies of the N2- and N* states is quite liberal, especially in view of the 
fact that the empirical estimates of the energies of these states are not used in the 
final calculation (§3). The probable errors in the energies of the other valence 
states of table 1 are much smaller and should not affect the calculated binding 
energy by more than 0-1 electron volt. 

Apart from these errors arising from the uncertainties of the valence state 
energies, one must consider the errors introduced by the two approximations 
underlying equation (4.3) (Hurley 1956 a), namely (i) the correlation energy of an 
atom or ion is unaltered by small changes in the screening constants, (11) the 
atoms-in-molecules type correction (4.3) gives accurate results provided that the 
orbital and accurate wave functions lead to the same charge density for each of 
the valence states involved in the calculation. The first of these approximations 
is not essential and could, if necessary,.be replaced by a more accurate inter- 
polation of correlation energies along the appropriate isoelectronic sequencies. 
However, such a refinement has a very small effect on the final results and is 
probably not justified in view of the uncertainties of approximation (ii). 

For a system as complicated as the nitrogen molecule it is not possible to cal- 
culate directly the errors introduced by approximation (ii). This would require 
a complete molecular calculation in terms of wave functions which were suffi- 
ciently accurate to give the empirical excitation energies listed in table 1. This 
is out of the question at present. However, in one particular case, that of the 
hydrogen molecule at the equilibrium nuclear separation, such a calculation has 
been carried through (Pauncz 1954). Comparing Pauncz’s results with those 
obtained from an equation of the type (4.3) (Hurley 1955) we find a difference of 
0-003 atomic unit between the calculated equilibrium nuclear separations and a 
difference of 0-03 electron volt in the calculated binding energies. Thus in the 
only case in which an accurate estimate has been made the errors introduced by 
approximation (1i) are very small. For a system as complex as the nitrogen mole- 
cule the error introduced by approximation (ii) is probably somewhat larger than 
this, but it seems unlikely that it should exceed 0-3 electron volt. A very much 
larger error in the calculated binding energies would be required to reconcile the 
results of table 3 with the lower of the spectroscopic values for the binding energy. 
The higher spectroscopic value (D,=9-9lev) is therefore established. This 
result is in accord with recent thermochemical work (see Christian, Duff and 
Yarger 1955, where other references are given). 

The total wave function ® for the six-term modified calculation is given by 
the equations 
® = 0-98740, + 0-03180, — 0-15450, — 0-00500, + 0-01190, + 0:00040, (5.2) 

=0-1614¥, + 0-25380%, + 0-1532", + 0-2445'¥, + 0-0724¥, + 0-1157¥,. 


From table 3 and equations (5.1) and (5.2) we see that configuration inter- 
action is markedly reduced by the introduction of the intra-atomic correlation 
correction. 


§ 6. DIscussION 


The results obtained here for the nitrogen molecule are consistent with earlier 
calculations 9n the molecules H, (Hurley 1956 a) and HF (Hurley 1956 b). The 
binding energy of N, calculated using the intra-atomic correlation correction 


lies about 8°, below the empirical value, his is to be compared with 4%, for 
53-2 
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HF and 0-5% for H,. ‘These percentage errors reflect quite faithfully the relative 
accuracy of the wave functions employed. The H, wave function is considerably 
more accurate than those for the other calculations, inasmuch as the atomic 
screening constants are varied to minimize the total energy of the system and 
snter-atomic correlation is introduced by including configurations constructed 
from excited atomic orbitals. 

The difference in accuracy between the HF and N, wave functions arises 
mainly from the treatment of hybridization. In the case of HF hybridization 
was included by a complete configuration interaction treatment. This is a 
basically more accurate procedure than that of the present paper (Coulson 1952); 
furthermore it ensures that the degree of hybridization is optimum for the modified 
calculation as well as for the orbital calculation. A re-variation of the hybri- 
dization parameter to minimize the total energy in the modified calculation should 
improve the calculated dissociation energy of N, slightly. A larger improvement 
in both the HF and N, calculations is to be expected from a variation of the atomic 
screening constants to minimize the total energy. However this would involve 
a substantial increase in the labour of computation. 

We conclude that the present method of calculation is capable of yielding the 
binding energies of diatomic molecules to an accuracy rather closer than 5%, 
(about 0-5ev). Thus, for example, the method should certainly decide between 
the high value and the (now generally accepted) low value for the heat 
of dissociation of F, and might well distinguish between the three most probable 
dissociation energies of CO(11-108, 9-605 and 9-141 ev (Herzberg 1950)). 

The intra-atomic correlation correction may be applied to calculations on 
polyatomic molecules without any difficulty, either theoretical or computational. 
However, the necessary orbital calculations, involving as they must an exact 
treatment of inner shell electrons, are very much more difficult than for diatomic ~ 
molecules. 
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The Quadrupole Polarizability of the Hydrogen Atom 
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Abstract. The quadrupole moment of a hydrogen atom in a general state induced 
by a uniform electric field has been evaluated to second powers of the field strength. 
It is also shown that a uniform magnetic field may induce an electrical quadrupole 
moment and this has been calculated for the lowest two states of the hydrogen atom. 


HEN an electric field F is applied to a hydrogen atom in a general state a 
quadrupole moment O is induced. If F is not too large Q may be 


expressed as a power series in F: 
CSO FO REA Oerite = Guana (1) 


The term Q, independent of the field arises because of the degeneracy of the 
unperturbed level. The perturbation removes this degeneracy and determines the 
correct linear combinations of the n? degenerate wave functions (7 is the principal 
quantum number). These linear combinations are in general not spherically 
symmetrical, thus giving rise to the zero order term Q). 

For the ground state the first two terms in (1) vanish, and higher powers have 
been determined by Buckingham, Coulson and Lewis (1956). While it is unlikely 
that it will be possible to compare these quantities (called the quadrupole polariz- 
ability by Buckingham, Coulson and Lewis) with experiment, they are nevertheless 
of interest as they may be calculated exactly. Only in the case of hydrogen-like 
atoms is an exact calculation possible. 

The wave functions required for the evaluation of the quadrupole moment are 
identical with those encountered in the Stark effect. Epstein (1926) and 
Schrédinger (1926) have shown that great simplification results from working in 
parabolic coordinates €=r+2; y=r—zand¢. ‘The wave equation is separable 
in these coordinates and the solutions, though still degenerate from the standpoint 
of their energy, are already the correct linear combinations for use in the ordinary 


perturbation theory. 
Writing the wave functions for the hydrogen atom as ob (En) e””* the wave 


equation in parabolic coordinates is 

CDA, a. te ae fd 
——|sfésat+ua7~-zletp +(E-V)p=0. 
reall t ty 4 (+5) ) bs 
m is an exact quantum number in the presence of a uniform field owing to the 
In atomic units 


ip) 
/ 


axial symmetry around the field direction. 


1 bi F 
De erg Lr carat AG 7) 
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corresponding to a uniform field in the positive z direction. ‘The wave equation 
may now be written 
Lip + [4n? (a+ y)e—4n3 (x?-y?)F] =O oases (2) 
where €=nx and »=ny and 
L= amg + ay - FG 5 )- Se +e 
Ox “Ox “<OV—Cy 4. \ax oy as 
yw and ¢ are expressed in the form of a power series in the field F 


wet ub te ae a eee (3) 
e= Ke, +P epee 9 ee ee eee (4) 
The correct zero order solutions to equation (2) are, in unnormalized form 


(Condon and Shortley 1953) 
bo =Si(®) Se) 


Fix) = eel ll/2 I Disease (x) 


L'"". im (x) is the associated Laguerre polynomial. The parameters k, and k, are 
necessarily positive integers or zero, and are related to the principal and magnetic 
quantum numbers m and m by the relation k, +k, +|m|+1l=n. Substituting the 
expansions (3) and (4) in (2) and equating powers of F we find the following set of 
equations : 


where 


bag=00 0 oo a i ) a eee (5a) 
Lx, = 408 (yo —Fn (ety) erty sees (56) 
Lify= J (x —y%) fy — L(t yeboten) ree (5c) 
CtG: 


Introduce the notation Fier OFM) 


fy fy... are expressed in terms of this complete set of functions: 
Hi= Sd aes 2 = Ae (6) 
be a > De {1, s} eee eee (7) 
Ts 
etc. 


The coefficients a,,, b,,... are determined from equations (5) by equating 
coefhcients of {r, s}. The following recurrence relations were used (see Coulson 


and Gillam 1948). 


PE Pern a) (ky + ky +|m|+1=n) 
Dp 
xr, ss= > H,,, {7 +4, 5} 
U= 
where 
eee): Nive ew (P+|m|+hy+r—o) ! 
ar eau Rn: va) di 


Similarly for y’{r,s}. The summation in (8) is over all integral values of ¢ which 
make every one of the factorials non-negative. The coefficients in (6) and (7) for 
which r+s=( are indeterminate, but may be found from a study of the wave 
function of order one higher than that being determined. This type of situation is 
discussed by Coulson and Gillam (1948). 
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The quadrupole moment O may be expressed as 
J b* 7? Pi(cos Ob dr 


O = Rds coe NE Nei casxeny ce (9) 
From (9), (6) and (7) the coefficients in the expansion (1) are determined to be 
Qy=3n7 (Rk, —Ra)®?— $2 (mP@-—T han ee (10a) 


O, = 3n*[— 2n (Rk? +a?) +21n(k, +) (n— 1) 
+ RyRy (104 — 382) + 6n3 + 21n? + 230] (Ry — k,) 


mode: 
oe OME AR me OO eis (10d) 
n° ee on 

OFS 64 > (Ry + R,") [n?A,— 20, B,] + aa Cig hg) ee (10c) 


The non-zero coefficients 4, and B, in Q, are given in the Appendix. For the 
ground state O, and Q, vanish and O,=213/4 in agreement with the value given 
by Buckingham, Coulson and Lewis. Numerical values of Q), Q, and Q, for 
some of the more important excited states are given in table 1. 


Table 1 
Me ky ks Qo Or QO» 
1 0 0 0 0 as 
4 
Be 1 0 6 —1224 103200 
2 0 0 —6 0 104064 
3 2 0 de — 33534 5604 x 37 
58161 
3 1 0 —9 — 16767 3 Se 
31699 
3 1 1 — 36 0 ioe 
4 
3 0 0 —36 0 bS25 co 
Certain sum rules may be proved for the coefficients Qo, Q;, Q2. .. when we 
consider all the degenerate set corresponding to the same unperturbed energy 
level. Consider a basic set of degenerate atomic orbitals /,(7=1, 2... m) which 
may be conveniently taken to be the conventional s, p, d, . . . type orbitals. In 


the perturbation theory for degenerate levels, the +}; are replaced by m appropriate 
linear combinations, suitable as zero-order unperturbed wave functions: 


m 


$= 2 C5 Py. 


It is not difficult to prove quite generally that for the coefficients of an expansion of 
the type (1) 
» O; (h;) = 2, OP (i). ee ah ee (11) 
1=1 i 
In (11) Q, is not necessarily the quadrupole polarizability but may be any 
one-electron observable. In the case where the Q,, refer to the quadrupole 
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polarizability YO,=0 and LO, =0 when n is odd. ‘The summations here are 
over all the degenerate set corresponding to the same unperturbed energy level. 

The above formulae are also applicable to hydrogen-like atoms of nuclear 
charge Ze if a change of units is made. ‘The energy of the atom in the presence of 
the field is now written — Z2/2n? + Z%e and the new atomic unit of field strength 1s 
dened by £5 =f/2>. 

In (1) Fis replaced by F/Z? and Qo, O, . . . are replaced by Q,/Z?, Q,/Z?.... 

If a uniform magnetic field % is applied to a hydrogen atom an expansion 
similar to (1) is possible: 


The wave equation in atomic units 1s 


VAb+ 2B Vyb=0. 1 0 ere (13) 
In these units 
1 
O= — Fe 
for a uniform magnetic field in the z direction (Condon and Shoritley 1953). 
L, is the orbital angular momentum operator and S, the corresponding 
operator for spin angular momentum. With the substitutions ¢=2r/n and 
H=9,|2¢ (13) becomes 


Le eee 
+e; V= + == (L,4+28S,)+ << 7'*sin?é 
r 2G é 8c" 


9 


ee a | 2« Be) Fe = HC? sin? a |= 0 ~= (14) 


where 


ee ee aes ey Ge avec 
~ C20¢ > oC Saacnep trea" 9 eae 


r, @ and ¢ are the usual spherical polar coordinates. With the expansions 


b=bo+ Ab, + Ab... 
«= He, + He... 


a set of equations similar to (5) is obtained. The zero order solutions of (14) 
which apply when H=( are the conventional s, p, d,... hydrogen wave functions 
for the appropriate value of m (Pauling and Wilson 1935). 

Difficulty is here encountered with the correct zero order wave functions for 
use in the perturbation theory. Only the case of field strength corresponding 
to a compiete Paschen—Back effect is considered. ‘The first order perturbation 
L,+2S, splits each configuration into 2/+3 equally spaced levels. The system 
is still degenerate in the azithmuthal quantum number / and the second order 
perturbation ¢?sin?4 connects states with / differing by +2. In general to 
obtain the correct zero order wave functions a secular determinant, which has 
been given by Halpern and Sexl (1929) must be solved. For n greater than 4 
no explicit solutions have been found. As a result no general formula such as 
(10) can be provided for the polarizability coefficients in (12). However, for 
the states n=1, 2, which are of interest here, the conventional hydrogen wave 
functions may be shown to be the correct zero order solutions, and we can proceed 
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with conventional perturbation theory. <,, %.... are now expanded in terms of 
the complete set of functions 


PridSs 8,6) =Ay (SO i.(9)®,(P) 


(ORAS ate paints 
ee Se 7} Ce E2+1(2) 


where 


Ut en 


((2A+1)(A—|p]) 1) 22 
© ={ Maye} Peed 
ne 
0,(6)= a5. 


The functions F’,,,, are identical with the hydrogen wave functions for v=n and 
satisfy the differential equation 


DFG 0, d) = 0. 


L’ is given by (15) in which n has been replaced by v. Recurrence relations 
for these functions are given in Pauling and Wilson (1935). 

It is now quite straightforward to determine y,, ~..... The quadrupole 
moment is given by (9) and using %,, #... the coefficients in the expansion (12) 
may be found. All coefficients connected with odd powers of H vanish. ‘This 
arises because the first order perturbation L,+25S, is diagonal with respect 
to all the quantum numbers and therefore there are no wave functions of odd 
order. Consequently the induced electric quadrupole moment is only due to 
the diamagnetism of the atom. Numerical values of Qo and O,” in atomic 
units for the two lowest energy levels of the hydrogen atom are given in table 2. 
No general formulae are presented as these would only be valid for n=1, 2 and 
for some of the states of n=3, 4. 

These coefficients also obey the general sum rule (11) and in particular 
= O,=0 summation extending over all the degenerate set corresponding to 
the same unperturbed energy. 

The above results are also applicable to hydrogen-like atoms of nuclear 
charge Ze if H is replaced by H/Z? in the expansion (12). Qy, O, are replaced 


By O30 27, 0,2" ...: 


Table 2 
n l |m| Qo QO: 
1 0) 0 0) 5 
2 0 0) 0) 3280 
2 1 0) 12 —192 
2 1 1 —6 2688 
AP Pas NN. Die 


p=n-1 
A,= — 6p? + 30p + 36; A, = 12pk,ko + 13p? + 57p? + 68p 
A, = —12k,2k,? — k,ko(294p + 352) + 6p* — 260p* — 792p? — 1144p — 700 
Ay = —42pk,2ho? + kyho( — 59p* + 279p* + 128p) — 19p° + 64p1 — 858p° 
— 1621p? — 1316p 
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A,=52k,3k,? + ky7h.?(84p? + 456p + 752) 

+ k1k,(36p4 + 358p3 + 4633p? + 7845p + 5432) 

+ 6p® + 120p* + 984p2 + 3616p? + 4662p? + 3770p + 1324 
A, = 30pk,°k,? + k,*k,?(34p? — 24p? — 466p) 

4+-k,ko(3p* — 246p4 — 620p? — 96p? + 761p) 

+ 149° + 781p> + 26344 + 4739p? + 4948p? + 2076p 
Ay = —40k,'k,* — k,3k,3(74p? + 296p + 355) 

— k,*k,?(24p4 + 267p? + 2859p? + 5856p + 4441) 

+ k,k,(9p? — 1080p4 — 5378p — 9137p? — 8718p — 3400) 

+ 58p® + 562p° + 2310p4 + 5256p? + 7082p? + 5336p + 1704 
B,=4p?— 20; B,=k,k,( — 8p + 40) — 15p? — 6p? — 1125p — 98 
B,=hk,k,( — 6p? — 126p) + 16p4 + 65p? + 352p? + 323p 
By =k,Pk.2(9p + 33) + kyRo(14p? — 227p — 225) + 8p* + 97p? + 360p? + 5521p + 250. 
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LEPTERS [O THE EDITOR 


The Infra-Red Resonance Lines of Lutetium 


The arc spectrum of lutetium—the last member of the rare earths series— 
presents some interesting features. It has fewer lines than the other members 
of the series and evidence from the absorption spectra (Bovey and Garton 1954) 
suggests that there must be at least two low lying levels. One of these levels— 
the ground state, 7>D—was found in the first analysis (Meggers and Scribner 
1930). Work by Bovey and Pearse (1954) and Klinkenberg (1955) showed 
that the second level was ?P arising from the configuration 6p(6s)? and the latter 
author suggested that the ?P,,. should be 4136 cm~! above ?D3,.. Since the 
ground state configuration is 5d(6s)? there should be a strong infra-red multiplet 
arising from transitions between these two doublets. 

A small Fastie-Ebert type spectrometer (f/7 aperture, 100 cm focal length 
mirrors) has recently been designed and is in the course of completion. It is at 
present equipped with an experimental N.P.L. grating (6 in. wide and 3 in. high), 
with 7500 lines per inch and a blaze at 3:5 p. 

It was decided to try and obtain experimental evidence for the positions of 
the multiplets, since the indirect evidence from the visible spectrum was not 
completely convincing. The small King furnace used previously for the 
absorption study was adapted for emission work. A mixture of Johnson, 
Matthey ‘ Specpure’ lutetium oxide and pure graphite was put in the carbon 
tube. One charge appeared to last for some 45 minutes at 2400°c. 
The spectrum was viewed simultaneously in the visible region through a 
constant deviation spectroscope (Hilger type D186) to see if the element was 
present. 


Wave number (cm~+) 


(in vacuo) 
‘Transition Calculated Observed Intensity Calibration 
2D3/2—-*P3/2 7476°35 7476:2+ 0:7 10 DE Ov tis Oia ke 
2D) 5,9-*P aye 5482-43 5482-6+0°5 100 1:34H,O N 
2D3/2-*P je 4136-00 4136°340°5 100 A= COmeE BS 


+ Line in second order. 
BP, Benedict and Plyler 1951; N, Nelson 1949; PBS, Plyler, Benedict and Silverman 


1952: 


The results are shown in the table. The frequencies of the lines were 
determined relative to water vapour and carbon monoxide (with enriched '°C) 
absorption bands. ‘The line at 4136cm™! should be the most accurately 
measured since there is no interference from atmospheric absorption. ‘That 
at 5482 cm~! was also relatively easy to measure. ‘The large error of measure- 
ment of the line at 7476 cm~! is caused partly by its weakness—which meant 
that the slit width of the instrument was considerably greater than that on which 
the calibration spectra were originally taken. 
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The close agreement between the calculated and observed results is 
satisfactory, and the relative positions of the two systems of levels based on 
2D and ?P respectively are now well established. The lines are one of the 
first examples of ‘ resonance ’ lines (i.e. the transitions between the two lowest 
levels of an element) occurring in the infra-red. Previous knowledge of these 
lines would have been of great value in the original work on the term analysis. 
We hope to continue this work and see if other lines can be found. 


Atomic Energy Research Establishment, L. F. H. Bove 
Harwell, Berks. E. B. M. STEERS. 
25th July 1956. H. 8. WIse. 
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PLyeR, E. K., BENEDICT, W. S., and SiLverman, S., 1952, ¥. Chem. Phys., 20, 175. 


Application of the Rayleigh-Schrodinger Perturbation Theory 
to the Hydrogen Atom 


Two papers with this title have been published recently. Writing the wave 
equation of an electron in the field of a nucleus of charge Z as 


@) - x 
{v4 BE — aU hea ey es: (1) 


where r is the electron—nucleus separation in units of the Bohr radius dp, € 1s the 
binding energy in rydbergs and Z, is an arbitrary parameter, Wigner (1954) 
has shown that perturbation theory based upon the eigenfunctions of (1) when 
Z=Z,=( and a perturbation 2Z/r yields in the second order an eigenvalue for 
the ground state which though finite is incorrect numerically. More recently, 
Trees (1956) has shown that provided Z, is not taken as exactly zero “it is fairly 
certain’’ that second order perturbation theory based upon a perturbation 
2(Z—Z,)/r will yield the correct eigenvalue. It is the purpose of this note to 
demonstrate rigorously this latter assertion. 

It has been demonstrated elsewhere (Dalgarno and Lewis 1955, Dalgarno 
and Stewart 1956), that the infinite summation in the conventional second order 
perturbation formula may be written <,=(0|Vf|0)—(0|V|0)(0|f|0) where V 
is the perturbation, (0| |0) represents an average over the unperturbed wave 
function % and f satisfies the equation 


2Vibiy . VA+ PyV2f= Vib — (0 | le | Oo. 
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For the problem considered here, sy = (73/7)! exp (— Zr) and V = 2(Z— Z,)/r. 
Then it may easily be verified that 
(0|[V|0)=22,(2—2,), f=-(4-4,)r, Olf[9)= -3(4—4))/22, 


Ae gee 
and ea: EF LUE - Z)Z,=(2-Z,) 
eee Il 


The zero and first order perturbation energies are simply 7,” and 
(0| V[0)=22,(Z—2,) 
respectively, so that to the second order 
e=Z,7+22,(Z —Z,) +(4=—Z,)*. 
But this is just Z?, the correct expression for the binding energy. 
Similar methods may be used to show that third and higher-order perturbation 


energies all vanish. 


Department of Applied Mathematics, A. DALGARNO. 
The Queen’s University of Belfast. 
27th September 1956. 
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DALGARNO, A., and Stewart, A. L., 1956, Proc. Roy, Soc. A (in the press). 
TREES, R. E., 1956, Phys. Rev., 102, 1553. 

Wicner, E. P., 1954, Phys. Rev., 94, 77. 


786 


REVIEWS OF BOOKS 


Meson and Fields, Volume I. Fields, by S. S. Scuweper, H. A. BETHE and 
F. p—E HorrMaNn. Pp. xvit+ 449. (Evanston, Ill.: Row, Peterson and Co., 
1955.) $8.00. 

The years since the war have seen great developments in meson physics. | 
On the one hand, the construction of particle accelerators of sufficient energy 
to produce mesons artificially has lead to a mass of experimental data on their 
properties, and a detailed confirmation of all the qualitative predictions of the 
Yukawa theory. (This material, with a partial theoretical analysis, is covered 
in Volume II of this series.) On the other hand, the discovery and explanation 
of the Lamb shift greatly increased our understanding of the interaction of the 
electromagnetic field with electrons and positrons. Quantum electrodynamics 
was set up in an explicitly covariant way, the graphical representation of the 
S-matrix was developed, and the technique of renormalization showed the way 
round the physically meaningless infinities, which had bedevilled previous 
formulations. All these developments have been taken over, at least formally, 
into meson theory. Mesons and Fields, Volume I, presents meson theory from 
this modern point of view for the first time. It was certainly high time that 
such a book should be written, as it had become virtually impossible for the 
student to separate the wheat from the chaff in the mass of papers which have 
been published on this subject during the last ten years. 

The book opens with a discussion of relativistic equations from the one- 
particle point of view. ‘The fundamental difficulties are explained, which force 
one to abandon this approach in favour of the many-particle, or field theoretic, 
picture. A preliminary, semi-heuristic, derivation of Feynmann’s graphical 
rules is given at this stage. ‘The quantization of the fields is then carried out 
using the Hamiltonian formalism. ‘The S-matrix is defined, and the Feynmann 
graphs are derived by way of Wick’s theorem. ‘The ‘ renormalizable ’ inter- 
actions are then renormalized. ‘The book ends with a derivation of the Bethe— 
Salpeter equation, and closed forms for the one-particle propagators in terms of 
Heisenberg operators. 

This is not a great book. It has clearly been influenced by the much 
publicized, but never published, lectures of Dyson at Cornell University, but 
it lacks their crispness and authority. It is not the fault of the authors that 
renormalization can, so far, only be carried out in the context of an expansion 
in powers of the coupling constant, which is certainly not applicable to the 
strong meson—nucleon interaction. ‘The graphical formalism still has to be 
understood by anyone interested in this subject, and the various simplifications 
and complications, which arise in taking over these concepts from photons to 
mesons, are sufficiently complex to be worth collecting coherently in one place. 
This has been well done, but it is a pity that this aspect of the theory is 
emphasized almost to the exclusion of all else. For example, the powerful 
technique, exploited particularly by Schwinger, of using functional derivatives 
with respect to external sources is not discussed, and the invariance properties 
of the fields, which have proved so valuable in analysing heavy meson data 
are treated rather scrappily or not at all. However, the book does what it sets 
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out to do adequately. It will certainly be out of date immediately any real 
advance is made in the field theoretic explanation of strong inter-particle 
interactions. But this may not be for a very long time, and in the meanwhile 
it will be very useful to many people. P. T. MATTHEWS. 


Applications of Spinor Invariants in Atomic Physics, by H. C. BRINKMAN. 
Pp. 72. (Amsterdam: North-Holland, 1956.) 

This book is described as giving a survey of the method of spinor invariants 
introduced by H. A. Kramer in 1930. It consists of three chapters, on notations 
and unitary transformations, wave function and spinor invariants, and the appli- 
cation of spinor invariants to detailed calculations. The author points out that 
the use of spinor invariants is dispersed amongst the journals and nowhere is 
collected together to form a coherent presentation, and had designed this book 
to remedy the situation. It is a readable book and will serve as a good intro- 
duction to the subject. It is a pity, however, that it is so brief. On several 
occasions the discussion breaks off before a problem is concluded with a reference 
to the complete treatment. The combination of two angular momenta is 
discussed in detail, but there is no reference to the fact that the method of spinor 
invariants will also solve the combination of three or more angular momenta, 
and can be used for example to produce the Racah coefficients in a straight- 
forward manner. Indeed, there is only one reference to original work later than 
1933. The book is, however, still useful and when the reviewer recalls the need 
he felt in undergraduate days for a good text to explain those mysterious €’s 
and 7’s, he feels it will be much appreciated by beginners. S. F. EDWARDS. 


BOOK NOTICES 


Nuclear Levels in the Neighbourhood of the IF 7/2 State, by R. H. NussBaum. 
Pee (8). (ascene! von Goreum,.1055)) 7.00). 


Chimie physique nucléaire appliquée, by J. Errera. Pp. 226. (Paris: Masson 
ef @iey 1956.) 2100 7r. 


The Relations between Scientific Research in the Universities and Industrial Research 
(A Report on Conditions in Great Britain), Edited by V. E. Cossterr, 
Pp. vii+187. (London: International Association — of University 
Professors and Teachers, 1955.) 15s. 
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Pseudoscalar Interaction in the Decay of ‘Pr 


By M. J. LAUBITZ+ 


Cavendish Laboratory, Cambridge 


Communicated by E. S. Shire; MS. received 14th November 1955, and in revised form 
loth May 1956 


Abstract. The ground state beta transition of ™Pr has been studied 
experimentally and the results analysed. The analysis depends upon the spin 
assumed for the ground state of !4Pr; if that state has spin and parity 0-, as 
strong evidence indicates, then pseudoscalar interaction is needed to explain 
the results satisfactorily. The ratio of the coupling constants of pseudoscalar 
to tensor interactions required is approximately 100. 


§ 1. INTRODUCTION 


HE determination of the spin of RaE as 1 (Smith and Title, private 
communication), and the reinterpretation of that transition in terms of the 
scalar (S) and the tensor (T) interactions (Yamada 1953, Plassmann and 
Langer 1954), removed the only direct evidence for the existence of the pseudo- 
scalar (P) interaction. There is some evidence, however, that P does contribute 
to first and second forbidden transitions (Peaslee 1953, King and Peaslee 1954); 
In the first forbidden transition, P can contribute only to the cases where no 
change of spin occurs, and of those, the 0-+0 type are of particular interest, 
for there only one other nuclear element, { Bo.r of T, can contribute. According 
to Rose and Osborn (1954) an investigation of a spectrum of that kind should 
give the ratio of the coupling constants, gp/g,, if P does exist. We have, therefore, 
studied the ground state transition of Pr, which is believed to be of type 
0-+0>*. 
§ 2. Summary OF Previous RESULTS 
The beta spectrum of ™*Pr consists of three components, and is followed by 
three gamma rays. The essential features of the decay scheme are shown in 
figure 1. The results of recent investigations are summarized in the table. These 


144Dr l44Nd 


2-97 Mev 


2:185 Mev 


0-695 Mev 


(0) 


Figure 1. Decay scheme of !4Pr. 
+ Now at the National Research Council of Canada. 
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results agree well in respect of beta and gamma ray energies. However, estimates 
of the intensities of the components of the beta transition vary considerably, 
and those determined from Kurie plots are larger than those from gamma ray 
intensities (Emmerich, Auth and Kurbaton 1954). This suggests that the Kurie 
plot of the ground state transition has not an allowed shape, but is slightly 
concave. 

Summary of Results on Decay of *Pr 


Reference Beta rays Gamma rays 

Energy (Mev) 

(1) PINS 7)°8) 0:86 2:185 1-48 0-695 

(2) QO7 2:27 0-780 2:185 1:49(?) 0-696 

(3) 2:98 Doss  (xs10) 

(4) DAS). Woah 0-695 

(5) Boi 218 1:49 0-688 
Intensity of Components (%) 

(1) from Kurie Plot ~90 ~5 ~5 

(2) from Kurie Plot >98 —ll <i 

(3) from Kurie Plot 95°5 jley DS 

(3) from y-rays 97-4 0:8 Le 

(4) from y-rays 97-3 1:44 1-26 
log ft 

(1) 6-6 

(2) 6°53 

(3) G5 8-1 6:0 


(1) Alburger and Kraushaar 1952. 
(2) Porter and Cook 1952 

(3) Emmerich et al. 1954 

(4) Kreger and Cook 1954 

(5) Cork et al. 1954 


In addition to the results of the table, Porter and Cook (1952) reported a 
60-3 kev internally converted gamma ray, which they assigned to “4Nd. The 
report was confirmed by Emmerich et al. (1954) who also found the conversion 
line, but who could not find a 60kev free gamma ray in chemically separated 
44Pr, Cork, Brice and Schmidt (1954) maintain, however, that there is no 
60 kev line in Nd: it results from a misinterpretation of a 59 kev line in Pr. 

Alburger and Kraushaar (1952) determined the angular correlation of the Nd 
gamma rays. ‘Their results suggest a 1-1-0 or 1-2-0 cascade, the spin of the 
ground state being assumed 0. Of these two possibilities the latter is preferable, 
as even—even nuclei have usually a 2* state for their first excited level. 


§ 3, EXPERIMENTAL PROCEDURE AND RESULTS 


144Pr is a very convenient source for accurate investigation. It has an extensive 
energy range, and effectively the half life of its ‘mother’ nucleus, Ce, whose 
maximum beta ray energy is only 0-3mev. The ground state transition of 
1444Pr can be measured by itself only from 2:3Mev upwards. ‘To extend this 
range, we decided to subtract the 2-3 Mev component from the total spectrum 
by means of coincidence techniques, from 0-8 Mev upwards, giving a working 
range of 2:-2mev. ‘This involved the measurement of the total spectrum from 
(-8 Mev to its end point, the measurement of the coincidence spectrum from 
0-8 Mey to its end point, and then the subtraction of the coincidence from the total 
spectrum. 
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3.1. Total Spectrum 


We measured the total spectrum in a thin lens spectrometer set at 6% 
resolution. The sources were prepared from high specific activity proceed 
™Ce (obtained from the Radiochemical Centre, Amersham, England) dissolved 
in HCl. That solution was directly deposited on 0-2 mg cm” mica backing 
mounted in aluminium holders. The sources were 0-5cm in diameter, uniform 
to the eye, and of average thickness of 25 1gcm-*. We tested the quality of these 
sources by observing the conversion line of the 135 kev gamma ray of Ce. Two 
sources were selected from several that were prepared, both having uniform and 
symmetrical conversion lines. We determined the spectrum in 55kev steps. 
‘The statistics were such that when all the results were combined, the standard 
deviation of each point varied from 0-3°% at the edges of the spectrum to 0-15°% 
at its centre. 


3.2. Coincidence Spectrum 


In order to obtain the pure ground state transition from 0-8 Mev upwards, 
we had to subtract the 2-3 Mev component. We achieved this by a coincidence 
technique. For in a coincidence circuit 


NAW = enINGW)N(W)) gees (1) 

Ni(W SN Wiese, 0 ne © eine (2) 
where N2(W) is the beta counting rate at energy W, N.(W) is the coincidence 
counting rate; N,(W), N,(W) refer to ground state and first excited transitions 


respectively. eg ead e, are the beta and gamma counter efficiencies inclusive of 
solid angle. Relation (2) holds if the resolving time is large enough to include 
all coincidences; this was true of our experiment. Thus 


NeW) _ (ae i] =y 


sway gavcae NGF WaraT SEC os el) 
NW) ~ LNUW)* aa 
and since 
NAW INN SEIN Wy (4) 
where N,(W) is the total mane of beta rays of energy W, then 
Nx(W) 
Re a 5 


Previous results show that the 2-3 Mev component has an intensity of approxt- 
mately 1%. y is therefore of the order of 10, and 

NOW SN CW ES re th Be (6) 
Errors in y of the order of 10°% produce only 0-1°% errors in Ng(W). 

To obtain «, we calibrated the gamma counter on a source of 1°’Cs, whose 
strength was known to within 5%. We applied a theoretical correction to the 
efficiency of the counter due to the difference in energy of the '*’Cs and !Pr 
gamma rays. 

Due to the low intensity of the 2-3 Mev component, we could not obtain the 
coincidence spectrum with the use of the thin lens spectrometer. We used 
a scintillation spectrometer instead, with a single channel pulse height analyser. 
The arrangement had a resolution of 15°%. ‘This we considered to be quite 
satisfactory, in view of the low accuracy required for y. Figure 2 shows the 
Kurie plots of the coincidence spectrum. We show the allowed Kurie plot, 

54-2 
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and one corrected with the factor corresponding to the B,; matrix element 
(Konopinski and Uhlenbeck 1941), giving end point energies of 2:35 Mev and 
2-28 Mev respectively. The expected end point energy is 2-27 Mev (see table), 
and the close agreement between this and the end point of the corrected Kurie 
plot lends support to the spin assignment of 0~ to "Pr. 


P ¢ Ordinary plot 
x With correction factor 
° Comparison plot of 32P 


[W/f (Z,7) c” (arbitrary units) 


2:28 2:35MeV 
4 


28 #32 36 40 44 48 52 5Sé 
Energy (units of 7c?) 


Figure 2. Kurie plots of the coincidence spectrum. Correction factor 
corresponds to B;,. 


The coincidence spectrum was used to calculate y by means of relation (3), | 
and then N,(W) was calculated using (6). The possible error in N,(W) is 
difficult to assess accurately; it will be considered here only approximately. 
The error in each N,, is of two kinds: the statistical error in Ng, and the error in y. 
Errors in y are not of a siatistical nature, as the results have been ‘smoothed’ 
by the use of the Kurie plot. They arise mainly from a possible energy dependent 
error in Ng/Ne, due to the large resolution of the crystal spectrometer, and a 
possible constant error in «,. Each of these errors does not exceed 5%. The 
standard deviation of Np varies between 0-15°% and 0-3%, so that the total error 
in each Ng should not exceed 0:5%. 


§4, ANALYSIS 


Figure 3 shows the Kurie plott of the total spectrum of *Pr, giving an end 
point of 2-99mev. It also shows the allowed Kurie plot for the ground state | 
transition alone, corrected for the screening effect of atomic electronst. ‘This | 
plot is not linear; there is a definite curvature concave upwards. This curvature 
must be genuine; the sources used were of such quality as to cause no possible | 
distortion at the high energies considered, and calculations done by us show | 
that the 6% resoluticn of the spectrometer has no effect whatsoever on the | 
spectral shape in the range of 0-8 to 2:-8mev. If, as we have assumed, the 
transition is 0-0", the Kurie plot must be corrected with the first forbidden 
correction factor given by Rose and Osborn (1954) 


Cy=Sr" Cin +erepCime + Bp Cres) ieee (7) 
where gp and gp are the coupling constants of the T and P interactions, Cp 
and Cjp are the corresponding correction factors appropriate to 0-0, yes, | 


{+ The analysis of the spectrum was carried out using the tables of the National Bureau 


of Standards (Appl. Math. Series No. 13). This reference was also used for calculating the 
screening effect of atomic electrons. 
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transitions, and C\,pp is an interference term. Cyp, Cyp and Cypp were calculated 
using tables prepared by Rose, Perry and Dismuke (ORNL-1459). The 
calculations of Cyp and Cyyp require the estimation of the nuclear radius in 
evaluating the function U of Rose and Osborn (1954). We have assumed 
R=1-45 x 10-" Al8cm. Figure 3 also shows the Kurie plots corrected with 
a for gp=0 and gy=0. Both these plots are concave, showing that the inter- 
action cannot be pure T or pure P if the transition is 0- +0+. 


[W/F (7,2) cy" (arbitrary units) 


Energy (units of mc?) 


Figure 3. Kurie plots of the total spectrum and the separated ground state spectrum : 
A, total spectrum; B, allowed plot of ground state spectrum; C, ground state 
spectrum corrected with Cp; D, ground state spectrum corrected with C,p. 


In further analysis we decided to use as test the shape of the correction factor 
required rather than the linearity of the Kurie plot, the former being more 
sensitive to deviations. ‘The shape of the spectrum is given by 


N(W)dWw = (f Pe 


7 ) F(Z,W)pW(W,—W)PC(W)dW  ...(8) 
where C,(W) is the required correction factor. We assumed W,=2-99 mev, 
and the correction factor obtained from (8) is shown in figure 4. To obtain 
the theoretical factor, (7) was changed to form 


C,=8r° (C He z Cynp + ve Crp) ue eee (9) 


Taking the ratio of two widely separated points of the required C, and solving 
equation (9), two values for gp/gp were obtained, 107 and 131. gp/gg=131 
gives C,~0, occasionally assuming negative values, gp/g,= 107 gives a correction 
factor which fits the required one very well; itis shown in figure 4, where correction 
factors for gp/g,=105 and 110 are also given for purposes of comparison. ‘The 
Kurie plot for the spectrum corrected with C,(gp/gp= 107) shows no deviation 
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from linearity whatsoever; small deviations were present when Ci(Srlgr= 105) | 
and C,(gp/g,=110) were used. It is worth noting that gp/g, must be positive; | 
any negative value makes the Kurie plot more concave than that for pure T. | 


Correction Factor C, 


3 4 § 6 7 
Energy (units of mc?) 


Figure 4. Correction factors for T—P and S~T' mixtures ; dots show the required 
correction factor. 


A: C, (T-P) with gp/gp=110; IDS (C5 (S10), C1, el 
B: C, (T-P) with gp/gq =107; ibe (Cn (S—)), G1, vo) 
C: C, (1—P) with gp/gp7—105; go Ch (Gb), €= ll, KS) 


We also decided to analyse the results assuming the spin and parity of Pr } 
to be 1~- and 2-. For the 2- case, the only matrix element contributing is the 
B,; of the T interaction; the shape of its correction factor makes this choice of | 
spin unacceptable. For the 1~ case both the T and S (scalar) interactions can | 
contribute and 

Cy=8sCist8s8eCign toa Cyy eee ee (10) 
where Cig and Cy, are given by Konopinski and Uhlenbeck (1941) and Cygp | 
by Smith (1951). 

In the notation of Konopinski and Uhlenbeck : 

Melt eee 
griPexr’ = *" [Bax 
a= 3K*Ly+4L,+My—3KNy, b= Ly, 
c=3K?L,+2L,+M,+2KN,, ad=2(4KL,—N,), 
e=2(My— L,), f=—-2N,+4KLy) 
equation (10) becomes 


(S 


2 
Cy=257 (a+ bx? + ce? — dy + ec — fey). 


| Boxr 
The values of a, b, etc., were calculated from the tables by Rose, Perry and 
Dismuke. Then, choosing values for «, different values for y were tried in an 
attempt to fit the required correction factor. Values chosen for ¢ ranged from 
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—3to +3. Some results are shown in figure 4. Agreement of the same order 
as that obtained with e=+1, y=60 (figure 4) was found for any value of 
selected, but a fit as good as that of the T—P mixture could not be obtained. 
However, from the point of view of linearity of the Kurie plot the correction 
factors obtained with pairs like «= +1, y=60 give quite acceptable results. 
The deviations from linearity can barely be perceived on a large scale graph. 
All the pairs of most acceptable values of « and y were found to lie on the straight 
line y=41-5e+19; similar findings were reported by Plassmann and Langer 
(1954) in their analysis of RaE. . 


§ 5. Discussion 


The analysis reported here depends critically on the spins of the levels 
concerned. The spins and parities of 0* and 2+ assigned to the ground and 
first excited states of #Nd may be regarded as fairly certain (Alburger and 
Kraushaar 1952). The assignment to the ground state of !Pr can then be made 
on the basis of strong indirect evidence. According to the shell model, the 
85th neutron of Pr is in an fj. state, while the 59th proton is in an g7/. or dsj 
states. In the first case, we should expect a resultant spin 0-, and in the second 
case the spin should be larger than its possible minimum, 1~ (Nordheim 1951). 
Spins larger than unity are however very difficult to reconcile with the observed 
ft values and intensities of the various beta-transition components. Ketelle 
and Brosi of the Oak Ridge National Laboratories investigated the spectrum 
going to the first excited state of Nd, and found that it had the characteristic 
x shape (private communication by M. E. Rose). Assuming the 0*, 2* assignment 
for Nd, and in view of the fact that log ft=6-6 for the ground state to ground 
state transition, the spin of Pr can only be 0. 

The acceptance of 0- for the spin of Pr necessitates the introduction of the 
pseudoscalar interaction, as the correction factor for pure tensor interaction 
increases the curvature of the Kurie plot to an unacceptable extent. ‘The value 
of gp/gp=107 obtained in this experiment cannot be considered accurate, 
however. It depends heavily on the value of the nuclear radius assumed, and, 
of course, on the validity of the Rose and Osborn theory. ‘This theory can be 
criticized on two points. Primarily, it makes no allowances for possible nuclear 
forces with pseudoscalar coupling. Such pseudoscalar coupled potentials would 
have a large effect on nuclear matrix elements (Ruderman 1953, Peaslee 1953). 
Secondarily the T—P correction factor with gp/gy~100 involves large cancellation ; 
its numerical value is only about 4°% of that for T alone. Under these conditions 
terms of order 1//M? neglected by Rose and Osborn may become very important 
and change the shape of the correction factor considerably; Alaga et al. (1953) 
maintain that such terms are important even without cancellation. A further 
correction may arise from the finite nuclear size effect (Rose and Holmes 1951). 
This is not expected to affect our results much; although corrections to the 
quantities Lx, My and Nx are of the order of 30%, they are insensitive to energy 
variations, and occur in Cyy, C,p and Cypp in roughly the same form. They 
would therefore not affect the cancellation required to straighten the Kurie 
plot to any large extent. In view of these possible corrections, the value of 
£p/gy obtained by us is in considerable doubt, and cannot be really considered in 
disagreement with the results of Alaga et al. (1953) who obtain £p/gp <100 from 
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a study of the spectrum of °He, and gp/gy<50 from ?B. Our results are, 
however, in disagreement with those of Brysk (1954), who obtains upper limits 
on gp/gp from the study of A/-forbidden transitions. Hs results are: gp/gp <20 
from ®P, gp /gp <4 from MC and gp/gy <15 from transitions with A~30. 

There is another argument which can be used to show that P is necessary 
if the transition is0- +0*. Brysk (1954) suggests that the following is a reasonable 
estimate : 


J 


Using ft values for the AJ =1, no, transitions where [Bo operates, we can then 
calculate the numerical value of the correction factor for the Pr transition. 
Taking log ft=4-6 for the allowed transitions with even A, and logft=6-6 for 
Pr, we get C,220. This must be compared with C,;=160 for pure T, and 
C,25 for T—P mixture with gp/g,=100. Thus a certain amount of cancellation 
is necessary to reduce C, from its value for pure T, though the cancellation required 
does not appear to be as large as that found by us from the shape of the correction 
factor. 

It is interesting to note that our results can be explained quite well by the 
S-T mixture, assuming the spin of Pr to be 1-. According to theory (Pursey 
1951, Ahrens and Feenberg 1952) one would expect the following values for the 
ratios of the nuclear matrix elements: «= +1 if the proton state is d,j and 
«e=++4 if the proton state is gj. (assuming gs/gp=—1). In both cases 
A=(aZ/2R)1X=1-2. Our results can be explained quite well with pairs of 
values lying on the line A=3-6e+1-6 in the range «= —3 to +3. Thus, for 
«=+1 and +} we get A=5 and 2 respectively. The second pair of values 
agrees well with the theoretical predictions. That the theory gives roughly 
the right magnitude for the ratio of the matrix elements is shown by the results of 
Plassmann and Langer (1954) for RaE. They found a good fit for the spectrum 
with «0-2 and A~1-7, while the theory predicts «=0-1, A= 1-2, if the 1- spin 


of RaE arises from an hg. proton coupling with a go. neutron. 


i | fo.r 


§ 6. CONCLUSIONS 


The experimental results of Alburger and Kraushaar (1952) and Ketelle and 
Brosi leave little doubt that the ground state to ground state transition of 14Pr 
is of type 0°-—0*. The transition then cannot be explained in terms of the 
tensor interaction alone; pseudoscalar interaction is necessary to account for 
both the shape and magnitude of the correction factor. The ratio of coupling 
constants required is approximately 100. 
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Abstract. An investigation has been made of 7*-p scattering at incident pion 
energies of 20(°13)mev, using a hydrogen filled diffusion cloud chamber in a 
magnetic field. Fifteen 7*—p scattering events were observed and the incident 
pion spectrum and path length were determined from measurements on 7— 
decays. The results were analysed by using the values for the phase shifts 
X43 = 023573, x, = 0 and assuming that «, is directly proportional to 7. The phase 
shift %, was then found to be —(0-13 + 0-035)y radians, where 7 is the pion 
momentum in mass units. 


§ 1. INTRODUCTION 


HE low energy scattering of 7-mesons by protons is of great interest, 

| since at these energies the S-wave scattering is not masked by the P-wave 

scattering and the small S-wave phase shifts can be found. A knowledge of 

these phase shifts is important and at the time when the present experiment 

was in progress there was a discrepancy between the values obtained from 

experiments on the Panofsky ratio and low energy pion—nucleon scattering. ‘The 

difference between the results is now within the experimental errors and any 

small disagreement which may remain can possibly be explained by the failure 
of isotopic spin conservation at low energies (Noyes 1956). 

At low energies pion—nucleon scattering experiments are difficult because 
the cross sections are small and the short ranges of all the particles necessitate 
the use of thin targets. Counter techniques have only been used above 30 Mev 
for elastic scattering (Angell and Perry 1953 a, b, c, Barnes et al. 1953, Leonard 
and Stork 1954, Sachs et al. 1955) and above 20 Mev for charge exchange 
scattering (Spry 1954, Tinlot and Roberts 1953, 1954). For elastic scattering 
experiments at 20-30MmMev nuclear emulsions have been used. Orear et al. 
(1954 a), Orear (1955 a) have observed scattering events occurring in the emulsion 
and Whetstone and Stork (1956) have used an emulsion stack to detect pion 
scattering by a liquid hydrogen target. ‘The first method has the disadvantage 
that the target is not pure and in the second the actual scattering event is not 
observed. In both methods the identification of events is difficult and the 
emulsions require specialized scanning. 

A study of negative pion—proton scattering at 0 to 25 Mev has been made by 
Rinehart et al. (1955) using a hydrogen filled diffusion cloud chamber in a magnetic 
field. ‘The gas filling of such a chamber is almost a pure proton target and the 
scanning although tedious is straightforward. Scattering events can be easily 


+ On leave of absence from the University of Rome, Italy. 
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identified and the measurement of 7 decay events gives a simple and accurate 
method of obtaining the pion path length and spectrum. ‘This method of 
obtaining scattering events is very slow since the gas density is low and the 
repetition rate is limited by the slow recovery of the cloud chamber. Liquid 
hydrogen bubble chambers would obviously be more efficient detectors for this 
type of experiment and they will undoubtedly be used in the future. 

The values of the phase shifts obtained in the earlier experiments have been 
noe by Orear (1954, 1955 b) and the later work by Whetstone and Stork 

956). , 
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Figure 1. Experimental arrangement. 
Operating conditions of the diffusion cloud chamber : 


Run Pressure (Ib in~*) Mean gas density (mg cm~*) 
1 348 2-54 
2 378 2-74 
3 365 2-64 


Mean temperature in sensitive region —35°c. 
Moderator: 1st run: 1°532 in. of copper=35 g cm; 
2nd & 3rd runs: 9-75 in. of polythene= 22-6 g cm7?. 


§ 2. EXPERIMENTAL PROCEDURE 


The arrangement of the apparatus is shown in figure 1. The 18in. diameter 
diffusion cloud chamber already described (Alston e¢ al. 1956) was filled with 
approximately 25 atmospheres of hydrogen and a steady magnetic field of 
2:3 kilogauss was applied. The pressure and the mean temperature of the 
gas in the sensitive region of the chamber were carefully monitored throughout 
the experiment to obtain the mean gas density. A 95 Mev beam of 7*-mesons 
was produced by the proton bombardment of a }in. thick copper target placed 
in the cyclotron tank at a radius of 69in. ‘This beam was moderated at the focus 
of the 7-meson magnet and entered the chamber through a phosphor bronze 
window 2in. x 3in. x 0-0181in. 

It is difficult to obtain a moderated beam with the required characteristics, 
The track measurements would be simplified if a monoenergetic beam were 
available and for the reliable detection of 7—y decays the track density should 
be low and uniform throughout the sensitive region of the chamber. 
A monoenergetic beam could only be obtained by attenuating the original beam 
in front of the 7-meson magnet and this procedure yielded a low energy beam 
of insufficient intensity. To obtain a beam in which the tracks are well separated 
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a heavy moderator would be preferable since the multiple scattering angle is large.. 
In a preliminary run a copper moderator was used but a very diffuse pion spectrum 
was obtained and a polyethylene absorber was used in the two subsequent runs. 
This gave a moderated beam with a less diffuse spectrum which extended from 
0 to 40 mev and was peaked at 20mev. The synchrocyclotron produced 109 
beam pulses per second and a small number of these were used per picture. 
Unfortunately the radio-frequency pulser was unreliable and the beam intensity 
was small and variable. The average number of beam pulses per picture was 
three and the 7+-meson intensity, in the energy range 10-35 Mev, was seven 
per picture for an average length of 35cm. ‘There was also a contamination of 
30°, which consisted of y-mesons, electrons and 7-mesons outside the accepted 
energy range. 

During the experiment a sensitive depth of 2}-3in. was maintained with 
a repetition rate of 30sec. 5400 pictures were taken on 70mm Ilford 5G91 
film using a stereoscopic camera with its lens axes inclined at 7° to the vertical. 
A photograph of a 7*—p scattering event is shown in figure 2 (Plate). 


2.1. Measurement of the Tracks 


The pictures were reprojected through the camera lenses on to a screen 
which could be moved into any plane. Both pictures of a stereo pair were 
scanned for 7+—p and 7-1 decay events with the screen horizontal. 

The true radius of curvature and dip angle of a decaying pion were measured 
if the projection of the decay angle on to the horizontal plane from either lens 
was equal to or greater than 5° and the incident energy was between 5 and 40 Mev. 
From these measurements and a knowledge of the gas density and 7-meson 
life-time the 7-meson spectrum and the scanned path length in gcm™ could be 
computed (Fowler et al. 1953). 

Scattering events were identified by kinematics and were accepted if the 
scattering angle in the centre-of-mass system was greater than 60° (~52° in 
the laboratory system) and if the incident energy was between 10 and 35 Mev. 
If the curvature of the incident track could not be measured it was estimated 
from the proton range and/or the curvature of the scattered meson track. The 
cut-off in angle and the lower cut-off in energy were applied so that the ranges of 
the proton recoils from acceptable scattering events were greater than 5mm. 
This ensured that 7—p events were not missed and that there was no confusion 
between 7 decays with associated 6-rays and true scattering events. The 
high energy cut-off was imposed because there were relatively few 7- decays 
above 35 Mev and also because accurate measurement of the track curvature was 
difficult. 

All the pictures were rescanned for 7—p events only and the combined scanning 
for scattering events was then considered to be 100% efficient. 1000 pictures 
were rescanned very carefully for 7» decays to obtain the efficiency of the first 
scan. ‘lhe 7—p decay events obtained in the two scans were compared and when 
they had been suitably combined it was assumed that all the decays with projected 
angle greater than 5° had been found. ‘The mean efficiency for finding zp 
decay events was found to be 82°, for the first scan and 94°, for the second. 


The efficiency appeared to be uniform over the spectral range and showed no 
systematic variations. 
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2.2. Results 


During the first scan 2841 7- decays in the energy range 5-40 Mev were 
measured. Corrections are applied to the spectrum obtained (table 1) to allow 


Table 1. The Incident 7+-Meson Spectrum 


(1) (2) (3) (4) (Sa) (50) (6) 

5—10 465 1:20 x 105 Sly 6 6 388 
10-15 601 1:98 x 10° 522 8 3 657 
15-20 655 2-58 x 10 677 10 2) 896 
20-25 559 VS eae LO 659 12 1:5 900 
25-30 262 I-32 10° 348 13:5 1 486 
30-35 215 1:20 x 105 Bip 15-5 1 447 
35-40 84 0:50 x 105 I 17 0:5 192 
Total 
10-35 2292 20902 te 518 3386 


(1) Incident energy (Mev); (2) 7- decays measured; (3) measured path length L (cm); 
(4) measured path length x (g em~2); (5) corrections : a, projection «(%), 6, Coulomb 
scattering a,; (6) corrected path length [x/(1 —ap+a-)]100/82 (g cm-). 


for the inefficiency in the scanning, 5° cut-off in decay angle, and coulomb 
scattering events above 5° which could have been mistaken for am decays. 
The 5° cut-off corrections are smaller than for a plane projection because the 
lenses are inclined at 14° to each other. The corrected spectrum is shown in 
figure 3. 
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Figure 3. Corrected spectrum of incident 7+-mesons. 


Fifteen 7*—p scattering events were found with incident energy in the range 
10-35 Mev and with scattering angle greater than 60° in the centre-of-mass 
system (table 2). No events were missed due to the 5° cut-off in reprojection. 


Table 2. Accepted 7+—p Scattering Events 


Incident pion energy (Mev) 10-12 16 19 21 2s 23 25 26 
Pion scattering angle (c.m.s.) (deg.) 152 Tell ON @AS7. « 1S0N 574 16u ets? 


Incident pion energy (Mev) 26 25-27 25-27 29 Si 32) 3134 
Pion scattering angle (c.m.s.) (deg.) 79 78 80 ie 141-70 165 
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The average total cross section over the accepted energy range for 6>60° is 
found to be 7-4 millibarns. =E) Ym 
The differential cross section for 7+—p scattering at low energies 1s given by 


dat ‘ a 2 : ) 
oe A? {| «s + (2ag3 + 31) cos @ — 5 | + (%33 — %1)” sin® A 


(Bethe and de Hoffmann 1955). We assume (Orear 1954) 
leg O2397', elses cee) 

C= qy) el ehetelisis (2) 
where g is a constant, 7 the momentum of the incident pion in the centre-of-mass 
system in units of jc and £, the velocity of the pion in the laboratory system in 
units of c. 

From equations (1) and (2) and the incident pion spectrum (figure 3), the 
predicted number of events for various values of gis calculated and compared with 
the number actually found. This calculation gives a value g=0-13+ 0-03, 
where the error is the standard deviation in the number of events only. 

The systematic experimental error is estimated as 5°, arising from errors 
in the knowledge of scanning efficiency, gas density and the corrections applied 
to the spectrum. A further small error may be introduced by assuming #3, =0; 
however, this phase shift is known to be small and a value 43; = 1° makes less 
than 1°, difference to the predicted number of events. 

The final value obtained is 


y= —(0:13+0-035)y, wn nw (3) 
This value is in good agreement with that of Orear (1954, 1955, b), 1.e.%3 = —O-117 
deduced mainly from results at pion energies above 40 Mev. 


and also 
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Abstract. ‘The integral shower density spectrum from 20-1000 particles per 
square metre is measured with three-fold proportional counters 60 metres above 
sea level, and follows a law 


v(p) = 540 p 139404 h-+, for p <500 particles me; 


in agreement with previous Geiger counter results; an agreement which confirms 
energy loss measurements as a means of particle density determination. For 
p >500 the exponent increases quickly, reaching 2:2 at p= 1000, which is typical of 
the value observed with ionization chambers. 

The density spectrum is analysed, allowing for effects of shower age on structure 
to obtain the distribution in number 


S(N)=2:3 x 10-4(N x 10-)-147£07 m2 ht, 


with evidence for a rapid increase in exponent above N= 108 particles. Using 

cascade theory the latter is shown to be produced by a primary energy spectrum 
V (£E)=0-32(E x 10-4) ** mh “*sterad~, 

for 10!3=<E=<1015, above which the exponent increases rapidly, reaching about 

—3 at E=10"ev. Since shower primaries of these energies should be little 

affected by solar or terrestrial magnetic fields, this will be the form of the primary 

spectrum. 


§ 1. INTRODUCTION 


OLIERE’s (1946) theory of the cascade development of air showers, and 
its extension by Nishimura and Kamata (1951) to include ionization losses, 
starts with the assumption that showers are initiated by single high energy 
photons or electrons. The theory is in substantial agreement with experimental 
determinations of shower structure at distances from the core exceeding one 
metre. ‘The shower structure closer to the core has been shown to be flatter than 
that predicted by cascade theory, due presumably to multiple core production in 
the initial interaction. It is now practically certain that the primary radiation 
consists not of electrons or photons, but of protons, alpha particles and heavier 
nuclei (Bradt and Peters 1950). Since the primary interaction is a nuclear one, 
we can be assured of the multiple character of the meson producing act; and al- 
though there is no convincing experimental evidence for multiple core detection, 
none would be expected if the multiplicity is high, when neighbouring cores would 
tend to smooth and flatten the structure function. 
From earlier shower experiments it has been concluded that individual primaries 
have energies exceeding 10’ ev, but the evidence in support of this is indirect. 
In particular it has been contested by Cocconi, Cocconi-Tongiorgi and Greisen 
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(1949), who state that what has been proved, in fact, is that counters of small 
area and a few metres apart or of large area hundreds of metres apart have been 
simultaneously discharged with appreciable frequency. The conclusions drawn 
from such experiments are based upon a number of assumptions: (1) that all 
showers are at maximum development and have the Moliére (1946) structure, 
2) that there are no local condensations or multiple cores in the shower and 
3) that the apparatus has a uniform response regardless of the direction of arrival. 
‘These conclusions depend, moreover, upon a detailed knowledge of the expon- 
ent of the primary energy distribution above 10" ev, and especially upon the 
existence or absence of a high energy cut-off. ‘The high altitude photographic 
plate work, which extends only as far as 10 eV, gives direct evidence for an 
exponent of about 1-45 in the primary spectrum. But the greater part of the 
evidence, which is indirect, comes from the particle density distribution. For this, 
Geiger counter measurements indicate an exponent of 1-4-1:5, and ionization 
chambers, at a higher density, indicate 1-5-3-1, with no agreement between the 
two methods in the region of overlap. This makes the choice of exponent 
uncertain where an exact knowledge of the spectral form is most essential. If this 
spectrum does continue to infinite energies with the value of 1-5, which is usually 
taken as the exponent, it can be shown that primaries with energy greater than 
10” ev arrive at the rate of 1 per square metre every 60 years. Because of the great 
rarity of these events, the statistical uncertainties involved, and the questionable 
nature of the assumptions, conclusions drawn therefrom are possibly in error. 
Measurements on the particle density distribution are made in the present 
experiment, in a density range produced by showers of energy 10% to 10! ey. 
Pulse heights from three proportional counters, in a triangular arrangement, are 
recorded photographically whenever a coincidence occurs. ‘The integral pulse 
height distribution at any individual counter is identified with the particle density 
spectrum, and has an exponent similar to that of the Geiger counter measurements 
at the lower densities, and similar to the ionization chamber measurements at high 
densities. Starting from this particle density distribution, a simple change in 
shower structure with age is assumed, and the distribution in number evaluated. 
The primary spectrum deduced from this distribution shows a rapid increase in 
exponent above 10! ey, which is consistent with a cut-off in the energy—nucleon 
spectrum. 


§ 2. APPARATUS 


‘The apparatus is housed in a cement sheet hut on the roof of the Physics 
building, University of Melbourne, about 60 metres above sea level and at 38°S 
geomagnetic latitude. ‘he particle density measurements are made with three 
proportional counters which are arranged radially, in a horizontal plane 1 metre 
below the hut roof, at the three corners of a 5-metre equilateral triangle, one side 
of which lies in the E-W direction. The proportional counters, which have been 
recently described (Norman 1955) are of the control grid type, 0-05 square metre in 
area, with a grid system of 24 fine wires surrounding the central wire at a 1cm 
radius. Both the centre wire and grid system are mounted concentrically in a 
thin shell made from 0-006in. tin-plate, which, together with the electrostatic 
shield (0-004in.), constitutes the entire thickness of the counter wall. The 
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counters are filled with a dried mixture of 94° Arc-argon and 6°% commercial 
methane, to a total pressure of 82cm Hg. ‘The gas gain is 400 when the counter 
supply is 5kv, of which 3 kv is applied to the control grid, and the remainder used 
for electron collection. It is not feasible to test directly with shower electrons for 
the effect of space charge on counter inearity, but this effect is found to produce a 
50°, reduction in gas gain for polonium «-particles. ‘These particles release about 
2 x 10° ion pairs, to produce a total population (including the gas gain increase) 
of 4 x 107 positive ions clustered around a few cm of the wire length. In contrast 
to the «-particles a shower electron releases only 700 ion pairs, resulting in 3 x 10° 
ion pairs along a similar length of wire. Even at the highest observed densities 
there is an average of less than one shower particle per cm of wire length, so, on a 
proportionate basis, the decrease in gas gain is expected to be negligible, and the 
counter linearity unaffected. 


Push-Pull Cat 
a i d —————— i 
O= 1st Amp. 202 Amp. Deflection Bey, 


Proportional ee Cet 
Counter 


Exponential 
Time Base 


OLE 


Figure 1. Block diagram of the shower recording apparatus. 


A block diagram of the apparatus is shown in figure 1. The proportional 
counter output pulse passes to the signal amplifier which has four parts: the 
signal receives a voltage gain of 100 in the pre-amplifier which is built on to the 
proportional counter case; the first and second sections of the main amplifier 
have a gain of 100 and 70 respectively, while the push—pull deflection circuits have 
a gain of only 20 since they are required to deliver large deflecting voltages to the 
cathode ray tubes. With the exception of the deflection circuits, the amplifiers 
are basically ‘model 100’ design, modified to decrease the rise time to 0-2 psec 
at the expense of some high frequency gain stability, the loss of which proved to be 
quite unimportant. The amplifier gain available is variable in fine steps from 
10° to 10’, with a maximum overall gain of 10° including counter gas amplification 
‘The fast coincidence amplifiers have a rise time of 0-1 pzsec, and, operating at the 
delay line input from two channels only, trigger a two-fold coincidence circuit when 
the pulses are time coincident to within the electronic resolving time of 1 psec 
The coincidence circuit output pulse is lengthened by a 20 psec multivibrator 
circuit to produce a large and fast-rising square pulse. Three outputs are taken 
from this multivibrator: the first passes to the brightening pulse limiting circuit 
which controls the amplitude of the brightening pulse supplied to the cathodes of 
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all the cathode ray tubes; the second output operates the cathode ray tube exponen- 
tial time base, while the third operates a 0-1 sec pulse-lengthening multivibrator 
for the camera and mechanical register circuits. ‘The voltage pulse from the latter 
multivibrator is integrated so that after a 0-02 sec delay it reaches the firing voltage 
required by a small neon lamp, and the ensuing pulse injected into 
the pulse brightening circuit. ‘This produces a recirculating brightening 
pulse and time base, which serves as a zero base reference line from which 
the signal pulse height may later be measured. All d.c. voltage supplies are 
electronically regulated, and it is necessary to supply the valve filaments from an 
a.c. (r.m.s.) stabilizer, mainly because the cathode followers distributed through. 
each amplifier produce a cascaded change in gain with filament voltage variations.. 
Stability requirements for the 5 kv proportional counter supply are exacting, since 
a 150 v change doubles the gas amplification. Chart recorder tests on this supply 
showed a maximum variation of + 0-4v over a 48 hour interval. Overall linearity 
and gain stability proved to be better than 2%, over long periods. 

Ilford GX film is used in a shutter-less 35 mm recording camera fitted with a 
Zeiss f/1-5lens. Since the film is continuously exposed to the cathode ray tube 
screens, traces are recorded whenever the brightening circuit operates; and to 
allow for the screen persistence, a delay of 0-1 sec is incorporated before the 
camera relay moves the film on. Also, the cathode ray tube filament light limits: 
the maximum standing time to 5 min, but the use of an orthochromatic film, and 
reduction of the filament voltage from 4-0 to 3-7, increases the standing time to 
about 2 hours, with no apparent reduction in writing speed. 

A transmission method of x-ray calibration (Norman 1955) is employed to 
ensure correct counter operation. If the white radiation from an x-ray tube is 
allowed to fall on a thin (0-017in.) molybdenum filter, the emerging radiation is 
sufficiently concentrated below the K absorption edge at 20-0kev to permit 
accurate calibration. The filtered x-rays produced in this way are then allowed to. 
penetrate the electrostatic shield and counter wall (0-010 in. Fe), beyond which 
some will produce photoelectrons in the counter gas. Pulse height distributions 
obtained by this method have a width of 12-13% at half height, and are carried 
out both before and after the experiment to test the counter performance. As an 
operational test, overall stability of gain is checked regularly by means of the 
46-7 kev gamma ray line from a RaD+E+F source. When using this source, a 
10 sec exposure at reduced lens aperture is taken for calibration purposes on every 
second film, and no significant change was recorded over the course of the experi- 
ment. The absolute calibration of shower density in terms of pulse height is 
obtained by reference to mesons near minimum ionization in the following way. 
From the known meson spectrum it is possible to calculate the most probable 
energy loss for those mesons passing diametrically across the counter which are 
also capable of penetrating 10cm of lead. ‘This energy loss is found to be the same 
as the experimentally determined value of 16-0 + (0-1 kev obtained from a subsidiary 
experiment in which events are selected by a pair of small Geiger counters. The 
most probable energy loss is now computed for a single hit by these mesons 
anywhere on the counter and a value of 15-2kev obtained. If this value is now 
multiplied by the ratio of energy loss suffered by shower electrons to that suffered 
by mesons, a value of 20-0 kev results, which is the most probable energy loss. 
suffered by a shower electron hitting the counter anywhere. It is believed that 
this provides an absolute calibration accuracy of better than 10%. Finally, because 
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of multiplication of the shower particles in the hut roof, the shower density inside 
the hut or, more particularly, inside the counter, will be higher than the density in 
openair. Bethe (see Williams 1948) has shown that the materialization of photons 
is largely responsible for the increase in shower density beneath thin absorbers, 
and that it follows a relation of the form 


P2\ 4 
y [ee ps eae ae eee SR TS 1 
M 1+2(1 aa (1) 


where t=thickness of layer, Z7=atomic number, X,=radiation unit (of cascade 
theory) for the material. Thus the effective shower density is increased 8°, by the 
corrugated iron roof, 2°, by the cement sheet ceiling and a further 2%, by the 
counter wall, producing 12%, multiplication in all. 


§ 3. LocaL ParTICLE DENSITY SPECTRUM 

Cocconi (1954) has estimated that the shower structure should be elliptical 
because of the deflection of the charged shower particles in the earth’s magnetic 
field. Since a significant variation of structure function with direction would 
produce an error in the energy spectrum exponent derived from the density 
spectrum, a preliminary experiment has been carried out to determine the magni- 
tude of this effect at sea level (Norman 1956). No change in structure function is 
found with change in orientation, within the experimental error of 4°, so it is 
concluded that the ellipticity is negligible. 

Only two of the three counters are connected to the coincidence circuit, so 
pulses that are time coincident in these two channels within the resolving time of 
1 wsec cause an exposure to be made. ‘The final selection of coincidences is made 
visually from the photographic records, when the resolving time may be reduced to 
0-1psec by comparison of the signal traces, because the 20sec exponential 
time base moves quickly at the beginning of its stroke. The electronic 
resolving time for the third channel pulse is, effectively, the full duration of the 
time base, and the visual resolving time 0-1 psec also. It is concluded that no 
accidental coincidences are registered because of the absence of non-coincident 
third channel pulses. ‘The possibility of nuclear disintegrations making a signi- 
ficant contribution is excluded for the following reasons: (1) the counter has a small 
mass and therefore a low probability for disintegrations, (2) with 5m counter 
separation and radial symmetry, each counter presents a very small solid angle to 
the other two, (3) the use of pulse shape techniques failed to disclose the presence 
of any other than the typical shower pulse shape and (4) if disintegration products 
had been making a significant contribution, more two-fold coincidences would be 
produced than three-fold. Two-fold coincidences, which are observed only at 
low densities, can be completely accounted for in terms of statistical fluctuations in 
shower density and shower density gradients. 

The particle density spectrum is a well established method of comparing 
results obtained by different observers on a common basis. Only three-fold 
coincidences are used in this experiment as a method of extensive shower selection. 
Consequently there is a very real chance of missing a three-fold coincidence at the 
lower densities due to statistical variations below the average particle density at 
any counter. If the average shower density is p particles m-, the probability of 
hitting three counters of area A with one or more particles each is 


P\p;As) =) Sexp (S794) ee ae pee (2) 
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The shower frequency at a density p must be multiplied by this correction factor 
to compensate for the statistical loss of counts. Ata shower density of 60 particles 
m-? this correction is only 10%, while at 25 particles m* it rises rapidly to 100%, 
and the accuracy of the curve at this point will be governed not by the statistical 
accuracy of the number of counts received, but by the uncertainty in the absolute 
shower density. Accordingly, the errors shown on the curve at particle densities 
below 60 particles m~? are those incurred by an uncertainty of up to 10% in the 
absolute shower density. The rates corresponding to densities less than 25 
particles mare excluded because of the magnitude of the error that this uncertainty 
can produce. 

The experimental data are analysed in two ditterent ways—hirstly, including the 
density gradient across the counter system, and secondly, neglecting it. Using the 
former classification, the pulse height distribution is taken for each counter alone, 
the other two being used for shower selection purposes only. This distribution, 
shown as curve A in figure 2, is the true particle density spectrum, and follows an 
inverse power law 


v(p) = 540 p-239=004h-1, for 20<p<500.  seeees (3) 
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Figure 2. The integral shower density spectrum at sea level. The effect of shower 

: density gradients over the apparatus 1s included in curve A, and not in B. L; Lapp 
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In order to see whether these density gradients will affect the interpretation of the 
density spectrum, it is now assumed that the particle density is constant over the 
extent of the apparatus as Cocconi et al. (1949) and Singer (1951) have done in 
order to interpret their experiments. ‘They reason that the counter separation of 
-4m used by them is small compared with the lateral shower unit of 75 m, and that 
consequently the particle density gradient over this distance must be negligible. 
It is possible that density gradients have little effect on their result, nevertheless 
it may be calculated that the density gradient across two counters 5 m apart exceeds 
Q-5in approximately half the coincidences. ‘These density gradients have been 
used by Williams (1948) for core placement, and by Campbell and Prescott (1952) 
for evaluation of shower structure function. If the shower density is the same for 
all three detectors, the average pulse height is equivalent tothe density. ‘Therefore 
the averaged three-fold pulse height distribution is shown as curve B (figure 2) 
which is given by 
v(p)= 5009-1 332904 has a) olinall ot eee (+) 

This curve is slightly lower than and, within the experimental error, parallel to 
curve A. It may thus be concluded that the assumption of zero density gradient 
over the extent of such an apparatus has only a small effect on the particle density 
spectrum. ‘The counter results of Cocconi et al. (1949) and Singer (1951) are 
also shown in figure 2, from which it will be noticed that the author’s curve B 
agrees very well with that obtained by Singer based on a similar assumption, at 
least up top=500. Below this density, the author’s curves A and B straddle the 
precisely determined spectrum of Broadbent, Kellermann and Hakeem (1950). 
The present result appears to be the first energy loss measurement to reach agree- 
ment with the Geiger counter data, and confirms energy loss as a method of 
measurement of shower densities, a method previously questioned by Cocconi 
(1946). 

Since the present measurements were performed with proportional counters 
(which measure ionization losses), one would expect that similar data would be 
obtained with ionization chambers; but the distributions found earlier by 
Montgomery and Montgomery (1947), and Lapp (1946), are quite different from 
the present result, even though the slope at high densities is comparable. It is 
now believed (Williams 1948) that their results were not due to extensive showers 
alone, but were contaminated by a proportion of nuclear disintegrations. Williams’ 
own value, obtained by extrapolation of his decoherence data to zero separation, 
is about four times greater than the cloud chamber measurements of Brown and 
McKay (1949), even though the latter were recorded at a similar altitude. It 
appears that Williams’ method could include knock-on showers in addition to 
extensive air showers. Somme shower selected data of Prescott (1950), presented 
in an accompanying paper, are also included in figure 2, since they were recorded 
some years ago in this laboratory with similar chamber sizes and separations, but 
with ionization chamber techniques and completely different apparatus. It is 
clear from the curves in figure 2 that all the ionization chamber (and cloud chamber) 
evidence points to a greater exponent above 500 particles m~*, but below this 
density the exponent remains almost constant. 

The results obtained by several authors for the particle density spectrum are 
collected in table 1. Since a small error in the exponent will require a large com- 
pensatory change in the constant, agreement between the various results at sea 
level is quite good. ¥ 
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Vables & 
Worker Altitude (m) Method kt ct 
Cocconi & Cocconi-'Tongiorgi 

(4949) sak G—M Counters 460 1:45 
Singer (1951) s.l. 54 560 1-40 
Broadbent, Kellermann & 

Hakeem (1950) Sale - 620 1:425+0-02 
Author Sek Proportional Counters 540 1:39+0-04 
Williams 3050 Ionization Chamber 9900 1°5 
Brown and McKay (1949) 3260 Cloud Chamber 5100 1-6 


t v(p)=kp-¢ h™ s.1.=sea level. 


§ 4. DISTRIBUTION IN NUMBER AND ENERGY 


It is possible to evaluate the shower distribution in number S (NV) dN from the 
experimental particle density distribution v(p) dp, where S(N)dN is the number 
of showers per hour containing in all between Nand N +4dN particles at the point 
of detection, whose cores pass through a horizontal area of 1m?. Let the particle 
density at a radius r from the shower axis be given by the function (7) at the plane 
of the cascade maximum, for which the shower age s= 1-0 (Blatt 1949), and by 
¢' (r) at a later stage of development, well past maximum, for which the shower 
age s=1-4. Ifa constant structure function is assumed for interpretation of sea 
level measurements, then it is erroneous to use the Moliere (1946) function ¢(7), 
which was evaluated for maximum development, because it is known that most 
showers reaching sea level are well past maximum and correspond more closely toa 
shower age s of about 1-4. Fortunately the function ¢’ (7), as well as f(r), has been 
computed by Nishimura and Kamata (1951), who have made allowance for the 
effect of ionization losses which are not included in the Moliére function. Never- 
theless the two calculations for the cascade maximum agree closely out to distances 
of about 400 metres. ‘The Nishimura and Kamata function $(r) should then be 
equally well represented by the Bethe approximation (see Williams 1948) to the 
Moliére function, viz., 


2.8 4r\ 23 
so BE (rt eol- (2) ont 


where 7, = shower radius and is defined as EsX,/e, Es =21 Mev, €= critical energy, 
X, = radiation length (see Rossi and Greisen 1941). 

Asa first approximation, assume a constant function ¢’(r) and a constant expo- 
nent 7 in the distribution in number 


S(N)dN=kN- dNm b+. sts (G) 


For a shower c ontaining WN particles, the particle density p at a distance r from the 
core is 


SNe Oe * eae (7) 


The contribution at any fixed point from showers striking within an annulus of 
width dr and radius r is then 2nr dr S (NV), while the differential density spectrum 
at that point will be 


AW Nar i: SUN)ANYar aes (8) 
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Substituting from (6) and (7) we obtain 


io) Ape 2a | RNGAN dre sues (Vee (9) 
=2nkptAp| $(n\rdr oe (10) 
~ 0 


Experimentally v(p)dp=Tp~’” dp and for agreement y+1 must equal 7, a result 
which is independent of the form of ¢'(r). Consequently, if 7 in (6) and 4/(r) 
remain constant, v(p) dp will have the same exponent as S(N)dN. But very little 
is known about the behaviour of S(N) dN, particularly for large N, and the structure 
function does change with increase in N, becoming more peaked because the larger 
showers reach maximum development at lower altitudes. Therefore, equality of 
the exponent of S(V)dN and» (p) dp can only be regarded as a crude approximation. 
Nevertheless a numerical integration is carried out since it draws attention to the 
range of shower sizes involved in the production of a particle density spectrum. 
‘The smallest shower capable of exceeding the bias level p = 20 particles m~? of the 
three detectors lying on a 2:5 m radius (r’ = 2-5 m) is clearly one whose core passes 
through the centre. For a typical sea level shower whose age s= 1-4, No = 44000 
particles are required, in contrast to 11 000 particles for a young shower with s = 1-0. 
Using the structure function ¢'(r) and a trial exponent of —1-47 for S(N), 
1.e. tT = 2-47, the contribution to the count rate from showers in the number interval 
N to N+dN is 
Zp;t’) dN = aR? kN ad Ninian lh ae (11) 


where R=r—y’ is the maximum distance, from (7), at which a shower containing NV 
particles may overcome the bias at the furthest detector. It is convenient to plot 
this contribution as a function of NdN (figure 3(a)), where 7R? N-'47 dN is the 
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Figure 3 


coincidence rate produced by a number interval NdN wide at N. The particle 
density spectrum thus integrates over three orders of magnitude of shower number, 
and the area under the curve between any two JV values gives the relative contribu- 
tion from that interval. Whenj£= 10% ev N=2 x 10° at sea level. The integral 
counting rate 

x0 

Z(p, 7’) =7R*h | N-7 dN gee (12) 

p/$'(7) 

shown as curve A in figure 4, is a straight line as was expected from (10). 
It is interesting to consider the contributions to coincidence rate made by 


showers striking at different distances from the detectors. From a similar 
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argument to that above, it can be shown that the contribution from an annulus 
dR wide at radius R will be 
X (p, r') dr=27m RdRo {p/o'(r)}", if S(N)=oN™. —.. (13) 

The function 27R? {p/d’(r)\-?" dR then gives the contribution from an annular 
interval RdR (figure 3()), so that the area under the curve between any two R 
values gives the relative contribution from that radius interval. Thus, at sea level, 
half the coincidence rate is produced by showers striking outside 35 m, and as many 
coincidences are caused by showers lying outside 100 mas within 10 m, each contri- 
buting about 10°. 

Compare the structure of two showers containing N particles but of different 
ages, say s=1:0 ands=1-4. The calculations of Nishimura and Kamata (1951) 
indicate $(r)=¢'(r) at r=50m, this value of r being the cross-over point above 
and below which the old or the young shower respectively have the greatest 
density. Different experimental arrangements will respond perferentially to 
showers of a particular age. Consequently, an experimental arrangement with 
large detector separation will select preferentially those showers with the flattest 
structure, i.e. the old showers. Furthermore, since the proportion of old showers 
decreases with increasing energy, the effective exponent in the density or energy 
spectrum evaluated from such an experiment will be greater than that obtained 
with smaller separations (unless the effect of changing shower age is taken into 
account). ‘To illustrate this point, Williams (1948) obtains a higher exponent for 
his density spectrum with a chamber separation of 12-2 m than he does with 0:15 m, 
and Cranshaw and Galbraith (1954), using a 54m counter separation, find an 
effective exponent as high as 1-7. 

It is now necessary to find whether a variation in shower age with size will 
influence the exponent of S(N) which is deduced from v(p). In the absence of 
details of this variation, a change of shower age with number is assumed such that 
there are 100% old showers at 10 ev (N~10?) and 100°, young ones at 10! ev 
(V~10°), with an age in between these limits given by 

s=1-4—O-1log(NV/200), we wees (14) 


This relation at least satisfies the fundamental requirements, viz., that a decrease in 
shower age from 1-4 to 1-0 occurs with increasing energy or number, and that most 
showers are old, or well past maximum development. 

The density spectrum (curve B, figure 4) is computed with the above change in 
age and, as in curve C (figure 4) a constant exponent for S(N) equal to — 1-47. 
Although a 6% overall decrease in slope is produced, it is clear that this age variation 
could not account for the increase in slope of the experimental points (also in 
figure 4). 

Since the local particle density p is obtained by an integration over three orders 
of magnitude of N (figure 3 (q)), a rapid increase in exponent of ¥(p) may be 
immediately explained by either a more rapid change in exponent Ob 1S: GN)), 208 
possibly a complete cut-off. Accordingly, particle density distributions have been 
computed for an exponent of — 1-47 in S(N), ashower age from equation (14), and 
a number at cut-off of 2, 4 and 8 x 10° particles. ‘Phe curve D in figure 4, corre- 
sponding to a cut-off at N= 4 x 10° fits the experimental data best, and the cut-off 
N is sharply defined. I, instead of a complete cut-off, the exponent is increased 
from 1-47 to 2:0 at N = 10%, the resulting density spectrum does not fit the data very 
well. The distribution in number is therefore best represented by 


S(N)=2-3 x 10+ (N10 mh, tees (15) 
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for N < 10%, with an exponent greater than 2 for higher N, (i.e. within the experi- 
mental error the exponent is between 2 and «). ‘The values of S'(V) obtained by 
other workers are listed in table 2 for comparison with the present result, . The 
higherconstant found by Williams will be attributable in partto the higher altitude, 
e.g. when £=10! ev the number of particles at 3050 m is about four times the 
number at sea level. 
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Particle Density o (particles m-2) 
Figure 4. Synthesis of particle density distribution using various assumptions about the 
shower age and distribution in number. The experimental points are the rate of 
showers exceeding the bias level p in all three counters. 


Table 2. 
Worker Altitude (m) Method ot yt 
Singer (1951) s.l. G-—M. Counters O20 = 1-4 
Author Sale Proportional Counters 2-3 « 10-4 1:-47+ 0-1 
Williams (1948) 3050 Ionization Chambers 8:-4-18x10-* 1-50 


TSN) =0(N/108)-? m-2 p-2 


From ‘ Approximation B’ of ordinary cascade theory, the number of particles 
remaining in a shower of initial energy E can be found at any depth t. Using the 
method of Synder and Serber (see Rossi 1952), it is found that for showers arriving 
within small zenith angles, the number of particles at sea level is related to the pri- 
mary particle energy by the relation 

E=1-26 x 104 N55, for 102<N <108. 16) 


If it is assumed that all showers arrive within small zenith angles, (Tete be 
substituted into (15) 


giving a primary spectrum with a slope of 1-9 between 1014 
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and 10!ev. Ifall showers are assumed to have the same structure, then a primary 
spectrum with a slope of 1-8 is required. ‘This approximation is clearly incorrect 
when primary energies greater than 10 ev are involved, since these can make 
considerable contributions at larger zenith angles. 

Consequently it is necessary to integrate over showers of all energies, and all 
zenith and azimuth angles, to obtain V (£) from S(N), where 


-c pri2 an 
S(N)=| | | (M,8x)dMdbdy wees (17) 
~0 -0 ~ 0 
and M=f(E,t), where t=h(6),.0=zenith angle, y= azimuth angle, ¢= number of 
standard atmospheres and E = shower primary energy. 
The function S(N) has been calculated for constant exponents in the primary 


spectrum of 1-8 and 2-0, and these are shown in figure 5 together with the 


S(N) (m?h"') 


Total Number of Particles V in Sea Level Shower 


Figure 5. ‘The distribution in number given by either curve, A or B, can produce the 
observed particle density spectrum, within the experimental error. Curve C is the 
number spectrum required in the absence of a variation of structure with shower age; 
while D and E are the number spectra produced at sea level by primary spectra with 
constant exponents of 2:0 and 1°8 respectively. 


experimentally deduced S(N). Instead of producing a constant exponent in 
S(N), as results when only small zenith angles are included, the exponent shows 
a gradual decrease. ‘Thus, in order to fit a distribution S(NV) having a constant 
exponent, it is necessary to have an energy spectrum with an increasing exponent. 

The form of V(E) required to fit satisfactorily the experimental relation for 
S(N) in equation (15), is shown as curve A in figure 6, and extends from about 
4x 10!to10'%ev. Theexponentof V(£)increases rather quickly from 1-5 at 10" ev, 
where the spectrum is of the form V (E)=0-32(E x 10) mh sterad*, 
to 3 at 10%ev. The spectrum may be fitted very roughly by a constant 
exponent of 2 between these energy limits. 

It has been pointed out by Peters (1952) that the extensive air showers which 
carry energies of 10" ev or higher are possibly connected with the heavy nuclei 
rather than the protons in the primary cosmic radiation. It has also been shown 
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by Peters (1952) and Kaplon e¢ al. (1952) that the primary cadiation around 10° ev 
comprises nearly 10° alpha particles and heavier nuclei ; and from a very limited 
number of observations at 101 ev, that the composition there is roughly the same. 
If this composition continues to the highest energies, then it is possible to evaluate 
the spectrum for the energy-nucleon from the total energy spectrum. This is 
given by curve Bin figure 6, It can also be shown that at this composition the total 
energy spectrum may not have an exponent exceeding about 3 unless there is a 
cut-off in the energy—nucleon spectrum. V(£) has a gradient approaching 3 at 
about 10" ev, thus, ifthe assumed composition is correct, this would imply a cut-off 
in the energy—nucleon spectrum at this energy. Under these conditions the maxt- 
mum energy carried with any one shower would be, as an order of magnitude 
estimate, 10! ev. 
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Figure 6. The primary cosmic ray spectrum. Curve A is the distribution required to 
produce the observed density spectrum; whilst B is the energy—nucleon spectrum 


assuming the primary radiation still contains roughly 10% of nuclei heavier than 


hydrogen. BBCEG, Barrett et al. 1952, KPRR, Kaplon et al. 1952, BCEG, Barrett 
et al. 1954. 


§ 5. Discussion 


It is interesting to consider what justification exists for the various assumptions 
used in the previous analysis. The evaluation of S(N) from v(p) depends upon 
a knowledge of both the structure function at sea level and variations in structure 
with shower size. The structure predicted theoretically by Moliére (1946), and 
extended by Nishimura and Kamata (1951) to include ionization losses, is used in 
this analysis. 

Experimental investigations of the structure function from 1m to 250 m from 
the core, for showers at maximum development, have been in good agreement with 
the Molicre theory (Cocconi et al, 1949, Hazen et al. 1952, Vavilov et al. 1953. and 
Dovzhenko et al. 1955). These workers find that the structure within 1 m from 
the core is flatter than predicted by the theory, although dissentient results are 
reported by Sitte et al. (1954), who find a flatter structure from Z2mto8m. The 
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explanation of this disagreement could possibly be found in terms of inaccuracy in 
core placement (Dovzhenko e¢ al. 1955). ‘These inconsistencies with the theory 
near the core are presumed to be due to multiple core production in the initial 
interaction and the combined characteristics of a nucleon + cascade shower. In 
a review of Russian work, Wataghin (1952) reports an experimentally determined 
structure function slope of 3-1 + 0-3 at 60m from the core, which agrees well with 
the Nishimura (1951) slope of 3-3. 

The solutions for the structure function obtained by Nichimura and Kamata 
(1951) give the number of electrons of all energies at a distance r from the axis at a 
depth t, which close to the shower core are of the form 4(r)~r* for s<2. It 
must be emphasized, however, that this form is applicable only very close to the 
core, for the same reason that the Moliére function, which approximates to 7 
‘near’ to the core, already at 1 metre (sea level) is actually 7", viz. the exponential 
factor in the formula is of importance even at this distance. It is possible to 
reconstruct the age-structure relation as 


bars, 


where €=1+slope of Bethe approximation at a distance r from the core. To a 
first approximation, €=2+0-16 log(10r), for 0-1<r<10m (sea level). This 
form holds well out to distances of 0-15 lateral shower units from the core, 1.e. 
about 10 metres at sea level. 

From shower theory it is expected that showers reaching sea level will have an 
age parameter s = 1-4 on the average. This is entirely consistent with the measure- 
ments made by Campbell and Prescott (1952) within several metres from the core 
and Haddara and Jakeman (1953) for distances of 5 to 50 metres. The structure 
function is found to have a slope of 0-8 and 1-2 at these positions respectively. In 
a current investigation in this laboratory (as yet unpublished), the average structure 
ofallshowers capable of discharging a three-fold proportional counter arrangement 
has been found to be in good agreement with the last two results and with the 
Nishimura function for a shower age s=1-4, from 1m to 300m from the core. 
Because of these and the previous results, it is considered justifiable to make some 
correction for variation of shower structure with age. The function S(N) has 
been calculated from the experimental density distribution both with and without 
this correction, and the difference between the two distributions (A and C in figure 
5) is possibly no more than that from the experimental error in v(p). The final 
form of S(N) has an exponent of 1-47 below N= 108 and, within the experimental 
error, some value between 2 and infinity above N=10°. ‘This is supported by 
Blatt (1949) who analysed the ;onization chamber results of Williams (1948), and 
suggested as a first approximation a discontinuity in S (NV) at N= 10° particles, with 
an exponent of 1-5 below and 1-9 above it. A discontinuity of this sort would be 
expected from ordinary cascade theory even in the presence of a constant primary 
spectrum exponent. It should occur, not at N= 10%, but at N=108, where the 
whole atmospheric depth is required for the full development of the shower ; 
and those showers of still higher energy would be unable to reach maximum 
development except for some small contribution from higher zenith angles. Since 
any particular NV value at sea level is produced by one or more orders of shower 
energy E, the simplest cause of a discontinuity in S(N) is a more rapid one in 


V (BE). 
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It has been shown that if all showers arrive within small zenith angles—that 
portion of S(N) which has a constant exponent 1-47 can be produced by an energy 
spectrum V’(£) with a constant exponent 1-9—that when the further complication 
of showers arriving at different zenith angles is included, S (NV) may be roughly 
fitted by a constant exponent of 2in V(£). ‘Two points require special emphasis ; 
the first is that the exponent of V (£) must increase slowly to produce that portion 
of S(.NV) with a constant exponent, and the second is that the exponent of V (£) 
must increase more quickly than the increasing exponent of S(V). When these 
two requirements are superimposed, the resulting V (£) will have an exponent 
which increases slowly at first and then more quickly at the higher energies. 

‘The main limitation of the present analysis is that it depends upon the accuracy 
with which ordinary cascade theory relates the primary energy to the number of 
particles at a depth ¢ in the atmosphere. ‘The development of air showers is far 
from being fully understood, being far more complex than was originally thought ;. 
thus the relation between # and N given by cascade theory may be in error by a 
factor of 2 or 3 (Rossi 1955). ‘Therefore, it may be necessary to slide that portion of 
the energy spectrum deduced from air shower observations up or down the energy 
scale by this factor. On the other hand, the deduced energy spectrum is in sub- 
stantial agreement at 4 x 1013 ev with the value estimated by Barrett, Cocconi, 
Eisenberg and Greisen (1952) to be the minimum energy of protons necessary to 
produce a given frequency of mesons capable of penetrating 1600 m water equiva- 
lent. 

‘The evidence for very large showers using counters with large separations must 
be interpreted with great caution. As mentioned earlier by Cocconi and Cocconi- 
Tongiorgi (1949) and more recently by Rossi (1955), the possibility must not be 
overlooked that, through some extreme fluctuation, a shower may exhibit abnor- 
mally high concentrations at the places where the detectors are placed, and thus 
appear to have a higher energy than it actually possesses. It is only by making 
density measurements at many different places that this difficulty can be reduced. 
Experiments of the n-fold coincidence type have been carried out, notably by 
Cranshaw and Galbraith (1954) who record 10-1 three-folds per hour in a detector 
square of 162mside. ‘Their calculations of the most probable number of particles 
involved gives N=7 x 10°. If the rate of such showers from figure 5 is multiplied 
by the detector area, a value of 10 per hour is obtained. Similarly, their other rates 
may be reproduced, and, although the absolute agreement may well be fortuitous 
because of the uncertainties in establishing the most probable N, the relative agree- 
ment is most significant and their experimental results may be taken to be in entire 
agreement with the present ones. Since the exponent of their energy distribution 
is based upon a simple proportionality between E and N, no comparison with the 
present spectrum may be made. A brief report of later work from the Harwell 
group (1955), indicates energies as high as 10!ev. In view of the tentative 
prediction made earlier that if-the primary radiation still contained roughly ten 
per cent of nuclei heavier than hydrogen, no individual shower should possess a 
total energy exceeding roughly 10" ev, this report is particularly interesting. If 
the present analysis is correct, the presence of showers carrying energy of roughly 
10°° ev is evidence for a change in chemical composition of the primary radiation at 
the highest energies. 

It is interesting to consider the relationship of this result to the acceleration 
of the cosmic ray primaries. It has been suggested by Morrison, Olbert and Rossi 
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(1954) that part or all of this acceleration process takes place in the galaxy, and that 
the termination of the process is escape from the galaxy. ‘The mean life of cosmic 
ray particles in the galaxy must, at some energy, be a decreasing function of energy, 
since particles of higher energy are deflected less by magnetic fields, and will 
therefore escape more easily. Depending upon the structure of the galactic 
magnetic fields, the theory allows the mean life to decrease gradually or suddenly. 
The existence of extensive magnetic fields of the order 6 x 10 gauss has been 
demonstrated by a number of independent arguments, the most important of which 
is the partial polarization of light from distant stars (Hiltner 1951, Fick 1955). 
Further argument by Fermi (see.Rossi 1955), based upon energy density consider- 
ations, support the view that the whole galactic field has a fairly regular structure. 
If this is correct, and if the cosmic rays do gain energy stepwise, by collisions 
with moving gas clouds during their motion through space (Fermi 1949), then the 
mean life before escape and fractional, energy gain per unit time should remain 
constant up to energies of the order of 104 ev, (Morrison et al.). At some energy 
above this, the mean life suddenly decreases and one would expect a sharp cut-off 
in the energy spectrum. ‘The intensity would then drop to an unobservable low 
value before any appreciable asymmetry develops. It hasalready beenshown that, 
under these conditions, the observed power spectrum with constant exponent is 
obtainable from the theory (Rossi 1955). 

Considered from another point of view, it is known that the radiation around 
10° ev is isotropic to within 1/1000. A measurable anisotropy at some high energy 
‘ndicates that the mean life before escape gradually decreases with energy (the 
fractional energy gain per unit time must then increase to off-set the decrease in 
mean life, in order to produce the observed spectrum). Buta remarkable degree 
of isotropy has been observed by Cranshaw and Galbraith (1954) up to energies 
estimated by them to be about 10” ev; and this is incompatible with the idea of a 
gradual decrease in mean life. The hypothesis of gradual acceleration of the 
cosmic ray primaries and constant mean life up to some critical energy, suggested 
here to be of the order 10! ev nucleon”, would seem then to satisfy both the 


theory and the experimental data. 


ADDITIONAL NOTE 


At the recent Cosmic Ray Conference at Mexico, the Harwell Group (1955) 
presented a paper in which they have deduced the high energy portion of the 
primary spectrum up to 10!8 ev, on the assumption that the factor relating E to V 
at sea level is constant, and equal to 10°. The author is indebted to Drs. Cranshaw 
and Galbraith for communicating a copy of this paper, and also for reporting a 
suggestion made by Olbert (M.1.'T.) at the Conference: that the factor relating £ 
to N is not constant, but is about 3x 109 at E=10!8 ev. If this is correct, the 
Harwell group’s energy spectrum can be moved down the energy scale by a factor 
of 3 at 10'8 ev, where it is in close agreement with the present total energy spectrum. 
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Resonance Forces at Large Separations 


By A. DALGARNO anv N. LYNN 


Department of Applied Mathematics, The Queen’s University of Belfast 


Communicated by D. R. Bates; MS. received 5th Fuly 1956 


Abstract. A simple perturbation method is suggested for the calculation of 
energies of the states of homonutlear molecules at large internuclear distances R 
for which the identity of the nuclear fields must be taken into account, a comparison 
with exact data on the Isc, and 2po,states of H,* showing that results of high 
accuracy can be obtained without undue labour. ‘The method is also applied to 
the 15, and *),, states of H, and reasons are advanced for supposing that the results 
are, at least for R greater than 4a), more accurate than those of any previous 
calculation. 


§ 1. INTRODUCTION 
f | ‘HE importance of obtaining methods of calculating accurately the forces 


arising between atoms which are at large separations from one another has 

been emphasized recently by applications of the curve-crossing method 
(Zener 1932, Landau 1932, Stueckelberg 1932) to predictions of reaction rates 
(Bates and Massey 1954, Bates and Moiseiwitsch 1954, Dalgarno 1954, Bates and 
Lewis 1955, Bates and Boyd 1956). 

Apart from the work of Eisenschitz and London (1930), of Margenau (1939 a) 
and of Hirschfelder and Linnett (1950), all calculations of forces at large separations 
between similar atoms have ignored the degeneracy arising from the identity 
of the nuclear fields. It was stressed recently (Dalgarno and Lewis 1956 a) 
that frequently the major factor limiting the accuracy of the calculations is neglect 


of this degeneracy. 


§ 2, PERTURBATION METHOD 

For simplicity we restrict our description of the perturbation method to that 
for the case of a proton interacting with a hydrogen atom in the ground state. 
If (ra) is the wave function of the atom, r, being the position vector of the electron 
relative to the nucleus A, then when nucleus B is an infinite distance away, yo(ra) 
satisfies the equation 

Harho(ta) = (V2 +2/ra)po(ra)=Eopolra) eee (1) 

where E, is the binding energy of the electron in rydbergs and length is measured 
in units of a)(@) = 5°29 x 10-° cm). The wave equation for the interacting system 


1S 


H¥(r)= (v2+ = + = — a) BEG) EAT) 00) Res (2) 


where R is the distance between nuclei A and B and E is the system energy we 
wish to calculate. It follows immediately from (1) that 


Hij(ta)=(EotValbolta) == ten nee (3) 


PROC. PHYS. SOC. LXIX, A 


822 A. Dalgarno and N. Lynn 


where 


Z 
= ee — lc 26 (4 
Va Tp jR* (4) 


It is convenient here to introduce a permutation operator P which interchanges 
a and b : thus 


D yy 
= ee eM ee 5 
Vp PVs Ya R ) ( ) 
and we further define 
PlLIQ= (bit ee | eee (6) 


where y, is the wave function of the pth excited state of hydrogen with corres- 


ponding eigenvalue E£,, and L is any operator. 
If we ignore the identity of the nuclei, Brillouin’s formal expansion (1932) 


for the eigenvalue taken to the second order leads to the formula 

(0 | # 1p) — £0 |1 |p) (eo 1% 10)— B11 19)} 

tee (7) 
E-(p|#' |p) 

where the prime indicates that the term p=0 is excluded from the summation. 

Using (3), (7) is easily simplified to 


E=(0|# |0)+ 2 


(01 Vale Val0) 
Ee P= (Oa (Oye (OY LPP IT aD, 

‘i ( | a ) p E-—E,—(p|Va|p) 
which becomes identical to conventional second order perturbation theory when 
E—(p|Val|p) is replaced by E): 
‘(0|Valpe Val) 

ik (9) 

Although (9) can be evaluated exactly for large R for the case considered here 
(Dalgarno and Lewis 1955), this is not in general possible and it is usual to make 
Unsold’s approximation (1927) by which E,—E, is replaced by a constant « 
and to use the sum rule 


E-E,=(0|Va|0)+ 2 
p 


Y(O|L|m)\(m|M|n)=(0|LM|n) (10) 


yielding the approximate formula 
E—E,=(0|Va|0)+e{(0| Va? |0)—(0| Va|0)?}. (11) 

It has been demonstrated by Dalgarno and Lewis (1956a), (see also Dalgarno 
and Stewart 1956) that if « is chosen equal to 8/9, (11) is an extremely accurate 
representation of the direct forces at large separations and is exact in the limit of 
infinite R. 

To take account of the identity of the nuclear fields, we introduce a set of 
symmetric and antisymmetric functions 


Mort) Sl2{ he |B pe te) (eens (12) 
and define 


Sle eae ee 
(p|L|q)*= | Xj? LX, dre ee eee (13) 


In future, where there is no danger of confusion we shall omit the superscripts. 
An equation identical with (7) results when Brillouin’s expansion is used with 
the set (12) as basis except that the matrix elements are altered according to 


(DIL |¢)=—> (P11 |g) 5 SNe eres (14) 
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Applying Unséld’s approximation, we then obtain after some manipulation 


BP = hye Lt MON es (5) 
where 
L=(148)(0]| Va |0) + (0| VaP|0)} 
M = (1 + 8)74(0 | Va? 10) + (0 | VaPVa |9)} 
N =e(148)2(0| Val0)t(O|VaP|O)P sss (16) 
with 
src 5 UW al) Pl (17) 


The expression ¥ is the familiar LCAo approximation to the lso, and 2po, states 
of H,~ whilst «1(0| Va?|0) is the usual expression for the attractive van der 
Waals force and is the dominant term at very large values of R. For calculations 
ignoring degeneracy it is customary to expand according to 


: ee AN 
Vi~ > (3) Daan ee (18) 


(o— 


and, if overlap is ignored, (15) reduces to 


Attention is drawn to the fact that taking into account the identity of the nuclear 
fields introduces a term «1(0| V,P|0)? which has the nature of a direct force. 
It decreases rapidly with increasing R and (19) then becomes 


E* —E,= +(0|VaP|0)+<7{(0| Va? |0)+(O[VaPVal0)}.  ..---- (20) 


§ 3. VARIATIONAL METHODS 


Margenau (1939) has described a variational method of calculating 
resonance forces. He selects a trial wave function 


WE(r)={L+ AH —Eg|}Lt P)folra) vee (21) 
and formally minimizes E~. With certain assumptions valid at large Rk, he 
shows that the resulting expression for E* is given approximately by 

L+reM 
ik tyes eater eras 2 A) seat lites (22) 


14 2AL% +eM 
which he further approximates by 
Be Boe She Me 6 Bees (23) 


The parameter A is now chosen so that (23) is correct in the limit of infinite 
R. If is chosen so that the perturbation expression (20) is correct at infinite 
R, then (20) and (23) are identical. A similar but more precise relationship 
holds when degeneracy is ignored (Dalgarno and Lewis 1956 b). 

Amongst the many conventional variational calculations of E*, that of 
Hirschfelder and Linnett (1950, to be referred to as HL) is the only one with any 


claims to high accuracy over a wide range of R.j ‘Their trial wave function for 


+ This ignores a paper by Teller (1930). However, his method is not easily generalized 


to more complex systems. P 
56-2 
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the 'X, state of H, is given by 
Prrlhy fe) =(1 + P){[T + (a2?) %p2 + Va) v2) 

+ (B27)\2,,%p0la(1)b(2) + ya(1)a(2)P eae (24) 
where a(1) = (23/7)! exp(— 27,1) and (%a1, Yai Za1) are the cartesian coordinates 
of electron 1 relative to the nucleus A as origin, the z axis lying along AB. For the 
3), state, Hirschfelder and Linnett chose a trial function similar to (24) but with 
y=0. The labour involved in varying the four parameters «, 8, y and z is of 
course very considerable. For purposes of comparison we shall make use later 
of a modification of (24) for the Iso, and 2poa, states of H,* given by 


Vii(r)=(1 + P){1 + (a2a)}a(1). -++++-(25) 


§ 4. RESULTS AND DISCUSSION FOR H,* 


The energies of the lsc, and 2po, states of H,* have been calculated by 
substituting the exact form (4) of Va into the usual perturbation formula (11) 
which neglects degeneracy and into the perturbation formula (15) and the 
variational formula (22) which take account of it, the parameter ¢ being taken as 
a constant such that (11), (15) and (22) are correct in the limit of infinite R, where 
it is known that E~ — Ey~a/R*, « being the polarizability of the hydrogen atom 
in atomic units (@,*). All the integrals required have been listed by Eisenschitz 
and London (1930) and by Coulson (1942). To help in assessing the accuracy 
of the calculations by Hirschfelder and Linnett (1950) for Hy, the energies have 
also been computed by the variational method using the trial function (25) with 
s=1¥ and all the results are collected in tables 1 and 2 which reproduce also the 
exact data of Bates, Ledsham and Stewart (1953). 

The accuracy achieved by the perturbation and variational methods when 
degeneracy is taken into account is very good and even at R as small as 3 in the 
Iso, case and 4 in the 2po, case, the energies are more accurate than those obtained 
using the LCAO approximation with a variable screening parameter (cf. Dalgarno 
and Poots 1954). The Hirschfelder—Linnett function also yields results of high 
accuracy even when 2 is not varied but although they are superior to the perturba- 
tion results at small R, they tend asymptotically to 8«/9R* and not to «/R! whereas 
the essential merit of the perturbation formula is that it behaves correctly at 
infinite separation. However, the importance of taking into account the identity 
of the nuclear fields is clearly demonstrated by all the results and it is not until R 
increases to a value of about 15 that (11) provides an adequate representation of 
ES. 

In general the evaluation of (0|VxPV,|0) will be a very considerable 
computational task and it is desirable to find an accurate approximate expression 
for it. We assume that 


(0 | (22a/R?)PV_|0)(0 | PV, | 0) 

(0] P(2za/R2) [0) ema 5 
2%,/R* being the first term of the expression (18); using (26) in (16) we obtain 
the results in the sixth rows of tables 1 and 2. The loss in accuracy is slight, 


as comparison with the third row reveals, except at small separations where the 
perturbation method is, in any event, itself unsatisfactory. 


t For R > 3 the variation of z has a negligible effect on the energies. 


AA 
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The inaccuracy of the perturbation method at smaller separations can be 
overcome by a simple semi-empirical modification, whose success is based upon 
the observation that the values of « required to give the exact energies vary only 
slowly with R, and whose utility is based upon the observation that in general 
there will be available accurate experimental data on the energies at one particular 
separation. Thus assuming that «, considered as a function of R, can be 
represented by 


«(R) = e( 00) HCG, © SSS © reins sss (27) 

8 being the overlap integral (17), and calculating the constant C from the known 
value of € (chosen here to be at R= 2, the equilibrium separation of the Iso, state), 
improved values of « can be obtained. When they are used in (15) with the 
approximation (26), the energies in the last rows of tables 1 and 2 result. The 
accuracy is extremely high at all separations even for the 2po,, state for which 
cancellation is severe. It may be noted that some of the error involved in (26) 
is removed by this semi-empirical method of choosing «. 


S 


nN 


RESULTS AND Discussion FoR H, 


The application of the perturbation method to H, introduces no further 
points of principle and need be described but briefly. An approximation similar 
to (26) was used to evaluate (0| VaPV,\0), 225/R* bemg replaced by the first 
term 2(%,,%p9 +VaiVn2 + 2%a1%n2)/R? of the expansion of V, (Margenau 1939b), 
and « was chosen initially so that the asymptotic form of (15) was identical to 
the very accurate result E+ — Ey~12-998/R® calculated by Pauling and Beach 
(1935). Many of the integrals required have been tabulated by Hirschfelder 
and Linnett (1950), and the analysis for those remaining has been given by 
Eisenschitz and London (1930) and by Margenau (1939 a). The calculations of 
Eisenschitz and London and of Margenau make use of an inadequate approxima- 
tion to (0|V,PV.|0) so that their results though valuable have only a qualitative 
significance, but those of Hirschfelder and Linnett, who used the complicated 
trial function (24), provide the most accurate energies at large separations hitherto 
known. Their results are reproduced in tables 3 and 4 and illustrated over a 
limited range in figures 1 and2. Included also in the figures are the experimental 
data for the 1S, state and three values for the 3%, state computed by James, 
Coolidge and Present 1936) using a highly flexible trial wave function. Values of 
- have been calculated assuming the form (27), the constant C being evaluated 
by requiring that (16) yields the observed energy at R=2 for the th, state and 
the energy at R=2 obtained by a short extrapolation of the calculations of James, 
Coolidge and Present for the *%, state. Results computed from (15) using 
constant and varied values of ¢ are given in tables 3 and 4 and in figures 1 and 2. 

The variation of e is not significant for R greater than about 4, but for small R 
it effects a marked improvement in the predicted energies. For the 12, state, 
the perturbation results when « is varied are in essentiaily complete agreement 
with available experimental data down to R= 1-75 and represent a considerable 
improvement in accuracy over the HL values. ‘Their values must be too great 
since they use the variational method and it is noteworthy that at all values of R, 
both for the 1X, and *%, states, the perturbation results lie below the HL values. 
Further, the asymptotic form of the HL energies is 12/R® whereas the correct 
form is 12-998/R® so that at large R the HL energies are too small by Dejoeew kt 
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seems a legitimate claim that the perturbation results are superior to the HL 
results, at least for R greater than 4, where the variation of « is insignificant, 
although a final decision must await experimental evidence. 
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Figure 1. Interaction energy of the’Xgstate Figure 2. Interaction energy of the *Xy 
of H, W, W+P and W+P-T refer state of H,. W-+FP refers to energies 
to energies calculated using (24) with calculated using (24) with y=0. 
a=B=y=0, y=0 and all parameters 
varied respectively. 

The differences between HL and the perturbation energies are quite striking 
in the °2,, case where severe cancellation occurs. The equilibrium distances 
found by the two methods differ by more than unity and the depths of the minimum 
by a factor of about five. 

The methods described in this paper carry calculations of interaction energies 
to the second order yet require not much greater computational labour than is 
involved in a first order Lcao calculation. 
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On the Reaction C(x, n)!®O 


By M. G. RUSBRIDGE 


Cavendish Laboratory, Cambridge 
Communicated by E. S. Shire; MS. received 19th June 1956 


Abstract. ‘The reaction C(«, n)!6O has been examined from 1-0 to 2-5 Mev 
bombarding energy. ‘The positions and widths of seven resonances have been 
measured. Angular distributions have been obtained in five cases, and some 
tentative spin and parity assignments made. Measurements of the absolute 
cross section are given and values of reduced neutron and alpha-particle widths 
have been calculated for three levels in 170. 


§ 1. INTRODUCTION 


HIS reaction was first observed by Jones and Wilkinson (1953) who found 

two narrow resonances superimposed upon a rising background. Since 

then many further resonances have been found, and some spin assignments 
given, by Trumble (1954), Walton et al. (1955), Walton and Clement (1956), 
Schiffer, Bonner, Kraus and Marion (1956) and Schiffer, Kraus and Risser (1956) 
mainly for the region of bombarding energies above 2 mev. 

In this paper I describe measurements of yield curves and of absolute cross 
sections for bombarding energies between 1-0 and 2:5 mev and also of angular 
distributions at five resonances. I have made spin and parity assignments for 
certain levels in the compound nucleus '“O. 


Ms 


§ 2. EXPERIMENTAL ARRANGEMENTS 


I used a beam of singly charged helium ions from the Cavendish Laboratory 
Electrostatic Generator to bombard both natural carbon targets and targets of 
carbon enriched in !C supplied by the Atomic Energy Research Establishment, 
Harwell. All the targets used were deposited on a backing of 0-01in. thick 
molybdenum and were 10-20 ug cm thick. To detect the neutrons I used 
Hornyak counters (Hornyak 1952) which have the advantages of being insensitive 
to y-radiation and of giving very low background counting rate. This makes it 
possible to use them, in spite of their relatively low efficiency (of the order of 
0-5%)), in the study of reactions that give a low yield. They were however too 
insensitive for me to use in measuring the angular distribution at the lowest 
resonance and for this purpose I used a liquid scintillator. This consisted of 
a saturated solution of terphenyl in xylene with 0-1°, diphenyl hexatriene and 
was used in conjunction with two EMI 6262 photomultiplier tubes in coincidence. 
Tt had an efficiency of about 50°), for neutrons, but as it was also sensitive to 
y-rays care had to be taken to reduce background from the electrostatic generator. 

To measure angular distributions I used three Hornyak counters. One in 
a fixed position served as a monitor; the other two had Hornyak buttons of the 
Same size and composition. Their efficiencies were compared at frequent 
intervals by a return to standard positions. One of the movable counters was 
designed for use at angles of up to 167° to the incident beam. 
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Since large angular momenta, and consequently high order Legendre 
polynomials, might have been involved at some resonances, the counters were 
arranged to subtend a small solid angle at the target. ‘The solid angle used, 
0-043 steradian, is small enough to reduce the coefficient of P, by less than 10°%, 
(Breitenberger 1953). | 

I assumed that the efficiency of the Hornyak counter was directly proportional 
to neutron energy, as indicated by the data given by Hornyak (1952). ‘The 
efficiency of the counters was calibrated with a polonium—beryllium neutron 
source whose activity was known to 10°. I assumed that the efficiency of the 
liquid scintillator was also proportional to neutron energy ; this is consistent 
with the results of a measurement of the angular distribution at 1-34 Mev. he 
conclusions drawn from the angular distributions are not critically dependent on 
these assumptions. 


— Yield at 0° 
-- Yield at 90° 


Eq (Mev) 


Figure 1. Yield curves at 0° and 90°. 


Table 1 
E, (Mev) T (kev) in Ie Angular distributions in c.m. space 
lab. space (only statistically significant terms included) 
1:065+0-01 sae 1 Git, S1eV P,+ (0:14 0:03)P, + (0-77 + 0-04)P2 
-(0:-46+ 0-05)P,4 
1:340+ 0-01 <2 38+ 6 ev Py)—(0-12+ 0-02)P, + (0:78 + 0-02)P2 
—(0:19+ 0:03)P, + (0°58+ 0:03)P 4 
+ (0:15+0-04)P; 
1-575+0-01 aes Py +(0-42+ 0-02)P, + (0:08 + 0-03)P2 
—(0:50+ 0-04)P3 
1:735+0:015 20+ 10 P, +(0:14+ 0:02)P,—(0:18+ 0-04)P2 
—(0:16+0-05)P; 
2:05+ 0:03 ~100 
2:22+ 0-03 ~80 
10+4kev P,—(0-18+0-01)Pi+ (0:67 + 0:02)P. 
2:40+ 0:03 60+ 15 | or - (1-03 + 0:03)P,;—(0:20+ 0-03)P,4 
36-9 kev 


The voltmeter of the electrostatic generator was calibrated using the known 
resonance energies in the reactions 27 Al(p, y)8Si and ?’Al(p, ay)4Me. 


§ 3. EXPERIMENTAL RESULTS 


Figure 1 shows yield curves (not corrected to centre-of-mass space or for 
variation of counter efficiency) for the forward direction and at 90° to the incident 
beam. ‘Table 1 shows the seven resonances observed and their total widths 
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together with partial widths and angular distributions where they were measured. 
I obtained the total widths of the three lowest energy resonances from the profiles 
of the low energy sides of the peaks; the others I estimated from the yield curve 
and the known thickness of the natural carbon target. My value of the width 
of the 1-07 Mev resonance agrees well with the value of 3 kev given by Jones and 
Wilkinson. 

I used Price’s method (1954) for the angular distributions, observing at 
eleven angles in all cases, except at 1-735 mev where I used seven angles. Figure 2 
shows the results for three resonances for which comparison with theoretical 
predictions is possible. 


Ziq = |-07 Mev iq =\-34 Mev Liq =2-40 Mev 
~-- Estimated background ~-- Estimated background |4 --- Estimated background 
— Theoretical curve,/=52 ,4| \ — Theoretical curve, J=% —— Theoretical curve,./=3% 
} he Experimental curve 


| \ 


90 180 90 180 
Degivees 


Figure 2, Angular distributions at 1-07 MeV, 1:34 Mev and 2:40 Mev compared 
with theoretical predictions. 


I made absolute measurements of differential cross sections in the forward 
direction with a natural carbon target whose thickness was found to be 22 + 5 kev 
from the apparent width of the 1-34mev resonance. Values obtained are: 
at the 2:40 Mey resonance, 36 + 10 mbn sterad— ; for the non-resonant background 
at 1-40mev, 0-3+0:1mbn sterad', and at 1-0mev, 0-03 + 0-01 mbnsterad—. 
These values are in agreement with those of Walton et al. (1955) and Schiffer, 
Bonner, Kraus and Marion (1956). 

The a-particle widths at the 1-34 and 1-07 mev resonances were obtained 
from the integrated cross sections at these resonances. Since the widths of these 
resonances are much less than the thickness of the target, the height of the observed 
peak gives the integrated cross section across the resonance. Assuming the 
a-particle width [, to be much smaller than the neutron width, we have 
Gy=2h/A.? where & is the integrated cross section across the resonance, A, the 
a-particle wavelength, and G, is equal to I, multiplied by a statistical factor. 

Figure 3 shows the results of a determination of the ratio of the yields at 138° 
to that at 42° to the incident beam, in the centre-of-mass system, as a function of 
energy between 1-3 Mev and 1-9mev. | attempted to measure the variation with 
energy of the angular distributions around the 1-58 and 1-735 mev levels, but 
could not obtain sufficient accuracy to interpret the results in terms of theoretical 
angular distributions. It was clear however that such variation is very marked. 
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§ 4. DiscussIOn 


Table 2 shows the possible theoretical angular distribution for this reaction, 
calculated by the method of Blatt and Biedenharn (1952), using the tables of 
Sharp et al. (1953) for the necessary coefficients. In this reaction both the incident 
and emergent channel spins are $, consequently both incident and emergent 
l-values are unique for a compound state of given J, 7. The theoretical angular 


distributions are unambiguous; deviations from them must be attributed to 
interference between levels. 


Yield at 138°/ Yield at 42° 
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Figure 3. (Yield at 138°)/(yield at 42°) plotted against energy to show asymmetry of 
angular distributions. 


Table 2 
Wp Angular distribution 
1/2 Isotropic 
3/2 Py +Ps 
5/2 P,+8P./7+6P 4/7 
7/2 P,+25P,/21+81P,4/77 +25P,/33 


Comparison of these distributions with those given in table 1 allows the 
assignment of J =5/2 to the 1-07 Mev and 1:34 Mev levels. ‘The experimental 
points and theoretical curves are compared in figure 2; to obtain the best fit 
one third of the total cross section has been assumed to be due to background. 
This is consistent with the yield curves from the targets used. In other cases the 
interference amplitudes are so large that the measured distributions are ambiguous. 
These are apparently due to the broad levels found in the reaction O(n, n)'6O 
which form the continuous background in this reaction. ‘Table 3 shows the 
levels of importance in this region of excitation (Freier et al. 1950, Baldinger 
et al. 1952). Here E, is the bombarding energy at which the level would be 
centred if it were visible in the C(«, n) reaction. A strong asymmetry repre- 
senting the interference between the 3/2* and 3/2- levels would be expected 
between 1-2 and 1-8Mev, and this is in fact observed (figure 3). This figure 
shows that the approximate symmetry of the angular distribution at 1-34 Mev is 
accidental, i.e. due to the near cancellation of asymmetric interference amplitudes 
of opposite sign. This suggests negative parity for this level since the nearest 
broad level has positive parity. This assignment is supported by the values 
of the reduced neutron widths presented below. 
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No assignments can be made on the basis of the angular distributions at 
1-58 and 1-735 Mey. I did not measure angular distributions at 2:05 or 2:22 Mev, 
as the resonances are very weak compared with the background and I did not | 
expect that any interpretation would be possible. The 2:40 mev resonance is 
strong in the forward direction though absent at 90°; the angular distribution 
indicates J <5/2, with J =3/2 as the more probable value. 


Table 3 
Excitation (Mev) 7:28 7°72 8-23 
E, (Mev) iLoDy 1:81 Dia, 
J 7 3/25 SI = NO 
Width (kev) 220 800 280 


For the 1-07, 1-34 and 2-40 Mev levels I calculated «-particle penetrabilities 
using the tables of Bloch et al. (1951) with a channel radius of 


R, = 1-45(A,13 +.4,") x 107 em =5-71 x 10-3. em 


and neutron penetrabilities from the formulae given by Blatt and Weisskopf 
(1952) with a channel radius of 


R,=1-45A,"8 x 10-8 cm = 3:66 x 10-" cm. 


Here A,, A,, A, are respectively the mass numbers of bombarding particle, 
target nucleus and residual nucleus. I used the calculated penetrabilities to 
obtain reduced widths from the measured partial widths. Table 4 shows the 
values obtained with the corresponding spin and parity assignments. The 
values of the neutron reduced widths for the 1-07 and 1-34 mev levels are unusually 
small; the assignment of negative parity, which in each case gives the larger value 
of the reduced width, is therefore more plausible than that of positive parity. 


‘Table 4 
= nh 

Ey (Mey) Fy, (Mev) J ,7 Ue Tene. Ln ete 
1:07 ZENG Sy Der 3 1:-6+0:3 2 (1:14 0-4) x 10-3 
Si 2= 2 0:23 + 0-04 3 (1-14 0-4) x 10-2 
1-34 TOT, Sy 3 0:35+ 0:08 2 SA IKO) 
S2- 2 0-:05+0-01 3 <5x10-3 
2-40 8:18 Si Dia 2 0-11+ 0-04 1 (3-3 + 0:8) x 10-3 
or 0:-40+ 0-09 or (0-9+ 0:3) x 10-2 
Ser 1 0:04+ 0-01 2 (9+ 2) <x 10-3 
or 0:14+ 0-03 or (2:5+ 0:6) x 10-3 


‘The two partial widths of the 2-40 mev level are of the same order of magnitude 
and it is not possible to distinguish between them; hence two values of each 
reduced width must be given in this case. In the other cases the partial widths 
differ by a factor of the order of 100, and the smaller is then taken as the alpha- 
particle width. For the upper level there is insufficient difference between 
the various values for any parity assignment to be made. 

The levels observed in this reaction have not so far been observed in the reaction 
“O(n, n)6O: I suggest, however, that the broad level at 8:23 Mev excitation 
(see table 3) may consist of an unresolved group of the three levels between 
2:07 and 2-40 mev bombarding energy observed in this reaction. The data of 
Freier et al. (1950) and Baldinger et al. (1952) appear to be consistent with this 
suggestion if we assume that one of the three has gar oan 
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The @-disintegration of RaD 


By W. STANNERS anp M. A. S. ROSS 
Department of Natural Philosophy, University of Edinburgh 


Communicated by N. Feather; MS. received 23rd Fuly 1956 


Abstract. Electron-sensitive nuclear emulsion impregnated with RaD citrate was 
used. RaD events associated with f-particles of RaE were studied to determine 


the total number of developed grains produced in each RaD event. An analysis of | 


the resulting grain-count distribution provides evidence of the occurrence of a 
ground-state to ground-state 8-process in RaD with an intensity of 15-5 + 3-5°% of 
all disintegrations. ‘The total intensity of excitation of the 46:5 kev state of RaE 
is thus 84-5 + 3-5°, and the intensity of conversion electrons from this state is 
81+4°,. The last of these values is consistent with the results previously 
published by Wu, Boehm and Nagel and by Cranberg. 


§ 1. INTRODUCTION 


B-emission to form an excited state of RaE. The maximum energy of the 


I has been established that the nucleus of RaD normally disintegrates by 
B-particle has been reported as follows: 


15 kev (Richardson and Leigh-Smith 1937) 
15-2+1kev (Jaffe and Cohen 1953) 

18+ 2-5 kev (Insch et al. 1952) 

23-0+ 2-5 kev (Huster 1953). 


The excited state of RaE emits a y-ray having an energy of 46-52 + 0-02 key (Ewan 
and Ross 1952). ‘The total intensity of this mode of disintegration is the sum of the 
intensities of the y-ray and the corresponding conversion electrons. These inten- 
sities have been reported as follows : 


Number of y-ray quanta per hundred disintegrations 
somewhat less than 4 (Gray 1932) 


3-1+1-2 (Bramson 1930) 

3-6 (von Droste 1933) 

toed (Wuet al. 1953) 

3-8 +0-6 (Damon and Edwards 1954) 
Number of conversion electrons per hundred disintegrations 

T4495 (Cranberg 1950) 

2 ILD (Butt and Brodie 1951) 
SEES (Bashilov et al. 1953) 
Sao (Wu etal. 1953). 


These results suggest that the total intensity of this mode of disintegration is less 
than 100%. It will be noted, however, that Wu, Boehm and Nagel estimate the 
deficiency as only 8+ 5%. 
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The most recent work on RaD by y- and f-spectroscopy (Ewan and Ross 
1952, Wu et al., 1953) makes it appear unlikely that the 46-5 kev state of RaE is 
de-excited to any significant extent by a cascade of transitions. Previous reports 
of y-rays and conversion electrons of appropriate energies have not been confirmed. 
The possibility remains, however, that a ground-state to ground-state f-transition 
occurs, with a maximum energy of 62to 70 kev. ‘The present work was undertaken 
with the object of setting intensity limits to this mode of B-decay. We shall refer 


to this possible mode as the 8, mode to distinguish it from the well established, or 
By, mode. 


§ 2. EXPERIMENTAL METHOD 


A nuclear emulsion method was chosen for the investigation since it was known 
from the work of Bisgard (1952) that the technique of grain counting applied to 
measure the total energy in low-energy electron tracks gives good energy resolution. 
The total energy carried by low-energy electrons would register in the emulsion 
and the difficulties encountered with source backings in magnetic spectrometers 
and with wall effect in proportional gas counters would not arise. It was clear 
however, that on account of the small total energy of disintegration of RaD, (i) 
isolated RaD events could not be distinguished from low-energy events produced 
in the plate by cosmic rays, (ii) the point at which a disintegration electron origin- 
ated (which we shall call the origin) would not usually be identifiable, and (iii) in 
about 3°, of all RaD events the 8, particle would be the only electron emitted anda 
certain proportion of these would produce no grains. 

To overcome these difficulties it was decided to make the time between the 
impregnation and the development of the plate sufficiently long to allow many of 
the RaE nuclei formed in the plate by the disintegration of RaD to disintegrate in 
turn into Po. The half-lives of RaE and Po are respectively 5 days and 140 days. 
The §-particles of RaE constitute a single spectrum with an endpoint of 1:16Mev 
and the only other electrons released in this disintegration are those produced by 
inner bremsstrahlung in an intensity (about 1 in 10? 6-particles) quite negligible for 
the present work (Novey 1953, Bolgiano et al. 1953). From unpublished work of 
Spurgin in this laboratory on ‘electron stars’ from MsTh, it was known that, if 
the B-particle of RaE had an energy of 200 kev or more, the high-energy end of the 
RaE f-particle track could be identified with certainty and the associated RaD 
tracks could not then be misinterpreted as branches at the low-energy end of an 
electron track. Thus the association of a RaD event with a relatively energetic 
RaE track would differentiate the RaD tracks from background tracks and, if the 
source were initially pure RaD, would indicate the origins of a random sample of 
RaD events— including those events in which no visible grains were produced. 

The source of RaD was cleared of daughter products and used in the form of a 
neutral solution of RaD citrate to impregnate an Ilford G5 plate, 200 in thickness. 
The plate was dried and stored together with a blank plate for 19 days, a time suffici- 
ent to ensure that about two thirds of the RaD events would be found at the origin 
of a RaE f-particle track. After processing, the plates were examined under a 
‘inch objective of numerical aperture 1-28, giving good grain resolution. A 
photograph of a typical event with a RaD cluster of grains is shown in figure 1 
(Plate). 

Two difficulties presented themselves in the early stages of the work: (i) even 
when the origin of the RaD cluster of tracks was indicated it was not possible to 
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enumerate and distinguish the individual tracks in the cluster because of the high 
frequency of branching and large angle scattering in low-energy electron tracks ; 
(11) there was a sampling problem: the larger RaD clusters were easily recognized 
while events with few grains were more difficult to detect. ‘The following pro- 
cedure was therefore adopted: Long but ‘well-defined’ electron tracks were 
selected at random and followed to discover whether they originated in the 
emulsion. If they did so they were assumed to be RaE tracks, and at their origins 
a RaD disintegration was assumed to have occurred. ‘Tracks were regarded as 
‘well defined’ if they did not become entangled with other electron tracks and if 
their grain density was sufficient to make them easy to follow. Such tracks have a 
grain density about twice that of a minimum ionization track, correspond to an 
initial energy of about 300 to 600 kev, and show appreciable deviations from straight- 
ness. ‘The following observations were made on each event: (i) The total number 
of grains in the RaD cluster (or first blob of the RaE track) was counted. (ii) the 
first 20 to 25 blobs of the RaE track were used to determine the mean grain density 
g, and the frequency of occurrence of one-grain blobs, two-grain blobs, etc. (iii) A 
length d was measured: that length, in line with the high-energy end of the RaE 
‘track, which lay within the projected area of the RaD cluster. 

In following this procedure it was recognized that some of the long electron 
tracks might possibly be background tracks produced by cosmic rays, or tracks of 
B-particles from atoms of RaE originally present in the impregnating solution 
(either because of incomplete separation of daughter products, or through dis- 
integration of RaD atoms after chemical separation but before completion of the 
impregnation process). The limits of error from these causes were estimated. 
The contribution from background tracks was obtained from the blank plate. 
Out of 200 long electron tracks which were examined in this plate, three, with 
rather low grain density, were found which might (but probably would not all) 
have been accepted as ‘well-defined tracks’ originating in the emulsion. The 
density of tracks in the impregnated plate was about twice that in the blank plate. 
It was, therefore, concluded that the intensity of background tracks was certainly 
not greater than 14°, of all observed events. 

No measurements were made of the amount of RaE present in the solution 
actually used for impregnation, but the residual RaE content was measured for a 
series of similar source preparations. The observations showed that (2527-0777 
of the initial (equilibrium) content of RaE remained with the RaD. The impreg- 
nation process was complete two hours after the time of the separation. Under 
these conditions (2-0 + 1-6)°%, of the RaE tracks in the plate would not be associated 
with RaD disintegrations. 


§ 3. ANALYSIS OF THE OBSERVATIONS 


The impregnated plate was studied during two periods separated by an interval 
ofthreemonths. 400 events were recorded in the first period and 401 in the second. 
The histograms of the grain counts obtained in the two periods are compared in 
figure 2 and show no systematic difference in the estimation of grain numbers. 
The combined histogram is shown in figure 3. _ It indicates two distinct groups of 
events. ‘T"he main group, consisting of events having from 6 to 30 grains, must 
include all events involving conversion electrons. The other group (events having 
from 1 to 5 grains) must include all the spurious events, numbering at most 
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28 +14 (of which 12+3-5 are attributed to background tracks, and 16+ 13 to 
RaE tracks unassociated with RaD disintegrations). Deducting these spurious 
events, there remain 773 + 14 RaD events in the combined histogram. 


i) 


--- 2nd grou — 40) events 


60 
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Spectrum 
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Number of Events 
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Spectrum 3 
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Figure 2. Comparison of grain-count Figure 3. Grain-count histogram of 
histograms obtained intwo periods all observed events and calculated 
of study showing no change in the spectra. 
estimation of grain numbers. 


Before discussing the RaD events in detail, it is necessary to consider the effect 
on the grain-count histogram of the inclusion in the RaD clusters of grains 
belonging to the RaE tracks. Among the events recorded in figure 3 as having N 
observed grains, let the mth event have a RaE track with a grain-density g,, and an 
intercept (as previously defined) d,,. Let dx be the length of a small element of the 
intercept d,, at distance x from the point at which the RaE track emerges from the 
RaD cluster. We shall assume that the probability that the origin lies in the 
element dx is dx/d,,. The total probability that 7 grains of the cluster belong to the 
RaE track is then 


dp, 


mP(N)=(dr !" | (Bmee)" exp (x) dx 


and this is the probability that the true count oftheeventis N—n. ‘This probability 
was evaluated for each track, for a sufficient range of n. Onthis basis, inacorrected 
histogram, there is a contribution 


»p(N)= > np) 


we 


from column N tothe column N—n. Hence the total height of the Nth column in 
the corrected histogram is 


P(N)=op(N)+.p(N+1)+2p(N+2)+... » 
The application of this correction made no appreciable alteration to the shape of the 
histogram, but it reduced the mean grain-count in the region of 6 to 30 grains, by 


()-5 grain, 
o/-2 
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In order to analyse the uncorrected histogram, calculated grain-count spectra 
were evaluated for the three known types of event contributing to the total histo- 
gram. 

Spectrum 1, Distribution of first-blob grain-counts on background tracks 
and tracks of RaE f-particles not associated with RaD events. ‘his spectrum was 


obtained from the observed distribution of 1-grain blobs, 2-grain blobs . . . etc. on 
the RaEtracks. It is shown normalized to a total of 100 tracks in the table. 


Grain Number Spectra in the 0- to 5-grain Region 


Number of grains 0 1 yD, 3 + 5 6 Total 

Spectrum 1: obs. backgrd & 

isolated RaE tracks -- 74 18 5 2 1 — 100 
Spectrum 2a : 15 kev 12-2 LEO: 4-3 1) 0-30 — — 29 

calculated 

By, without RaE J 20 kev 96 9:9 Hon 2°6 he We == 29 
Spectrum 2b : ) 15 kev 18-4 7-0 23 1-0 0-3 29 

calculated 

By, with RaE J) 20 kev ISOS) 7-3 3°8 ley 0:5 0-1 29 
Spectrum 1|-}2b: 1 15 key 39-1 12-0 Soy) 1-6 0-6 57 

’ 

calculated J) 20 kev 322, 1283 Sy) Dis 0-8 O- a7 
Observed spectrum 42 BS 1 13 iil 108 
Excess of ‘) 15 kev ASN AO) veiled tales ile! Si 
observed over 

calculated J 20 kev yet; Mey Sots OE IM 51 


Spectrum 2. ‘Vhe 64, continuum of RaD observed in disintegrations in which 
the y-ray is emitted. ‘The calculated spectrum 2a in the table is obtained by 
converting the energy distribution for an allowed B-spectrum to a grain-count 
distribution, making allowance for the grain-count line shape. Spectrum 2b, 
also shown in the table, is obtained from spectrum 2a by calculating, for each 
grain-count represented in 2a, the probability that 0, 1, 2 etc. grains from theRaE 
track are included in the RaD cluster. Spectra 2a and 2b are each calculated 
for end-points of 15 and 20 kev and are normalized to 29 events. This intensity 
corresponds to the intensity of the y-ray as measured by Damon and Edwards 
(1954), their value, 3-8 +0-6%,, being regarded as the highest of the acceptable 
measurements. > 


Spectrum 3. RaD events in which the f,, continuum is accompanied by 
conversion electrons and the subsequent atomic de-excitation. The calculation 
was carried out by the method used for spectrum 2a and an addition of 0-5 grain was 
made to allow for grains contributed by the RaE electrons. The spectrum was 


t Since the y-ray of RaD is known to be of very pure MI character, an absolute upper 
limit to its intensity may be calculated assuming 100° excitation of the 46 key 1eveliaa 
RaE. Taking the L-shell internal conversion coefficient in Bi to be 18 (Rose et al private 
communication) and the ratio of L-conversion to conversion in higher shells as 3 (Wu et al 
1953, Cranberg 1950), this maximum intensity is 4:0°%. . 
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normalized to a total of 657 events corresponding to an absolute intensity of 85°%. 
This intensity, observed by Wu ef ai., is the highest of the experimental values. 
Spectrum 3, which is of negligible intensity within the range covered by the 
table, is shown in figure 3. 

The assumptions used in the calculation of spectra 2 and 3 are as follows: 


(a) That the mean grain-count-energy relation is as given by Zajac and Ross 
(1949); also, as shown in the same paper, that the percentage standard deviation 
of grain counts for a monoenergetic group of electrons is independent of the 
energy of the group. 


(b) That the line shape in terms of grain-counts for a monoenergetic group of 
electrons (energy ~21 kev) is as given by Bisgard (1952), namely : 


Number of grains 3) 347 Gur! 89 
Number of tracks observed 16055. 830 (129 75-300 14 


(c) That, as shown by Jaffe and Cohen (1953) and Huster (1953), the Bas 
spectrum does not depart significantly from the allowed shape 


N(W)dWoc(W— W,)2 dW. 


(d) That the relative intensities of conversion for the 465 kev y-ray in the 
different atomic shells of Bi are as given by Cranberg (1950) and that the Auger 
yields are as given by Ross et al. (1955). 

In the following analysis we examine first the total numbers of events in the 
two regions of the histogram and subsequently compare the observed and calcu- 
lated spectra. The total number of events in the I- to 5-grain region is 108, while 
the number expected in this region is not more than57+14. There is, therefore, 
an excess in this region of at least 51 + 14 events. 

Out of the total of 773 + 14 events attributed to RaD, 693 have six or more 
grains. In the absence of a ground-state to ground-state transition, these must 
all be interpreted as events involving conversion electrons. ‘This implies an 
intensity of (89-7 + 2-0)°, for the conversion electrons, a value at least as high as the 
previous highest experimental value of (85 +5)°%, obtained by Wu e¢ al. (1953). 
Even supposing no events were spurious, the conversion group would still repre- 
sent 86:5°%, of the total. It therefore appears likely that there is an excess of a few 
events per hundred in this group. 

Turning to the spectrum of the 1- to 5-grain region as shown in the table, the 
combined spectrum of the known components is obtained by adding spectrum 1, 
normalized to 28 events, to spectrum 2b. The observed spectrum of 108 events 
is also shown in the table and, in the last line, the excess of the observed over the 
calculated spectrum. This excess is most marked in the region of 2, 3 and 4 grains, 
and it is clear that no increase in the intensities assigned to spectra | and 2b could 
remove this excess. 

Lastly, for the spectrum of the 6- to 30-grain region, the histogram and 
spectrum 3 are compared in figure 3. It is evident that the two spectra agree 
closely in the region between 18 and 30 grains. This agreement substantially 
verifies the grain-count-energy relation employed for the calculated spectrum. 
On the other hand, the agreement is not so good over the peak of the spectrum 
from 10 to 17 grains. ‘The events contributing to this region, however, include 
the most complicated which the RaD disintegration produces. ‘These involve a 
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84g particle, an L-conversion electron, an L- and up to 3 M-Auger electrons. In 
such cases more than one electron may pass through one or more of the grains. 
In the larger clusters, also, one or occasionally two grains might be masked by a 
group of grains lying higher in the emulsion. ‘The distortion over the peak of the 
curve is therefore not unexpected. Both causes of distortion should disappear 
in the region of 6 to 9 grains, but here a considerable excess is evident above the 
calculated curve. It seems fair to conclude that the excess already suspected in 
the 6- to 30-grain group occurs predominantly in this lower energy portion of the 
group. 
sit might be argued that such an excess could be accounted for by postulating 
that the assumed line shape is too sharp on the low-energy side of the line. This 
would imply that all the measured intensities of conversion quoted in § 1 are too 
low. Such an implication is not itself untenable, but there are two objections to 
the postulate. First, there is good evidence from recent unpublished work by 
Peat in this laboratory, that the grain-count line shape on the low-energy side is not 
broader than the shape given by Bisgard (1952). Peat finds that on the low-energy 
side of a monoenergetic line, the profile height at twice the half-width from the 
peak is less than 3%, of the peak height. This rule cannot be applied directly to 
the main peak of the RaD histogram since the latter has a complex spectrum, but 
it certainly implies that the intensity of the conversion spectrum should be very 
small at 5 grains. ‘The second objection is that no broadening of the main peak 
can remove the excess events between 2 and 4 grains. In fact, if a smooth curve 
is drawn to represent the histogram above 5 grains and extended smoothly 
downwards to pass through the origin, this curve would include only half the 
excess in the low-energy region. 

Having, therefore, established an ‘inexplicable’ excess in the 2- to 5-grain 
region and found strong reasons to believe that there is also an excess in the region 
from 6 to 9 grains, we are forced to conclude that there is a fourth component in the 
spectrum, which comes from an alternative mode of disintegration of RaD. This 
conclusion is intelligible only if the end-point of this spectrum is sufficiently high 
to permit appreciable contribtions at the low-energy end of the conversion 
spectrum. ‘I'he simplest assumption is that this fourth component derives from a 
ground-state to ground-state transition. 


§ 4. INTENSITY OF THE f, TRANSITION 


To estimate the intensity of the 8, transition we fit a calculated grain-count 
spectrum for the 8) continuum to that portion of the observed spectrum of excess 
events, in which the number of these events can be determined with best accuracy. 
This portion of the spectrum is the 3-, 4- and 5-grain region. As shown in the 
table, the total number of observed events in this region is 43. From this total we 
deduct three events belonging to the conversion group (see spectrum 3, figure 3) 
and 5-9 or 8-3 events (depending on the end-point energy of the 84, spectrum) for 
the known low-energy components (see table). ‘Taking account of the statistical 
errors and of the 25°, error in the total intensity of the known low-energy compon- 
ents, the number of excess events in this region is found to be 34+7 for a B, 
end-point of 62 key, or 32 +7 for an end-point of 67 kev. 

The nucleus of RaD has zero spin and even parity, while that of RaE has spin 1 
and odd parity. The 8, transition must therefore be 0+ to 1-. ‘The terms in the 
matrix element for this transition are presumably not very different from those for 
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the RaE 1” to 0* transition, although the large difference in end-point energy may 
affect the relative importance of the energy-dependentterms. Also the cancellation 
of first-order terms may be less in evidence. On the basis of these considerations 
the shape factor of the 8, spectrum is likely to be somewhere between unity and the 
shape factor of the RaE spectrum. A grain-count spectrum was, therefore. com- 
puted both for the allowed shape and for the RaF shape: 
N(W)dW=C(Z, W) F(Z, W)pW(W- W,)2 dW. 

Tabulated values of F(Z, HW’) were taken from the tables of Rose et al. (1953) and 
the correction factor C(Z, W) was computed using the best fit parameters v = 2:2, 
€,=0-2 (Plassmann and Langer 1954). Calculations for an end-point of 62 kev 
showed that 43-7°,, of the RaE-type spectrum, or 39:3%, of the allowed-shape 
spectrum, should have 6 or more grains and that 25-0°,, and 25-6%, respectively 
should have 3, 4 or 5 grains. Equating the latter figures to 34 + 7 events, we obtain 
136 and 133 (+28) events respectively in the total By spectrum. (Calculations 
were also performed for an end-point of 67 kev using 32 + 7 events as the value to be 
fitted. The resulting total intensities in the By spectrum were essentially the same 
as in the first calculation.) 

On this basis, 59 (or, using the allowed shape, 52) By events with six or more 
grains would be expected in our sample. ‘This is not an unreasonable figure for 
the experimental ‘ excess’ in the main peak of figure 3. Similarly, in the 1- and 
2-grain region, 43 (or alternatively 47) +8 events would be expected while 13 to 
17415 are given by the observations. Here the difference between calculated 
and observed intensities is relatively large, but this is not altogether unexpected. 
It should be remembered that, for the 1- and 2-grain events, a maximum deduction 
has been made in our analysis for the known low-energy components, that other 
workers have found a deficiency of f particles at the low-energy end of the By, 
continuum (Jaffe and Cohen 1953, Huster 1953) which has not been taken into 
consideration here, and moreover, that, if this deficiency exists in the By, spectrum, 
a similar deficiency should exist in the 6, spectrum. We therefore consider that 
the observations are probably reliable. We balance out these various factors by 
striking a mean between the calculated and observed intensities in the 1- and 2-grain 
region, attributing half the deficiency (15 events) to the 8, spectrum and half to the 
other causes of deficiency and finally give as the intensity of the By spectrum about 
120 events or 15-5 + 3-5°%, of all disintegrations. 

It follows that the intensity of the B4, spectrum is 84-5 + 3-5%, and the total 
intensity of the conversion spectrum is then 81+ 4%. “This intensity is in agree- 
ment, within the error limits, with the values 85 + 5°, and 74+ 5%, given respec- 
tively by Wu et al. (1953) and Cranberg (1950) for the intensity of conversion 
electrons, but is not in agreement with the values given by Butt and Brodie (1951) 
and Bashilov ez al. (1953) who find intensities slightly below 60% of all disinte- 
grations. An intensity as low as this is inconsistent with the grain-count distri- 
bution shown in figure 3. 

Having determined the relative intensities of the f, and fy, spectra, and taking 
the half-life of RaD as 22 years, it is possible to calculate log io fot for both spectra 
provided the end-points are known. Assuming an end-point energy of 15 kev for 
the £,, spectrum, values of 5-2 and 7-84 + 0-09 are obtained respectively for By, and 
B). Raising the end-point energy for the B,, spectrum to 20kev increases the 
value of log fyt for this spectrum to about 5-7 but makes relatively little change in the 
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value for By. Following Wu (1955), the By, process in RaD may be compared with 
another 0* to 0~ transition in a nucleus of similar atomic number, ?!?Pb->?!?Bi* 
having log fo¢ = 5-17, or with the 0 to 0+ transition 2°°T 1+ Pb having log fot = 5-18. 
Some parity-forbidden transitions not 0-+0 give rather higher values, but present 
evidence favours 5:2 rather than about 5-7 for B,,. Hence an end-point energy 
around 15 kev appears more likely than one about 20kev. The fp spectrum may 
be compared with the spectra of RaE and of the 1~ to0* transition ?!*Bi~*!?Po. 
Log fot for the former is 8-0 and for the latter 7-22 (Horton 1956). It, therefore, 
appears that the shape factor for By of RaD may not be very different from that for 
Rak. 

As a check on the present analysis of the electron spectrum of RaD, a curve has 
been calculated assuming a f)/8,, branching ratio of 15-5/84-5 and a RaE shape 
factor for the By spectrum. The agreement between this ‘final’ calculated curve, 
as shown in figure 3, and the observed histogram is considered to be satisfactory, 
taking account of the comments previously made regarding the fit at the peak of the 
spectrum. 
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Abstract. A liquid scintillator, designed to detect stars produced in the phosphor 
by the cosmic radiation at sea level, has been used to investigate the star transition 
curve at depths of lead absorber in the region of twenty centimetres. The 
anomalous maximum at a depth of twenty centimetres, first reported by Schopper, 
Hocker and Réssle, has been confirmed. It appears that low energy ~-mesons 
are the most likely primaries, the stars being produced by neutrons released in 
the slow y-meson nuclear absorption process. 


§ 1. INTRODUCTION 


CHOPPER, HOcKER AND RdossLE (1951) have carried out an extensive 
absorption analysis of the star producing component of the cosmic 
radiation at an altitude of 2950 metres, using photographic plates. They 

detected an anomalous transition effect at a depth of 20cm lead absorber, 
subsequent investigation showing that the events constituting the effect were 
mostly low energy stars, the number of evaporation products (prong number) 
per star was less than or equal to ten, with most stars having a value round three. 
Thus, the particle number spectrum alone tended to exclude photon or nucleon 
primaries. Moreover, the sharpness, position and magnitude of the maximum 
served to eliminate the nucleon cascade as a possible origin. In 1954, Schopper 
and Kuhn repeated this work using a crystal scintillator star detector and confirmed 
the presence of this maximum. 

It must be noted that Perkins (1947) and George and Evans (1948), using photo- 
graphic plates, and George and Michaelis (1951), using a crystal scintillator, 
carried out similar absorption experiments up to large depths of lead (greater 
than 20cm), and failed to observe such an anomaly. However, their points of 
observation were spaced too far apart to detect it efficiently. 

This investigation was designed to investigate the absorption in lead of the 
star producing component of the cosmic radiation at sea level as thoroughly as 
possible, and thus to confirm or contradict the existence of the effect which 
Schopper, Hocker and Rossle have observed with their apparatus. 


§ 2. APPARATUS 


This consisted of a Perspex box, 15cm x 5cmx5cm, filled with a solution 
of p-terphenyl in phenylcyclohexane (3 gl.!). A minute amount of diphenyl- 
hexatriene was added to the solution to change the emission spectrum from the 
ultra-violet to the blue, thus reducing self-absorption in the liquid, and allowing 
a much better matching to the spectral sensitivity characteristic of the photo- 
multiplier. In six months’ working this liquid showed no sign of deterioration. 
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The interior of the box was lined with polished aluminium to increase the 
light collection efficiency. ‘Two end-window type EMI 6260 photomultipliers 
viewed the liquid, their photo-cathodes being in optical contact with the 
end-window of the box. ‘The photomultiplier resistor chains were soldered 
directly to the high voltage insulator bases. This unit was placed inside a light 
tight steel box, cathode follower valves being mounted on the box itself so that 
the output leads from the photo-tubes to them were as short as possible. Valve 
stabilized voltages were fed to the photo-tubes and cathode followers, decoupling 
condensers being also put in the box. 

The output pulses were taken to two identical negative feedback linear pulse 
amplifiers, which at the frequencies involved (in the region of 100 Mc/s) gave 
an amplification of about 80. Having passed through valve discriminators, 
they entered a fast Rossi coincidence circuit, the coincident pulses operating 
a mechanical register via a monostable multivibrator and power valve. The 
use of two tubes in coincidence reduces the rate of spurious pulses caused by 
photo-tube background and electronic peculiarities. The rate of spurious 
counts was determined by putting black paper shields between the scintillator 
end-windows and the photo-cathodes. Under the most adverse conditions of 
high e.h.t. and low discriminator bias, the rate was always less than 1 in 24 hours, 
which is very satisfactory. A block diagram of the system is shown in figure 1. 
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Figure 1. Schematic diagram of scintillator layout and associated electronics, 


By keeping the e.h.t. voltage constant and varying the discriminator bias, 
and with no lead over the box, the integral pulse height distribution was obtained 
both for the two tubes in coincidence and for a single tube. These curves are 
shown in figures 2 and 3. From the bias characteristic of figure 3, one can separate 
two main components: 
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(a) In the region from 36-43 volts the points lie on a straight line: the rate 
of events in this region (45/minute at 38v) is what one would expect from the flux 
of single particles at sea level, viz. the total flux at sea level is approximately 
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Figure 2. Discriminator bias characteristic; single phototube, no lead absorber. 
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Figure 3. Discriminator bias characteristic; two phototubes in coincidence, 
no lead absorber. 


0-8 cm-!sterad“! (see Rossi 1948) and with a phosphor area of 75 cm?, one expects 
roughly 56 per minute. The spread in pulse heights is due to particles passing 
through the liquid at angles to the vertical and thus dissipating more energy due 
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to increased path in the liquid. Further evidence that this component consists, 
in fact, of single particles may be summarized as follows: (1) the estimated pulse 
height due to a single particle crossing the liquid vertically, using the energy 
formula of Rossi and Greisen (1941), an estimated value of 5°, for the geometrical 
light collection efficiency and the formula for the output pulse height in volts 
(given by Birks (1953)), was 0-7 volt at the anode of the photo-tube. This agrees 
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Figure 4. Single particle transition curve in lead. Discriminator bias at 38 v. All rates 
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Figure 5. Barometer effect for single particles; 20 cm lead absorber. - 


very well with that calculated from the minimum pulse height of this component, 
40 volts, allowing for 5v loss in the Rossi circuit and also for slight loss in the 
cathode follower, the amplifier giving a gain of 80. (i1) with the bias set at 38 volts, 
that is, in the single-particle region, a transition curve in lead was carried out 
up to a depth of 40cm. ‘This showed the usual soft cascade maximum at about 
1cm of lead, and the characteristic slow absorption of the penetrating component 
(mostly j.-mesons) at greater depths (figure 4). (111) with the bias set at 38 volts 
and with 20cm of lead over the scintillator (this eliminates the soft component, 
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leaving the hard component with its known barometer coefficient of — 2°, per 
cm Hg) the rate over a 30 minute period was taken each day. ‘These rates were 
plotted against the pressure. The plot of these values yielded a value of 
(—2:9+1)°., peremHg which is in good agreement with the known value for 
single particles quoted above (see figure 5). _ 

(6) At bias voltages greater than 46 volts (the cut-off for single particles), 
there is a ‘tail’ of events causing large pulse heights. This is presumably due 
to nuclear disintegrations occurring in the phosphor. It is difficult to see what 
other source could produce this ‘tail’—the background rate being completely 
negligible at these high bias voltages. ‘That it is due to nuclear disintegrations 
(or stars) in the phosphor, is strongly supported by the following facts: (i) The 
rate of stars observed, say, at 46 volts, is 12 per hour. The rate of stars expected 
on the basis of a flux of star producing radiation at sea level of 28cm day 
(Page 1950) is roughly 5-0 per hour. If we allow for the fact that at 46 volts one 
still has a contamination of the rate due to the ‘tail’ of the singles component 
and an appreciable contribution from pairs of electrons and p-mesons plus 
knock-on electrons, the rate of 12 per hour will be considerably reduced. At 
48 volts bias, where this contamination is negligible, the rate is 2 per hour, but 
the low energy stars are being eliminated here. Thus the rates at 46 and 48 volts 
bracket the expected star rate. (ii) The integral pulse height distribution shown 
in figure 6 is in effect the particle number spectrum of the stars, the photo-tube 
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Figure 6. Particle number spectrum of stars at (i) 0 cm of lead, (ii) 20 cm of lead. 


output pulse height increasing in proportion to the number of prongs of the star. 
This number spectrum is very similar to that obtained by Brown et al. (1949) 
using photographic plates, for neutral primaries. At sea level there is a predomi- 
nance of neutrons (due to the much greater absorption of protons in the 
atmosphere) and so it is to be expected that most of the stars are produced by 
neutral primaries. (iti) The transition curves obtained under lead and water 
absorbers for this component agree with those found by other workers. 


§ 3. RELIABILITY OF THE APPARATUS 
Besides the points mentioned previously, the following two measurements 
served to demonstrate the reliability and efficiency of the apparatus used for 
star detection, . . 
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3.1. Integral Photo-nuclear Cross Section for Photons of Energy greater than 10° ev 


At a depth of 1-5 cm of lead, the now well established first or Rossi maximum 
in the star transition curve (see figure 7) was detected. Using the fact that this 
is a photo-nuclear effect arising from an electron photon cascade produced by 
incident photons (see Heitler and Powell 1940, Bernardini et al. 1949, and Schopper, 
Hocker and Réssle 1951) from the observed rate of events, and the known flux 
of incident photons of energy greater than 10’ ev (only high energy photons can 
produce stars) (Rossi 1948) one can compute a value for the integral photo-nuclear 
cross section for photons of energy greater than 10’ev. ‘The value obtained was 
o =(3-8 + 0-4) x 10-?*cm*? nucleon”!. This agrees well with the result of Kikuchi 
(1951) for stars produced by photons of less than 200 Mev, most of the photons 
at sea level having energies in this region. 


3.2. Absorption Length of the Star producing N-Radtation 


Finally, from the region of the transition curve at depths of lead greater than 
30cm, where the transition effects have died out and the absorption is closely 
exponential, a value of the absorption length for the incident nucleon component 
was deduced. It was A, =280 + 20g sec~?, which also agrees well with the results 
of previous measurements (Bernardini et al. 1949, George and Jason 1949). 

Thus, in confirming such well established results, the reliability, efficiency 
and correct working of the apparatus was demonstrated. 


$4. THE SECOND oR ANOMALOUS MaxIMUM 


The second maximum is also shown in figure 7. The depth at which it occurs. 
20 cm of lead, and its sharpness, agree with the results of Schopper, Hocker and 
Rossle, although the magnitude of the effect found here is considerably greater, 
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Figure 7. Star transition curve as a function of lead absorber depth. 


viz. 60-70%, compared with 30%. One would expect this, as the photo- 
multipliers ‘scan’ the liquid for stars produced in it much more efficiently 
than human observers can scan photographic plates, especially as this effect 
(see below) is caused mainly by low energy stars. Moreover, in photographic 
emulsions there is a large percentage of heavy nuclei (Ag and Br) which require 
more energy to produce stars, whereas in the liquid phosphor only the light 
nuclei O, C and N are present, with smaller binding energies. ‘The liquid 
phosphor, for this reason also, is more efficient than the Nal scintillator used 
in the more recent work of Schopper and Kuhn (1954). 
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‘The origin of this maximum being unknown, it was not possible to normalize 
the rates to the same pressure. However, the average pressures over the various 
observation periods at each depth are noted, and it can be seen that even the use 
of a barometric coefhcient of —10°, cm! will only decrease the maximum 
slightly. i 

Although insufficient observations at each depth have been made to establish 
a barometric coefficient, there is an indication that, while at 20 cm of lead absorber 
a small value is operative, in fact much smaller than 10°, at depths of 15 and 
25cm a coefficient of 10°, applies. This point is of interest in connection with 
a discussion of possible origins of.the effect (see §5). 

The particle number spectrum at 20cm of lead is shown in figure 6, and also 
that for 0cm with which it may be compared. It is seen that at 20cm there is 
a relatively higher percentage of stars with asmall number of prongs(1 to 3). This 
was also found by Schopper, Hocker and Réssle. It suggests that the second 
maximum is caused mainly by events consisting of one or two heavily ionizing 
evaporation products. 


§ 5. CONCLUSIONS 


The existence of a pronounced second maximum in the absorption curve 
of the star producing component of the cosmic radiation at sea level at a depth of 
20 cm of lead absorber, has been confirmed. 

The sharpness of the maximum indicates that a two-particle process is involved, 
the primary not producing the star directly, but through an intermediate particle 
which is produced when the primary is absorbed into a nucleus. 

The following characteristics have been established for the effect: 


(i) The low energy category into which the nuclear disintegrations (star) 
fall, indicate that the effect is due to relatively low energy primaries. ‘These, 
therefore, must have a very small cross section for nuclear interaction. 


(ii) The barometric coefficient is certainly much less than — 10°, percm Hg. 


(iii) The rate of anomalous events, 0-9 + 0-3 stars hour! over a detector area 
of 75cm? excludes every known primary with the exception of -mesons, due 
to the large amount of energy required by neutrons, protons and electrons to 
penetrate 20cm of lead. For example, the energy a proton requires to penetrate 
20cm is roughly 1cev. ‘The flux of protons of this energy at sea level would 
be far too small to account for such a rate of events as observed, even with a 
geometric interaction cross section. . 

The only known particle which could fill the role of a primary for these 
anomalous events appears to be the y-meson. Making this assumption, I have 
made an estimate of the nuclear cross section required to explain the rate of events 
observed. This was, o=(1:5+0-5) x 10-*®cm? nucleon“, and agrees with the 
values of 3-4 x 10-29cm2 nucleon obtained by Annis, Wilkins and Miller (1954) 
and Althaus and Sard (1948) for j.-meson interactions in which at least one 
evaporation neutron was produced. ‘The lower value observed here would be 
expected, as in this case only events in which the neutrons produced a star in the 


phosphor are detected. 
A possible mechanism lies in the negative “-meson charge exchange reaction, 


+ Neutrons are eliminated, as Schopper et al. have demonstrated that charged primaries 


are involved, 
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in which the meson interacts with a proton in the nucleus through which it is 
passing, charge exchange occurring and a neutron plus another neutral particle 
of very small rest mass being produced. ‘The reaction is 


pw +P+N+V. 


This neutron will have an energy in the region of 10 Mev and has an interaction 
length in lead of roughly 12-5cm. Consider an incident ,.-meson with energy 
of 150 mev. Due to energy loss by ionization in the lead (roughly 2 Mev g“! cm ®) 
it will have lost most of its energy after penetrating a depth of 90 gcm~ (8cm of 
lead) and have a high probability for nuclear absorption. As mentioned above, 
if the produced neutron has a most probable interaction length of 12:5cm, 
one would expect a star to be produced at a total depth of 20-5 cm below the surface 
of the lead absorber. 

As it has been shown that there is a maximum in the incident x-meson spectrum 
at sea level in the region of 200 Mev energy (Wilson 1946, Heyland and Duncanson 
1953), a similar increase in the star rate due to this cause might be expected round 
a depth of 20cm of lead absorber. Finally, in support of this hypothesis, it 
must be noted that Hogrebe (1952) has detected an excess of neutron production 
by the cosmic radiation at depths of 20cm and more of lead absorber, above that 
predicted by the normal exponential absorption theory. 

Thus, it appears that a fairly statisfactory explanation for the anomalous 
second maximum observed in the star transition curve of the cosmic radiation 
at sea level, under large depths of lead absorber, can be found in low energy 
-meson nuclear absorption. 
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The Angular Distribution of Neutrons from High Energy Fission 
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Abstract. A measurement has been made of the ratio of the numbers of neutrons 
emitted in directions parallel and perpendicular to the motion of the fission frag- 
ments, when fission is induced in natural uranium by 147 Mev protons. ‘The value 
obtained, 1-27 + 0-11, is consistent with the greater part of the neutron emission 
occurring before fission, the remainder (2:5 + 1 neutrons) being emitted from the 
moving fragments, as in thermal fission. 


$1. INTRODUCTION 


HEN fission of heavy nuclei is induced by charged particles with energies 

of the order of 100Mev, two main features distinguish the process from 

thermal-neutron-induced fission : (i) the fission is accompanied by emis- 
sion of large numbers of neutrons (Harding 1956); (ii) the distributions of mass, 
energy and range of the fission fragments indicate that the most probable mode of 
fission is symmetrical (Goeckermann and Perlman 1949, Jungerman and Wright 
1949, Ivanova, Perfilov and Shamov 1955). ‘To explain these observations, two 
alternative hypotheses have been suggested : the first, put forward by Goeckermann 
and Perlman to explain their results on the fission of bismuth with 190Mev 
deuterons, supposes that after the incident fast particle has reacted with the target 
nucleus in the manner described by Serber (1947) resulting in the emission of 
‘prompt’ particles and thermal excitation of the nucleus, neutrons are evaporated 
from the nucleus, causing an increase of the fission parameter Z*/A until fission 
becomes more probable than neutron emission. ‘T’his hypothesis is supported by 
Yamaguchi (1950), who calculates that the fission probability will not exceed the 
neutron emission probability until 10 neutrons have been evaporated, and also by 
the measurements of Douthett and Templeton (1954) on the ranges in aluminium 
of fragments from high energy fission of uranium. A similar conclusion is reached 
by Goldansky, Tarumov and Penkina (1955) from a detailed consideration of 
fission cross sections. The predominantly symmetrical character of the fission is 
tentatively explained by Goeckermann and Perlman with the argument that the 
actual process of fission occurs so rapidly that it is not necessary, as in thermal 
fission, for the fission mode in which most energy is released to be the most 
probable. 

In the second hypothesis, proposed by Marquez (1954), fission occurs as 
a result of excitation of the nucleus before any neutrons have been evaporated, 
and the neutron emission takes place from the moving fragments. 

In the present state of our knowledge of the mechanism of fission, it is difficult 
to say with certainty which of these proposals is correct, and a direct experimental 
proof is required. ‘This would require the measurement of time intervals con- 
siderably shorter than 10~!%sec, which is not possible at present. However, an 
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approach to the problem may be made by measuring the angular distribution of the 
neutrons with respect to the fission fragments: if they are emitted from the 
excited target nucleus before fission, the distribution will be isotropic apart from a 
small effect due to recoil of uranium nuclei; if emitted from the moving fragments 
after fission, the neutrons, emitted isotropically in the frame of reference of the 
fraginents, will appear in the laboratory system to be more numerous along the line 
of motion of the fission fragments. 


§ 2, MEASUREMENTS 


The present experiment was made with natural uranium and 147 Mev protons ; 
a measurement with bismuth was not practicable with this apparatus because of its 
small fission cross section. ‘The uranium was deposited on the electrodes of an 
ionization chamber and exposed to the external proton beam of the Harwell 
110in. synchrocyclotron. Neutrons arising from fission were detected in a 
proportional counter, and were recorded only when in coincidence with the 
detection of a fission fragment in the ionization chamber. ‘The fission fragments 
were collimated inside the ionization chamber, and the neutron detector was placed 
alternately in positions such that it received neutrons emitted in line with, and 
perpendicular to, the direction of emission of the fission fragments. ‘To eliminate 
the effects of the above-mentioned anisotropy of neutron emission due to recoil of 
the uranium nuclei in the direction of the proton beam, the measurements were 
all made in a plane perpendicular to the beam. Figure 1 is a diagrammatic 
cross section of the apparatus in this plane. 


Figure 1. Section through collimated fission chamber and methane proportional counter 
in a plane perpendicular to the proton beam. ‘The approximate area covered by the 
beam is shaded. 


‘The design of the experiment was a compromise between obtaining sufficiently 
high angular resolution and a workable counting rate without an excessive 
accidental coincidence rate. "The neutron counter was placed so that it subtended 
an angle of 17° on either side of the chosen direction. This would result in an 
apparent reduction in anisotropy, for which a correction has been applied in the 
calculated values given below. 

The accidental coincidence rate was measured concurrently by delaying the 
pulses from the neutron counter by 2:4 psec and feeding them and the fission pulses 


into a second coincidence unit having the same resolving time as the main unit 
(27 = 1 psec). 
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§ 3. THE Fisston CHAMBER 


This was an electron-collection chamber with seven parallel-plate electrodes 
spaced 2mm apart. The electrodes carried a total of 170mg of uranium oxide 
in twelve deposits 3cm in diameter and 2mg cm~! thick, over which were placed 
collimators consisting of plates of duralumin 0-9mm thick each drilled with a 
hexagonal array of 469 holes 0-9 mm in diameter. The mean angular emission 
of the fission fragments was thus + 18° fromthe normal. The proton beam entered 
and left the chamber through thin duralumin windows. _ Its direction was parallel 
to the planes containing the electrodes. 

The chamber was filled to atmospheric pressure with a mixture of 95°% argon 
and 5°, CO,;. The collection time was less than 5x 10-7 sec. The collector 
electrodes were connected to a potential of +600 volts, and to the head amplifier 
through a 50 pr condenser. ‘The pulses'were amplified by a wide-band linear 
amplifier having a time constant of 3-2 x 10-8 second, to prevent ‘build-up’ 
of pulses due to the beam protons. A discriminator following the amplifier was 
set so that only fission fragments were detected. 


$4. THE NEUTRON DETECTOR 


This has been fully described by Farley (1956). It is a proportional counter of 
diameter 2 inches and effective length 8 inches, filled to a pressure of 40 atmospheres 
with very pure methane so that electron collection is obtained. A potential of 
12-5 kv was applied to the collecting electrode, and connection to the head amplifier 
was through a high voltage condenser of 50 pr. A collection time of about 1 pxsec 
was obtained. Because of the large stopping power of the gas for electrons, it was 
necessary to set the discriminator to a high level to ensure that no fission y-rays 
were recorded. ‘The threshold for neutron detection was then 1-8Mev, and the 
calculations which follow refer to that part of the neutron spectrum which is 
above this energy. 


4.1. Preliminary Measurements with Thermal Neutron Fission 


As a general check of the correct functioning of the equipment, it was first set 
up near the Harwell pile so that a beam of thermal neutrons induced fission in the 
235[) present on the electrodes of the fission chamber. ‘The ratio of numbers of 
fission neutrons detected at 0° and 90° was 4:17+0-15. The value of this ratio, 
calculated by the method described by Fraser (1952) and using the primary 
neutron energy spectrum given by him, is 4-46. "The 6°, discrepancy is probably 
due to an error in correcting for angular resolution, since no account was taken of 
the extension of the neutron counter parallel to the beam. 


§ 5. MEASUREMENTS WITH 147 Mev PrRoToNns: RESULTS 


In table 1 are given the counting rates obtained with 147 Mev protons, averaged 
over a large number of separate measurements made in the two positions. ‘The 
errors shown are statistical. 


Table 1 
Position Time Fission Rate Neutron Rate Coincidence Rate 
(min) (min~') (min) genuine accidental 
0° 784 165 12690 1:32+0-08 IL OFA) 
90° 1186 168 12500 1-06 + 0:06 1:75 
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The relative numbers of neutrons are obtained by dividing the genuine | 
coincidence rates by the fission rates. The ratio of the numbers at 0° and 90° is 


No|Noo = 1:27 + 0-11. 


§ 6. DIscussION 


In order to calculate the relative numbers of neutrons at 0° and 90° expected | 
in the case where the neutrons are supposed to be evaporated from the moving ] 
fragments after fission, we first need to know the primary energy spectrum of these 
neutrons in the reference frame of the fragment. ‘This was calculated by the | 
method described by Le Couteur (1950) assuming that fission is symmetrical and | 
the average mass number of the fragments therefore 119. ‘The mean excitation 
energy was taken to be 20 Mev and the energy level constant 34Mev_!. ‘This neutron 
spectrum is shown in figure 2. Experimental confirmation of the spectrum is 
lacking, but it probably errs on the side of having too many high energy neutrons. 
Since the neutron counter is biased in favour of the high energy end of the neutron 
spectrum, this would result in the calculated anisotropy being too low, and the 
quoted value should, therefore, be taken as a lower limit. Using the spectrum of 
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Figure 2. Calculated neutron energy spectrum for case where neutron emission follows 
fission. 


figure 2, the ratio of expected numbers of neutrons at 0° and 90° was calculated 
by the method described by Fraser but with slightly different assumptions: (1) 
only symmetrical fission is considered; (2) in every case the fragment velocity is 
taken to be 1:2 x 10°cmsec~!, which is the mean fragment velocity deduced from 
the kinetic energy measurements of Jungerman and Wright, corrected for ionization 
defect from the data of Leachman (1952); (3) the neutrons are assumed to be | 
evaporated isotropically in the frame of reference of the moving fragment. A | 
correction was then applied for the angular resolution of the apparatus and for 
absorption of neutrons in the collimators, which is calculated to be 1°, more in the 
90° position. ‘The value for the ratio so obtained is given in table 2, together with 
that expected if the emission is isotropic, again corrected for neutron absorption, 


Table 2. Calculated Ratios of Numbers of Neutrons detected at 0° and 90° 


Assumption Ratio 
All neutrons evaporated after fission Be TNS 
All neutrons evaporated before fission 1-01 
15 neutrons evaporated after fission, the remainder before 1:17+ 0-02 
ae * 3 * . 5 1:29+ 0:05 


»? »”» ” » ”) 1:-42+ 0:07 
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In the last three lines of table 2 are given three further calculated values, in- 
cluded because the experimental value does not agree with either of those obtained 
with the two assumptions so far considered. For these it is assumed that 1:5, 
2:5 and 3-5 neutrons per fission respectively are evaporated from the fragments, 
and the remainder before fission. ‘The total number of neutrons per fission from 
uranium under the conditions of this experiment is 13-1 + 1-6 (Harding 1956). 
For these calculations the primary neutron spectrum used was that calculated by 
Fraser for the thermal fission case, the other assumptions being the same as above. 
The errors shown are due to the uncertainty in the total number of neutrons per 
fission. 

The experimental value is thus seen to be consistent with the evaporation of 
most of the neutrons before fission, a number of the order of 2-5 +1 per fission 
being emitted from the fragments. 
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§ 1. INTRODUCTION 

HE ground state of **Na is known to have spin 3/2 and even parity. On 

| the basis of the shell model, the configuration of the three protons outside | 

the closed Ip shell is expected to be (d,))33/2 in abnormal coupling | 

(Mayer and Jensen 1955). The first excited state at 440 kev might be expected 

to be of configuration (ds5))?5/2 or [(ds/s)?s1/9]1/2, while the collective model 

would predict a level of spin 5/2. It is of interest, therefore, to determine the spin 

of the 440 kev level and to investigate the nature of the gamma-ray transition to 
the ground state. 

This note describes measurements of the K shell internal conversion coefficient 
of the transition and of the angular distribution of gamma rays following the | 
reaction *Na(p, p’)?8Na*. Taken together, these measurements show that the 
440 kev level most probably has spin 5/2 and decays mainly by M1 radiation. 


§ 2. EXPERIMENTAL PROCEDURE 


2.1. The internal conversion coefficient was measured, using a beta-ray 
spectrometer, by comparing the number of internal conversion electrons with the 
number of photoelectrons produced by the gamma radiation from a thin gold 
radiator. 

The beta spectrometer, designed by one of us (R. B.), was an annular focusing, 
medium lens type having a resolution of 2°, with a transmission of 2% of 477, 
The electron detector consisted of a Pamelon plastic scintillator, a Perspex light 
pipe and an E.M.I. photomultiplier. The latter was situated on the axis of the 
spectrometer coil inside a long steel cylinder for magnetic shielding: the presence 
of the steel did not impair the resolving power or linearity of the spectrometer 
(see figure 1). The pulses from the electron counter were fed to a single channel 
kicksorter which was adjusted to accept only pulses of the appropriate energy. 

The 440 kev level was excited by the reaction *8Na(p, p’)?8Na* at the 1-46 mev 
resonance (Stelson and Preston 1954). The targets consisted of thin evaporated 
layers of NaCl on a gold backing. For internal conversion measurements, 
the thickness of the backing was about 1 mgcm™ *; for observations of the photo- 
electrons the backing served also as radiator and its thickness (~17 mg cm”) 
was then chosen so as to make the straggling of the photoelectrons comparable 
with the spectrometer resolution. This optimized the yield and overall resolution. 
In fact several radiators cut from the same foil were used and the average photo- 
yield was taken, to allow for variations of thickness over the foil. 


+ Now at the Physical Laboratories, University of Manchester. 
} Now at the Atomic Weapons Research Establishment, Aldermaston, Berks, 
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The yields of internally and externally converted electrons were measured 
relative to a monitoring Geiger counter which was well shielded from stray 
radiation. To reduce any error arising from drifts in the detector efficiencies, 
a series of measurements of the internal conversion yield was taken, interspersed 
among measurements of the photoelectron yield from the gold radiator. ‘The 


Figure 1. General Arrangement of Apparatus : 


a, spectrometer (schematic) ; b, lead shielding; c, target; d, Geiger counter; e, electron 
detector; f, steel tube. 


relative counting efficiency of the spectrometer and its associated electronic 
channels for electrons at the two energies concerned was determined by comparison 
with the well-known shape of the !°’Cs beta spectrum (e.g. Langer and Moffat 
$951). 
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Figure 2. Spectra of electrons from 440 kev transition in ?3Na. 


(a) Internal conversion electron spectrum. 
(6) Spectrum of photoelectrons produced from gold radiator. 


The results of the measurements on internal conversion electrons and the 
photoelectrons from the radiator are shown in figure 2; calculation of the internal 
conversion coefficient from these measurements involves also a knowledge of the 
angular distributions of both the electrons and the gamma rays from the reaction. 

2.2. The angular distribution of the 440 kev gamma rays in the reaction 
23Na(p, p’)*8Na* was measured at the 1-29 and 1-46 mev resonances (Stelson 1954) 
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using sodium iodide crystals and photomultipliers as detectors. One counter 
was attached to the target box and could be moved, in a plane containing the 
beam, about an axis through the target. ‘The distance of this crystal from the 
target was about four inches. 

The target used here was a thin (~50ygcem-) evaporated layer of NaCl. 
Single channel kicksorters were used to accept only those pulses corresponding 
to the photo-peak of the 440 kev gamma ray, in both the movable and monitoring 
counters. Great care was taken to shield the photomultipliers from stray magnetic 
fields and a large lead box shielded the counters from x-rays from the electrostatic 
generator. Instrumental errors were allowed for by observing the isotropically 
distributed 430kev radiation from the reaction !B(p,«)’Be* at the 1-5mev 
resonance. 

2.3. The efficiency of the radiator and spectrometer for detecting 440 kev 
gamma rays was calculated from the cross section for photoelectric emission given 
by Davisson and Evans (1952), using the measured angular distribution of the 
gamma radiation together with the acceptance parameters of the spectrometer 
and the angular distribution of photoelectrons from the radiator (Sauter 1932): 
The reliability of this type of calculation has been confirmed by a measurement, 
made in this way, of the internal conversion coefficient of the 660 kev transition 
iret OF 

The small correction for the angular distribution of the internally converted 
electrons was found from the measured distribution of the gamma radiation 
at the resonance concerned (1:46 Mev) using the tables of Biedenharn and Rose 
(1953); 


§ 3. RESULTS AND Discussion 


The result of the conversion measurement was a, = (4-9 + 0-6)10~; calculated 
values of a, taken from the tables of Rose et al. (1951) are: El, 4-8x 10-5; 
EZ, 1-9 x 10+; M1, 5:2. x 10>; M2, 1:8x 10. ‘The transition is thus seen to be 
dipole in nature. 

Recent work (Wapstra and Nijgh 1956), has indicated that deviations from 
these tabulated values may be expected if the finite size of the nucleus is considered, 
However, it appears, from the work of Sliv and Listengarten (1952), that any such 
deviation, in the case of Z=11, will be negligible. 

Heydenburg and Temmer (1955) have shown that coulomb excitation of the 
440 kev level in *°Na is of E2 type. It follows that this level has even parity ; 
hence a transition to the even-parity ground state through electric dipole radiation 
is ruled out and we conclude that the nature of the transition is predominantly 
M1. ‘This could arise if the 440 kev level had a spin of 4, 3/2 or 5/2. 

The results of the angular distribution measurements for the gamma rays 
are: 1:29mev resonance: W(#)=1—0-18(+ 0-02) cos?6, 1-46mev resonance: 
W(@)=1—0-12(+0-01)cos?6. It is not possible to determine uniquely the 
spin of the excited state from these measurements, but from the anisotropic distri- 
bution of the gamma rays, spin 1/2 is, of course, ruled out. 

The 1:29mev resonance leading to the compound nucleus **Mg has been 
shown to be most probably 1~ (Stelson 1954) and formed mainly in channel 
spin 2 with appreciable interference between p and f waves. ‘The angular 
distribution of 440kev gamma rays which we obtain is consistent with this 
assignment and with a spin of 5/2 for the 440 kev level. As it is unlikely that the 
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first excited state of 23Na has the same spin as the ground state, we conclude that 
the former most probably has the assignment 5/2. ‘This is supported by a 
measurement of the cross section of the =8Na(n,n’)?2Na reaction, which is 
consistent with a spin of 5/2 for this level (Hausman et al. 1956). 

It is seen from the measurement of the conversion coefficient, and the calculated 
values of Rose, that a limit on the ratio of the M1 and E2 transition probabilities 
is given by Iyo/I'y, <0-05. Using the estimate of the E2 transition probability 
given by Heydenburg and ‘Temmer (1954), we obtain a lower limit for the M1 
transition probability Cy, >0-061y,(s.p.) where Pyy(s.p.) is a single particle 
estimate (Wilkinson 1956) and is equal to 0-021Ey* ev (Ey in Mev). 

It is of interest to note that, on an independent particle model, an M1 transition 
to a state of abnormal coupling of three like particles, such as (dz,)?3/2, 18 
forbidden whatever the configuration of the excited state. This follows from 
two general selection rules given by Moskowski (1953). The occurrence of an 
M1 transition may therefore be held to suggest the presence of collective motion. 
The relatively large E2 transition probability for this transition, obtained by 
Heydenburg and Temmer, which is 70 times the single particle value, lends 
further support to this suggestion. 

A similar example of a predominantly M1 transition to a ground state, which, 
on the basis of the shell model, has abnormal coupling, occurs in Mn (Bernstein 
and Lewis 1955). 
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The Alpha Activity Induced in Platinum by Bombardment with Nitrogen | 
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§ 1. INTRODUCTION 


HE reactions observed between accelerated nitrogen ions and heavy nuclei 
| include capture followed by emission of neutrons (Ghiorso et al. 1954, 
Burcham 1954 a). The distribution in mass of radioactive products of 
atomic number Z+7 resulting from the bombardment of a nucleus of atomic 
number Z by nitrogen ions of energy greater than 100 Mev is qualitatively consist- 
ent with the predictions of the familiar evaporation theory (Blatt and Weisskopf 
1952). If target nuclei which lead to alpha-emitting capture products are used it 
is relatively easy to identify and measure the relative yields of residual nuclei 
formed by the (!4N, xn) reactions. This has already been done for gold (Burcham 
1954 a) and in this paper similar work with platinum, leading to neutron-deficient 
isotopes of astatine, is reported. 


§ 2. EXPERIMENTAL METHOD 

Platinum foils of thickness 0-0006 in. (Johnson Matthey 99-99%, purity) were 
bombarded in the internal nitrogen ion beam of the 60 in. Nuffield cyclotron. The 
beam current was collected, after passage through the foil, bya screened electrode. 
In this way only ions of energy above 50 Mev were recorded ; the upper limit of the 
continuous distribution of ion energies was about 110Mev. Beam currents of 
10-8-10-® ampere were used. 

Astatine isotopes were extracted by heating the irradiated foils to redness neat 
a silver foil as collector. This procedure also transferred up to about 25% of any 
polonium isotopes present in the platinum. The silver foils were mounted in the 
parallel plate ionization chamber used in earlier work (Burcham 1954a, b) and 
pulse height distributions were recorded at intervals using a 60-channel analyser. 
The ionization chamber and recording system were calibrated by using a source of 
*10Po (Ey = 5-298 Mev), and by assuming an energy of 6-10 Mev for the 7-minute 
activity attributed to 203At (§ ). This energy was checked, in terms of the alpha- 
particle group from ?!°Po, by means of a signal generator. The resolution of the 
apparatus was to 2% for alpha-particle energies of about 6mev. The time 
required for mounting the foils and filling the chamber was about five minutes, 
and activities with periods much shorter than this would not have been detected, 
Gross decay curves of irradiated platinum foils were also taken with the ionization 
chamber. 

The identification of the alpha-emitting products evaporated from the platinum 
foils was based on the energy and lifetime measurements. 


§ 3. RESULTS 


The gross alpha decay curve of the irradiated platinum (figure 1) showed periods 
of 6:8 minutes, 23 minutes, 80 minutes and 4-2 hours. Pulse analysis of the activity 
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evaporated to the silver foils enabled these periods to be identified as shown in the 
table, using the values of lifetime and energy given by Asaro and Perlman (1954). 
Figure 2 gives a typical pulse size distribution. 
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Figure 1. Gross decay of alpha activity from platinum bombarded by nitrogen ions. 
Bombardment 6 « 10~* ampere for 30 minutes. Solid angle of ionization chamber 
27. The lifetimes shown are approximate values for the main activities present. 
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Figure 2. Pulse size distribution observed on silver foils at given time after 
end of bombardment. 


The tabulated lifetimes are the averages of those obtained from the gross decay 
curve and from the pulse analyser experiments; the energies given are also the 
averages of several determinations. The reaction yields in column (6) of the table 
were obtained from the gross decay curve and give approximately the saturation 
activity in disintegrations per minute for a bombarding current of 10-° ampere 
of nitrogen ions with the particular energy distribution used. 
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Alpha Emitters observed in the Reaction Pt +14N 


Observed Accepted Values Reaction Yield 
Lifetime Energy (Mev) Assignment Lifetime Energy Observed Predicted 
(Mev) Theory Au+8C 
7141:5 6:09+0-03 203 At 7 min 6-10 6800 50000 15000 
min 2049 
3°5+0-6 5:35+0-05 Nyse oo) lalie By67/ 25000 25000 25000 
ie a (from ?°4At) 
22:7+4 5:-9440-03 20 AG 25min 5:90 58000 21000 26000 
= oe 21 <5700 10000 11000 
- ae (from 2° At) OSE 2 3 
83+8 5-76+ 0-04 207 At 120 min 5:75 6400 4800 5500 
min 


Identification of the 2*At and 2 At activities was clear: in calculating the yields 
no correction for alternative electron-capture decay was made for 2°At but for 
*°At the alpha-particle branching was assumed to be 7°% in accordance with a 
figure used in earlier work (Burcham 1954 b). ‘The activity ascribed to 27At has 
a rather shorter lifetime than expected, perhaps because of the presence of some 
activity due to light isotopes of polonium which is not resolved in the energy spectra. 
No accurate measurements of the activity attributed to 2°*Po were obtained and the 
reaction yield is based on a small residual activity found on the irradiated platinum 
and on some of the silver foils. The activities assigned to ?4Po and 2°6Po were 
assumed to arise from electron-capturing astatine parents 2>4At and 206At although 
production of polonium isotopes by reactions of the type ("*N, xnp) is also possible. 
The alpha particle branching ratios for 2 Po, 26Po and 2°7 At are given by Hollander 
et al, (1953). 

In addition to the activities listed in the table, weak alpha-particle groups with 
energies of about 5-5, 5-3 and 5-1 mev and lifetimes of a few hours were seen. 
These have not been identified. 


§ 4. Discussion 


The main isotopes of platinum are 1%4Pt G28 %) ert (S57 ee Ps (25:4%) 
and °Pt(7-2%). The capture of a nitrogen ion of energy 110 Mev by any of these 
nuclei would produce an astatine isotope with an excitation energy of about 
80 Mev according to the semi-empirical masses tabulated by Metropolis and 
Reitwiesner (1950). This corresponds to a nuclear temperature of about 2:65 Mev 
in a nucleus of odd A using the formula given by Blatt and Weisskopf (1952). The 
binding energy of a neutron is an astatine nucleus of mass 205 to 210 is probably 
about 8 Mev (Glass, Thompson and Seaborg 1955) and the average kinetic energy 
removed by the evaporation of a neutron is twice the nuclear temperature. 
Allowing for decrease in nuclear temperature as evaporation proceeds it seems likely 
that up to seven neutrons could be emitted. The probability of emission of a 
large number of neutrons of small energy is high because successive nuclei 
are then formed with high excitation energies, at which the level density is 
large. In the present case, for a homogeneous incident beam, the (14N, 7n) 
reaction would be considerably more likely than the (UN one Sn, 4n) and 
other reactions. The incident beam however has a continuous distribution of ion 
energies from 110 Mev downwards (Walker e¢ al. 1954) and this increases the pre- 
dicted yield of the 6n and 5n reactions with respect to the 7n evaporation. 
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The relative probabilities of production of the astatine isotopes by (xn) 
reactions were calculated roughly by successive applications of the formula for 
secondary reactions given by Blatt and Weisskopf (1952). ‘This is 


a (a; 2n)=o(@), 0) {1 = (1 a SEP a 


in which ¢¢ is the excess energy of excitation over threshold for the secondary 
reaction and © is the nuclear temperature. A factor was introduced to account for 
the incident energy spread and the distribution was summed for the various 
platinum isotopes. The predicted yields, under the assumption that the 7n 
reaction is the most probable with the maximum available energy, are shown in 
column (7) of the table. They are normalized to agree with observation for 2"*At. 
The general trend of the observed yields agrees with the predictions of the evapora- 
tion model if it is assumed that 2°3At has an alternative electron-capture mode of 
decay. 

The compound nucleus #°At is also formed in the bombardment of '*7Au 
by ions of !8C and the relative probabilities of the 3n, 4n and 5n evaporation from 
this nucleus have already been estimated (Burcham 1954b). The predicted yields 
from platinum, assuming these probabilities, are shown in column (8) of the table 
and also agree with those found. ‘This suggests that the probabilities of the 6n 
and 7n reactions are lower than expected from the simple evaporation model. 
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Absolute Standardization of Beta-emitting Isotopes 
with a Liquid Scintillation Counter 
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HE most general way of standardizing aqueous solutions of beta emitters is by 

absolute counting of the beta particles by means of 47-counters (Putman 

1955). With this method it is necessary to be very careful when preparing 
sources in order to reduce absorption and self-absorption of beta particles as much 
as possible, ‘This makes source preparation time-consuming and tedious, 
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The liquid scintillation counter, where the radioactive substance is dissolved 
in the scintillator, offers the big advantage that almost no source preparation is 
necessary. In the case of alpha emitters, this method has been shown to yield 
absolute disintegration rates (Basson and Steyn 1954). It has since been found 
that absolute standardization of beta emitters in aqueous solution is also possible 
by this means. 

‘The experimental setup consisted of a DuMont 6292 photomultiplier mounted 
vertically inside a refrigerator, a Chase-Higenbotham non-overloading amplifier 
(Chase and Higenbotham 1952), a single channel pulse height analyser and a 
scaler. ‘The temperature inside the refrigerator was kept at —20°c by thermo- 
static control. A sample cell containing 10 ml. of scintillator could be placed 
directly on top of the multiplier tube and covered with a hemispherical mirror. 

With a sample of the radioactive solution dissolved in the scintillator, the 
photomultiplier voltage and electronic amplification were adjusted so that usually 
more than 50%, of the pulses from the counter saturated the non-overloading 
amplifier. It was then found that the differential distribution of the remainder 
of the pulses was essentially constant and the integral distribution curve was a 
straight line which could be extrapolated accurately to zero pulse height to give the 
true disintegration rate of the sample. The figure shows that in the case of ®°Co 


Integral Distribution 


SNe 131] x10? 


Integral Distribution 


x 
co % 
] 


Differential Distribution 


Counting Rate (counts/min) 


Counting Rate (counts/min) 


oe "Co 


Differential Distribution 


L | es | a | 
0 10 20 30 40 0 10 20 30 40 50 60 70 80 


Pulse Height (Vv) Pulse Height (v) 


Differential and integral pulse distributions for various fB-active isotopes dissolved in a 


liquid scintillator. ‘The integral curve extrapolated to zero pulse height gives the 
absolute disintegration rate. 


the extrapolation amounts to a correction of about 10°; for 18.I it is about ey. 
while in the case of 32P at room temperature (20°C) the correction is 8%. 

Results are given in the table for the isotopes *2P, 131] and ®Co. A National 
Physical Laboratory (Teddington) standard was available in the case of 131], 
The **P solution was standardized by means of a 47 proportional counter whilst 
the ®°Co solution was standardized with a 47 Geiger—Miiller counter and by the 
coincidence method. Good reproducibility is obtained and the agreement with 
other methods is very satisfactory. ; 
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Comparison of Standardizations 


HT (uc g7"). 
Liquid scintillation counter: 25-00, 25> 
N.P.L. standardization : 2 
32p (ire g-). 


15, 25:39, 25-37, 25:05 (Mean: 25°19) 
5:0+ 5°, (Ampoule no. 33, April 1956). 


Liquid scintillation counter: 23:52, 23:48, 23:30, 23-71 (Mean: 23:50) 
47-proportional counter : 23:60+1% 

Coin x). 
Liquid scintillation counter : 10:49, 10°40, 10°49, 10-32 (Mean: 10°42) 
47 G—M counter : 10:40 + 3% 
Coincidence method : 10-744 2% 


It was required that the liquid scintillator would be able to mix with water to a 
certain extent, would keep the radioisotope in solution and would not freeze at the 
low temperature. This could be achieved by using a mixture of suitable solvents 
(Hayes et al. 1955). The scintillator employed consisted of a mixture of toluene 
and ethyl alcohol in the ratio 82 :18, the solute being 2, 5, diphenyl oxazole CPE. Oy 
at aconcentration of 4gl.—!. Aliquot parts of the radioactive solution, weighing 
between 0:03 and 0-04, could readily and rapidly be mixed with 10 ml. of this 
scintillator. Since it was necessary to ensure that the radioactivity did not 
precipitate from solution or adsorb on to the walls of the sample cell, the radio- 
isotope had to be in a chemical form soluble in either alcohol or toluene. This 
meant that a suitable carrier substance had to be added to both the radioactive 
solution and the scintillator. For instance, H,PO,, being soluble in ethyl alcohol, 
was used as carrier material in the case of 32P. In the case of ®°Co, CoCl, was added 
to the scintillator to give a concentration of 40mgl.7. For "I and *P, Nal and 
H,PO, were used respectively at a concentration of 10 mgl.~t. 

The presence of gamma radiation following the beta decay within the resolving 
time of the counter does not complicate the interpretation of the extrapolation as 
giving the true disintegration rate. The efficiency of the 10 ml. liquid scintillator 
is small for gamma radiation. Furthermore, the interaction is mainly by 
the Compton process, which also gives a more or less constant intensity pulse 
spectrum in the range of pulse sizes considered here. ‘The ‘ wall effect’ will cause 
a lowering of scintillation intensity for those particles that are stopped by the walls 
of the sample cell before dissipating all their energy in the scintillator, but the 
extrapolation will automatically compensate for pulses lost in this way. 

The liquid scintillator, it seems, offers a simple, fast and reliable way for the 
absolute counting of beta particles. 
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On the Binding Energy of the Helium Hydride Ion 
By ALC, BURDEY 


Department of Theoretical Chemistry, University of Cambridge 


MS. received 18th Fune 1956 


recently been developed and applied to the molecules H,, HF and Ne 
(Hurley 1956a, b,c). For these systems it is found that the new method, 
which embodies an intra-atomic correlation correction derived from atomic spectral 
data, leads to a larger value for the binding energy than does the usual procedure of 
subtracting the total molecular energy from the energy of the separated atoms 
calculated using the same wave function. Nevertheless, the binding energies 
obtained by the intra-atomic correlation correction method are lower limits{ to 
the accurate values, while those calculated by the usual method are not. This 
important advantage of the new technique is well illustrated in the case of the helium 
hydride ion. 
Coulson and Duncanson (1938) have carried out extensive calculations on the 
system HeH*. ‘The most general wave function considered by these authors may 
be written in the form 


A NEW technique for calculating the binding energies of molecules has 


Poly Vile vot le (1) 
where 
‘Fy = #a(1) 4a(2), 
Bo = 271” pa(1) dn(2) + ya(2) yn(1)}, 
vs Pp = 21 thal) pa(2)+pa(2)da(1)}, (2) 


cb\ 12 
a= {—) exp(—cra), 
3¢3\ 1/2 
bp = (; z ) exp (—acrp), 


1/2 
ae (=) 1a COS 4, exp (—acra). 


Here (ra, 4.) are polar coordinates centred on the He nucleus, with the inter- 
nuclear axis chosen as the line 6,=0, and rp is the distance from the H nucleus. 
Coulson and Duncanson minimized the total molecular energy given by the wave 


function (1) with respect to variations of the parameters « and c, the ratios in, Abs ib 
and the nuclear separation p. An uncorrected dissociation energy De=2-31 
electron volts was then obtained by subtraction from the energy which the wave 
function (1) yielded for the ground state dissociation products (He(1s)24S + Has 
Coulson and Duncanson pointed out that the value of D- obtained in this way was 


+ On leave of absence from Chemical Physics Section, C.S.I.R.O., Melbourne 
Australia; now at Solid State and Molecular Theory Group, M.I.T. Cambridge, 
Mass., U.S.A. . ; 

} To within the accuracy of the approximations employed (Hurley 1956 c), 
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probably too large, since the wave function (1) is better suited to the system HeH+ 
than to an isolated He atom for which only the first term survives. This view has 
been confirmed by the recent calculation of Evett (1956), who obtains the value 
De=1-90 electron volts, using a 23-term wave function of the James—Coolidge 
type. From Evett’s results it is almost certain that the true value lies in the range 
1:9<D,.<2:0 electron volts. 

Let us consider the effect of applying the intra-atomic correlation correction to 
Coulson and Duncanson’s calculation. ‘The wave functions (2) are now regarded 
as approximations to a more accurate set of wave functions 


Peat he ©) OS geen (3) 


which make allowance for intra-atomic correlation. ‘The energy matrix H with 
respect to the functions (3) is calculated from the formula (Hurley 1956 a) 


H=H+3[M(W-W)+(W-W)M], ae *) 


where H and M are the energy and overlap matrices with respect to the orbital 
wave functions (2) and W— W’ is the diagonal matrix 


W—W' =diag (W,—Wej;We-We',Wo-Wo'). ence. (5) 


Here W,, W., Wy are the accurate (experimental) energies of the states 
He(1s)? 1S +H*, He(1s) + H(1s), He(1s)(2p) 1P + H*, respectively, and Wy, We’, 
Wo’ are the values obtained for these energies from the wave functions (2) using 
optimum values of the parameters « and ¢c for each state. If we use values for W; 
and Wy, given by Moore (1949), we find after a simple calculation 


W—W’ = diag {—0-0558, 0, —0-0015} (atomic units). ...... (6) 


It is clear from equations (4) and (6) that for HeH* the calculation using the 
intra-atomic correlation correction will yield a smaller value for De than the 
unmodified calculation of Coulson and Duncanson. ‘This arises from the fact 
that the correlation correction for the lowest energy state of the dissociation 
products ’; is considerably greater than that for either of the other states ‘Vc 
and Wy. Consequently the application of the correction leads to an increase in the 
energy separations between ‘’, and ‘fc, ‘Vp. ‘This results in a decrease in the 
interaction between the states and a reduction in the calculated binding energy. 
For most systems the result of applying the correction is the reverse change where 
the energy gap between the ground state (covalent) and excited states (ionic) is 
decreased by the large correlation corrections for the negative ions (Hurley 
£9564; b,c). 

Detailed numerical calculations were carried out for the parameter values 
p= 1-432, c=1-9252 and «=0-7567. ‘These are the optimum values obtained by 
Coulson and Duncanson using the first two terms in the wave function (1). ‘The 
value of p is equal, fortuitously, to the value obtained by Evett (1956). 

The results of the calculations are given in tables 1 and2. In table 2 two values 
of the dissociation energy are given for each unmodified wave function. The 
bracketed value is obtained by subtraction from the experimental energy of 
He (1s)?, —2:9035 a.u., instead of from the theoretical energy, — 2:8477 AcUs, 
given by wave function(1). These bracketed values are, of course, strict lower 
limits to the true value of De in virtue of the variational principle. 
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Table 1. Calculated Total Energies for HeH*+(a.v.) 


Wave functions Orbital calculation WAAC, Evett 
aia —2-9285* —2-9635 —2-9733 
ans Eo t'p — 293251 —-2:9684 


Table 2. Uncorrected Dissociation Energies De, for HeH* (ev). 


Wave functions Orbital calculation LES Evett 
bev me a: 2:20*(>0-68) >1-63 >1-90 
Fr, q OP Tp 2°31{(>0:79) Slee, 


* Coulson and Duncanson (1938). 

} These values are slightly inferior to the best values of Coulson and Duncanson who 
obtained a slightly lower total energy (— 2-9332 A.U.) by re-varying the parameters ~, c and p 
for the three-term wave function. 


It is clear from table 2 that the unsatisfactory features of the orbital calculation 
are removed by applying the intra-atomic correlation correction. The resulting 
binding energies are now lower limits to the true value. If we compare them with 
the bracketed values for the orbital calculation, which are the only certain informa- 
tion given by such a calculation, we see that the intra-atomic correlation correction 
has led to an improvement of about 1 ev in the lower limit to the binding energy. 
The three-term intra-atomic correlation correction calculation yields a result 
which is only slightly inferior to that of Evett. 
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The Density Distribution of Extensive Showers 


By J. R. PRESCOTT 


Australian Atomic Energy Commission, Physics Department, University of Melbourne 


MS. received 9th February 1956 


$1. INTRODUCTION 


N an accompanying paper, Norman (1956) discusses the relationship between 
the primary cosmic-ray spectrum and the density distribution of bursts due to 
extensive showers in ionization chambers and proportional counters. 

In his discussion, Norman makes use of burst size distributions obtained in this 
laboratory in a previous experiment (Campbell and Prescott 1952, Prescott 1952) 
but not hitherto published. It now seems appropriate to publish this data, 
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The apparatus has been described previously (Prescott and Mohr 1949, 
Campbell and Prescott 1952). It consisted of complementary ionization chamber 
and Geiger counter systems. ‘The two ionization chambers were cylindrical, 
57:6cm long and 8-8cm in diameter, filled to 39 atmospheres with nitrogen. A 
burst of 2-8 x 10°ion pairs corresponded to a shower density of 400 particles m~ 
which is the minimum burst size used in this analysis. | In making this corre- 
spondence between ion pairs and shower densities, an effective specific ionization 
of 53-5ion pair cm atm! was assumed ; this figure includes corrections for secon- 
dary ionization, recombination and multiplication in the chamber walls and roof. 
Coincidences were recorded between the two chambers. ‘Three Geiger counters 
in coincidence were located immediately above one chamber (chamber A): these 
acted as a ‘master group’. Counters located at 3 and 5m from the master group 
allowed bursts due to extensive showers to be identified. The efficiency of the 
whole counter system for identifying bursts due to extensive showers of greater 
than a given density at chamber A was: 400 particles m~, 88%; 500 particles 
m2, 96%; 600 particles m~?, 99°. The observations were carried out at sea 
level. 


§ 2. THE Density DISTRIBUTIONS 


In the figure, curve A, is shown the integral density response curve for coinci- 
dent bursts greater than a given size in both chambers at a separation of 5m. 
The data represent 70 coincidences in 725-8 hours. ‘The curve joins smoothly on to 
data of Norman (1956) (curve N) for lower densities, obtained with proportional 
counters of almost identical dimensions at the same separation and the same 
location. Norman has shown that his results at lower density are in good agree- 
ment in both absolute rate and exponent with the Geiger counter measurements of 
the density spectrum (Cocconi and Cocconi-Tongiorgi 1949, Broadbent et al. 
1950, Singer 1951) which give an exponent of about — 1-45 in the density range 
10-1000 particles m2. The spectrum of Broadbent et al. is shown in curve C as 
representative of these data. The observations at higher density presented here 
suggest that the exponent of the density distribution increases at large densities, 
particularly above 1000 particles m*. 

Since the number of coincidences is relatively small, it is important to establish 
that the change in slope is, in fact, significant. ‘This may be done on an objective 
basis by a statistical analysis using the ‘ method of maximum likelihood’ (Annis e¢ 
al. 1953). This shows that there is a probability 0-07 that the observations 
represent a line of slope — 1-45, which is the value obtained with Geiger counter 
measurements at lower densities. This probability is not by itself significant at 
the common accepted level of 0-05. 

However, we now consider the data of curve B in the figure, which is the integral 
distribution of burst sizes in a single ionization chamber, the bursts being identified 
as due to extensive showers by the simultaneous discharge of the Geiger counter 
system. Curve B represents 115 bursts obtained in 627-9 hours ; the data overlap 
those of curve A in time to the extent of 250 hours. At the low density end, curve 
B can be joined smoothly to a line of slope — 1:45, representing the Geiger counter 
data. . 

The probability that the observations of curve B as a whole represent a line of 
slope — 1-45 is 0-04. Taking curves A and B together, the probability that both 
sets of observations are consistent with lines of slope — 1-45 is only 0:003, which is 


872 Research Notes 


= 


Rate (hour -') 


0-01 


0 100 i000 10000 
Density (particles m-2) 


Integral density spectra for extensive showers. 

Curve A (solid circles): coincidence rate for bursts greater than a given size in two 
lonization chambers at 5m separation. Curve B (open circles); rate for bursts 
due to showers in a single ionization chamber. Curve N (crosses) proportional 
counter data of Norman. Curve C Geiger counter data of Broadbent et ail. 
Representative probable errors are shown on curves A and B. 


certainly insignificant. It is also possible to establish that the slope of curve B 
changes significantly with density. Thus, the slope of curve B in the region 
500-1000 particles m~? is 1:54 + 0-14 and for densities greater than 1000 particles 
m~ it is 2-4+0-4. The probability that the slope does not change above 1000 
particles m~ is then 0-04. 

We can therefore say that the slope of the density distribution increases with 
increasing density particularly above 1000 particles m-, 

Observations in the high density region at sea level have been reported by 
Montgomery and Montgomery (1947), Lapp (1946) and recently by Carmichael 
and Steljes (1955). Of these observations, Montgomery and Montgomery did 
not employ any method for the specific selection of bursts due to extensive 
showers and relied on an empirical method involving an analysis of the effect of 
shielding to eliminate the contribution of disintegrations from their burst-size 
distribution; this may well be misleading (see, for example, Prescott 1952) 
Lapp employed counter selection to identify shower bursts but apart from 
indicating that about 85°% of his bursts were due to showers, did not give a burst- 
size distribution for such bursts. However, the slope for his largest bursts (say, 
greater than 2500 particles m-2), which he states are predominantly due to showers, 
is about — 2-4, which supports the conclusion of an increased exponent for large 
densities, Carmichael and Steljes employed ionization chambers in coincidence 
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to identify extensive showers and obtained an exponent — 1-73+0-01 which, 
however, they find to be valid over the whole density range from 40 to about 7000 
particles m™. 

§ 3. ABSOLUTE RATES FOR SHOWER DENSITIES 

Finally it is perhaps worth while to comment on the absolute rates obtained in 
the present experiments. The rate obtained with a single chamber is higher by a 
factor of two than that obtained with Geiger counter techniques in a comparable 
density range. It is customary in the interpretation of Geiger counter experi- 
ments to neglect the effect of shower structure and to assume a constant density 
over the apparatus. Ise and Fretter (1949) and Broadbent et al. (1950) have shown 
that this assumption can lead to erroneous values for the density exponent although 
the errors involved are relatively small (rather less than 10%). The neglect of the 
density gradient does not in any case affect the value of the exponent obtained by 
the method of variation of counter area and it appears that the assumption of con- 
stant density is not unreasonable where the value of the exponent only is in question. 

This is no longer true where the absolute counting rate is concerned. If the 
density were, in fact, strictly constant over the apparatus, then the coincidence 
rate for bursts greater than a given size in two (or more) ionization chambers should 
be the same as that for a single chamber. ‘This is not so, as the figure shows : 
the single chamber rate is greater than the coincidence rate for two chambers at 
5m separation by a factor of two. Moreover, calculation shows (Blatt 1949, 
Campbell and Prescott 1952) that whereas the coincidence rate for a system of 
ionization chambers varies but slowly with separation distances greater than, say, 
3 m, the coincidence rate rises rather sharply at small chamber separations. ‘This 
rise is due to the density gradient in the showers. An unpublished calculation by 
I. D. Campbell similar to those described by Ise and Fretter (1949) and Singer 
(1951) for the counter system used in the present experiments shows a completely 
analogous effect, namely, a rather small variation in counting rate from 1 to 10m 
but a sharp increase at small separations giving, in fact, a counting rate for effectively 
zero separation greater by a factor of two than at 5m. Blatt (1949) reports a 
similar calculation but gives no details. 

This throws some doubt on the practice of equating or extrapolating extensive 
shower rates obtained at separations of some metres to the equivalent rate for an 
infinitesimal detector and suggests that the reason for the discrepancies noted 
between the density spectra obtained by Geiger counters and single ionization 
chambers is due not to uncertainty, say, in the effective specific ionization of shower 
particles (Cocconi 1946, Carmichael 1948) but to the neglect of the variation in 
density over the apparatus. 

If the density gradient effect zs significant, we should expect to obtain 
harmonious agreement between counting rates obtained with chambers and 
counters in coincidence only at similar separations. ‘he agreement shown in 
the figure between curve A and the proportional counter data of Norman (1956) 
on the one hand and the Geiger counter data on the other appears to confirm this. 

One reservation is necessary : the observed density spectrum depends directly 
on the distribution-in-number of the total number of particles in a shower. If this 
distribution does not have a constant exponent, as suggested by Blatt (1949) and 
Norman (1956), then different density spectra may be observed with different sets 
of apparatus, and good agreement will be obtained only when such apparatus 
responds predominantly to showers in the same range of particle numbers. 
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REVIEWS OF BOOKS 


Electromagnetically Enriched Isotopes and Mass Spectrometry. Proceedings of 
the Conference held in the Cockcroft Hall, Atomic Energy Research 
Establishment, Harwell, 13-16 September 1955. Edited by M. L. Smiru, 


(London: Butterworth’s Scientific Publications; New York: Academic 
Press, 1956.) 45s, 


The large scale separation of isotopes by electromagnetic means was first 
undertaken for military purposes. Since 1945 several ‘calutrons’ have been 
devoted to the separation of the isotopes of most of the elements of the Periodic 
System, and these are now available in tens of milligrammes or more for general 
use. In addition to this high intensity work many University laboratories, parti- 
cularly in Scandinavia, have installed small electromagnetic machines of high 
resolution for the preparation of targets for nuclear reaction studies and for the 
analysis of the products, both stable and radioactive, of nuclear transmutations. 
The present Conference report gives a valuable and up-to-date survey of progress 
and prospects in this field. 

The papers presented group naturally into those devoted to techniques and 
those describing specific applications of separated isotopes or of mass spectro- 
meters. There are detailed discussions of ion source and collector problems 
and M. L. Smith stresses the importance of suitable target preparation from 
enriched materials. ‘T’argets of gaseous elements are often made by bombarding 
metal foils with ions accelerated by a voltage of about 50kev; a theoretical and 
experimental study of the range of slow atomic particles in matter is presented 
by K. O. Nielsen. 

The application of stable isotopes in nuclear physics is well surveyed in general 
by W. D. Allen, and in some detail in other papers on particular (py) reactions. 
H. G. Kuhn reports briefly on the application of electromagnetically enriched 
isotopes in spectroscopy and solid state physics; more might perhaps have been 
said about the low temperature experiments. ‘The analysis of isotopic abun- 
dance by mass spectrometry, and in particular the method of isotopic dilution, is 
discussed in several papers; it is clear that the sensitivity of the method approaches 
that of radioactive measurements. An interesting result on the half life of 
rhenium obtained by this method is reported by H. Hintenberger. 

The final sessions of the conference were devoted to the general design of 
electromagnetic separators for all purposes and to the separation of active materials. 
An ingenious high frequency mass spectrometer using fields which resemble those 
now applied in ‘strong focusing ’ accelerators is described by O. Osberghaus, but 
there is no report on the more familiar time-of-flight separators. Electro- 
magnetic analysis of the products of fission and spallation reactions is briefly 
discussed by G. Andersson, who also reports on the use of the method in 
preparing thin sources for beta-spectroscopy. 

Although a conference report can hardly be expected to give a complete or 
balanced account of a wide field the present report gives an excellent appraisal of 
many of the more interesting developments of the electromagnetic method. 
Full reports of the discussions are included and there is an adequate index. 

W, E, BURCHAM, 
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) Beam direction 


Figure 2. A picture of a 7‘—p scattering event. Incident energy =23 Mev, pion scattering 


angle (lab) =152°, proton recoil angle (lab) = 12”, pion scattering angle (c.m.s.)=157°. 
The picture also shows two 7— decay events. 
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Figure 1. A photograph of a typical event produced by the successive disintegrations of 


RaD and RaE. 
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Abstract. Cross sections and phase shifts for the elastic scattering of neutrons 
by tritons and *He are calculated over the energy range | to 14 Mev using central 
forces. Resonating group wave functions are employed to derive integro- 
differential equations for which accurate solutions are obtained with the aid of 
an electronic computer. ‘The two-body interaction has exchange properties of 
either the Serber or the symmetrical type and a gaussian radial dependence with 
constants consistent with the binding energies of the alpha particle and the 
deuteron. 

The calculated angular distributions are found to depend sensitively on the 
exchange nature of the interaction, although the available experimental data are 
insufficient to distinguish between the interactions considered. 


§ 1. INTRODUCTION 

HE properties of a two-nucleon system, at low energies, can be described 

in terms of short range phenomenological interactions, having various 

exchange properties. It is of great importance to find whether such 
interactions are sufficient to determine the properties of many nucleon systems 
or whether it is necessary to invoke more complicated many-body interactions. 
The study of the scattering of nucleons by the lightest nucle: may be expected 
to provide such information and in addition evidence as to the exchange nature 
of the two-body interaction, which is not determined from the study of the bound 
systems. The collision of neutrons with deuterons has been investigated exten- 
sively, and the information obtained has been summarized and discussed by 
de Borde and Massey (1955). It has been found that while the comparison of 
observation with theory suffices to distinguish between potentials of the ordinary 
and those of the exchange type, at present it is difficult to decide between the merits 
of different exchange potentials. The scattering of neutrons by alpha particles 
has also received attention, and again it is found that exchange rather than ordinary 
forces are required to explain the observed cross sections (Hochberg et al. 1954, 
1955, Bransden and McKee 1954). It is, therefore, of great interest to extend 
calculations to the scattering of nucleons with the nuclei of mass three to provide 
another source of information which may help to distinguish between different 
exchange forces. 

In the present paper the elastic scattering of neutrons by tritons and *He is 
calculated for incident neutron energies of up to 14 Mev, using interactions of both 
the Serber and symmetrical type. The potential is assumed to be purely central 
and of a form consistent with the binding energies of the deuteron and alpha 
particle. Such an interaction does not provide the best equivalent central 


4] Now at CERN, European Organisation for Nuclear Research, Geneva. 
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potential for the two-body problem, but, as pointed out by de Borde and Massey 
(1955), it is reasonable to suppose that the best equivalent central potential for 
a n-body scattering problem is that which gives the m-body binding energy 
correctly. As in an earlier calculation of the scattering of neutrons by tritons 
and of protons by *He (Swan 1953a,b), the integro-differential equations 
describing the collision are obtained with the help of a resonating group wave 
function (Wheeler 1937). The present work differs from that of Swan (1953 a, b), 
in that these equations are written in a form that is more consistent with the 
approximate triton and *He wave functions employed, and also in that exact 
solutions have been obtained, with the aid of the pilot acE electronic computer 
of the National Physical Laboratory, whereas the earlier calculations were based 
on approximate variational solutions. 


§ 2. GENERAL THEORY 
2.1. The Neutron—*He Collision 
The wave function (1234) of the four-nucleon system is a solution of the 


Schrodinger equation, in the centre-of-mass system, 


& + > V(ij)-—Eqg- #n)¥(1234) =) ee (1) 


all pairs 


where Ey is the *He binding energy, Ey is the incident neutron energy in the 
centre-of-mass system (Ey = Fan), and T is the kinetic energy operator. 


if ae (?/2m)(2V 25° Sip SV ogy" ae eee) ce eeee (2) 
where m is the neutron or proton mass. The interaction ¥ (tj) may be written 
Vy) =(wt+mM +hH + bMHA)V (ij) + epVic));  seaween (3) 


where V¢ is the coulomb interaction and €,,=1 if 7, 7 are both protons and zero 
otherwise. IM and H are the Majorana and Heisenberg exchange operators 
and w, m, h, b, are constants so that 

w+m+h+b=1 ] 

Be ee TR, oo (4) 
where x is the ratio of the singlet and triplet interaction between neutron and 
proton in an even state. 

The wave function ’ assumes a different form for the two systems considered. 
For the neutron—He collision a resonating group wave function of correct 
symmetiy may be written (if 1, 2 refer to protons, 3, 4 to neutrons) 

¥(1234)=4(11— P4)q(123) F(4)x(1234) ss, (5) 
where yy is the ground state wave function of *He, y is an appropriate spin 
wave function, F(4) is the spatial wave function of neutron 4 relative to the centre 


of mass of the *He nucleus and P3, 1s the operator which interchanges all 
coordinates of 3 and 4. 


The total spin of the system is either S= 1 for the triplet or S=0 for the singlet 
state in which case, if #4 is assumed to be totally symmetric in the coordinates 
of 1, 2 and 3, y is given by 

1 
S=1, %x4(1234) = <5 {a(1)8(2) ~ P(1)a(2)}a(3)a(4) 
*xo(1234) = 5 {x(1)8(2) — B(1)ax(2)}{a(3)B(4) + B(3)a(4)} 
1 
*X-1(1234) = V2 (#1 )B(2) — B(1)a(2) }8(3)8(4) 
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S=0, *xo(1234) = 2 ia(1)B(2) — BU )a(2) a(S)BA)— BSA}. eee (6) 
Both an exact and a variationally determined *He wave function satisfy 
r Roe soe MOU ET Sia : ; 
| Wy (123) | - qv - aug V2 + V,(12) + V(12) + V(23) 
+ V(13) — By fbu(128)dr 25 =0. aout (7) 


Substituting the wave function (5) into (1), multiplying by y(123)*x (1234); 
integrating over the coordinates of 1, 2, 3, summing over spins and using relation 
(7), an integro-differential equation is epumned for F(4), in the form 


(V2+ 22) F(r) = V(r) F(r) + | K(r, 0')F(r’)dr’, ee (8) 


where coordinates r=r,—H(ryt+rotrs), vr’ =Pyr, R=r,—r, have been 
introduced, k? = 3mE,/2h? and V(r) =«U(r). 
K(r, r’)= B{O(r, r’) + S(v, r’)}+yT(r, vr’) + 5R(e, vr’) + Lr, rv’) 


tn{(z +1) Nr r’)+ P(r, rh. See (9) 


a, 8, y, 8, €, 7 are constants which depend on the total spin and on the values of 
w, m, b and h, as shown in table 1 (a). 


Table 1. Constants for (a2) Neutron—*He and (6) Neutron—Triton Scattering 


Total (a) (0) 
spin J 0 1 0) 
ov 3(3w+2b—m—h) 33w+m—h) —8(3w+2b—m—2h) 3(3w—m—2h) 
Bb 3(2w 2m+b+h) +3(2m+2w+b+h) —3(w+m) 3(6+h—w--m) 
y 3(3m+2h—w—b) 3(3m+w—bd) 3(3m+2h—w—2b) $(3m—w—2b) 
a) 4 (a — bh) -2(w+-m—b—h) 3(w +m) —3(w+m+2b+4+2h) 
€ — 3 +3 0 0 
” +1 = +4 +1 
The potential function U and the kernels Q, S, etc. are 
: Mr f 
U(r)= (3) a | AR dr'{uhy(123)2V (14), eae (10) 
O(r, r’) ) ( V(14) 
S(r.0 ) V(13) 
ire) L 9\3 M 57 V (34) 
i ome |e : 123 124 / 
R(r,r’) @ 7a | AR Yu(123)m(124) fay, (11) 
er V.(12) 
N(r, r’) | 22 un 


3/9\3( op. 27Vg_sa¥'n(123)Va_ro¥n(124) 
P(r, r’)= 3(5) | [dR iiy(123) (124) eco 


{Vs-12*bu(123) (123) | Vas2u(124)| | 3 ve | 
+( 3) L bu(123) pu(124) 2 fy (124) 
Expanding F(r) and Q(r, r’) so that 


Fr) = > 1-7, (7) Py(C0s®)y tes (12) 


0G.) => a P,(cos@)q,(7,1’); 77’ cosO=r.r’ 


60-2 
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with similar expansions of S, 7, R, L, N and P in terms of Sa talite band pa 
the equation (8) may be reduced to radial form: 


d? T 1 ae / / / 
(Ge + pin = ints [baler Madre 
where 
E 
k,=B(Qn +5) +ytn+Or, tel, + ne 1) iy, +Pah siete (13) 
H 


The scattering phases !§, are defined for the triplet and singlet states by the 
boundary conditions 


ag pa (UNE Ue SIF (r)~ sin (kr —4n7+318,) (14) 
and the differential cross section /(0) is expressed as 
OVS 2 |e) Ed 8) | (15) 


where 
1 J 
*1g(0) = 55  (2n + 1){exp (2i*8,) — 1}P,,(cos 8). 


The total cross section for elastic scattering Q is obtained by integrating (15) 
over all solid angles: 


O=27| [6)sinda. (16) 
J0 


2.2. The Neutron—Triton Collision 


‘The wave function (1234) may be expressed in a form analogous to (5): 
F234) = = (1 — Ps, — Poy)yip(123) F(4)x(1234) os. (17) 
\ 


where (123) is the triton ground state wave function and where the spin 
functions y(1234) are defined by (6). An integro-differential equation of the 
form (8) can be obtained where the constants a, B, y, 6, €, 7 are now given by 
table 1 (4) and where the kernels are defined by (10) and (11) with the replacement 
of #y and Ey by py and Ey everywhere. The scattering phases and cross 
sections are again given by the solution of (13) with boundary conditions (14). 

In the previous formulation of the problem by Swan (1953a, b) use was 
made of the relation 
; i: i 5 3h2 jas ¥ 
| Yo(124) 4 — 99 Vas? — Fo Von at + V(12) + (23) + V(13)—By | Y(123)dries=0, 

seats (18) 


which is satisfied by the exact triton ground state wave function (123), to reduce 
the kernel K(r, r’) to the form K'(r,r’), where 


aus , rf / y , By > r ; | 
Kier) =B{O+S}+y'T+5'R+y (ae - 3) Nee} arta | (19) 
No Nae 

where the definitions of O, S, T, R, Nare unchanged but 

3 7/9\8 ¢ 9V3-so1(123).Vg_ sobn(124) 5 *bp(123) 
Pl= S45) | dReip(123)p0(124) | = 2-123 a ee 

s(5) | ama(123)a IE n(123)p(124) div(123) 
In general K(r,r’) can be written in a number of different forms by application 
of relation (18) to the function ry Occurring in the kernel definitions, However, 
as was noted by Hochberg, Massey and Underhill (1954) in connection with 
the corresponding problem in neutron alpha particle scattering, the relation (18) 
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is only satisfied by exact triton wave functions, but not by the approximate 
wave functions used, and therefore it is inconsistent to employ the reduced form 


of kernel K’(r,r’). The equation (18) satisfied by F(r) may be obtained by 
requiring 


5 | Y*(H—E)¥ dr=0 


when F-—> F+6F, so that F as determined from (18) represents the best wave 
function ‘fF’ of the form (5), whether y, is an exact triton wave function or not. 
On these grounds it is clearly preferable to use A(r, r’) in its original form. 


§ 3. INTERACTIONS AND WAVE FUNCTIONS 
Two special cases of the interaction (3) are investigated, namely the 
symmetrical exchange force m=2b=4(1+3x), h=2w= 3(1—3x), and the 
Serber exchange force m=w=}(1+x), h=b=} 1—x). 
The potential well V(r) is chosen to be of gaussian form in order that the 
kernels ky may be evaluated analytically : 


Vy jeav nexp (=r ee) Sige) Nae (20) 


and for the same reason gaussian wave functions for the 3He nucleons and the 
triton are employed: 


ty = Ny exp (- 33x?) ) 
2, ij 
z A 
by = Ny exp (- ) S55) : 
2, ij 


The parameters V)=—45 Mev, p=0-2669x10%cm, x=0-6 represent a 
potential of longer range than that now suggested by the two-body scattering data, 
but, as explained above, this potential is consistent with the four-body bound 
state (E,,= —27 Mev compared with the experimental value of — 28 Mev) and also 
with the binding energy of the deuteron. The wave function constants v, A 
are found by minimizing the energies Ey, Ey, given by relation (7), 
which is, therefore, automatically satisfied. The constants are found to be 
A=0-1436 x 107 cm, v=0-1404 x 10cm, giving 
Ey, = — 5:49 Mev, He —474MCV. sens (22) 


The values of Ey, Ey, are somewhat lower than those observed, —8-3 and 
—7:55 Mev, but scattering cross sections are generally insensitive to binding 
energy values, provided the theoretical values (22) are used when evaluating 
R(t, 7 ). 

With these forms for the potentials and wave functions the potential function 
U and the kernels g,, s,, etc. assume the form 


Wy =A-exp(=770)y | ln wwe (23) 
alts’) =Ay exp (= yr? —P yr) nanligt) 


with similar expressions for s,, t,, /,, 7,, and 7, in terms of A,, A, etc. and 


608 
P(7,7r')=A, exp {—y,(r?7+r7)} | {180° +7'2) — a7, \ Fn trla(K pt’) 


—28rr' F' snr?) | Laie (24) 
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JF, s)X) is defined as 4%, .2(%) =(— 1)"V G7), 11e(@) and 


mV» yea Spy 
We ) v4 Qu pe? YO Oy + 2p’ 


a (mo 3\ /81 vy _ 9 o(15¥+ 16m) 
= (Fe) ( (= (6v+p)2(3v+2u)’ 72 16 (6v+p) ” 


9 o(15y+4y) _ 27 v(3v+2u) 


A =27/ 


U 


+ 


a 16 Gnu) a 8 (6v+p) ’ 
A,=A, y,=ly [=Yq Ks=Ko 
id 3/2 
= Ge) rea aT i= gy l004 A) 
k,= = (6"—4n), 
A= "| \(z) 3h y= = 35% ae 


mV, v2 
h? } (6v+4y)3?’ 


§ 4. NUMERICAL CALCULATIONS AND RESULTS 


Accurate solutions of equations (13) with boundary conditions (14) have been 
obtained with the pilot AcE electronic computer of the National Physical 
Laboratory using a programme constructed by one of us (H. H. R.) and described 
elsewhere (Robertson 1956). ‘The phases *'8,, have been found for all significant 
n (up to m= 4) for both the Serber and symmetrical potentials for incident neutron 
energies in the laboratory system of Ejap=1-0, 2:5, 5-0, 8-0 and 14-Omeyv. The 
computed phases are displayed in table 2, where the normalization is such that 
6 +7 is recorded if [8] exceeds 7/2. Swan (1955) has shown that the absolute 
normalization of the zero order phases for both neutron-triton and neutron—3He 
scattering is such that *18,->7 at zero incident energy. 


‘Table 2. Calculated Phases 


Phases are given in degrees and decimals, and normalized so that 8 + 7 is recorded 
if || exceeds 7/2. The energy E is in Mev (lab). 


1. Neutron—*He Collisions 


(a) Serber interaction—total spin 1, 


E n= 0 J 2 3 4 

1:0 —28-967 SE U07/ —0:026 

IS — 44-998 + 38-096 ==(Ni ly 

5:0 — 61-807 +- 63-577 —0-734 

8-0 = YS DNS 07 73) ales SO +0:416 
14-0 +86:271 + 62-945 == 1 e515) + 1-620 — 0:016 
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Table 2 continued 
(6) Serber interaction—total spin 0, 


E = 0 1 2 3 a 
1-0 —10:277 —0-740 + 0-076 
2:5 —18-506 —1-822 + 0-664 
5-0 — 29-748 —1:267 +3-091 
8-0 —41-001 + 4-420 +-7-920 
14-0 — 58-739 + 26-338 19-427 =+-()-252 +0:-213 
(c) Symmetrical interaction—total spin 1 
1-0 —30-707 +3777 —()-042 
Diss —47-899 + 13-080 —(0)-336 
5-0 — 66-254 +25-505 —1-:374 
8-0 — 81-676 +31-285 —3-076 
14-0 +77-054 +30:739 —6-413 +0804 —0:097 
(d) Symmetrical interaction—total spin 0 
1-0 —16-285 —1-583 +0-059 
25 — 26-755 —4-921 +0-500 
a0) — 39-540 —9-846 +2-220 
8-0 —51-681 —13-676 +5:374 
14-0 —70-471 —14-901 +-12-113 —0-311 +0:154 
2. Neutron—Triton Collisions 
(a) Serber interaction—total spin 1. 
1:0 — 29-360 +7945 —0-028 
Ded —45-664 +30:282 —0-217 
5-0 — 62-845 +53-747 —0-821 
8-0 —76-982 +59-231 —1-619 +0-400 
14-0 + 84-226 +55-604 —2-141 + 1:546 —0-025 
(6) Serber interaction—total spin 0. 
1-0 — 30-567 +6:162 —(0-035 
D5 —47-607 +22-097 —(0-274 
5-0 — 65-656 +-40-232 —1-060 
8-0 — 80-602 +45 +523 —2-175 +0°397 
14-0 +79-402 +42:268 —3-403 +1474 —0:052 
(c) Symmetrical interaction—total spin 1. 
1-0 — 30-454 +4-453 —()-:038 +0:-001 
Dh —47-491 +15-688 —(0-306 -+-0-010 
5-0 —65-651 +30:292 —1-240 
8-0 — 80-856 + 36-396 — 2-732 +0:293 
14-0 +78-332 + 35-186 —5-412 +1-021 —0-078 
(d) Symmetrical interaction—total spin 0. 
1:0 — 32-263 +2-423 —0-054 
2°5 — 50-432 + 7-688 —0-440 
5-0 — 69-992 +13-710 —1-826 
8-0 — 86-596 +15-349 —4-168 
14-0 +70-198 +11-094 —9-097 +0:461 —0:160 


Examination of table 2 shows that the neutron-triton phases are nearly 
independent of the total spin of the system. ‘The zero order phases are also 
insensitive to the exchange nature of the interaction, but the Serber force is 
effective in producing phases which are considerably in excess of those given by 
the symmetrical interaction. The corresponding calculated angular distributions 
(figures 1 to 5) show in general that the Serber potential gives rise to greater 
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maxima at 0° and 180° than does the symmetrical potential and wee 
Serber total cross sections (table 3) are considerably larger than those deriv 
from the symmetrical potential. 


Cross Section (units of 1077° cm?) 


Lt 1 1 
0 90 180 90 180 
Angle of Scattering in c.m. system (deg) 
Figure 1. 
50 i | T ies imi wil ‘la Vig 4 eee a 


Cross Section (units of 107?° cm?) 


ies ES vera A i Pt Ms Soe ees 
0 90 180 90 180 
Angle of Scattering in c.m.system (dep) 


Figure 2. 
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Figure 3. 
(For captions see below figure 5.) 
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Figure 5. 


Figures 1 to 5: Angular distributions for the elastic scattering of neutrons by *He and 
tritons at incident neutron energies of 1-0, 2:5, 5-0, 8-0, 14-0 Mev respectively. 


A, Symmetrical interaction. B, Serber interaction. 


Table 3. Calculated Total Cross Sections 


1. Neutron—He Collisions 


Force type £ (Mev) 1-0 225 5-0 8-0 14-0 

Serber 1-15 2°33 MoT 1-60 0-993 

Symmetrical 1-04 1-08 1-08 0-901 0-554 
2. Neutron—Triton Collisions 

Force type £ (Mev) LO 25 Bd) 8-0 140 

Serber 1°37 2:22 2:38 1:74 0-947 

Symmetrical 1:29 1°36 1:35 1-06 0:589 


2 


Cross sections are in units of 10~*4 cm?. 


In contrast to the neutron-triton system, the neutron—*He phases depend 
markedly on the total spin of the system. ‘This is not unexpected, as for total 
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spin S=0 a real four-body bound state exists, but not for S=1. ‘The variation 
of phase shift with nuclear force type is similar to that in the neutron-triton case, 
but even more marked; in fact the resulting total cross section for the Serber 
force is in some cases over twice that for the symmetrical force (table 3). 


§ 5. COMPARISON WITH EXPERIMENT 


The neutron-triton cross section at an incident neutron energy of 14 Mev 
may be compared with the observations of Coon, Bockelman and Barschall 
(1951), which have been included in figure 5. The experimental curve exhibits 
a maximum at 180° and a minimum at about 110°-120°. Both sets of theoretical 
curves agree reasonably well with the observations which are subject to an absolute 
error of +20°%,. The same workers have measured a total cross section for 
scattering between 90° and 180° of 0-17 barn which compares with the calculated 
values of 0-15 barn and 0-15(5) barn for the Serber and symmetrical forces 
respectively. 

It is unfortunate that the only experimental information is at an energy where 
the Serber and symmetrical cross sections from 90° to 180° do not differ widely. 
Reference to the figures show that at lower energies the situation is very favourable 
as the cross sections for the two forces considered are quite different in the backward 
direction, especially in the neutron—*He case. Clearly further experiments at 
lower energies would be of great value. 


§ 6. CONCLUSIONS 


The sensitiveness of the calculated cross sections to the force type at the lower 
energies implies that a choice could be made between the Serber and symmetrical 
interactions were experimental information available. The corresponding 
proton-triton and proton—*He collisions have been extensively studied experi- 
mentally and phase shift analyses of the observed data are available. A comparison 
with the present calculation has not been attempted as Swan (1953 b) has shown 
that the coulomb interaction introduces important modifications of the phase 
shifts at these energies, but an extension of the calculations to these systems 
is at an advanced stage, and will be published shortly. 

Comparison of the present results with those of Swan (1953 a,b) for the 
neutron-triton collision reveals important differences. While the phases 6, 
are comparable, the present 5, phases are larger than and of Opposite sign to those 
of the previous calculation. As discussed above, this difference is probably due 
to the different form of kernel K employed. As in addition Swan solved his 
equations by a variational method, it would be useful to estimate the accuracy 
of such methods applied to nuclear scattering problems, and it is intended to 
investigate this point in the proton—*He case. 

The present formulation of the four-body scattering problem is subject 
to a number of errors whose importance it is difficult to assess. Polarization 
of the target nucleus by the incoming neutron is neglected, but this effect has 
been found to be small for energies above 2 Mev in the scattering of neutrons by 
deuterons (Christian and Gammel 1953) and can presumably be neglected in the 
present case, as the He and triton nuclei are more tightly bound structures than 
the deuteron. On the other hand, the gaussian wave functions and interactions 
employed lead to kernels k,(r, r’) of too short a range and this may lead to an 
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underestimate of scattering at small angles. In the neutron—*He collision the 
charge exchange reaction 


n+*®He>p+3H 
is possible at all energies and, therefore, the inclusion of an additional p+3H 
group in the resonating group function (5) may be of importance as the systems 
n+*He and p+*H will be strongly coupled. The D+D grouping and the 
influence of excited states of the alpha particle may also be of some importance. 


An investigation into the influence of the charge exchange reactions is being 
undertaken. 
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Abstract. In the absence of any precise theoretical treatment of the ionization 
loss of heavy charged particles at low energies, Bethe’s original ionization loss. 
formula has been modified empirically by introducing a multiplying factor 
P= (Zeps/Z){ E?/(E2 — E,?)} which removes the zero of the logarithm at 2mv?/J=1 
and passes to unity at high energy. The modified formula gives results showing 
reasonably good agreement with the experimental data of Madsen and of Warshaw 
on the ionization loss of protons in Al, Cu, Ag and Au down to approximately 
50 kev and passes on smoothly to Bethe’s original formula at medium and high 
energies. A modified range-energy relation for low-energy protons based on 
this formula is computed. Range-energy values are calculated from this relation 
for Al, Cu, Ag and Au. The results for Al and Cu show considerable departure 
from Livingston and Bethe’s curves for protons at low energies. 


§ 1. Berue’s Formuta or Ionization Loss AND ITS LIMITATIONS 
| J sv charged particles like «-particles and protons continually lose 


energy, suffering ionization loss, in passing through a stopping medium 

by inelastic collisions with the bound electrons in the medium. The 
position regarding the theoretical calculations and experimental measurements 
of the ionization loss up to the end of 1951 has been admirably summarized by 
Bethe and Ashkin (1953) and that up to June 1953 by Allison and Warshaw 
(1953). Special mention should be made of the work of Warshaw (1950) on the 
measurements of ionization loss in Al, Ag, Cu and Au for protons of energy from 
400 kev down to 50 kev and of Madsen (1953) in the energy region 2 mev to 400 kev. 
Except for the low-energy region, the ionization loss of heavy charged particles 
is correctly represented by Bethe’s formula (1930): 


dE 47re4 2 2mz 
— ae —— me n Mi ee Jo) eee (1) 
VA ye 
i> and. ES (1 a) 
h m 


where v is the particle velocity, m the mass of the electron, M the mass of the 
proton and / the average ionization potential of the atoms in the medium. 

The chief difficulty with Bethe’s formula (1) is that the energy loss vanishes 
when 2mv?/T=1. Of course the usual binding corrections applied by Bethe 
do avoid the vanishing of the energy loss at 2mv?/I = 1, but the treatment is quite 
complicated and also it does not solve the difficulty at very low energies. On the 
other hand, Lindhard and Scharff (1953) have recalculated the ionization loss 
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of charged particles on the Fermi-Thomas model of the atom. It has been 
admitted, however, that the apparent good agreement of their theory with 
experiment at low energies may not be justified, because when a more rigorous 
treatment is attempted on the Lenz—Jensen model, the agreement becomes much 
worse for low velocities. The problem is complicated at low velocities by the 
capture and loss of electrons which are difficult to treat theoretically, and have not 
been incorporated in any existing theory of stopping power. 

In view of the difficulties of a purely theoretical approach to the low-energy 
problem, it seems possible to modify the simple Bethe formula empirically by 
introducing a multiplying factor F which would remove the zero of the logarithm 
and which would go to unity at high energies. The purpose of the present 
paper is to attempt this modification. Earlier a similar attempt was made by 
one of us (Kaila 1955) to explain the ionization loss of a-particles at low energies. 
By a careful analysis of the low-energy experimental data for protons in metals 
in the light of Bethe’s formula we come to the following form of this factor: 

Z 2 M 
= mn oe é where Lo= tm 


F 


‘Thus the modified ionization loss formula becomes 


aE eaMViete Ve E 
ee seins. ee 2) 
dx m Néett | ee Od - i (2) 
This modified formula can now be compared with the experimental results and 
its validity examined. 


§ 2. COMPARISON WITH EXPERIMENT AND DISCUSSION 


The results of the experiments on ionization loss at low energies (Warshaw 
1950, Madsen 1953) are shown in figure 1, curve I, where the quantity 


ae ey, 
NZ ae = oe, 


is plotted against log,,(4mE/MJ); E represents the particle energy Mv? in 
kev and A is the mass number of the stopping element. The values of the ioniza- 
tion potential / for the various elements Al, Cu, Ag and Au which are used above 
are respectively 150, 279, 422 and 650ev. ‘The values for the first three elements 
are due to Bakker and Segre (1951). For gold we have used the value 650 ev, 
which fits the experimental data quite well. Obviously, the validity of Bethe’s 
formula requires the plot to bea straight line. The experimental points, however, 
clearly fall on a smooth curve considerably deviated from the expected straight 
line and approaching the latter only at medium energies corresponding to 
logy) (4mE/MI)=~0-8. For the various elements Al, Cu, Ag and Au the critical 
energy below which the deviation sets in is approximately 500 kev, 750 kev, 
1-3 mev and 1-9mev respectively. ‘To demonstrate the agreement of the experi- 
mental results with the modified formula (2) obtained after introducing the 
correction factor F, we have plotted (AE/FZ)dE/dx(kev cm? mg) against 
log,)(E/E,) for the various metals over the proton energy range of 2000 kev to 
50kev. ‘The result is shown by curve II in figure 1, where the observed points 
for all the four metals are seen to fall very strikingly on a nearly smooth straight 


(kev cm? mg) 
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line down to about 50 kev (for aluminium). The deviation of Bethe’s original 
formula at low particle energies, therefore, vanishes in this modified form. In 
the plot of the curves in figure 1, Z the atomic number of the stopping element 
has been used as such instead of Zere and for all the four elements considered the 
points lie approximately on the single straight line II, which simply means that 
Zetr=const. Z. The constant factor here can now be easily found by fitting the 
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Figure 1. Plots of (AE/Z)dE/dx (curve I) and (AE/FZ)dE/dx (curve ID) for protons 
against log,)(4mE/M/J) in Al, Cu, Ag and Au, 


observed dk /dx values for the various elements with the formula (2). Such a 
fitting gives us the relation Zery=0-833Z and the nature of the fit is clearly seen 
from figure 2(a) and (6) where the calculated values of dE/dx at various energies 
using formula (2) are plotted. The curves for Al, Cu, Ag and Au have been 
shown and for each of these metals the corresponding Bethe plots (using relation (1)) 
have been shown for comparison. In practically all the cases, the results calculated 
from formula (2) show a much better agreement with the experimental results 
than those from Bethe’s formula. The fit for Al is the best, the average deviation 
between the calculated and experimental results being about 3 to 4%. For Gm 
and Ag, the fits obtained are within an average deviation of 7 to 8% from the 
experiment. In the case of gold the average deviation is somewhat larger 
(about 15%). This may be due to uncertainty in the value of the average 
ionization potential J for Au used by us or some uncertainty in the experimental 
data as mentioned by Green, Cooper and Harris (1955) who obtain experimental 
values about 25%, higher than those of earlier workers. Thus there seems to 
be a doubtful situation so far as the experimental values of dE/dx for gold are 
concerned and an exact comparison with experiment as done by us is not quite 
satisfactory. Incidentally, it may be mentioned that the value 0-833Z obtained by 
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us for Zee is quite close to the value 0-85Z in Bloch’s formula (1933) for the 
ionization potential 7. Further we are using the same relation for Zery for all 
the metals in the whole range of energy, and for the same metal, the same value 
ot J is used throughout the entire energy region. This may be considered con- 
sistent with the fundamental assumption of the validity of Bloch’s theory for 
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Figure 2. The plot of dE/dx (kev cm® mg™*) values at various energies for protons in (a) 
Al, (6) Cu, Ag, Au. MW, experimental data of Madsen and of Warshaw; B, curve 
calculated from Bethe’s formula (1); full curves calculated from formula (2) not (4). 


ionization potential of elements at all energies. This is, however, unlike the 
procedure adopted by some earlier authors, Hirschfelder and Magee (1948), 
who tried to fit Bethe’s original formula with the observed ionization loss at low 
energies by adjusting different values of Zere and J the average excitation potential 
at different small intervals of energies. 


§ 3. THE RANGE-ENERGY RELATION FOR PROTONS AT LOW ENERGIES 


The range R of protons in the various metals can now be calculated from 
the usual definition of range and by using numerical integration over small 
intervals of energy between 0 and E. We have by definition 

E 70'08 kev dE -20 kev dE -H dE 
ES ee 4 saan t | te, qRGR’ tte (3) 
0 dE/dR Jo dE/dR — } qoskev dE|dR 20 kev GE /dR 
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For the ionization loss dE/dR we write from (2) 
dE Zeit EF E 
dR (kev cm? mg 1) = 14-42 x 104 Hx EE? i ‘ 
where A is the mass number of the stopping element. The energy loss dE/dR 
is now calculated from (4) within energy intervals of 20 kev from EF down to 20 kev. 
From this energy down to 2 kev, an interval of 1 kev is taken, from 2 to 0-4key, 
an interval of 0-2kev and from 0-4 to 0-O08kev, an interval of 0-04 kev. The 
integrals in (3) are then evaluated numerically using Simpson’s rule of numerical 
integration. For final range calculation R at 0-08kev is neglected because its 
contributionis extremely small. The final range—energy relations for the different 
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Figure 3 (a). The range-energy relations for protons in (a) Al and Cu, (6) Ag and Au. 
(3) and (4), calculated curve from the relations (3) and (4); L-B, Livingston- Bethe 
curve, 


metals Al, Cu, Ag and Au are shown in figures 3(a) and (6). The calculated 
points are only up to 140 kev, below which the curves are extrapolated. For 
Al and Cu the best range-energy relations known so far, as given by Livingston— 
Bethe (1937) curves at low energies, are also reproduced from Bethe and Ashkin’s 
article (1953) for comparison. For Ag and Au no such range—energy relation 
exists at low energies. 


§ 4. CONCLUSIONS 


Of course, the main problem still remains to be solved, namely the exact 
mechanism for the capture and loss processes taking place in ionization 
phenomena. ‘he solution of this alone will enable one to explain the peculiar 
form of the equation (2). However, since we have arrived at a definite form of 
the correction factor F which fits the experimental observations at low energies 
fairly well, and which brings about a smooth transition to Bethe’s ionization 
formula at high energies, the nature of this factor may facilitate the understanding 
of the complicated mechanism of ionization loss at low energies. 
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The Nucleonic Component in Cosmic Ray Extensive Air Showers 
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Abstract. The ratio of the density of fast nucleons to that of electrons in extensive 
showers has been measured within 20 metres of the shower axis, the nucleons being 
detected through the evaporation neutrons arising from the interactions of these 
particles. It is shown that the ratio 8 decreases with increasing distance from the 
shower axis and also decreases with increasing shower size over a range defined by 
electron densities in the immediate neighbourhood of the axis of from 50 to 
S50ina-*, 


§ 1. INTRODUCTION 


HE nucleonic component of extensive air showers forms the initial structure 

of the showers from which the electronic and mesonic components are 

derived by the superposition of particles and cascades from a range of depths 
through the atmosphere. Near the shower axis the intensity of the nucleonic 
component is great enough for useful specific measurements to be made upon it, 
and measurements in this region may be expected to be of interest. 

‘The two aspects of the N-component in extensive air showers which have been 
investigated most frequently are (1) the ratio 8 of the density of nucleonic particles 
to that of electrons (substantially, to that of all other ionizing particles) and (2) the 
variation of 6 with distance from the shower axis. The earlier experiments 
(Cocconi, Cocconi-'Tongiorgi and Greisen 1949, McCusker 1950, Sitte 1950) 
were designed to determine the fraction of the ‘ penetrating particles’ which caused 
nuclear interactions in absorbers (the nucleonic particles). The importance of 
shower size was not appreciated and many of these experiments appeared to be 
inconsistent. The variation of 8 with shower size has been demonstrated by 
Kasnitz and Sitte (1954), who concluded that the ratio of density of N-particles to 
that of the electrons decreases with increasing shower size, ranging in value from 
0-62°,, for showers containing between 3 x 104 and 2 x 105 electrons to 0-439, for 
showers with more than 10° electrons. . 

The interpretation of experiments to investigate the variation of 8 with distance 
from the shower axis has only become effective with the application of core-selecting 
techniques. Thus Cocconi and Cocconi-Tongiorgi (1950) using a core selector 
at an altitude of 3260 m found that the intensity of N-particles to all other ionizing 
particles was about 1°, and that this value showed a tendency to diminish with 
distance from the shower axis. This result probably stands in spite of the fact 
shown by Greisen, Walker and Walker (1950) that nucleonic interactions them- 
selves account for between 25°, and 50%, of the response of this core selector. 
At 3860 m altitude, Vavilov, Nikol’skij and Sarentsey (1955) using a different core- 
selecting technique showed that the intensity of N-particles is 0-3 to 0:3.°%, of all 


ionizing particles and that this ratio decreases with increasing distance from the 
t Now at the University of Birmingham, 
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core. At sea level Fujioka (1953), using apparatus similar to that of Cocconi has 
shown that the ratio of N-particles to ionizing particles does not change rapidly 
with distance from the core. 

The present experiment was performed near sea level and the nucleonic com- 
ponentis, therefore, almost exclusively fast neutrons and protons. ‘The nucleonic 
particles are detected by the evaporation neutrons they produce ina large absorber, 
and use has been made of a core-selecting device developed in the laboratory by 
E. W. Kellermann and his co-workers, the performance of which has been reported 
by Kellermann (1956) and will be described in detail elsewhere. 


§ 2. THE APPARATUS 


The arrangement of the detecting apparatus is shown in figure 1, and the 
component parts are described below. Two core selectors, CS, and CS,, have 
been used with two nucleon detectors, N;and N,. The relative positions of these 
four units were as indicated and they have thus given data for 2, 6, 12 and 20m 
separations between core selector and N-detector. 
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Figure 1. Arrangement of the detecting apparatus. 


A core selector consisted of three trays s, each containing two unshielded 
counters of active area 140 cm?, placed in a triangle about the shielded counters S. 
The shielded counters were placed at depths of 5cm and 20 cm ina large lead pile. 
The minimum requirement for the detection of a shower was that at least one 
counter in each unshielded tray should be discharged simultaneously. Discharges 
amongst the shielded counters were used to detect a degree of cascade multipli- 
cation which, in coincidence with discharges in the shower trays s, was considered 
to indicate that the axis of the shower had fallen close to the core selector. The 
decoherence curves obtained between two such selectors show that it is possible 
to determine ‘core criteria’ which lead to approximately constant core selecting 
efficiency over a tenfold range of electron densities. Kellermann has also estab- 
lished from the decoherence curves that more than 50°%, of showers with detected 
cores will have axes falling within 3 m of the centre of the core selecting array. 

Figure 2 gives a sectional drawing of one of the nucleon detectors. Four 
counters 41 cm long and 5cm in diameter filled with 1°B F; to a pressure of 40cm 
Hg, were surrounded by paraffin wax blocks lin. thick which moderated the 
evaporation neutrons produced in the surrounding lead (6in. thick). ‘The 
background count due to evaporation and slow neutrons in the atmosphere was 
reduced by surrounding the lead by a further thickness of wax. Tor the N, 

one 
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detector this was 4in. thickand for the N, detector 8in.thick. The detectors each 
contained about 20001b of lead and except for the difference of thickness of the 
external wax layer, which is of no account in the present work, were identical. 
The counters and immediate circuits, together with the moderating layer of wax, 
were sealed in a metal box containing a drying agent. 
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Figure 2. Nucleon detector, 


The neutron pulses from each of the four counters were fed through a mixing 
circuit into a single channel and the integrated count recorded at quarter hourly 
intervals. ‘The steady counting rates of the two N-detectors are recorded for 
other purposes, but they also provided a sensitive check on the overall performance 
of the units. Figure 3 shows a block diagram of the circuit system used for 
detection of N-particles in coincidence with showers. ‘The shower pulses from 
each core selector opened a coincidence circuit for the detection of neutron pulses 
from +5 psec to +200 psec after a shower pulse. 


Shower 


Pulse 


Figure 3. Circuit arrangement for detection of nucleons in coincidence with showers. 
M, Mixer; A, amplifier ; D, discriminator; S, scaler; MR, message register; 

Dl, delay; C, coincidence unit; G, gate unit,; CC, Camera control. 7 ; 

The efficiency of detecting a nucleon which enters the lead of an N-detector 
must be determined if the observations are to lead to numerical values of B 
Although the efficiency must be a function of nucleon energy, at this stage we do ace 
attempt to determine this function but effectively introduce a lower energy cut-off 
below which we do not detect nucleons and above which we detect all nucleons 
with the same average efficiency «. It is not possible to give a firm estimate of the 
cut-off energy, but this can hardly be less than 1 Gev. The efficiency « is estimated 
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from the probability p of detecting a single evaporation neutron, the average 
number z of these neutrons derived from each incident nucleon in the lead absorber 
and the time interval (‘gate’) during which neutrons were detected after each 
prompt shower pulse. Following Cocconi a mean life of slow neutrons in our 
detector of 160 usec has been adopted but the result is quite insensitive to this 
value in terms of the overall accuracy of the estimate of e«. Using the data of Tobey 
and Montgomery (1951) the rate of production of neutrons by N-particles in each 
of our units is 2-2 x 10°h-!, the detected rate of the continuous neutron flux is 
6900 ht, giving p~0-03. A concordant value of p was found by a direct measure- 
ment using a Ra—Be source of known neutron activity. The average multiplicity 7 
is estimated to be 65 following the results of Cocconi, Cocconi-Tongiorgi and 
Widgoft (1950). ‘These values of p, 7 and gate interval give «=0-6. Mainly on 
account of the uncertainty of the adopted value for n, this value of « may be in 
error by as much as 30°, an uncertainty which extends through the whole of the 
results given below, but which does not affect comparisons made within the data. 


§ 3. THE RESULTS 


‘Two sets of observations have been made. ‘The first set records the detection 
of N-particles in coincidence with showers selected by the unshielded s trays of the 
core selectors irrespective of the behaviour of the shielded counters of these units ; 
the second records coincidences of shower ‘ cores’ with the detection of N-particles. 


3.1. Detection of Nucleons in Showers (without reference to core detection) 


Showers showing a large density gradient in the electron component at the 
apparatus were selected by requiring that in one shower unit at least one counter 
from each of the three selecting trays should discharge whilst in the other unit at 
least one selecting tray should fail to respond. 

Observations upon these showers are set out in table 1 in terms of the distance 
from that shower unit in which a shower response was observed to that N-detector 
in which a neutron was detected. The two N-detectors did not come into use at 
the same time; the total operating time for distances 2 and 12m was 4871 hours 
and for the distances 6 and 20m 3088 hours. The total numbers of shower— 
nucleon coincidences (s, n) are shown in line 3 of table 1. Line 4 shows the 
experimentally determined ratio (s, n)/(s). 

The results are compared with the values of (s, n)/(s) calculated on the following 
assumptions : (a) that the lateral structure function of N-particles is the same as 
that for the electronic component. For this function the Bethe approximation of 
the Moliére structure has been used, but Blatt (1949) has shown that analyses of this 
kind are not very sensitive to the form of structure function used; (b) that the 
number-spectrum of N-particles is of the same form as the number-spectrum of 
electrons: 

S(N)dN=K NV dN 
where y has been taken to be 1-5. These assumptions imply that f is independent 
of position in the shower and of shower size. ‘The product (Be) can be adjusted in 
the calculation to give the best fit with the observed values of (s, n)/(s). If this 
fit extends to all measured distances it provides evidence of the suitability of the 
assumptions. 
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The values of (s, n)/(s) calculated in this way are given in lines 5 and 6 for two 
values of (Be) of which the first (line 5) is that giving the best fit with the observed 
ratio. ‘The calculation, extended along well known lines, yields a value for Nj», 


Table 1. Shower—Nucleon Coincidence Data 


CS-N distance (m) 2 6 iP 20 
Total no. of showers (s) 8038 5095 8038 5095 
No. of shower—nucleon : 
coincidences (s, n) 594 341 266 iS) 
Ratio (s, n)/(s) 0:047+ 0-003 0:0674+0-004 0-:033+0:002 0-0234+0-G02 
Calc. (s, n)/(s) 
(Be) = 0:0069 0-072 0-072 0-032 0-022 
(Be) =0-0050 0-052 0-052 0-023 0-016 
Ny2 X 10-5 i 1°3 1:4 2-0 


the median shower size, and this is shown in the last line of the table. The estimate 
of Nj). is of very limited absoulte significance because of imperfect knowledge 
of the electronic structure function: it is of immediate value, however, in providing 
some indication of the uniformity of the shower size in our work for the various 
separations of the electron detectors and nucleon detectors. 

For this calculation, which is rather insensitive to lateral structure, it appears 
adequate to assume that the lateral structure function of the nucleonic component 
isthe same as that forthe electrons. ‘Then the best fit is obtained with (Be) = 0-0069, 
where (Be) is determined to a much greater precision than the efficiency « is known. 


Since we consider that ¢ lies within 30°/, of 0-6, we conclude that 6 lies in the range 
0:008<f<0-015. 


3.2. Distribution of Nucleons in Showers with Located Cores 


The data used in this part of the work consist of records of coincidences between 
either nucleon detector and the particular response of the core-selecting units 
which is interpreted as due to a shower core falling in the immediate vicinity of a 
coreunit. The records are classified according to shower density, measured in the 
unshielded counter trays of the core detectors, and according to the distance from 
the core selector to the nucleon detector involved. For small distances and for 
large showers, the probability of a core-neutron coincidence js so large that to 
estimate the corresponding density of incident nucleons account must be taken of 
‘overhitting’, that is the probability that neutrons arising from more than one 
incident nucleon may be expected to be recorded in a single event. 

Direct estimates of nucleon density at distances 2, 6, 12, 20m from the core 
selector are given in table 2 for four (electron) density classes, the figures in brackets 
indicating the number of observations upon which each density estimate is based. 

If the core selector located the strict axis of the shower, these figures would yield 
directly the lateral distribution of the detected nucleons. However, the uncertainty 
of location of cores is not negligible at least when compared with the smaller core 
selector-neutron detector separations, and it is preferable to interpret these 
densities in relation to electron densities measured with the same core-selecting 
system, and to the electron lateral structure observed in this way. ‘The measured 
lateral structure was kindly communicated to us by Dr. Kellermann, and the 
calculation of the median electron density within each shower class (corresponding 
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Table 2. Nucleon Density A,(m-2) as a function of Shower Class and of 
Distance from Core Selector 


CS-N distance (m) = 


Shower 2 6 iL? 20 
Class 
3 1-01 (11) 0-34 (3) 0:40 (9) 0:21 (2) 
4 1:48 (18) 0-89 (11) 0-49 (11) 0-14 (1) 
5 2°21 (23) 1:36 (17) 0:52 (12) 0-22 (1) 
6 2°67 (14) 1:47 (11) 0:83 (8) 0-76 (4) 


to a particular response of the s counters) is straightforward. It must be noted 
that this median density is modified by the differing probabilities of occurrence of a 
nucleon coincidence over the range of shower densities comprising the shower 
class. This modification is not very sensitive to 8 and involves only a simple 
approximation. 

In table 3 the values of 8, corresponding to the neutron densities given in table 
2, are shown; here also the number of nucleon—core coincidences in each case is 
shown in brackets, since the main uncertainty in the value of 8 arises from the 
small number of these coincidences which have been observed. 


Table 3. Values of the Ratio £ for various Electron Densities and Nucleon—Core 
Separations 


ee CS-N distance (m) ——+—-——____- 


Shower Pet (m-?) p 6 12 20 
class 
3 55 0-021 (11) 0-010 . (3) 0-020 (9) 0-020 (2) 
= 84 0:020 (18) O-ON Simei) 0-018 (11) 0:009 (1) 
5 148 0-017 (23) 0-016 (17) 0-010 (12) 0-008 (1) 
6 330 0-009 (14) 0-006 (11) 0-006 (8) 0-012 (4) 


Pei = electron density at core selector. 


While the table shows a tendency for £ to decrease with increasing shower density 
and increasing distance from the shower core, the fluctuations are large. The data 
have, accordingly, been fitted to an expression of the form 


B=P)(1—alogr) 


where « is assumed the same for all shower classes investigated, and the best value 
of B, obtained for each class. ‘The resulting constants of this expression are given 
in table 4. 


Table 4. Values of B, 


Shower 
class Pe) (m~?) a Bo 
3 55 0:2 0:023 + 0-003 
4 84 0-2 0-022+ 0-003 
5 148 0-2 0:017+ 0-003 
6 330 0-2 0:009+ 0-003 


Pel= mean electron density at core selector. 
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The fit is not sensitive to changes of «, but the results are not consistent with a 
negative value of x On the other hand the values of 8. and in particular the 
relative values, are not sensitive to change of «. For the data in tables 3 and 4, 
the median shower size, N,. ranges from 5 x 104 in shower class 3 to 3 x 10° in 
shower class 6. As has already been stressed this quantity is open to grave 
objections when it is derived from a small sample of each shower, but it offers some 
indication of shower size which may be related to that of showers studied by 
other means. 


§ 4. Discussion 


The experiment on core-selected showers leads to the conclusion that the 
fraction B which the N-particles bear to all ionizing particles decreases with 
increasing distance from the shower axis, although the rate of decrease is not well 
determined. This conclusion is supported by a comparison of the results for the 
core selected and non-core selected showers, the average value of f for the former, 
0-017, being significantly greater than that for the latter, 0-011. For the core- 
selected showers, the average distance from the nucleon detector to the shower 
axis is much less than 10m; for the showers selected without core detection, on 
the other hand, this distance is certainly greater than 10 m. 

This conclusion is not affected by the uncertainty of e, the efficiency of nucleon 
detection. It establishes at sea level an effect already observed by Cocconi and 
Cocconi-Tongiorgi (1950) and by Vavilov, Nikol’skij and Sarentsev (1955) at 
mountain altitudes. 

The near axial value fy of the ratio of N-particles to all charged particles is 
significantly greater than that at mountain altitudes (Vavilov et al.) by an amount 
which cannot be accounted for in terms of the uncertainty of the efficiency «. 
It, moreover, decreases with increasing shower size (whether shower size is defined 
in terms of all particles, of electrons or of nucleons), in qualitative agreement with 
the mountain observations of Kasnitz and Sitte (1954). 

Evidence has recently been assembled (Greisen 1956) which emphasizes the 
persistence of a nucleonic component of showers which in the lower part of the 
atmosphere governs the attenuation of the electronic component. ‘This compo- 
nent must be concentrated very closely upon the shower axis, and the N-component 
described in this paper and the electronic component are both being continually 
reinforced by its interactions. From this view point the variation of 8, with 
altitude and with shower size are in the direction to be expected, forthe ratio of the 
electronic component to the observed N-component is a measure of the efficiency 
of meson production, and this is to be expected to diminish as the average energy of 
the sustaining axial nucieonic flux falls off, either with depth in the atmosphere or in 


a shower from a low energy primary as compared with that from a more energetic 
primary. 
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Abstract. A search has been made for localized sources of high energy cosmic 
rays, by measuring the directions of arrival of the particles in extensive air showers 
with cloud chambers run in coincidence with a counter detecting system. An 
angular resolution rather better than 5° was achieved. No sources have been 
found between latitudes 10°N and 90°N on the celestial sphere for showers of 


average energy 8 x 10 ey. 


§ 1. INTROpUCTION 

HE only method available at present for the study of cosmic ray particles 

of energy, over about 10" ev, is through the detection of extensive showers. 

Measurements in several laboratories (Cranshaw and Galbraith 1954, 
Auger et al. 1955, Cranshaw and Elliot 1956) have so far revealed no certain 
variation of these high-energy showers with time, which indicates a high degree of 
isotropy of the primary particles in space. However, the arrays of counters used 
for these measurements effectively collect extensive showers arriving throughout 
a large solid angle. If it were not for the atmosphere, this solid angle would be 2z. 
In fact, due to the absorption of the atmosphere the effective solid angle of collection 
at sea level lies between 1 and 2 steradians. Thus, though it is fully established 
that there is so far no detectable deviation from isotropy when the celestial sphere is 
scanned by a detecting apparatus with an aperture of 1—2 steradians, there always 
remains, in principle, the possibility of the existence of localized sources. ‘Though 
there are reasons why the existence of such sources of high-energy cosmic rays is 
rather unlikely, it is important to make a direct experimental attack on the problem. 
To do this, one could use a cosmic-ray ‘shower telescope’ with a small aperture. 
This, however, is quite impracticable as the rate of events would be far too small. 
Consequently, it is necessary to measure the direction of arrival of every shower 
over the whole available solid angle permitted by the atmosphere. 

This can be done in two ways : (a) by timing the delays between the arrival of 
the particles at different parts of the shower and deducing the direction from these 
times (Clark 1956), (b) by the direct but also more laborious method of measuring 
the particle directions in a cloud chamber. 

Both these methods give comparable results, in that they have an angular 
accuracy of rather better than 5°. Thus, expressed in terms of solid angle, the 
direction of arrival of any shower can be determined to about a hundredth of 
steradian compared with 1-2 steradians of an ordinary counter array. 

It is interesting to speculate on the possible ways in which some localized 
sources might originate. 

(1) The present theory of isotropy of the cosmic rays depends on the assumption 
of the randomizing influence of interstellar magnetic fields, connected with the 
turbulent motion of interstellar gas. ‘These fields might have some symmetry 
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characteristic which would allow high energy charged particles to arrive prefer- 
entially from certain directions. 

(2) If a large nearby star emits very energetic charged particles, and the mag- 
netic field between the star and the earth is either low in magnitude or parallel to the 
direction of the star, then a maximum intensity would be observed in that direction. 

. (3) It must not be completely excluded that stable neutral elementary particles 
might exist among the primary cosmic rays which would, therefore, be unaffected 
by magnetic fields and so would arrive directly from the source. It is even con- 
ceivable that high energy neutrons might arrive undecayed from nearby stars. 
For instance, a neutron of 10! ev has a mean lifetime of about 30 years and so could 
travel 30 light years with only about 50%, chance of decaying. 

In this paper, an experiment is described which uses the cloud chamber method 
for determining the directions of arrival of extensive air showers, and it will be 
shown that no sign of localized sources has, in fact, been detected. 


§ 2. EXPERIMENTAL ARRANGEMENT 
The directions of arrival of shower particles have been measured in four cloud 
chambers, run in coincidence with a counter detecting system. A diagram of the 
apparatus is shown in figure 1. Two groups of counters were placed 20 metres 


THE EXPERIMENTAL ARRANGEMENT 
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Figure 1. Experimental arrangement. 


apart, roughly in the E-W plane. Each group consisted of 3 trays of 6 Geiger— 
Miiller counters, 4x 40cm?2, placed vertically so that their greatest area faced 
roughly North-South, on the corners of a triangle of side about 2 metres, and 
connected through a three-fold coincidence unit. The counter trays were placed 
on edge so that showers which arrived at an angle inclined to the vertical, and in 
which the number of particles were reduced owing to their greater path length 
through the atmosphere, had to some extent a compensatingly higher chance of 
detection. ‘Those showers which came in inclined from the North-South 
direction saw greater counter area, while those which came in inclined from the 
East-West direction saw a shorter distance between counter sets. In this way, 
the effective opening angle of the apparatus was increased, so that as large an area 
as possible on the celestial sphere could be examined for point sources, . 
A double coincidence between the two groups of counters (i.e. a six-fold 
coincidence between the trays) provided a master pulse to trigger four cloud 
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chambers; two were placed halfway between the two counter sets, one facing 
North-South, the other East-West, and two were placed one near each counter set, 
also facing one N-S, and one E-W. The three-fold counting rates were about six: 
per hour, and the six-fold, triggering, ratewas 1:2 perhour. ‘Thecloud chambers. 
expanded simultaneously on the master pulse from the counter sets, and a pair of 
stereoscopic photographs was taken of each, together with a plumb line, clock and 
date slip. Figure 2 (Plate) shows a large shower recorded in chambers I, I] and IV 
(chamber III was not operating when this photograph was taken). The cloud 
chambers were of conventional design. ‘They were filled with approximately 
90°, argonand 10°, oxygen, saturated with an alcohol—water mixture (75 °% alcohol, 
25°, water). Chamber pressure was about 15 cm Hg above atmospheric, and the 
expansion ratio was approximately 1-08. ‘The compressed position, determined 
by the air pressure between the piston and the back of the chamber, was controlled 
by a Nielsen valve. Illumination was provided by twenty-four 150 watt, 110 volt 
incandescent lamps, each with a 5 in. condenser lens, overrun at 230 volts, for the 
flash time of approximately 200 milliseconds. "The cloud chamber dead time was 
about 34 minutes. 

All the apparatus was housed in thermostatically controlled huts on the roof of 
Imperial College, London. The temperature was usually set at approximately 
20°c, but the cloud chambers could be run at temperatures varying from 15°c in 
winter to 25°c insummer. ‘The experiment ran for a year, from March 1955 to 
March 1956. 


2.1. Energy Estimation 


The energies of the primaries responsible for the showers measured in this 
experiment were estimated from the total number of particles in the showers, under 
the following assumptions : (a) The primaries are protons (rather than heavy 
nuclei); (b) the showers develop according to the simple electron—photon cascade 
process, and the nucleon cascade is ignored. 

The total numbers of particles in the showers were calculated using the lateral 
distribution function given by Nishimura and Kamata (1951) for an age parameter 
S=1-2 (Zatsepin 1956). 

Under these assumptions, the average energy of the showers observed in the 
experiment was found to be approximately 8 x 10 ev. 


2.2. Results 


The cloud chamber photographs for each day were examined, and events were 
selected in which four or more tracks looked reasonably parallel in any one chamber. 
About 25°, of the events satisfied this criterion. The directions of the tracks in 
the N-S and E-W planes were then determined by projecting the stereoscopic 
photographs through the lenses of the camera which took the picture, on to a 
tilting screen. A further selection was then made of those events in which at 
least four tracks were parallel, first to within about 5° in any one chamber, and later 
to within 3°. This gave 1100 showers in the first class, and 685 in the second. 
These numbers are rather low, not so much because there was a wide scatter in 
the directions of particles in some of the showers, as that a number of events were 
rejected because of the quality of the cloud chamber photographs. 

About 20% of the showers selected showed tracks in two or more chambers; a 
greater proportion would be expected to do so, but were not observed because the 
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loud chambers did not operate equally well all the time. Comparison of the 
directions given by different chambers for the same shower gave agreement to 
Pathin 5-2° standard deviation from the mean for the first group of showers and 
3-2 for the second, so it was felt to be justifiable to rely upon directions given by 
single chambers and to include them in the analysis. Figure 3 shows the difference 
in shower directions recorded between two chambers. 

Figure + Shows 1100 shower directions plotted in laboratory coordinates. The 
projection in the N-S plane is plotted along the x-axis and the projection in the 
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Figure 3. Difference in shower directions recorded between two chambers. 


Figure 4. Shower directions in laboratory coordinates. 
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E-W plane along the y-axis. The distribution is symmetrical about the vertical ; 
most showers come in at small zenith angles, and the greatest angle from which a 
shower was recorded was 53°, 

The 1100 showers were examined for a solar time variation. ‘The film 
was usually removed and the cloud chambers checked in the morning, so a small 
spurious time variation was expected, with maximum in the early afternoon, 
just after the chambers had been reset. A small (~10%) variation was found, 
in fact, but statistically it was barely significant (y? test gave a probability of 
0-15), and since the experiment ran for a full year, no correction was made for 
this effect when the shower directions were plotted on the celestial sphere. 
Figure 5(a) shows 1100 showers whose directions are known to within +5°, 
and 5 (4) shows 685 showers whose directions are known to within + 3°, plotted 
on a mercator projection of the celestial sphere. 

The numbers of showers observed decreases with increasing zenith angle, 
because of atmospheric attenuation, so the density of showers on the celestial 
sphere appears to fall off from declination 51° (corresponding to the direction 
vertically overhead in London) towards the equator in one direction and the pole 
in the other. ‘Table 1 gives (a) the average number of showers per 40 minutes 
right ascension for different 10° declination intervals on figure 5 (a) (i.e. in squares 
corresponding to the angular resolution of the system), (6) the maximum number 
of showers observed in any one interval of right ascension at the different 
declinations, (c) the number which corresponds to a statistical fluctuation with 
a probability of less than 1°, in each declination interval. 

Table 2 gives similar figures for 74° squares on figure 5 (6). 


Table 1 Table 2 
Declination Declination 
interval (a) (bd) (e) interval (a) (Olam (a) 
(deg) (deg) 

90-81 0-9 4 6 §83-81 O-4 y 5 
$1-71 3°3 7 9 81-734 1-0 3 if 
71-61 4-8 10 14 733-66 leg 4 8 
61-51 5-9 10 14 66-584 ilo7/ 5 8 
51-41 Bey 10 14 583-51 2-4 6 9 
41-31 Sia) 10 14 51-433 Di?) dl 9 
31-21 33 8 9 431-36 1-6 6 8 
21-11 0-8 4 6 36-281 15 4 7 
i1- 1 0-2 2 4 284-21 1:0 4 7 
21-134 0-4 3 5 

134-6 0-1 1 3 


It can be seen that in no case does the observed number of showers reach 
he 1°% level of significance, corresponding to the numbers in column (c) and it is 
-oncluded, therefore, that there are no localized sources of cosmic rays of sufficient 
trength to be detected in the experiment. 

Figure 6 shows the histograms and the Poisson distributions of the numbers 
of showers observed in: (a) 10° squares on figure 5(a) between 31° and 71°, 
b) 73° squares on figure 5 (6) between 282° and 733°. 

A rough estimation can be made of the minimum source strength detectable 
n this experiment. 786 showers whose directions of arrival are known to within 
+ 5° were observed between declinations 31°N and 71°N, and the average 
umber per 10° square is 5-5. If 14 showers had been observed in any such 
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interval on this part of the celestial sphere, there would have been less than a 4°% 
chance that it was due to a statistical fluctuation (see table 1). ‘Taking 14 as the 
minimum number required to give any significant indication of a localized source, 
it follows that a source whose strength corresponds to (14—-5-5)/786 = 1-1 x 107? 
of the background rate could have been detected in this experiment. A similar 
calculation made for the showers whose directions are known to within + 3°, 
between 285° N and 733°N, gives the minimum detectable source strength as 
1:2 x 10°? of the background rate. 
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Figure 6 (a). Histogram and Poisson distribution of the numbers of showers observed per 


10° square. (4) Histogram and Poisson distribution of the numbers of showers 
1 


observed per 73° square. 

A rough upper limit to the intensity of any particular localized source of 
high energy particles which are not deflected by interstellar magnetic fields may 
also be deduced from these results. 

Suppose that a certain source, distance R light years from the earth, emits N 
particles per second of energy greater than 8 x 10!5ev, which can travel to the 
earth’s surface without decaying, and with less than 5° deflection. If the 
collecting area of the array for showers of this size is a circle of radius acm, and the 
polar diagram of the apparatus has a half angle 6 degrees, then the number of 
particles from the source detected by the array is 


N za 20 

eT) a 

47 (RX 1048)? 360 

The total number of showers actually measured to 5° accuracy in this 

experiment was 1100, and the rate of arrival of showers of energy greater than 
8 x 10!° ev is about 1 per hour, so the effective observing time is 1100 hours. 
Taking a~25 metres, and @~40°, the number of showers received from a particu- 
lar source during the course of the experiment is 


N 80 N 
epee Ae ey Cee o oe 
= FR 1058 x 6°25, x 105 x 360 x 1100 x 60 x 60 = R med 3 5x eer 

The maximum number of showers observed in any one 10° square on the 
celestial sphere is 10, so taking n=10, the upper limit to the intensity of any 
localized source is given by 


n 


R? 
N=10x T35x 10 2 1G x 1074R?. 
For example, suppose the bright star Vega, right ascension 18h35 min, 


declination 38°44’N, emits high energy cosmic ray particles. It lies 26 light 
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years from the earth, and the number of showers observed in the 10° square in 
that direction, n=9. Therefore 

N=9 Aue Se nL0" 

NAO cep ses Balt 

1 35ssa0-* 

i.e. the upper limit to the intensity of emission of particles of energy greater than 
8x 10" ev which are not deflected by interstellar magnetic fields from Vega is 
5 x 10°" sec, which is approximately 10-* of the total energy output of this star. 


§ 3. CONCLUSION 

No evidence has been found for the existence of localized sources of primary 
cosmic rays whose energies, according to conventional estimations, are of the order 
of 8x 10% ev. Sources of strength greater than 1°, of the background counting 
rate could have been detected, if they existed. It is still possible that further 
experiments with better statistical accuracy or at higher energies may reveal some 
effect, but the results of this experiment imply that (a) interstellar fields do not 
have the shape or symmetry characteristics necessary to allow high energy charged 
particles to arrive preferentially from any particular direction at the earth’s 
surface in numbers sufficient to be detected; (b) there are no localized sources 
of high energy cosmic rays, in the northern celestial hemisphere, between 10° N 
and 90° N, which emit particles undeflected by interstellar magnetic fields and 
of energy greater than 8 x 10° ev, with an intensity greater than 8 x 10?4R? sec“, 
where R is the distance of the source from the earth, measured in light years. 
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Abstract. Calculations are carried out on the rate of simple ionic recombination 
between H~ ions and various positive ions B+(H-+ B+ +>H+B). The coefficient 
describing the process is in general very high—at normal temperatures values 
of about 10~“ cm* sec”! or more are to be expected. Dissociative ionic recombina- 
tion (A-+CD*+A+C+D) is also discussed. It may be extremely rapid. 


§ 1. INTRODUCTION 
Simple ionic recombination 


Aj+ Bee Ae BiG) qo Ae (1) 


requires at least one transition between the potential energy curves associated 
with the initial and final systems. In general transitions occur mainly near the 
pseudo-crossings of these curves. The characteristics of the process have been 
discussed qualitatively by several authors (Magee 1940, 1952, Bates and Massey 
1943, Massey 1952, Massey and Burhop 1952), and detailed calculations on 
Ho(1s)?-+ Hoh (1s) + Hs 2pasipiand od) meee (2) 

have been performed (Bates and Lewis 1955). We present in this paper an account 
of an investigation concerned with the probable range of magnitudes of the rate 
coefficients for the cases in which the negative ion is that of atomic hydrogen. 


Some comments are also made on effects that arise with molecular ions. In 
particular dissociative ionic recombination is discussed. 


§ 2. RECOMBINATION BETWEEN H~ Ions anp Atomic Positive Ions 
21. 


For simplicity we shall confine ourselves to the idealized case in which only 
a single pseudo-crossing of the potential energy curves is of importance. The 
occurrence of additional pseudo-crossings would tend to increase the rate 
coefficient. 

Let Rx be the internuclear distance at the pseudo-crossing point, p the chance 
that the systems make the approach along the given potential+, E their initial 
energy of relative motion and AE the energy released by the recombination. 
Using the well-known Landau-Zener formula for the probability of a transition 
it may readily be shown (cf. Bates and Lewis 1955), that the cross section for the 
process is given approximately by 

O=47pR,? (1 + +) iC) ae eg se (3) 


t For the cases considered in § 2 pis unity, 
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where 
F4(n) = Ex() — Ex(2n); Bx(x)= |“ exp (—t)dt an (4) 


and 
_ We®MUAU(Rx)}? : 
"= DIRE LAEYAARR Ce 


M being the reduced mass of the colliding systems and AU(Rx) being the separation 
between the potential energy curves at the pseudo-crossing. In the derivation 
it is assumed that when R exceeds Rx the interaction between the ions may be 
taken to be coulombic (except in so far as it affects the value of Rx), and the 
interaction between the neutral atoms may be neglected. In the cases that are 
of interest Rx is so large that the assumption does not lead to serious error. If 
the assumption were not made the denominator of (5) would contain a certain 
additional factor differing only slightly from unity. This factor was included 
in the work reported in the earlier papers of the series (Bates and Moiseiwitsch 
1954, Dalgarno 1954, Bates and Lewis 1955). We omit it here as we wish to 
keep the number of parameters as low as possible. 

The ionic recombination coefficient « may be obtained by multiplying the 
cross section by the velocity of relative motion and averaging over the appropriate 
Maxwellian distribution. Putting 

ReSe NE “as Re oy See (6) 
in the external factor of (3), but not elsewhere, and inserting the values of the 
fundamental constants, we find that at a temperature of T°K 

<= TRAE TS. Peay — z)| len e(cm sec) 


where i= 

e247 VARA RS) 
P= 116% 10/T osx. (8) ce =T (kny ee Neuse: (9) 
AU(Rx) and AE being now in ev and M being on the O-scale (and therefore 
being approximately unity if one of the ions is H” and the other is relatively 
massive). The integral in (7) may be evaluated with the aid of the tables of 
Placzek (1946). Figure 1 shows plots of log [M1?a/p] against log¢ for some 
chosen values of T and AEF. 


pee 
With the exception of AU(Rx) the atomic parameters on which « depends 
may be readily determined provided the term values involved are known. 
To add to the meagre information that is available on AU(Rx) it was judged 
desirable to compute this parameter for the pseudo-crossings associated with 


H-(1s)? + Lit > H(1s) + Li(2s, 2p, 3s, 3pand3d) —........ (10) 

H-(1s)? + Nat H(1s) + Na(3s, 3p, 4s, 3dand4p)_ ...... (11) 
and 

H-(1s)?+ K++ H(1s)+ K(4s, 4p, 5s, 3d and 5p). —...... (12) 


Let (tai Yaz) be the wave function of H ‘(1s)’, ¢(r,,|1s) be that of H(1s) 
and 4(rpo|2l) be that of the valence electron of the alkali atom. Taking these 
62-2 
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AE=0-S5ev AF =!-0ev 


AF =2-0ev 


=] 
-4 = =2 -I 0 +] 


Figure 1. Dependence of recombination coefficient on parameter € defined in (9) of text. 
Predicted values of € are shown by the vertical lines: for AE=0-5 ev the value 
is —4-6 (which is off the scale). In each set the uppermost curve is for a temperature 
of 250°K, the lowest is for a temperature of 2000°K and the two intermediate are 
for temperatures of 500°K and 1000°K. 


wave functions to be real and treating the electrons in the closed core as Passive 
it may be shown from the standard quantal formula concerned (cf. Bates and 
Moiseiwitsch 1954), that 


AU(Rx)= 7-379045% [-% |(atomic units) 51, (13) 
where 
eer 

es J iad )I | W(tar, Var) P(ray | Is)b(rps|nl)dr,dr, ...... (14) 
s=|$(ra [1s)d(rg lade (15) 

and 
I = | | HOran ras) 6(rar|1s)6(rbs |al)Idry dry, (16) 

with 


ia ee ee 
iy Yay Fag te tks oe Ae (17) 


=0 Vay Yao. 
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In general S and s are small compared with unity so that it is only necessary 
to determine % accurately. Noting that d(ra,|1s) is a very compact wave 
function, it may be seen from (16) and (17) that -% is not unduly sensitive to the 
form of u(ra,, rag) and that it is controlled mainly by the amplitude of (rp. | n/) 
at radial distances comparable with the internuclear distance at which the 
pseudo-crossing occurs. This is of considerable importance. 

Representing (ray, fag) by the approximation due to Lowdin (1953), and 
(rp |nl) by the Coulomb approximation (cf. Bates and Damgaard 1949), and 
using the exact 4(ra|1s) it is a simple task to express S, s and % in terms of the 
J-tunctions of Coulson (1942). The formulae are cumbersome and need not 
be presented. 

With the detachment energy of the hydrogen negative ion taken to be 0-747 ev 
(Henrich 1943), and the polarizability to be 230 atomic units (Bates and Lewis 
1955) Rx was found for each of the 15 pseudo-crossings being treated and AU(Rx) 
was then computed. The table gives the values obtained together with the 


corresponding values for the five pseudo-crossings investigated by Bates and 
Lewis (1955). 


Basic Quantities relating to the Pseudo-crossings associated with 
H-+ B*+— H(1s) + B(n, /) 


System AE Rx AU(Rx) 

B(n, Ll) (ev) (A. U.) (ev) 

ea (2s) 4-643 WS 6°07 x 10> 
(2p) 2-796 10:6 APSR Se MOY 
(3s) LoD zhl 21-6 Di Ob all Ole 
(3p) 0-810 3377 9-14 «10 
(3d) 0-766 35-6 4-53 x10 

Na (3s) 4-390 77 S85) IK 
(3p) 2-288 12-6 S200 
(4s) 1-200 2-9 Ate) NO < 
(3d) 0-775 35-2 4-86 x 103 
(4p) 0-639 42-6 te CHiexaO me 

K (4s) 3-592 8:8 4:95 x 10-1 
(4p) 1-980 14:3 2A 104 
(5s) 0-986 27-7 E90 510- 
(3d) 0-923 29-6 ows 1kO== 
(5p) 0-530 51-4 Soesil < NO 

jl (AS) 2°652 | Jags 1" 
(2p) 2:652 =I 4-07 x 1071 
(3s) 0-763 35-6 4-91 x 10-3 
(3p) 0-763 3520 6:40 « 10-3 
(3d) 0-763 35-6 4°58 x 10- 


All points on a [log(AU(Rx)), AE] plot cluster about a curve (cf. figure 2). 
This is as would be expected, for from what has been stated earlier it is apparent 
that AU(Rx) should be approximately proportional to the amplitude of the final 
wave function at the position of the H~ nucleus; and the amplitude depends 
mainly on Rx and on the effective principal quantum number both of which may 
be expressed in terms of AE. den 

Using (9) we may thus estimate Cif AF is given. Relevant values are indicated 
in figure 1 by vertical lines. Figure 3 shows the (log ¢, AZ) curve superimposed 
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@ s-states 


4 p- states 
x d- states 


AE ev) 


Figure 2. Calculated values of AU(R,). Atom and principal quantum number of state 
entered as indicated. 


T =2000°k 


20 25 05 10 15 20 5 
AE (ev) 


Figure 3. Full lines are contours of constant recombination coefficient (with values of 
V7'«/p marked on each): broken lines are the predicted (log €, AE) curves. 
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on a set of contours of constant « in log¢-AF space. It is clear that the rate 
coefhicient describing the recombination of H~ ions with positive ions of any 
species is very large indeed: thus in order that «/p should exceed 10-7 cm* sec 
it is only necessary for AF for some interacting state to lie between the following 
limits (in ev): 0-8;-1-6; (250°K);  0-9-1-6 (500°K); —-1-0;-1-4,(1000°K); ——t+ 
(2000°K). For a particular species «7? is approximately constant (cf. figure 1). 


§ 3. MOLECULAR IONS 


Sek: 


If one of the recombining ions is molecular account must be taken of the 
vibrational levels. Because of these we have, instead of pairs of interacting 
potential energy curves, networks of such curves. Provided it is small compared 
with the energy difference between neighbouring vibrational levels, the interaction 
energy at each pseudo-crossing in a network is simply the square root of the 
Franck—Condon factor connecting the vibrational levels concerned, multiplied 
by the value it would have for the same nuclear separation if there were no 
vibrational structure. In view of the great number of pseudo-crossings the ionic 
recombination coefficient must in all cases be large—with H~ ions values above 
10-7 cm? sec“ are to be expected at moderate temperatures. 

The character of a band spectrum emitted as a result of ionic recombination 
is of interest in connection with upper atmospheric and other studies. It may 
be noted that the distribution amongst the rotational levels of the neutral molecules 
formed is essentially identical with the corresponding distribution for the original 
ions. The vibrational distribution may of course be very much changed. In 
general it is not the same as that ensuing from radiative electron recombination. 
If 7 is large compared with unity, transitions for which the Franck—-Condon 
factors are low are favoured, while if 7 is small, transitions for which the Franck— 
Condon factors are high are favoured. The situation is complicated by the 
sensitivity of the interaction energy at a pseudo-crossing to the nuclear separation, 
R (vi, vt), which is a decreasing function of v; the initial vibrational quantum 
number, and an increasing functionof v the final vibrational quantum number. 
Other things being equal the transitions from a given vj level which are favoured 
are those to high 7, levels for large 7, and those to low vy levels for small 7. 


32; 

With molecular ions the electronic state entered may be repulsive so that 

dissociation takes place as in 
A~+CD+>A+C+D. eras soul te) 

This type of process differs in two respects from the type already considered : 
the transition is into a continuum and if it occurs it is stabilized by the separation 
of the atoms forming the molecule. Using standard time-dependent perturbation 
theory (cf. Mott and Sneddon 1948) and representing the continuum wave 
functions as do Winans and Stueckelberg (1928), it may readily be shown that 
if electronic states other than those directly concerned are ignored, the cross 
section for dissociative ionic recombination is approximately 


O' = 2npRe? (1+ =p ) Galn) Aceh) 


+ The value at 2000°k approaches 1077 cm® sec! if AE is close to 1-2 ev. 
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with 


Gs(n) =E,(0) E25) aa ee (20) 


where the notation is as before, except that AU(Rx), on which 7 depends (cf. (5)), 
is the interaction energy that would arise if the constituent atoms of the molecule 
were held fixed in their equilibrium relative positions. Modifying (7) in the 
obvious manner, we have at once that the recombination coefficient for the process 
is 


0-51p oe ; % LS ee 4 
TAPP ARPT |, exp [AB 2)]G; ( F3 ) ede(em SEC). caniut (21) 


When ¢/AE'? is much less than unity G,(¢/z!/?) is closely equal to twice 
F(C/s!") over the 2z-range of importance. Consequently «’ does not differ 
appreciably from « in these circumstances. The left-hand portions of the curves 
in figure 1 therefore apply to dissociative ionic recombination as well as to simple 
ionic recombination. 

Unlike F,(¢/2?), G,(¢/z") is a monotonically increasing function of the 
variable. It is effectively equal to 0-5 when ¢/AEZ’? is much greater than unity 
so that (21) may be integrated to yield 

re 
a! 11 x LOM TIRAR)+ ike oe \em* séurt): cams (22) 
ahk 
where as usual M is on the '®Q-scale, T is in degrees Kelvin and AE is in ev. 
In contrast to « we thus see that «’ is high when the interaction energy is large. 
It should, however, be noted that the path to the pseudo-crossing involved may 
be blocked by a non-dissociative pseudo-crossing which occurs at a greater 
nuclear separation but at which the interaction is still strong. 


‘if 
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Abstract. ‘The absolute cross section for the reaction 2C(y, p)"B at 17-63 Mev 
has been determined from a measurement of the ratio of the number of protons 
to the number of ‘ carbon stars’ produced under the same experimental conditions, 
and utilization of the known cross section for 2C(y, 3a). The value obtained 
is compared with that calculated by detailéd balancing from data on the inverse 
reaction, B(p, y)!#C, and shows that the measured values of the cross sections 
for *C(y, 3x) and "B(p, y)!®C are consistent within their stated errors. 


§ 1. INTRODUCTION 

N this paper a measurement of the absolute cross section for the reaction 

2C(y, p)'1B at 17-63 Mev is described which we believe to be of interest 

for the following reason. ‘The cross section is obtained from a comparison 
of the number of protons with the number of three-particle ‘carbon stars’, 
each subject to appropriate energy criteria, produced in the same nuclear emulsion 
by the same incident photon flux, in conjunction with an absolute cross section 
for the C(y, 3x) reaction at 17-63 Mev. It is possible also to compare the value 
so determined with that obtained by detailed balancing from data on the inverse 
reaction B(p, y)?C. ‘Thus the present measurement of the (y, p) reaction 
provides a direct and stringent test of the consistency of the cross sections for the 
two independent reactions "C(y, 3x) and “B(p, y)!2C. 


§ 2. EXPERIMENTAL METHOD 
2.1. General Arrangement 


In the experiment the nuclear emulsions themselves furnish the target through 
the carbon content of the gelatine, and in addition detect the reaction products. 
The former function makes it possible to perform an experiment with poor 
irradiation geometry, and the method of detection eliminates in part, at least, 
the problems resulting from the low disintegration rates of the reactions under 
study. ‘The emulsions also are well suited to recording the 1:5 Mev protons 
expected from #C(y, p) at 17-63 Mev, measurement of which would present 
difficulties for other detection methods, especially in the presence of an intense 
background of energetic gamma rays. 


2.2. Resolution 
Ilford type E1 emulsions were chosen for the experiment since these are 
considerably less sensitive than type C2 so allowing a greater density of events 
to be achieved before general blackening of the plates makes the search process 
+ Fulbright Fellow, on leave from the University of Pennsylvania, Philadelphia, 
Pennsylvania. 
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difficult. Even with this low-sensitivity emulsion it is not possible to discriminate 
between protons and «-particles with ranges less than about 50 microns, or between 
z-particles and the residual recoil nuclei in the case of (y, «) reactions. It was, 
therefore, necessary to measure the total range of all tracks having ranges in the 
vicinity of the expected !2C(y, p) peak at 26 microns and, in fact, a number—range 
distribution of all tracks in the interval 5 to 50 microns was determined. ‘The 
resolution to be expected for 1-5 Mev protons in a type El emulsion was estimated 
from the data of Rotblat (1950) for C2 emulsions and the comparison of resolution 
of E1 and C2 emulsions for 2:1 Mev «-particles carried out by Titterton and 
Brinkley (1949); the total width of the proton peak at half height was computed 
as 250 kev which corresponds to 6:5 microns. ‘This estimate is uncertain and 
is meant to be used primarily as a guide in the following discussion of background. 


2.3. Background 


In addition to the single photo-proton group from carbon (the 14-8 Mev 
component of the ‘Li capture radiation is below the proton threshold) and the 
‘carbon stars’, there will be other groups produced by (y, p) and (y, «) reactions 
in the nitrogen and oxygen contained in the gelatine of the emulsions. Each 
of the latter reactions may terminate in any one of several energetically possible 
levels of the appropriate residual nuclei and, consequently, a spectrum of groups 
is to be expected from these disintegrations. Listed in table 1 are details of the 


Table 1 
Reaction (1) (2) (3) (4) 
ACK GV, 19) 19-7 0) 17:6 26 
aN (vy, p) 4:3 7:7 (doublet) 17-6 44 
8:4 (doublet) 17-6 26 
9-0 17:6 13 
MN(y, a) 4.3 0 17-6 19-7 
0:72 17-6 16-0 
1-74 17-6 12-0 
D5 17/0) OS: 
Leys) 10-7 0 17-6 43-8 
4-43 17-6 19-7 
7°65 17-6 7-1 
MN(y, «) re 0 14:8 8-7 
0-72 14:8 HAO) 
6O(y, «) 10-7 0 14:8 28-0 
4-43 14:8 8-1 


(1) Percentage of atoms of element in emulsion; (2) state of residual nucleus (Mev); 
(3) y-ray energy (Mev); (4) calculated total range. 


photodisintegrations of C, 4N and 60 which give rise to protons or «-particles 
with total ranges in the emulsion between 5 and 50 microns. It will be seen 
that there are only four possibilities in 4N and 16O leading to products with ranges 
between about 20 and 30 microns, the region of primary interest, and that three 
of them are the result of (y, «) reactions. 

The disintegration 1O(y, «)!2C was reported by Wafer and Younis (1949) to 
have a cross section at 17-63 Mev of (1:8 + 0-6) x 10-8 cm®. Ina later measurement 
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of the energy distribution of the «-particles, Nabholz, Stoll and WafHfer 
(1952 a) found that transitions involving absorption of 17-6Mev radiation and 
leading to the ground state of *C were predominant: the number of «-particles 
produced both in transitions to the excited state of ?C at 4:43 Mev and in transitions 
initiated by absorption of the 14-8 Mev gamma-ray component was given as only 
25°, of the number resulting from the favoured transition. They also confirmed 
the earlier cross section value. Millar and Cameron (1953) have investigated 
the reaction using bremsstrahlung and give an excitation function with a resonance 
centering on 17-5Mev, of half-width about 5Mev, and with peak value of 
2-6 x 10-*8cm?; that is, values which are a factor of 10 smaller than those of the 
Swiss group. These are, however, regarded as lower limits because of the 
possibility of missing events in the emulsions employed. Stoll (1954), using 
bremsstrahlung of maximum energy 31 Mev, has obtained an excitation function 
with the values 0-9 x 10-8 cm? and 1-5 x 10-*8 cm? at 14-8 and 17-6 Mev respectively. 

From this evidence it appears that transitions to the 4-43 Mev state of C 
from 17-6 Mev excitation of ®O are small in number compared with transitions 
to the ground state of *C and with transitions induced by 14:8 Mev radiation. 
The major contribution from !O(y, «) to the interval 20 to 30 microns is thus due 
to absorption at 14-8 Mev; from Stoll’s cross section value this contribution is 
roughly 3°, of the peak expected from *C(y, p), if the cross section for the latter 
reaction is taken as approximately 10~*’ cm?, as predicted from the inverse reaction 
data. 

The cross section for “N(y, «) at 17-6 Mev has also been measured by Stoll 
(1954) who found the value 1-1 x 10-**cm?, which is compatible with evidence 
from the cloud chamber measurements of Wright et al. (1956). Hence the 
contribution of MN(y,«) to the background of the present experiment may 
be estimated as about 2° of the C(y, p) peak. 

The background from the remaining reaction, N(y, p), is difficult to evaluate 
because at an excitation of 17-6 Mev transitions giving rise to protons of energy 
about 1-5 Mev permit subsequent decay by neutron emission. In fact, both of 
the reactions 4N(y, p)#8C(8-4 Mev) >+C +n and 4N(y, n)N(3-5 Mev) > ?C +p 
may contribute protons to the background. ‘The (y, pn) cross section at 17:6 Mev 
may, however, be found as 1-4 x 10°’ cm? from a comparison of the (y, n) excitation 
functions obtained by measuring residual radioactivity (Johns et al. 1951) and 
by measuring total neutron yields (Ferguson et al. 1954). Then, assuming equal 
probabilities of transitions to the several possible levels in the two intermediate 
nuclei, the total cross section for transitions through the 8-4 Mev level of '*C and 
the 3-5 Mev level of 3N is 4 x 10-*8cm®. This is expected to be a generous estimate 
and, indeed is about four times larger than the value which may be determined 
from the data of Wright et al. if it is assumed that the fraction of (y, pn) transitions 
in which 1-5 Mev protons are emitted does not change appreciably in going from 
a mean excitation energy of about 21 Mev to an excitation of 17-6Mev. ‘The 
average of these rough cross section estimates indicates a background from 
MN (y, p) of about 5%, of the peak expected from carbon. 

The average total photo-proton cross section of the Ag and Br isotopes in 
nuclear emulsions has been measured for the lithium gamma rays by Waffler 
(1953) who finds (3-6 + 1:8) x 10°” cm?2, The energy distribution of the photo- 
protons shows a small excess (about 10° of the total) of protons near the maximum 
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possible energy, 10-12 Mey, while the remainder of the distribution is in rough 
agreement with an evaporation process. ‘The latter process gives virtually no: 
protons below about 2:5 Mev because of the Coulomb barrier. It thus appears. 
unlikely that protons from Ag or Br contribute to the background in the present 
experiment. The (y,«) reactions in these elements have been measured 
by Nabholz, Stoll and Wafer (1952b), who found a cross section of 
(1-24 0:5) x 10-*8 cm? at 17-6 Mev, which is in approximate agreement with the 
prediction of statistical theory, assuming all particles arise from Br(y, «) reactions. 
The observed spread in the «-particles’ energies, in conjunction with the small 
total cross section, indicate a negligible contribution to the background of the 
present experiment from this source. 

The final contribution to the background comes from naturally radioactive 
inclusions which all photographic emulsions contain and which give rise to 
a-particle tracks. This background was determined by employing control 
plates and corrections for it will be dicussed in a later section. 

Excepting the last-mentioned background, the total background from 
competing reactions is thus estimated at 10°%, of the peak expected for C(y, p). 
In view of the possible presence of small contributions from certain reactions 
which have been considered to make negligible contributions it is to be anticipated 
that this value may be too small, but it is not likely, despite its very approximate 
character, to be in error by more than one-half of its magnitude. 


2.4. Irradiation and Search Procedures 


{rradiations were made at a proton bombarding energy of 480 kev using a 
thick lithium metal target. Six 3in.x lin. type E1 plates were used, each 
being cut into halves; one half of each plate was kept as a control while the 
other halves were wrapped in black paper and arranged about the lithium target 
at approximately 2}in. from the centre and with the plane of the emulsion as 
nearly as possible at right angles to the incoming y-rays. Under these conditions 
an irradiation corresponding to an integrated target bombardment of 
2500 microampere—hours yielded plates of optimum exposure—the compromise 
being between the requirements of reasonable event density and plates which 
were not too ‘black’. 

Five independent observers, using Cooke, Troughton and Simms model 
4000 microscopes, searched the plates recording all carbon stars and measuring 
the total range of all tracks falling in the interval 5-50 microns. A typical 
number-range histogram is shown in figure 1 A where the group corresponding 
to the 1-5 Mev proton from the 2C(y, Pp) reaction (range 26,1) is clearly resolved 
and, in this case, the total half-width is rather less than that corresponding to the 
estimate of 250 kev given previously. On completion of this work each of the 
observers measured a number-range distribution for single tracks in the half 
control plate corresponding to the irradiated half plate previously searched and 
the results were combined to yield the histogram of figure 1B which represents. 
the background due to radioactive material in the emulsions. Results were 
pooled since the radioactive inclusions in plates are not always uniformly 
distributed and an average was required. The histogram shows a group centering 
at 20 1 and corresponding to the well-known a-particle contaminant in all emulsions 
(Jenkner and Broda 1949). The background correction to the histogram of 
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figure 1 A (in terms of volume searched) is small and is indicated by the difference 
between the dotted and full lines. 
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Figure 1. A. Number—range histogram for all linear tracks in an E1 emulsion irradiated 
with y-rays from the ‘Li(p, y) 440 kev resonance. Tracks of range below 20 ju 
are largely due to (y, x) reactions. The clearly resolved group at 26 is due to 
the C(y, p)"B reaction. B. Background of tracks in unexposed E1 emulsions 
due to natural radioactive inclusions. The volume of emulsion corresponding 
to B is far bigger than that yielding the spectrum of A. ‘The corrected spectrum 
in A is given by full lines; the shape of the histogram in the relevant region before 
subtraction of the background is shown dotted. 


§ 3. RESULTS 


The range measurements were converted to energy and number-energy 
histograms were plotted for the five independent sets of data. ‘These are shown 
in figure 2 A, B, C, D, E and all except E show the 1-5 Mev group clearly resolved. 
The result of combining the five sets is given, with a change in ordinate scale, 
in figure 2F. The individual sets were fitted with gaussian curves centering on 
1-5 Mev and having a half-width of 300kev; this figure for the width was chosen 
because not all number—range histograms were as clean as that given in figure 1A 
and the fit on the high-energy side of the '*C(y, p) peak taken over all the data is 
considerably better using 300kev rather than the 250kevy mentioned in § 2.2. 
Comparison of the five independent observations shows them to be in good 
agreement within the expected statistical uncertainties. A total of 2947 complete 
tracks was measured and in the same volume of emulsion 110 complete carbon stars 
were observed. As a further check on the internal consistency of the work of 
the various observers the ratio of the tracks found in the range interval 5-50 microns 
to the number of carbon stars was determined and, as shown in table 2, agreement 
is good. 

The number of tracks corresponding to the area contained by each gaussian 
in figure 2 was corrected for loss of tacks from the emulsions (Titterton 1955) 
and for the background from competing reactions discussed earlier to yield a 
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number N(y, p). ‘The number of carbon stars in the same volume of emulsion, 
also corrected for loss, had to be further corrected since some are induced by 


1e) . | 2 [@) | 
PROTON ENERGY. MEV 


Figure 2. Corrected number-energy histograms derived for the five sets of data by treating 
all tracks as protons are shown in A, B, C, D, and E. The sum of all the data 
(with a change of scale) is shown in F. The proton peaks corresponding to the 
"C(y, p)"4B reaction centre at 1-5 Mev. 
14-8mev radiation; previous measurements in this laboratory showed that 
90°, of the carbon stars produced in emulsions are due to the 17-6Mev line. 
If the corrected number of carbon stars is N(y, 3x), then 
N(y,P) 
OYs P)iz-g =O 30). eee 1 
\y Paz 6 (y, az ° My, 3x) ( ) 
The values of N(y, p)/N(y, 3a) and their corresponding errors are given in 
table 2, the weighted mean being 7-00 + 0-73 so that, in terms of the LC (yn Ses) 
cross section 04;.g'C(y, p)=(7-00 + 0:73)o47.62C(y, 3a). 


§ 4. ‘THE VALUE OF 047.¢!2C(y, p)41B aNp DiscussION OF THE RESULT 


The reaction C(y, 3x) has been studied intensively with both Li y-rays and 
bremsstrahlung as sources of incident radiation. The wide spread of cross 
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section values which have been reported was discussed by Carver, Hay and 
Titterton (1955) and led these authors to remeasure the cross section at 17-6 Mev. 
They obtained o(y, 3«),,.¢=(1:70 + 0-24) x 108 cm?, and using this value in 
equation (1) found the cross section for C(y, p) to be (1-19 + Ore ie 1 02cm 
where the error is largely due to the uncertainty in o(y, 3x) 


Table 2 

(1) (2) (3) 

A 21%+4:6 Oepae i197 
B 32°7+6°9 dae they 
c 24:2+4:-9 6-34+1-4 
D 23-0+4:8 Usise thos) 
E Bz lei yy, Gesise ee 

Mean values 26-6 (7:00 + 0:73) (weighted) 


(1) Data; (2) tracks in interval 5-50 u per carbon star; (3) N(y, p)/N(y, 3a). 


The excitation function for the reaction B(p, y)#C (in its ground state) 
up to a proton energy of 2-8 Mev has been measured by Huus and Day (1953) 
who found a resonance at an excitation energy of 17-2 Mev having a total width 
at half-maximum of 1:27Mev. The absolute value for the cross section at 
the peak of the resonance was calculated by them under the assumption of an 
isotropic angular distribution. Gove and Paul (1955) have since determined the 
angular distribution to be anisotropic in the region of proton energies from 1:0 
to 2-5 Mev, and also obtained a relative excitation function for the reaction which 
verifies the detailed shape of the broad resonance at 17-2mMev. From these 
results it is possible using the principle of detailed balancing to compute the 
2C(y, p)B cross section at 17-6 Mev as (1:09 + 0-16) x 10-2” cm? where the error 
is that of the |'B(p, y) absolute cross section. 

The agreement between the two values of o(y, p) is excellent and thus it 
appears that the measured cross sections for !'B(p, y)!##?C and “C(y, 3x) are 
consistent within their stated errors. 
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A Problem in Relativity Theory 


By HERBERT DINGLE 
104 Downs Court Road, Purley, Surrey 
Communicated by Lord Halsbury; MS. received 20th Fune 1956 and in final form 
22nd October 1956 


Abstract. ‘Vhe paper analyses a form of the familiar ‘clock paradox’, in which 
two observers separate and re-unite, but in which the accelerations normally 
necessary at starting, reversing and stopping are eliminated, so that the problem 
lies wholly within the scope of the special theory of relativity. 

The importance of the problem lies in the fact that it embodies all the essential 
principles of that theory, about which recent correspondence in Nature has shown 
much disagreement to exist. The points specially brought out are the following: 

(1) ‘The theory is not basically concerned with a comparison between different 
observers but between different coordinate systems which are available to a single 
observer. 

(2) It is not basically concerned with a comparison between stationary and 
moving systems but between descriptions of a single system with respect to 
different arbitrarily chosen standards of rest. 

(3) The familiar expression, ‘time retardation’, does not relate to a physical 
change experienced by a clock but to a comparison of times of an event by two 
clocks, at least one of which is not present at the event. When both are present 
the discrepancy vanishes. A similar remark applies to the ‘ Lorentz contraction’ 
of moving rods. 


N a recent correspondence in Nature (1956) the old problem of the ‘clock 

paradox’ was again discussed in relation to the recently recognized possibility 

that space travel at high velocities might become feasible some time in the future. 
It had been suggested by Sir George Thomson (1955), on the basis of a calculation 
by Professor W. H. McCrea (1951), that a traveller at uniform velocity to a star, 
on returning to the Earth, might find that he had ‘aged’ by 143 years, while 
terrestrial clocks would indicate that he had been absent for 17 years. | disputed 
McCrea’s calculation and maintained that the traveller would have aged by the 
same amount as the terrestrial clocks indicated, except possibly for an infinitesimal 
amount which might be caused by the means adopted for accelerating him at the 
beginning, middle and end of his journey. ‘The correspondence showed that 
it was very desirable to work out the problem in detail, but the space available in 
Nature was insufficient for this. ‘This paper is, therefore, an attempt to do so 
on the basis of the special theory of relativity. It is hoped that it will make the 
essential nature of that theory clearer—a result which, whatever may be the truth 
of the matter, the variety of views expressed in the correspondence shows to be 
most necessary. 


The essential part of McCrea’s argument is as follows: 

“The observers R, M are initially at rest in an inertial frame F; R 
remains at rest; M moves directly away from R and travels for time T 
with uniform speed V in R’s reckoning; M then comes to rest in F, 
remains at rest for time ¢, then returns to R, with the exact reverse of his 
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outward motion. The times during which M’s speed is changing at the 
start and finish of his outward and return journeys, and the time ¢, are 
given and are independent of 7. Whatever these times may be, we take 
T so great that they are negligible compared with 7. Then the following 
statements can be made with negligible errors. 

‘At the event of M’s completing the part of his outward journey 
performed with speed V, observer R plots M as at a distance X(= VT) 
from himself. (We say ‘plot’ instead of ‘see’ to avoid complications 
about times of travel of light in the process of seeing.) Owing to the 
Lorentz contraction, M at the same event plots R as at distance «X from 
himself, when «=(1—V2/c?)"?. During the interval t when R, M are 
both at rest in F, they must each plot the other as at distance X. But as 
soon as M has again acquired uniform speed V, this time towards R, 
he again plots R as at distance aX. 

“R’s account of M’s journey relative to himself is, still neglecting 
quantities small compared with X and T: M moves out and back through 
distance X at speed V; total time 27. On the other hand, M’s account 
of R’s journey relative to himself is: R moves out through distance «X 
at speed V, then R ‘cheats’ by rushing out to distance X and back again 
to distance «X in negligible time, and finally completes his return at speed 
V. total time 2«7. This is less than 27 and is the usual result. 

“It does not matter which observer regards himself as at rest, and 
neither need know anything about inertial frames. All that is necessary 
is for an umpire to supply them with standard clocks and scales and to 
tell each to record a plot of the other’s apparent motion. ‘The whole 
point is that these plots will not be the same. ‘There will be an 
unambiguous difference between the results which will involve no 
paradox.” 


McCrea, as will be seen, ignores the brief accelerations at the beginning, 


middle and end of the journey, and makes his calculations entirely in terms of 
formulae which are valid only when the motion is uniform. It would, therefore, 
seem that we are justified in considering this as a problem in special relativity 
only. Some, however, objected to this since the journey would not be possible 
without the accelerations, so I will substitute the following problem, suggested 
to me by Lord Halsbury, in which the uniform part of the motion is preserved 
without change, and the accelerations are not necessary and, in fact, do not occur. 


Consider two clocks, A and B, situated respectively at the origins of 
the two coordinate systems assumed in the ordinary derivation of the 
Lorentz transformation formulae; i.e. they are in relative motion with 
uniform velocity V, and at the moment when they are at the same place 
they both read t=0; thereafter they recede from one another. A has 
an observer beside it, whom also we may call A without confusion; B is 
merely a clock. At some instant t, by A’s clock he sends a beam of light 
(velocity ¢) towards B and receives it back by reflection at a later instant ts. 
It shows the reading of B at the instant when the light reaches B: call this 
ty’. Now suppose a third clock, C, is approaching A from beyond B, 
and suppose that it reaches B at this instant ¢,’ and that it also reads 7,’ 
at this instant, so that A sees this reading on the dials of both B and C. 
‘The problem is then: when C reaches A, will it agree with A or not ? 
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Let us first of all consider the outward journey of B, from the time it leaves A 
to the time it meets C, asa problem by itself, and afterwards deal with the readings 
of C. We will consider this problem first from the pre-relativity point of view. 
At the instant t, let A be at A, and Bat B,. Now the course taken by the light will 
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depend on which of the two clocks is moving. If B is moving and A stationary, 
then the light will chase B, catch it at B,, and return to A at Aj, so that its total 
path will be 2A,B,. If, however, A is moving and B stationary, the light will 
reach B at B, and return to the retreating A at Ag, its total path being A,B, + ByA.. 

In case (1) the light travels, in time t,—¢,, a distance which B has travelled 
in time f, (t, is A’s reading at 1,’ by B, and #,=#,'). Hence (t,—t,)/t,=V/e, 
whence 


es , t, 
tl, =t, ra 1—V/e’ Sele rerraire (1) 
and 
1+Vie 
tg =t,+2(t, 2 eels prem cae Sue falieieie (2) 


In case (2) the light covers A,B, in time Vt,/c, since A,B, = Vt, so that 
pete Vie). De ets uae (1’) 


At this instant A is at a distance Vt, from B, so that by t, the light has to gain this 
distance over A. In unit time it beats him by e—V, so it will do this in time 
Vt,/(c—V). Hence 

tz =t, + Vi,/(e—V)=t, Te eke: 2) 

We see, therefore, that while the light will return to A at the same time, no 
matter which clock is moving, the time it will show on B’s dial will depend on 
which is the moving clock. This, in fact, would have been a perfectly good 
experiment to perform (if the practical difficulties were not insurmountable) 
to decide this point: it would have been the equivalent of the Michelson—Morley 
experiment in terms of clocks instead of measuring rods. 

Now consider the problem in the light of the special theory of relativity. 
That theory rests first of all on the fact that the Michelson—Morley and all such 
experiments (and I do not think anyone will object to my including the one just 
described among these, although it has not actually been performed) do in fact 
fail to reveal which body is moving, but give the same result whatever motion 
we impose on the system as a whole. ‘The first and most basic postulate of the 
theory, therefore, is that all observable phenomena connected with the relative 
motion of two bodies will be exactly the same however the motion may be supposed 
to be shared between them. In particular, if we suppose that one of them is 
at rest, then it does not matter which one that is; we must expect to observe 
exactly the same things in either case. But ¢,’ is an observable phenomenon, 
and the above discussion shows that, according to the ideas prevailing before 
1905, its value must depend on whether it is A or B that is moving. Hence a 
second postulate is necessary in order to remove this requirement and justify 
the first postulate, that of the relativity of motion. 
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Einstein found scope for this second postulate in the fact, which he was the 
first to realize, that we had assumed without justification that the time at which 
a distant event occurred was something that had a meaning apart altogether from 
the means which we might adopt for discovering it; ©.g., that t, was identical 
with t,’.. By denying the validity of this he gave himself the task of defining such 
a meauis, so as to satisfy the principle of the relativity of motion, i.e. he sought a 
definition of the means of timing an event, according to a clock which was not 
there, which would give the same result for all observable phenomena, however 
we supposed the relative motion of bodies to be shared between them. ‘The 
foregoing calculation shows that this requires a definition in terms of ¢, and ts, 
since these are the same whichever body we suppose to move, but the equivocal f, 
or t,’ must be excluded. Accordingly, Einstein’s definition was this: Send a 
beam of light from the clock to the event and receive it back by reflection; then 
the time of its arrival at the event (or, in other words, the reading of an imaginary 
clock situated at the event and stationary with respect to the clock in question) 
is defined as the average of the times of its emission and return. If, then, you 
have two clocks in relative motion, and they are together when the light is emitted, 
they will not be together when it returns. They will receive it at different times, 
and so the times which they will assign to the event will be different. 

This definition, therefore, made the time of an event, according to a clock 
not present at it, something which, by definition, depended on the motion of the 
clock, and since there was no way of giving an absolute meaning to the motion 
of a clock, there was no absclute meaning in the time of the event; it was always 
relative to the motion of the clock to whose time system it belonged. By a 
well-known calculation, which there is no need to repeat, this definition led to the 
Lorentz transformation equations and to the following rule for comparing the 
readings of relatively moving clocks: If two clocks are in relative motion you 
can divide the motion between them as you like, but each clock must then be 
regarded as running slow by the factor «=(1— V2/c?)2, where V is the velocity 
which you assign to it, as compared with a clock regarded as having no motion. 

It is obvious from its derivation that this ‘ time retardation’ or ‘ time dilatation’, 
as it has been called, is not a physical change which a clock suffers. By changing 
your mind about the velocity of the clock (in technical language, changing the 
coordinate system) you automatically change its ‘rate’, because its ‘rate’, 
depending on its motion, must, like its motion, be a matter of arbitrary choice. 
There is no actual change of rate, but the convention for synchronizing clocks 
is such that the difference between the reading of a moving clock and that of an 
adjacent clock synchronized with a stationary one elsewhere is just what it would 
be if the moving clock had run slow. ‘This was, of course, extremely startling 
at the time when it was first announced, but it did, in fact, achieve its object of 
making observable phenomena independent of your choice. ‘The only prejudices 
that were violated were those which could not be tested by observation—not 
because they were too difficult to test but because a test was in the nature of things 
impossible. Let us apply the postulate to our clocks A and B. 

We note first of all that the above diagram is now meaningless because we 
cannot distinguish A, from A, or B, from B, by any possible observation. We 
can, however, assume which clock we please to be at rest, so our previous calcula- 
tions hold, provided that the clock which moves is supposed to run slow by the 
factor «. In case (1) (B moving), therefore, our calculation is correct for toy but 


A Problem in Relativity Theory 929 


t,, the time which the moving B shows for the same event, will be fy, Le. 


: LV ic\t" 
feet WC) iN ee nn ena 3 
/=ta/(1-Vle)=4 (pe (3) 
In case (2) B will show the ‘right’ time, but to get that from A we must divide 
A’s readings by «, so that for t; we must substitute t,/«. Hence, from (1’), 


idee t 1+V/e\12 
i= S /c)=t, | ——— é 
(1+V/e) a(7 “) pe ON cout Sere (3’) 


Einstein’s definition, therefore, does ensure that this experiment will not 
distinguish between the two cases, and requires that the reading of B which A 
will observe will be that given by (3) and (3’). I have no doubt that this would 
be verified if the experiment could be performed. ‘The value of ¢, is not important, 
and to save space I will merely state (it can easily be verified) that in both cases it 
agrees with the pre-relativity value. 

(It is of interest to note—the calculation is simple—that if this experiment 
had been performed before the relativity theory was thought of, and if the value 
of t,’ given by (3) had been obtained, the conclusion would have been that the 
bodies A and B would have been moving in opposite directions with equal velocity, 
if that velocity were small compared with c. This would have been so in whatever 
direction the relative motion occurred, so the observers would have been faced 
by as great an impasse as that presented by the Michelson—Morley experiment. 
If the relative velocity were near c, however, most of the motion would have 
been found to belong to B, and at ¢ B would have been found to possess that 
velocity and A to be stationary. This would have agreed with the straight- 
forward interpretation of the Michelson—Morley experiment, A being the Earth. 
It is fortunate that these experiments were not possible when the rivalry between 
the Ptolemaic and Copernican theories of celestial movements was a living 
question. ) 

Before proceeding to the second half of the problem I would point out two 
things. First, this calculation shows that the essential principles of relativity 
do not depend on comparing the readings of different observers. Only one 
observer has been assumed throughout. ‘This conforms to the actual facts. 
In the Michelson—Morley experiment, for instance, we have only one observer— 
a terrestrial one—and this is true of all the relevant experiments. Secondly, 
it is not a matter of comparing two different situations, in one of which a clock is 
moving while in the other it is stationary. One single situation alone is in 
question, the difference in the two cases being merely in a supposition, namely, 
which clock we consider to have moved. Everything observable is the same in 
both cases; it is only in unobservable (i.e. purely conventional) distinctions that 
there is any difference. 

This really settles the problem of the space traveller, for if his clock on return 
differs from the terrestrial clock, then something must have happened to one 
that did not happen to the other. But this analysis shows that the ‘ retardation’ 
can be assigned to whichever we please without affecting anything observed. 
It cannot therefore, make one clock differ from the other. 

It is most instructive, nevertheless, to consider the second part of the problem. 
I repeat that ¢,—the time which a clock at B synchronous with A would show 
when B reads f,’—is essentially unobservable. _ Its value can be determined only 
by applying our definition, and on doing so we find, as will be shown immediately, 
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that it requires that t, for B differs from the corresponding reading (let us call it 7) 
for C, although B and C are at the same place and reading the same time, because 
cne is receding from and the other approaching A. It requires further that 7, 
shall be as much behind 1¢,’ as t, is ahead of it; or, in other words, that at the 
moment when B and C are coincident, C is fast by the same amount as B is slow 
as compared with A. This, of course, would be impossible if t, and T, corres- 
ponded to anything objective in nature: the whole essence of Einstein’s 
achievement is the realization that they do not. We can discover their values 
only by the process laid down. ‘That this does indeed require that an approaching 
clock may be fast while a receding clock, at the same place and showing the same 
reading, is slow, may be seen by applying it. 

Consider three clocks, B,, C,, D,, which, at the common reading t=0, are 
together and such that, if D, is regarded as being at rest, B, and C, are moving 
in opposite directions, each with uniform speed V with respect to D,. If these 
clocks are respectively at the origins of coordinate systems of which the w axes 
all lie along the line of motion and are positive in the direction towards which C, 
is moving, then these systems are related by the Lorentz transformation. ‘here 
is a fourth clock A, at rest at the point (x, 0, 0) in the D, system, and at the event 
E,’=(«, 0,0, —x/c) in that system let it emit a beam of light which, on reaching D,, 
is reflected back again to A,, clearly reaching it at the event E,’=(x, 0, 0, x/e) in 
the D, system. By the Lorentz transformation, E,’=(«, 0,0, —xB/ce) in the B, 
system and (x/8, 0,0, —«/cf) in the C, system, where 8 =[(1— V/c)/(1 + V/c)}}2, 
while E,’ =(x/8, 0,0, «/cf) in the B, system and (xf, 0,0, «B/c) in the C, system. 
Hence, by Einstein’s criterion, the time of the event E,’, at which the light falls 
on D,, will be 0 in the D, system, }(—«f/e+./cf) in the B, system, and 
3(—x/cB+.xB/e) in the C, system. Since D, is at rest with respect tow 
D, is synchronized with A, if it actually reads 0 at this event. Let this be so. 
Then, by hypothesis, B,, C, and D, will be coincident and will all read 0 at the 
event E,’. Hence B, will be slow and C, fast by the same amount, viz. 
x(1/8—)/2c, at the event E,’. 

Now this corresponds to our problem, with A,, B, and C, standing for A, B 
and C respectively. B and C both read the same when the light falls on them, 
and B, which is related with A by the Lorentz transformation, is slow, so C is 
fast by the same amount. Hence it must agree with A when the two clocks meet, 
for since it travels to A over the same distance (in the A system) and at the same 
speed as B travelled from A, it will lose the same amount on the journey, which 
is the amount by which it is fast at the beginning of that journey. 

Some correspondents have objected to the discussion of the problem in terms 
of Einstein’s original definition of synchronism, and have maintained that the 
whole thing becomes clear when the world-lines of the clocks are drawn in a 
Minkowski diagram. I, therefore, append such a diagram in which, in order 
to keep the axes rectangular, I have substituted T=ier for the time axis 
throughout. The world-lines of the clocks A, B, C are then respectively OT,, 
OT; and O’T,, and the axes of coordinates are (OX4, OT y), (OXpOU—n 
(O'X., O'T¢), where O’ is some point on the world-line of C which it is 
unnecessary to determine. Consider, then, the event P, which is the meeting 
of the clocks B and C. The clock reading of A which is simultaneous with 
this event is given in the A-system by OL, in the B-system by OM, and in the 
C-system by ON. It is obvious that LM=LN, ice. that C will regard A as 
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being fast by the same amount that B will regard it as being slow. Reciprocally, 
of course, A will regard C as being fast by the same amount that he regards 
B as being slow. The symmetry of the diagram makes the rest of the argument 
obvious. This is certainly simpler than the algebraic treatment, but it is more 
mathematical and less physical, and, while agreeing that it should give the same 
result (as it does), I prefer the treatment in which one keeps the actual physical 
circumstances in sight all the time. 


7 ZA 


This fact, that two clocks which read the same at the same place may at that 
moment be respectively behind and ahead of a distant third clock, is one of the 
most surprising and least familiar consequences of Einstein’s theory. It is 
utterly unintelligible if we suppose the times all to have an absolute meaning, 
and even when some of them are recognized to be conventional it is not easy to 
realize without an analogy that the phenomenon is really quite simple and natural. 
Unfortunately, a perfect analogy is hard to find, but a pretty close one is provided 
by the case of two identical travellers who set out at equal speeds along a parallel 
of latitude in opposite directions from the Greenwich meridian. When they 
reach the International Date Line their clocks, heart beats, etc, will show exactly 
the same advance over their starting values, but one will be a day ahead, and the 
other a day behind, the calendar date. When they meet again at longitude 0° 
they will find that in spite, or rather because, of the opposite changes which they 
have made in their calendars, the calendars still agree with those of their home- 
keeping friends, and that their clocks (assuming, of course, that they have not 
been altered) show the same number of hours to have elapsed during the journeys. 
The purely conventional calendar may be altered as we please in order to avoid 
confusion, but watches, clocks and human bodies are quite unaffected by such 
changes. ‘The calendar change which we do make (or one of a number of trivial 
variations of it) is, in fact, the only one which would avoid confusion, and in the 
same way Einstein’s conventional definition of distant times is probably the only 
one which would avoid confusion, but it remains a convention, and the apparently 
magical changes which occur are merely the results of applying the convention. 
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Whether it is Wednesday or Thursday at a certain place at a given moment 
depends on where we draw the Date Line, and this is at our choice; it is quite 
independent of what our clocks do. 

The sudden change from being slow to being fast which occurs when we turn 
our attention from B to C (or, in McCrea’s problem, when M turns round at the 
end of his outward journey) is the process which McCrea describes as ‘ cheating’. 
As a result of applying a convention it is intelligible, notwithstanding its surprising 
character, but McCrea’s account violates a well-known requirement of special 
relativity theory and is quite incredible. In Thomson’s example, for instance, 
it means that M sees R travel ‘in negligible time’ a distance which it would take 
light more than a year to cover. That is because McCrea wrongly regards as 
a physical process what is really the result of applying a convention. In the 
Date Line analogy McCrea would have to say that the Earth had suddenly made 
an extra rotation in negligible time, or one’s pulse had done something equally 
startling, and he would, accordingly, have to conclude that when the travellers 
re-united they would find an observable difference in their physical condition. 
In fact, we have precisely the same chance of ‘saving time’ by space travel as by 
traversing the Earth rapidly from east to west over and over again. 

If the foregoing argument is correct there must be a mistake in McCrea’s 
calculation, for it leads to a different result. I recently (Nature 1956) pointed 
out this mistake in the following terms. ‘“‘ He [McCrea] writes: ‘At the event 
[E,] of M’s completing the part of his outward journey performed with speed /, 
observer R plots M as at a distance X.... Owing to the Lorentz contraction, 
M at the same event plots R as at distance «X.... It does not matter which 
observer regards himself as at rest.’ But M observes another event, E,, at which 
R’s uniform travel ends, and McCrea later confirms that it is at E, that R’s distance 
is xX. Hence he connects R’s estimate for one pair of events (Ey and E,, where 
FE, is the event of R and M beginning their separation with velocity V) with M’s 
for another (E, and E,) by the ‘ Lorentz contraction’, which is clearly wrong.” 

McCrea replied to this as follows (Nature 1956). ‘The pairs of events 
named by Dingle are not simultaneous in the reckonings of the respective observers 
and so are not pairs that can be directly connected by the Lorentz contraction; 
reference to my work will make it at once obvious that I did not apply the 
procedure directly to these pairs. On the other hand, if Dingle means merely 
that I used the contraction in the course of connecting these events, that is all 
right.” ‘The first sentence implies that only events which are simultaneous in 
the reckonings of different observers can be directly connected by the Lorentz 
transformation. The special theory of relativity, however, has the following 
requirements: (1) An event is uniquely characterized by four coordinates. 
(2) These coordinates vary from one coordinate system to another. (3) If two 
coordinate systems are in uniform relative motion the coordinates of an event, 
and the coordinate separations of specific pairs of events, in these two systems 
are directly connected by the Lorentz transformation, no matter whether the 
events concerned are simultaneous (i.e. have the same value for the fourth 
coordinate) or not. (4) The coordinate separations of different pairs of events 
are not connected by the Lorentz transformation, directly or indirectly. 

My second comment, which is the really relevant one, concerns McCrea’s 
statement that he did not apply the ‘Lorentz contraction’ directly to deduce 
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M’s estimate of the space interval between E, and E, from R’s estimate of the 
space interval between E) and E,. The passage I have quoted shows that he 
gives the latter estimate as Y. Later, in the same letter, he states: ‘‘ M’s account 
of R’s journey relative to himself is: R moves out through distance «X at 
speed IV’, then [my italics] R ‘cheats’ by rushing out to distance X and back 
again to distance «X in negligible time”. In other words, M plots R as at 
distance xX at the event which I have called E,. If this value, «X, is not 
obtained by applying the ‘ Lorentz contraction’ to R’s distance X between Ey 
and E,, how is it obtained? And since, in the first passage quoted, McCrea 
states that ‘‘ M at the same event [E,] plots R as at distance «X ”’, how is it possible 
to avoid the conclusion that he has wrongly identified E, with E,? But, however 
the matter be viewed, this inescapable fact remains: he has not legitimately 
proved that if R reckons M as at distance Y when M ceases to move uniformly, 
M will reckon R as at distance ~Y when R ceases to move uniformly. Nor can 
he do so, because it is not true. Hence his argument collapses. 

I have given this mathematical treatment with some reluctance so far as the 
problem of the space traveller is concerned (though I hope it will help towards 
a much needed clarification of the essential nature of the special theory of relativity), 
because it tends to suggest that the solution of that problem depends on the result 
of the calculation. That is quite wrong. That the space traveller and the 
earthbound man ‘live’ the same time between their meetings is guaranteed 
by the principle of relativity of motion; if they did not, we would have a physical 
criterion for distinguishing between them and saying that one had moved and 
the other had not (or, in general, that the absolute motion of each was so-and-so). 
What is tested by the above calculation is not the principle of relativity but 
Einstein’s criterion for timing of distant events (usually called the principle 
of the constancy of velocity of light), which, I repeat, is meant to ensure that no 
calculation shall lead us to expect a violation of the principle of relativity. ‘T’o 
refute the principle of relativity we would need an experimental proof that the men 
had ‘lived’ different times, for the principle rests on universal experience, not 
on a mathematical theorem. It is satisfactory that Einstein’s criterion has stood 
the test, but it has already received such abundant confirmation that we would be 
almost as much surprised if it ever failed as we would be if the Date Line device 
failed to reconcile the calendars of travellers who had chosen some peculiar routes 
round the Earth. 

It may not be superfluous to add that it is now possible to put the special 
theory of relativity on a simpler axiomatic basis than that which, for historical 
reasons, naturally presented itself to Einstein. By generalizing the definition 
of length measurement from L (the length of a body as measured by a relatively 
stationary scale) to L(1— V?/e)'?, where V is whatever velocity may be assigned 
to it, the whole theory follows. ‘This I have tried to show elsewhere (Dingle 1940). 
The reason why this simplifies the theory is that length is the only completely 
independent measurement in Newtonian physics, all other measurements 
depending on it in some degree. A further advantage of this treatment is that 
when the theory is re-expressed in the Minkowski form, in terms of ‘space-time’, 
it at once becomes clear that the reason why space and time are so united in the 
theory is that the definition of time measurement implied (based on the constancy 
of the velocity of light) necessarily makes time measurement share the same 
generalization as space measurement in order to preserve this constancy. ‘The 
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way then becomes open for a similar treatment of other essentially relative 
phenomena—e.g. temperature radiation—by a similar mathematical technique. 
There are rich harvests waiting here for those with the necessary mathematical 
attainments; but it will be necessary to understand the theory of the relativity 
of motion before they can be reaped. 
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A Problem in Relativity Theory : Reply to H. Dingle 


By W. H. McCREA 
Royal Holloway College, University of London 


MS. received 16th November 1956 


solution was published, for instance, by Ives (1951). 

I have already replied to Dingle’s criticisms (McCrea 1956 a, b). 
Here I need only call attention to their character. Dingle quotes a passage 
(McCrea 1951) in which I discuss what.an observer would “ ‘ plot’ instead of 
‘see’ to avoid complications about times of travel of light in the process of 
seeing”’. Dingle criticizes my conclusion by applying it to Thomson’s example 
as though it concerns what ‘“‘M sees R” doing (my italics). Again, Dingle 
quotes a passage (McCrea 1956 b) in which I refer to events “that can be 
directly connected by the Lorentz contraction’ and in which I was replying 
to his objection to my use of the contraction. In his present criticism he 
substitutes the Lorentz transformation for the contraction. His criticisms are 
thus based upon mis-readings. 


Ts problem treated by Professor Dingle is an old one. ‘The correct 
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By-H. RF. POST 
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was solved in the case of a particular pair-force interaction. We now propose 

to deal with the general problem. 

The general equation for m identical particles interacting by pair forces is. 
(in suitable units) 


I: a previous publication (Post 1953) the many-identical-particle problem 


3 [ve >: y = x) | =n) ) ee (1) 


in one-dimensional laboratory space (or similarly in terms of |r;—r,| for central 
forces in three-dimensional space) where V,; is the pair potential between 
particles 7 and j and V?=»%,"(d?/dx,2);_ but V2 = 5,"(02/dé,2) where the €,’s are 
a set of normal coordinates including €, =X, the centre-of-gravity coordinate, 
Eo = (1/1 2)(x, — x2) (for particles of equal masses, m=1), and 


oes 0 ie x) —(i-— 1)x;} etcs | Aca ae (2) 


r=1 


Then excluding the centre-of-gravity dependence we can write the equation (1) 
n a2 Sed 
[3a a > V b= Ep 
2 o€, 4,9 
or 
ie n a2 : 
=| WS > Vj} bay =min=E sare (3) 
' FOF 


where ¥ is the volume of integration over the whole of &...€, coordinate space 


(the Jacobian with respect to x-space being unity, the transformation matrix 
being orthogonal). 


Now | vba =V4=V yp 
for the symmetric problem ae identical particles), but Vj»=V,2{\/ 25}; therefore 
V =X Viy=4a(n-1)V.g=4n(n-1) | B*Vyg(/2E dV... (4) 
but also 
(O06 )=(C40c) eee (5) 


for the symmetric problem (see Appendix I). 
Hence we can write 
ial oe a 
~H=(n-1)5rq In 1) Vu2h) (6) 
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and the symmetric n-particle problem reduces to 
c a2 > 
— (n-1) [ ¥* {sr Be aes 26) ay De ai 
where Y is the integration volume in €,...&, space. 


This reduction can similarly be carried out for three-dimensional laboratory 
space. 


The admissible trial functions are restricted to those either totally symmetric 
or totally antisymmetric in particle indices (we are not introducing Spin); 16, t6 
eigenfunctions of the operator 

(1+ Py)(1+ Pig + Pos)...[S] or (1—Pi,)(1— Py3—Pos)...[A] 
respectively. 


Thus we can at once set a /ower limit to the energy eigenvalue by evaluating 
the eigenvalue corresponding to the minimum of 


2 


-| b*(€)O2 %(€) dE where (Og=(n—1) {ae 3nV iv 22) i 


On the other hand, we can set an upper limit by evaluating the minimum of 


— |). [HAGP HEP +. LOM ER+ERL.-248) dls dy. db, 


in the case of the totally symmetric problem. For the exact solution of the 
symmetric three-particle problem we have to restrict our trial functions to the 
space spanned by the set 


even parity odd parity 
fet 
H,2+H~ Hy —4/3He 


HH? +2H,?+ H,' 

and subsequent higher degree eigenfunctions of the S operator: 

1+ Po{f.—> 3(f2+ /3€s), €3-> — 3(S3— V/3E2)} 

+ Ps{fo-> 3(S2— / 33), &5-> — (3+ v/ 3o)}- 

Here H,,” denotes the mth (even) order Hermite function in €, and n denotes 
the direction of the Hilbert vectorin €,space. [Thus H,,,” stands for H,,(€)H,,(&3).] 
These are a set of functions to be applied universally to all symmetric three-particle 
problems for any interaction potential.t (In any particular problem these 
functions may be expressed in terms of eigenfunctions ¢ of the problem (0¢ = E¢ 
to facilitate the process of minimization. [) 

For the n-particle problem we can similarly choose to express the admissible 
functions in Hermite functions. In the antisymmetric case the first admissible 
function consists of terms whose Hermite indices each add up to $n(n—1). ‘The 
next higher degree is not admissible. 

+ The degree n+m is invariant to S since there exists a symmetric operator with 


eigenvalues n--m. m must be even to fulfil 1-2 symmetry. 
t It may be of interest that a many-body potential of the type 


Ala, LAO Fon | ales Xp Ha + x4 [+ V |x, —X_+x3—x4 | 
leads immediately to ‘ shell structure ’ 
hy (X1+%g—X%3—X4) Py (%—Hg—H%3 +H4) H, (H%1—X%_+H3—%4). 
Shells, after all, do not necessarily imply separation in individual particle coordinates. 
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APPENDIX I 
Proof of Relation (5) 
The x-coordinate vector is transformed into the €-coordinate vector 
ae a 
| (ae yal 
F =(A) | 


7 
Bat Bhar 


by the matrix 4, where A is an orthogonal matrix (the ¢’s being normal 
coordinates) so that d-1= A. 

Moreover, the sum of the elements of any row (except the first) in A is zero 
(see equation (2)). This follows from the orthogonality to X. Hence the sum 
of the elements in any column (except the first) in A~! is zero. 

But this means that in the transformation 

Ge 0? i a? 
= 2, FT sr: > A yj yj Ax, 0%, 


m, 


—————————— 


€2 
oT 
ford | 


2 
YA P= -— Y Gy Any since (3 sts) = 0+.) bedeeee (7) 
1 


l m,n 


so that 


2 Ff  F. 


2 ee ae 
og OR “OR OR, 


Thus 6?/0£? is the same for all 7 >1, because the expectation values of all 
cross derivatives and of all second derivatives are independent of indices for 
symmetric (or antisymmetric) %’s, and the total weight factors have been shown 
to be numerically equal, but of opposite sign, above (7), for the two types of sums. 
(they are actually unity for all 7 since A is an orthogonal matrix). 


APPENDIX II 


We discuss some n-particle systems with interaction potentials V,;=.,;". 

The case n=3, k=4, is soluble directly. Since there is one and only one 
translation invariant totally symmetric polynomial of degree four, we can see 
at once that V = V(r) where r=€,? + €,?. This also shows that the energetically 
lowest state is totally symmetric in the spatial coordinates of the three particles 
(this becomes relevant when we go to the more general case introducing spin). 
For a given r-dependence of ys the energy is, in fact, a monotonic function of /, 
characterizing the ¢$-dependence of the solutions, viz. cos3/é, where ¢ is 
tan“! (€5/€3). 

We can extend this to three dimensions by noting that the arguments are 
formally the same on replacing x; by r;. 

For n=4, k=4, we can regard the potential energy term as a superposition 
of the overall potential V(r) resisting homogeneous expansion in the single scale 
argument r= &,° + €,? + €,°, and the uncoupled potentials in the normal coordinates 
x1 + Xy—X3— xX, etc. (as in footnote p. 937]{), each, of course, of power 4. 

The case k= 2 has been solved previously (e.g. Post 1953). The case k= —2 
is also separable, but does not lead to bound states (just as for n=2). 
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On the Multiple Spin Wave Scattering of Neutrons in F erromagnets 


ByoRe]ELEIOPT. RR. Dp: LOWDET anv W. MARSHALLt 


+ Physics Department, Reading University 
t Atomic Energy Research Establishment, Harwell 


MS. received 27th Fune 1956 


HIS subject was mentioned in an earlier paper (Elliott and Lowde 1955, 

hereafter called II, § 1.4) where the cross sections for single spin wave 

scattering were derived using the Holstein—Primakoff (1940) formalism. 
In discussing the experimental results (Lowde 1956) it was found desirable to 
have some further details of the multiple scattering process. Unfortunately 
it is very difficult to treat the Heisenberg model of a ferromagnet in an approxi- 
mation which allows the cross sections for these processes to be calculated. 
The Holstein—Primakoff notation is not adequate for such a treatment (Marshall 
1955). Nevertheless, provided we accept the validity of the concept of spin 
waves at the temperatures where multiple processes are important (but see Dyson 
1956) it is possible to draw certain conclusions on quite general grounds. 

In the notation of the earlier papers, d,*and d, are respectively the creation 
and destruction operators for a spin wave A. The n-quantum scattering process 
is associated with terms in the interaction potential of order n in the d’s, with some 
coefhcient that we cannot trust the Holstein—Primakoff formalism to give correctly. 
The cross section for a particular process is readily obtained by the method of 
II and contains a factor N,N; .+»N,,/N"S", Na, being the number of spin 
waves \,.. However, the number of processes contributing to the differential 
n-quantum cross section o(7) increases like N”, so that o(m + 1)/o(n)~N,,/S~TT.. 
Thus at higher temperatures the sequence of differential cross sections does not 
converge very rapidly. 

Furthermore, unlike the situation with multiple phonon scattering, the type 
of process which can take place ina simple Heisenberg ferromagnet is severely 
limited because the total Z component of spin must be conserved. If in the 
Hamiltonian other terms besides exchange are included this statement is still 
correct to order (B,/A;)? (see II, §2). Thus, for example, the only two-quantum 
processes allowed to an appreciable extent are those of the type d,*d, which involve 
one creation and one destruction; the permissible three-quantum processes— 
d,*d,d, and d,*d,,*d,—are those which change the total number of spin waves by 
unity, and so on. 

A study of the geometry of the processes involving multiple spin wave 
scattering shows that this limitation to certain allowed processes leads to scattering 
more diffuse than would otherwise be expected. For instance, in the two-spin 
wave case the scattering solids for d,*d, and for d,d,, processes are entirely different. 
Reflections of the former type, which are exceedingly diffuse, are allowed, while 
those of the latter type which are comparatively sharp are forbidden. With this 
geometrical factor it is, therefore, not possible to show that o(n) > o(n + 1)> o(n + 2) 
unless T< 7T,. However, the diffuse nature of o(2), o(3), etc. means that o(1) 
will dominate at positions close to Bragg setting for larger values of 7/7. than 
might otherwise be expected. 
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Finally, it can be shown directly from the form (s.S,)—(e.s)(e.S,) of the 
interaction potential (Halpern and Johnson 1939, § 6) that the even-order processes 
coming from terms in S/7 depend on the directions * of the magnetization and e 
of the scattering vector, like 1—(e.)?, while the odd-order processes coming 
from terms in S;* and S,¥ are like 1+(e.x)?._ Thus at low temperatures the single 
processes with a 1+(e.x%)? dependence are dominant and this remains true at 
somewhat higher temperatures close to Bragg setting. ‘The multiple processes 
probably have an overall dependence more like 1—(e.%)* than 1 +(e x). 
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REVIEWS OF BOOKS 


Kernmomente, by H. KOPFERMANN. 2nd Edn. Pp. xvi+462. (Frankfurt: 
Akademische Verlagsgesellschaft, 1956.) DM.54. 

The first edition of this book appeared during the last war and is probably 
most widely known in the lithoprinted form in which it was republished by 
the U.S. government in 1945. Many physicists must have been eagerly looking 
forward to the publication of a further edition which would include the numerous 
important new developments in the field. The book in its new form, almost 
twice the size of the old one, will certainly not disappoint them. ‘The author 
has done full justice to the new material by giving a thorough discussion of the 
underlying theories as well as the experimental methods. He has also used the 
opportunity of a new edition for improving and extending existing sections. 

The theoretical treatment has, as far as possible, been based on a classical 
approach and the correspondence principle, but the essential steps in the 
rigorous, quantum-mechanical calculations are briefly and clearly described and, 
of course, their results given; only a very moderate knowledge of theoretical 
methods is thus required for the understanding of the text. 

The first chapter deals with free atoms and is described by the author as the 
core of the book. It contains a survey of the theory of electrostatic and magnetic 
interactions in atoms and of transitions between the energy levels, describes 
atomic beam methods, optical methods of high resolution, the calculation of 
nuclear magnetic moments and quadrupole moments, and isotope effects. 

The second chapter deals with investigations of nuclear moments from 
spectra of free molecules. The theory and term structure of diatomic and 
polyatomic molecules is described, including hyperfine structures and effects 
due to external magnetic and electric fields. Optical spectroscopy of molecules, 
microwave spectroscopy and molecular beam resonance methods are treated 
in considerable detail. 

Investigations of nuclear moments in liquids and solids form the subject of the 
third chapter. The headings of the main sections are: nuclear resonance, 
quadrupole resonance, paramagnetic resonance. 

The fourth chapter discusses the interpretation of nuclear moments and 
isotope shifts in terms of nuclear models. ‘The theories of the individual particle 
model and of the collective model are outlined and compared with the experi- 
mental results. 

Tables of nuclear spins, magnetic moments and quadrupole moments, and 
some tables of relativistic and diamagnetic corrections form a most useful 
appendix; there is an extensive list of references. 

In writing this book Professor Kopfermann has made a further addition to 
his important contributions to the subject of nuclear moments; he has earned 
the gratitude of those working in the field and especially those who are entering 
it and are trying to acquaint themselves with the great variety of experimental 
techniques and theoretical methods. ‘To those who are not familiar with the 


language it will be good news that an English translation is expected to appear 


shortly. H. G. KUHN: 
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Atoms and the Universe, by G. O. Jones, J. RoTBLaT and G. J. WHITROW. 
Pp. 254. (London: Eyre and Spottiswoode, 1956.) 25s. 


This is an interesting but strangely uneven book. It deals mainly with 
recent advances in the fields of nuclear physics and of astrophysics—with the 
almost unimaginably small and almost unimaginably vast. ‘These are the two 
extremes of physics concerned with the behaviour of matter in conditions far 
removed from those of every-day events in our domestic physical world, yet 
they have much in common. ‘The concept of bringing them together in one 
volume is original and stimulating. 

The first five chapters are on Elementary particles, The atom breaks up, 
Smashing the atom, Energy from the atom and Cosmic radiation. The last 
four chapters deal with The solar system, The Milky Way, The size of the 
universe and ‘The age of the universe. Both these sections are admirably 
up-to-date accounts of the kind one would hope for in an article in a first-rate 
encyclopaedia. ‘They are sufficiently simple to be understood by the intelligent 
layman; they are sufficiently comprehensive to be read with interest and profit 
by the physicist who has not specialized in nuclear physics or astrophysics. 

But one cannot help feeling that the book would have been better balanced 
if the authors had been content to restrict it to these two sections. The intro- 
duction, the chapters on Matter and its properties and From classical to modern 
physics, and the Appendix are scrappy and breathless in their haste. An 
attempt had been made to compress far too much into too small a space. One 
is reminded of the occasion when a lecturer realizes that he has only five minutes 
left of the appointed hour and finding he has not yet covered half of the matter 
which he had planned, attempts feverishly to race through the rest. The plan 
of the book is too ambitious; the nucleus and the universe are in themselves 
very considerable subjects. To try to include as well an account of the relation 
of physics to chemistry and biology, the methods of experimental science, 
relativity, the structure of matter, the quantum theory, a disquisition on 
theories and the role of mathematics, and laws, hypothesis and theories—no, 
the reader rebels. One cannot compress an account of the properties of matter 
into 24 pages, or of the philosophy of science into a few paragraphs and it would 
have been more artistic to refrain from the attempt. 

In spite of these blemishes, it is a very readable book. It is hard to get a 
good general view of the various branches of science in these days of intense 
specialization, and one is grateful for this excellent summary of what the nuclear 
physicists and astronomers are discovering and thinking. W. L. BRAGG. 


Nuclear and Radiochemistry, by G. FRIEDLANDER and J. W. KeEnnepy. 


Pp. ix+468. (New York: John Wiley; London: Chapman and Hall, 
1955.) 00s; 


The years 1940-46 brought many changes to the classical radiochemist, 
most of which arose in the atomic energy work of that time although a trend was 
apparent before this in the type of work undertaken by chemists in cyclotron 
studies. ‘The changes have required that the chemist should have a considerable 
appreciation of nuclear physics, Seven years ago, Friedlander and Kennedy wrote 
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the first book of modern radiochemistry clearly showing the new bias. Jntro- 
duction to Radiochemistry was an extremely timely and useful book but I enjoyed 
the revised version, Nucelar and Radiochemistry, even more. The revision con- 
sists of some rearrangement and expansion of the earlier framework to which is 
now added two new chapters. It is claimed that 65° of the material is new to 
this edition. Basically, the structure of the book remains the same, elementary 
radioactivity leading to atomic and nuclear structure, nuclear machines and 
reactions, modes of decay and the properties of nuclear radiation. Means of 
measurement of radiation are discussed in principle but not in practical detail as 
befitting a textbook of this kind. The chemical topics includes target chemistry, 
methods of radiochemical separation and tracers in chemical applications. In 
a work covering so much ground, no subject can be dealt with at great length, 
but a selected further reading list and a set of problems concludes every chapter. 

The authors have continued in their admirable role of interpreters of nuclear 
physics in the additions made to bring the book up to date. These naturally 
include a considerable amount on shell structure and its ramifications in a simpli- 
fied but very satisfactory form. Other topics in which there have been some 
progress include nuclear systematics in alpha-decay and spontaneous fission, 
gamma-scintillation counters and spectrometers. 

‘The last two chapters are entirely new. The first discusses the basic ele- 
mentary theory of slow neutron reactors and briefly describes several types which 
are in operation. I would have preferred, however, that fast and intermediate 
reactors had been included at the expense of chemical processing if something 
had to be omitted for reasons of space. ‘The final chapter, Some Cosmic 
Problems, is very useful as a short summary of several physical problems of 
chemical interest, such as cosmic rays, geological dating, the genesis of the 
elements and energy production in stars. 

This book will be of the greatest value to all nuclear chemists, and radio- 
chemists will find in it all the background information needed to understand 
their technique. It is not intended for physicists but I find it hard to believe 
that they would find nothing of value in it, particularly in its chemical bias. As 
is typical of the publishing house, the binding, paper and presentation are first 
class. G. B.C, 
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Figure 2. Photographs of a large shower recorded in chambers I, II and 
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Charge transfer and mobility of H~ ions in atomic hydrogen 

Charged particles, see Particles, charged 
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Electron pair production, effect of finite nuclear size : 

Electron plasma, quantum-mechanical, Bohm—Pines theory (R) 

Electrons, conversion, in ®°Br, angular correlations between 

Electrons, fast, single scattering by atomic nuclei : 
Electrons, high energy, nuclear scattering of, on indepenuent= spertiele meee F 
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936 


888 


948 Subject Index 
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Molecules, method of atoms in: I1—Intra-atomic correlation correction 
Molecules, method of atoms in: I]I—Ground state of HF 

Moments, magnetic, see Magnetic moments 

Moments, quadrupole, of hydrogen atom in uniform field (R) 
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Nuclear scattering of 0-4 and 0-5 mev electrons in composite Al-U foils (R) . 
Nuclear size, finite, effect on electron pair production. 
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Photodisintegration of nitrogen : : Z 

Pion, positive, production in p—p collier at 383 Mev. 

Polarizability, quadrupole, of hydrogen atom 
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